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MPEAVCNOBUE

B Poccumn mnctopmyeckn CnoXunocb TakK, 4To npeacTasne-
Hue 06 o6pa3oBaHUK BKAOYaeT B cebd OpraHMYHOe eUHCTBO
WKONblI KaK CUCTEMbI NpUobpeTeHNs 3HaHUIi, QyHAaMEHTaNb-
HOM HayKuW Kak Mokas3aTens YpOBHA MOATOTOBKW cneuuanu-
CTOB W TYMaHWTapHOM KynbTypbl Kak OCHOBbl [YXOBHOTO
eINHCTBA HAPOLO0B, HACeNALWNX Hawy CTpaHy.

dopmynnpya 3ajgaym ob6pasoBaHuA, akagemuk A. H.
Kpbinos rosopun: «LIkona He MOXeT faTb BMOJIHE 3aKOH-

UEHHOT0 3HaHMWf; rnaBHas 3afjavya WKOMbl — AaTb obuiee
pa3BuTMe, fJaTb HEO6X0AWMble HaBblKW, OAHWUM C/IOBOM...
rnaBHas 3afava LWKOAbl — HAay4YWTb Y4YUTbCH, W ANsd TOrO,

KTO B LWIKOJ/IE HAYYMTCA YUNTbCA, NpaKTUyecKas LeATe/IbHOCTb
BCH €r0 XMW3Hb 6yAeT Hauyulenh WKONOM».

OTMeTWM, 4TO 0COBEHHOCTb OTEYECTBEHHOW LWKOMbI CO-
CTOWT B COYETAHWU YETKOCTW pacCyXfeHuih ¢ rny6uHon co-
[LepXaHus n NpoCcTOTON, JOCTYMNHOCTbIO, KOHKPETHOCTbIO U3-
NIoXeHusa maTtepuana, KOTopble BCerja npeanovyunTaroTca
hopManbHbIM KOHCTPYKUUAM. [1pakTuyeckoe BONIOLWEHUE
JaHHbIX uaelt nofpasyMeBaeT HaaMume BbICOKOKBANU®MMLUU-
POBaHHbIX M TBOPYECKMN MbICNAWMNX NpenofaBaTenei.

MaTemaTuyeckoe obpasoBaHue U MaTemaTmyeckas Kyfb-
Typa COCTaBNAOT CTEPXEHb HAY4YHOro 3HaHWA, U 3HavyeHue
MaTeMaTUKN KaK OCHOBbl yHAaMeHTa/bHbIX WCCNELOBaHUN
MOCTOSAHHO BO3pacTaer.

Lna peweHna aTux 3agay TpebytoTca y4eOHUKM, oTpaxa-
loWwmne B ONpeaeneHHOW MNONHOTE COBPEMEHHOe COCTOfiHMe
nccnefoBaHUii 1 MMPOBO33peHYECKNE NPUHLMNBI AAHHOW 06-
NnacTu HayKwm.

Mpegnaraemble K Ny6ankaumm nsbpaHHbie y4ebHUKM NO
MaTeMaTWKe peann3yloT yKa3aHHbl Bblwe noaxon. OHM Ha-
nucaHbl, B OCHOBHOM, npodeccopaMm MOCKOBCKOFO rocy-
JapcTBeHHOro yHusepcuteta um. M. B. JlomoHOCOBa.

KHura N. M. BuHorpagoBa «31eMeHTbl BbICLWIEN mMaTeMa-
Tukn (AHanuTuyeckas reomeTpuda. OAuddepeHunanbHoe wuc-
yucneHme. OCHOBbI TeOpWM 4UCEN)» HaMMcaHa Ha OCHOBe



neKuuii no BbiCWeN MaTeMaTuKe, KOTOpPble aBTOpP u4uTan
B JTEHVUHTPaLCKOM NMOJMTEXHNYECKOM UHCTUTYTE, & TakXe ero
LWIMPOKO M3BECTHOrO yYebHUKA N0 Teopuun yucen. Marematu-
Ka BOCMPUHMMAETCA aBTOPOM 3TON KHUTU Kak MOLLHOE Opy-
ave Ans peweHus npob6neMm ecTecTBO3HaHUA. [103TomMy OH
CTPEMMUTCA BO3MOXHO 6biCTpee faTb B PYKW CTYAEHTOB 3TO
opyaue, Ha 60NbWOM KOJMYECTBE MPOCTbIX, HO MPUHLUMKN-
aNbHO BaXHbIX NMPUMEPOB HayuYNTb NoNb3oBaTbcqa UMK, Mpu
3TOM OH He fenaeT pasnuuunsa, 6yaet M BNOCNEACTBUM OHO
NPUMEHATLCA B WHXEHEPHOW paboTe MM B abCTPaKTHbIX
MaTeMaTUYeCKUX uccriefoBaHuax. YacTb, MoCBfAleHHad Te-
opuUKn 4Ynucen, ABNAETCA KNacCUYECKUM Yy4YeOHMKOM, KOTOpPbIN
CTan HaCTONbHOMW KHWUIOW cneunManncToB B 3TOW o06nacTu.

MpepnonaraeTcs Takxe n3gatb yyebHukn I'. . Apxuno-
Ba, B. A. CapoBHuuero, B. H. YybapukoBa «Jlekumn no
maTemaTmyeckomy aHanusy», . . MpuBanoBa «BeegeHune
B TEOpUI0O (PYHKUWUIA KOMMNNEKCHOr0 MepeMeHHOro», B. A.
CapoBHuuero «Teopus onepatopos», C. b. Nawkosa, B. H.
UybapukoBa «Aputmetmka. Anroputmbl. CNOXHOCTb BblUM-
CNeHWA» n ap.

Hapgetocb, 4UTO fJaHHble KHWUIM MOM0XAT Hayano HOBOWA
cepun 6a30BbIX Y4YEeOGHMKOB MO BhbICWEN MaTeMaTuke A7
BY30B C MOBbLIWEHHbIM YPOBHEM MaTeMaTW4ecKol MnopAro-
TOBKMU.

Kpome npakTM4yeckol LEeHHOCTU 3Ta Cepus npu3BaHa nog-
BECTU HEKOTOpPble UTOTU paboTbl POCCUMACKMX YUYEHbIX U Neja-
roroB — mMaTeMaTWKOB N0 co3fjaHU0 6a30BbIX Y4eOHMKOB MO
MaTeMaThKe Ha pybexe BTOPOro W TpeTbero ThiCAYENeTUN.
Cepusi He oOrpaHMumBaeTCqd KOHEYHbIM YWUCNOM MW3[JaHUNA.
B panbHeliweM npegnonaraeTca NpogONXuUTb 0T6OP U U3jaa-
HUWe Y4eOHMKOB KaK HblHe 34paBCTBYKOLWMUX, TaK U ylWe[wnx
M3 XMW3HW aBTOPOB, KOTOPble OTBEYAT M3N0XEHHON Bbile
KOHLEeNuMn, He NOTepPSNN CBOEN HOBU3HbI WM aKTYalibHOCTM
M NONb3YHTCHA 3aCAYXEHHON MOMNYyNSPHOCTbIO W aBTOPUTE-
TOM Yy CTY[EeHTOB W nejaroros.

Akagemunk Poccuiickoii Akagemun Hayk B. A. CafoBHWuMii



UACTb NEPBAA

AHANTMTUNYHECKAA TEOMETPUNA

MnaBa 1
BEKTOPbLI N YT /bl

§ 1. Ocb

MycTb gaHa npsmas PQ (puc. 1). Mo 3Toil NpsAMOi Touka
MOXeT [BUraTbCs MO ABYM MPOTUBOMOAOXHBIM HanpaBieHW-
AM. OAHO M3 3TUX HaNpaBfieHUA NPUHUMaeTCs 3a MNOJOXU-
TefbHOe, a [Apyroe 3a oTpuuaTenHoe. bes-
pasNnyHo, Kakoe HanpaBneHWe MNPUHATL 3a " A,
MOMIOXMUTENbHOE, HO BbIGOP Mbl [LOMKHbI
caenatb Tak, 4yTob6bl OH 6bln Hambonee ygo- Puc. 1
6eH. lMpsAmas, Ha KOTOPOW BbIGPaHO MOMOXMU-

TeNbHOE HamnpaBfeHWe, Ha3biBaeTcA OCbio. [10M0XKUTENbHOE
HanpasleHWe Ha OcW OTMeyaeTcs CTPEeNKOW.

§ 2. BekTop

a. OueHb Y4acTo MPUXOAUTCS WMETb [eN0 C Hanpas/eH-
HbIMM OTpe3Kamu, Y KaXAoro M3 KOTOpbIX HamnpaefeHue yKa-
3bIBa€TCA CTPE/KOW, MoCTaBNeHHOW y ero KoHua. OTpe3ok*
Ha KOTOPOM [aHO HanpaBfeHWe, Ha3blBaeTCs BEKTOPOM.

BekTop 0603HayaeTcs 06blYHO ABYMs 6GyKBaMu, CHauyana
nuwetcs 6yKBa, YyKasblBalolias Hayano, a rnoTom 6YyKBa,

p A B il C Q YasbiBalollaa KoHel Be-
111> x 11 11 KTopa, Hanpumep, Ha

n puc. 2 n306paxeHbl BeK-

Top AB u Bektop CD.

no’ Bmecto TOro u4tobbl nu-

caTb nepef 6ykBamMu CnoBo
*MEKTOp», AN KPaTKOCTW YCNOBWWCbL CTaBUTb Hag 3TUMU
6ykBaMu 4epTy CBepXy Tak, 4YTO, Hanmpumep, BMECTO «BEKTOP
Alh nuwem AB.

I» Mbl 6ygem npepnofnaratb, UTO KaXAbli BEKTOP Haxo-
antca na ocu, Hanpumep, AB Haxogutca Ha ocu PQ. MoxeTt
CNYYNTbLCA, 4YTO Ha OAHON OCKM HaxoAATCA HECKONbKO BEKTO-
ioii; OHM MOryT OT/AMYaTbCA W HanpaBNeHWEM, W BENUYMHOIN.
AN TOK 4TOGbI WX ny4ylwle pasnuyatb, YCNOBUAWUCHL, 4TO Te
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BEKTOPbI, Y KOTOpPbIX HanpasB/neHWe CcOBMNafjaeT C Hanpasfe-
HWEM OCMW, MMEKT MOMIOXKMUTENbHYIO BE/IMUYMHY, a Te BEKTOPHI,
Y KOTOpbIX HanpasB/fieHWe TMNPOTUBOMOJIOXHO HaMpasB/leHNto
0CW, WMEIT OTPULATENbHYIO BENUYUHY.

BennunHy BekTopa Mbl 6yaem 0603HayaTb TakK Xe, Kak
M caM BeKTOp, HO 6e3 yepTbl CBEPXY; Hanpumep, BMecTO: «Be-
nnunHa A B» nuwem npocto AB.

c. Ecnn paHa efMHunua nM3MepeHus, TO BEIUYUHY Mbl MO-
>KEM BbIpasuTb YMC/IOM, Hanpumep,

AB = +3, CD = -4.

Ecnu y BekTOopa Hayano cpenatb KOHLOM, a KOHeL Haus
JIOM, TO OH WU3MEHMUT CBOE Hanpas/ieHWe Ha MPOTUBOMNOMOXHOE™
HeTpyAHO NMOHATbL, YTO €ro BenWYMHaA WM3IMEHUT 3HaK, TakK 4To

BA = -AB.

Ecnn y BenMuMHbl BeKTOpa OTGPOCUTb 3HAK, TO Mbl MOMy-
MUM MPOCTO ANUHY.

ONVHY YCNOBUNMUCHL 3aMWUCbiBaTb TaK XXe, Kak BeUMUHY,
HO CfeBa W crnpaBa NMuUcaTb BepTUKanbHYl nepTonnyj Hampu-
mep,

|AB | = 3, |CD |= 4

d. MoHATUe 0 BeKTOpe MMeeT 6OMblUOe 3HAYeHWe KaK [Ans
MaTeMaTUUYeCKnUX, TaK W A0S TeXHUYECKUX Hayk.

B TeXHWYECKMX HayKax BCE BpeMs MPUXOAUTCSA FOBOPUTH
0 cunax. VI3BECTHO, YTO CUNY HeNb3s BblpasnuTb OAMUM TONbKO
ynucnom, Tak Kak cuna MMeeT ewe v HanpaBneHue. [loaTomy
cuny MNPUXOAUTCS K306paxkaTb HampaBAeHHbIM  OTPE3KOM,
T. €. BeKTOpoM. TOYHO TaK e CKOPOCTb, YCKOpeHue, nepe-
MeleHNe TOUKM TMPUXOAUTCA M306paXkaTb BEKTOpPaMMU.

§ 3. HanpaBneHHble yrnbl

a. Bbilwe O6b11I0 CKa3aHO, 4YTO MNepeMelleHne TOYKM MNpPUXOo-
AuTca n3obpaxatb HanpaBfeHHbIM OTPe3KOM, T. €. BEKTOPOM.
Mofo6HO 3ToMy BpalleHWe Ocu NpuxoauTCcs M30bpaxatb Ha-
MpaB/fieHHbIM YI/10M.

lMycTb gaHbl ABe nepecekatouimecas ocu L m M. Ans npoc-
TOTbl 0603HAYMM KaXXayk ocb 0gHoi 6yksoi (puc. 3). OpHa
M3 oceil ABNSETCA HayalOM BpalleHWs, OHa Ha3blBAeTCH Ha-
yanom yrna; ppyras SBJifieTCAd KOHLOM BpalieHWs, OHa Hasbl-
BaeTCA KOHLOM Yyrna.

KoHel, n Hayano yrna HasblBaloTCH ero cTopoHamu. \\a
puc. 3 ctopoHa L — Hayano® a M — KOHelW; Yrnbl 6yaem
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n3MepaTb B pajgmaHax. Ecnv yron nonyyeH BpalleHWem mpo-
TMB 4aCOBON CTPENKMW, TO ero Be/nYMHa CYUTAETCA MNOMOXMU-
TeNbHOW, B MPOTMBHOM Cllyyae ero Be-
NYMHaA cuYMTaeTcs oTpuuaTenbHoi.Ha-
npaBneHuMe yrna oTMmevaetrcs (KakK Ha
puc. 3) CTpenkoil.
Y Ka3aHHOe pacnosioXeHue CTOPOH
MOXEeT OblTb NONYy4YeHO 6GeCKOHEeYHbIM
yncnom BpalleHwuid, a MOTOMY Havano
N KOHel, AalT He 0AMH yron, a 6ecko-
HEYHOE YUCNO0 TMONMOXUTENbHbLIX W OT-
puuaTenbHbIX Yro0B.
b. BennunHa nwb6oro yrna, o06pasyemMoro CTOpOHamu
L n M, o0603HayaeTca YCNOBHO Tak:

(LM),
npunyem crnepa nMWEeTcA Ha4dano, cnpaBa — KOHeELU.
Ecnn 0603HaunTL yepe3 a BE/IMYUHY HaMMEHbLIEro mnoso-
XNTENbHOTO yrna Mexay AaHHbIMW CTOPOHaMW, TO BEIMYNHa

no6oro yrna, o6pasyemMoro TeMu e CTOPOHaAMW, MOXeT GbiTb
nosyyeHa wu3 (OpPMynbl

(LM) = a + 2nkr

raoe K — noboe ULenoe MNOMOXUTENbHOE WU OTpuuaTeNbHOe
4yuncno, B TOM 4Yuc/ie U HYyNb, NOTOMY YTO OHO 0603HayvaeT 4umc-
N0 MOAHbIX 060pOTOB.

[OeiicteButensHo, npu kK = 0 nonyyaetrcs caMm yron

(LM) = a.
Moactaenas BmecTto K uyucna 1,2, 3,.,, MONy4um Bce
Lpyrue MOMOXWUTeNbHble yrael. Ecnm Kk = —1, Mbl nonyyum

HauMeHbLW M Mo abCOMOTHOW BEAMUYMHE OTPULATENbHbLIA yron
(LM) = a - 2.

Ha pwuc. 3 3TOT yron OTMeYeH MNYHKTUPHOW CTPenKkoii»
MopcTtaBnas BMecTo K uucna —1, —2, —34. . ,, noayymm
BCe Apyrve oTpuuaTefibHble Yribl.

c. Ecnm Hayano yrna cpenatb KOHLOM, a KOHel Hayanom,
ir0 BCe yrnbl U3MEHAT 3HaKu Ha obpaTHble:

(ML) — —a — 25k.
Monoxum Kk = —KklIt Torpa
(AIL) = —a + 2nKkr.

O‘-IeBI/IAHO, A, MOXeT npuHUMaTb TaKXe BCe LUefible BHaye*
nna — nNoN0XWUTENNbHbIE, OTpuUuUaTe/iIbHbIE WU HYNb.



d, Mbl BUAENM, UTO 3ajaHue Hayana WM KOHUA yrfia He or-
peaensieT yron ofjHo3Ha4Ho (T. e. onpefensieT He O4MH, a MHO-
ro yrnos). OfHako nw6as TpuUroHomeTpuyeckas GYHKLMUS
onpeaenseTca BMNOMHE OAHO3HAYHO, Hanpumep,

sin (LM) —sin (a 4 271K) — sin a.
Bonee Toro, 4TobGbLI BMO/MHE ONpefennTb KOCUMHYC, [OCTa-

TOYHO 3afaTb TOJIbKO CTOPOHbI, He YKa3blBad pfaxXe, KakKaf
N3 HNX ABNAETCA HayalOM M KakKad KOHLUOM. ﬂ,eVICTBI/ITeI'IbHOl

cos (LM) = cos (a 4 27nK) = cos a,
cos (ML) cos (—a 4- 2nky) = cos (—a) = cos at

Tak uTo
cos (LM) = cos (ML) *).

§ 4. TlpoeKuMs BeKTo[>a C OCU H» OCb

a. MNpoekynein Toukm A Ha ocb PQ (puc. 4) HasbiBaeTcs
OCHOBaHMe a nepneHAMKynsapa, ONYLLEHHOr0 W3 JaHHOW Tou-
KW Ha [JaHHYH oCb. Ta 0Cb, Ha KOTOPYH Mbl MPOEKTUPYEM,
Ha3blBaeTCA OCb0 MPOEKLMUIA.

b, MycTb paHbl gBe ocn WM BekTop AB, yKa3aHHble Ha

puc. 5. BekTop ab, HayasoM KOTOPOro CAYXWUT MpPOEKL s

Havyana W KOHUOM — MPOEKUMA KOHLA [AaHHOro BeKTOopa,
Ha3blBaeTCcs npoekuuneir BekTopa AB Ha ocb PQ. 3anucbiva-
eTca 3To Tak:

ab — npx3 AB.

MHorga ykasatenb PQ BHW3Yy He nuweTtcs, 3TO Aenaetca B
Tex cnyyasx, Korga Kpome PQ HeT Apyroil ocu, Ha KOTOpYIo
MOXHO Obljl0 Obl MPOEKTUPOBATH.

*) PaByMeeTcs, TO )€ CamOe CMpaBej/IMBO ANs cekaHcal



C. Teopema |IJ BeanunHbl BeKTOPOB, feXKawux Ha
OfHON 0OCU, OTHOCATCA KaK BEIMYMHbI UX MNPOEKUWUI Ha Nbyto
0Cb.

MycTb JaHbl OCW W BEKTOPbI, YKa3aHHble Ha puc. 6, N3 no-
[o6ua TpeyroNbHWKOB BUAHO, YTO A/IMHbI BEKTOPOB OTHOCAT*
CA, KakK LAMHbI UX MpoeKkuui, T. e.

MA| _  [ab]
\CD\ led |

Tak Kak BekTopbl Ha YepTexe Ha-
npaBieHbl B pa3Hble CTOPOHbI, TO
BE/IMUYMHBI  UX WMEKT  PasuyHbIN
3HaK, CefoBaTesbHo,
AB _ \AB\
@)
cb — [C/M
OueBMAHOL BeNMYMHBI MpPOEKLUMI TaKXe WMEKT pasnYHbIii
3HaK:

ab ab |
cd cd | ©)
nogctasnasa (2) u (3) B (1)r nonyumm
AB __ ab
C13 «*
MeHAs 3Haku Ha ob6paTHble, MOAYYUM
AB ab

4)

Ecnu BekTopbl OyAyT OAMHAKOBO HanpasfieHbl, TO OyayT
OfHOr0 HanpaBfieHUs M UX npoekuuun; B opmynax (2) un (3)
3HaKOB MWHYC He 6ygeT. [opcTtas-
nas (2) wn (3) B paseHcTBO (1),
Mbl Cpa3y MoAy4YuMM paBeHCTBO (4).
NTak, Teopema jJoka3aHa [Ans Bcex

Cny4aes.

d. Teopema Il. BenuuuHa
npoekuuMn BekTOpa Ha N6yl ocb
paBHa BeMYMHE BEKTOpPa, YMHOXKeH"
HOW Ha KOCUHYC yrna Me>Kiy OCbH
NPoeKLMil N OCbl BEKTOpA.

Puc» 7 MycTb fAaHbl OcM U BekTop ABt

__ KakK yKasaHo Ha pwuc, 7, [lo-

cTpoum BekTop OKt 04MHAKOBO HanpasfeHHbIli CO CBOEN

OCbl0 U OT/IOXKEHHbIW, Hanpumep, OT TOYKKM MepecevyeHUs oceli.
MycTb gNnWHaA ero paBHa efuHuue. Torga M BeAMYMHA ero

OK = +1. 1)
9



OueBugHo, BekTop OK ecCTb AMHWM KOCUHYca AN Yram a
MEXAy OCAMU, CNeaoBaTeNbHO, €ro Be/uuYMHa

Ok = cos a, 2)
MpumeHas Teopemy 1, nonyyumm
ab _ AB
~OK wr v
Moactasnaa (1) u (2) B (3), nonyymm
ah __ AB
Ba +1
OTcroga
ab = AB cos a, 4)

§ 5. BeKTOpHble Lenu

a. Ecnn  HeCcKONbKO BEKTOPOB pacnofoXeHbl Tak, uTOo
KOHel, KaXAo0ro BeKTOpa CAYXWUT Hayanom cregywouiero, To
Takylo MX COBOKYMHOCTb OyAeM Ha3blBaTb BEKTOPHON Lenbto
(cm., Hanpumep, pwuc. 14).

BekTop, COeAMHAKOWMWIA Hayano nNepBOro 3BeHa LUeNu O
KOHLOM noc/fefHero, Ha3blBaeTCA 3aMblKalLWUM BEKTOPOM
4N AaHHOW uenu. [lo xapakTepy pacrnofioXXeHWs BeKTOPOB
Mbl MOXeM MNoApasfenuTb Uenn Ha NPOCTPAHCTBEHHble, MocC-
Kue W MnpsiMONNHeiHble. [pOCTPaHCTBEHHOW Mbl OyAeM Ha-
3blBaTb TaKyl LeMb, Yy KOTOPOWA BCe 3BEHbS HE MOryT YyMec-
TUTbCA B OAHOW MAOCKOCTMW; €C/M XXe BCe 3BeHbA Lenn aexar
B OfHOW .NMOCKOCTW, TO Uenb OyAeT Nnockas; HakoHel, ecnu
BCe 3BeHbA LUenu fexaT Ha OfHOW nNpsMOi, To uenb 6yget
npsAMonuHeiiHoi, (‘Hayana Mbl OGyAeM rOBOPUTbL O NPAMOSU-
HelHbIX Uensx, MOTOM O NAOCKWX; MPOCTPAHCTBEHHBIMU Le-
namMu Mbl 6yAeM 3aHMMaTbCH MHOrO MO3fHee.
XV,b.;Tieopema LWana. Anrebpanyeckas cymma Benu-
UWH BEKTOPOB NPAMONMHENHON Lenu paBHa BeAUYUHE ee 3aMbl~
Katollero BekToOpa.
in MycTb MMeeTcs cHavana Lenb M3 ABYX BEKTOPOB.

MoryT npeactaBuTbCA HECKOJSIbKO cny4vaeB. Pa3bepeM CcHa-
yana cnyyaum, rge Todka b npasee a.

Cnywuyaih 1"e [aHbl BEKTOpPbl, YyKa3aHHble Ha puc. 8
(c npaBee b). 3gecb 04eBWAHO, 4TO

Off J Jun rm ab + be = ac. 1)
Cnyuain |Il. Bektopbl pacnonoXeHbl TakK, Kak na
puc. 9 (c mexgy a v b). Mbl BUANM, 4TO
ab sf ac + cb,



Tak Kak Ham Hafo pokasatb (1), TO mepeHOCMM cb B ne-
BYIO 4acTb C obpaTHbIM 3HakoM: ab — cb = ac, oTkyga BBU-

ay cb — —bc umeem onAte ab + bc = ac.
8 a E E Q p a *?*mf Q
Puc. 8 Puc. 9
Cnywuati Ill. BekTopbl pacnonoxeHbl, Kak Ha puc. 10
(c nesee a). Mbl Bugum, uto ca -f ab — cb, oTkyma ab —
— cb — —ca wnu, BBUAY cb = —bc 1 ca = —ac, NMeem

ab + bc = ac.
OcTatoTcs cnydaum, rge b nieBee a, Kak Ha puc. 11—13.

S o .k Q Pg % 3.8
Puc. 10 Puc. 11
pE__* p 5 a g "
Puc. 12 Puc. 13

3TN cnydyanm paccMaTpMBAlOTCS aHaNOrM4yHO MepBbiM TPEM,
a noToMy pasbop UX B BUAE YMNpaXHeHWs npeAocTaBiAseM ca-
MUM  ydalimmcs.

MNTak, Bcerga

ab + bc = ac.

Takum o6pa3om, ANs [ABYX BeKTOopoB Teopema Lllansa pgo-
KasaHa.

MycTb Tenmepb AaHa LUenb, cocTosAwas M3 N6Oro 4ucna
BEKTOpPOB, Hanpumep, ab, be, cd, de, ef, ., ,, kI *),

Cnoxum anrebpanyeckn WX BeMUYMHbI U OyfeM MOCTeneH-
HO NMpUMeHATb Teopemy LUans KaXAablit pa3 Ans ABYX BeKTO-
poB:

ab {-be cd-f-de f-ef-f...-{- Kkl

= ac -f- cd - de -j-ef -j-,, . -kl —
= ad -j- de f-ef + , .. + kl —

= ae+ ef+ ., , -kl —

e=af f- ¢, , emkl —

= ak + kI —

— al.

*) MM YybIbllIIEBBO He MPUBOAMM 4epTexa, Tak KakK BOMpPOC sceB
n 6e3 Belw.



Tenepb Teopema Llans fokasaHa ans no60oro uucna Bek-
TOpOB.

c. TeopemMa O NpPoeKLUWU BEKTOPHOW LUe-
nu Ha N6yt ocb. T[ycTb UMeeTcs Kakas-HUBYAb
uenb (puc. 14), Bce 3BeHbA KOTOPOI NieXxaT B 0fHOI niocKoc-

™", 34ecb BekTop AL aBndetca 3ambiKalolwmm. CnpoekTupyem
n

Lenb U ee 3aMblKarlolWuii BeKTOp Ha ocb PQ. HeTpyaHo BuMAETb,
4yTo Ha ocu PQ nosyuymTcs NpsAMONMHeliHas BEKTOpPHas Leab.
Ha ocHoBaHuKM Teopembl Llans umeem

ab + bc H-cd + de + ef + fg 4- gh 4- hk + kIl = al.

Tak Kak
ab = np AB, be= npBC,. . kI —np KL, al = np AL,
TO WUMEEM

np AB -f np BC + np CD 4- np DE 4- np EF 4-
+ npFG + np GH + np HK 4- np KL = np AL,

T. e. anrebpamyeckas cymMma BeANYMH MPOEKLW 3BEHbEB BEK-
TOpPHOW Uenn Ha N6yl OCb paBHA BeNMYMHE NPOEKLMU 3aMbl-
KalLllero BeKTopa Ha Ty >Ke OCb.

d. MoHATME O Uenu BEKTOPOB WMeeT 60/bLIOE 3HauYeHue
4Na mMexaHuku. Mpusegem npumMepsl.

MpeactaBum cebe, 4TO TOYKa AenaeT HECKONbKO MOCnefo-
BaTe/bHbIX MepeMelleHWn. Hanpumep, KakK YyKasaHO Ha
puc. 14, Touyka nepemMellaeTcs M3 MOJIOXKEHUA A B Mooxe-
Hue 5, 3atem u3 B B C un 1. 4., HakoHel, u3 nonoxexHuna K
B nonoxeHue L. O4yeBUAHO, OKOHYaTe/NbHOE MepemMelleHne

TOYKM OyaeT u3ob6paxkaTbCcs BekTopoM AL\ Takum o06pasom,
BaMblKaloLMiA BEKTOpP 3aMeHseT co60oi BCHO LeNb Mepemelle-
HWIA.

12



To Xe caMOe MOXHO cKa3aTb, eciM 3BeHbA Lenn usobpa-
XalT BeKTOpbl, paBHble W napannefnbHble cunam, MnpuIo-
YKEHHbIM K OfHOW Touyke A. 3amblKalownin Bektop AL u306-
paxaeT Torga paBHOAENCTBYIOLW YO BCeX 3TUX CuUA, AeicTBue
KOTOpOI 3aMeHseT [elACTBME BCEX 3TUX CUN.

e. lMoaToMy 3aMmblKaloLMil BEKTOP Ha3blBAETCH TakKXe reo-
MeTpUYeCKON CYMMOI BEKTOPHOMN Lenu.

3anucbiBaeTca 370 Tak:

ab + bc + cd + ... + kI = al.

HY>XHO TONbKO MOMHUTb, 4TO MAKCHI, CTOAWWE B /1EBOI
yacTu, MMET APYrol CMbIC/A, YeM B anrebpe: oHU 0603HavaloT
He anrebpanyeckoe, a reoMeTpuMyeckoe croxeHue. TONbKO B
TOM C/iy4ae, KOrja BCe BEKTOPbl /ieXaT Ha OfHOW MpsMOoii,
reoMeTpuyeckas cymMmMa nNepexoauT B anrebpanmyeckyto.

§ 6. Llenn yrnos

Mofo6bHO TOMY KakK TOYKa MOXET COBepllaTb HECKObHO

nocnefoBaTeflbHbIX  MEPEMELLeHNil, 0Cb MOXeT COBepLlaTh
HECKONbKO NOCnejoBaTeNnbHbIX Bpal,eHUin. 3gecb Mbl MPUXO-
AWM K TMOHATWIO Lenu Yrnos.
Lienblo yrnoB mbl 6ygem Hasbl-
BaTb  COBOKYMHOCTb  YT/0B,
pacnonoXeHHbIX Tak, 4YTO KO-
Hel KaXAoro yrna cosnajaet
C Hayanom CregyloLlero.

MycTb, Hanpumep, BOKpYr
Toukn O oCb COBepLUaeT He-

CKONMbKO BpalieHuit, KoTopble
n3obpaxeHol Ha puc, 15 yr-
namm

(AB), (BC), ,, ., (KL).

OueBnfHO, BCe 3TW BpalleHUs

MOXHO 3aMEHUTb OfHWM Bpa-

WeHneM, K306paxaembiMm  yr-

nom (AL).
Ons uenu yrnos Takxke mo»  Aokasatb Teopemy Lllang,
Metog AoKasaTenbCTBa TOT XE, YTO W [NiIA BEKTOPOB,

(AB) -f (BC) + (CD) + (DE) + (EF) + (FG) +
+ (GH) + (HK) + (KL) - (AL),
13



T. e. anrebpanyeckas CymMMa BENUYWUH YINoB, 06pasyolnx Lenb,
paBHa BenMYKMHe yrna, o6pasyeMoro HauyanoM MEepPBOr0 M KOHLOM
nocneaHero yrna uenu.

b. Kak Mbl BUAWMA HanpaBfeHHble Yrbl aHaNorUYHbI
BeKTOpam.

§ 7. Tpoekumn BeKTOpa
Ha JIBEé B3aMMHO NepneHAUKYNAPHble ocn

a. MycTb WMeTCA [Be B3aWMHO MepneHAuKynsapHble
ocu Ox u Ou (puc. 16).

MycTb ewe wnmeetcs BekTop P, nexawwuii Ha ocum 01. O6o-
3HauMM  Yepe3 a HauMMeHbWMWi no-
noxutenbHblh  yron (xlI) H uepes p
ToT yron (ly), KoTopblli nonyvaetcs,
ecnn ocb 01 cHayana NOBepHYTb [0 OCU
Ox Mo 4acoBoli CcTpefike, a noTom [o
oC/M OpAMHAT NPOTUB YacOBOW CTPenKu.
Takum o6pasom, Bcerjga

p= -a + fI0°. D

O603Haunm uepes X ¥ Y npoekuun BekTopa P Ha ocu.
Torpa

X = Pco?a, Y = Pcosp )
nnn, TakK Kak

cos p = cos (—a + 90°) = cos (90° — a) = sin a*
TO
A = P cos a, Y = P sin a. 3)

®opmynbl (3) MOXHO NpeAcTaBMTb TakXe B BuAae
sina = cosa = X 4

0TKyfa, pasfennun nepeyt (OpMyny Ha BTOPYK, MOXHO Lo
HanTN

tea = 1. 5)

b. Ecnn HanpasneHne BeKTOopa P coBnajaeT c Hanpasne-
HueM ocu 01 (4TO Mbl U MMEEM Ha 4YepTexe), TO BenyuHa nek-
Topa paBHa ero fAivHe. O603Ha4yas ANWHY 4Yepe3 I, NOMyyYum

X —rcosax Y = rsina
14



WM B ApYyrom BuAe

- Y - X
sfna= = u cosa = e
C. HeTpyano Takxe MOAy4YWUTb HOPMYNY AN BbIYUCAEHNS

ONUHbI BeKTOopa. Ecnu Mbl ANWHBLI NpoeKUMili BeKTopa 0603Ha-
4YnM, Kak 06blyHO, | X | m |Y |, To no Teopeme [lMudaropa
(puc. 16)

r= Y\X\*+\y\*r

Tak Kak npn BO3BEAEHMW B KBagpaT 3HakK MWHYC, €C/iM OH
nMmeeTcd, nc4yesaet, TO

r = X2+ Y\

§ 8. Yron mMexfy [BYMA BeKTOpamu. Yciomus
napannefiHoCTU U NeprneHanKyNsapHOCTY

a. MycTb paHbl fABa BeKTOopa, YyKa3aHHble Ha puc. 17:
1\ ¢ npoekuuamun X, n Y I nexawuii Ha ocm 0lu u Pr c npo-
ekunamn Xrun Yj, nexawmin Ha ocm OLr. [ns npocToTbl npea-
MOMOXWUM, YTO Hanpas/ieHus
3TMX BEKTOpPOB CcOBMajalwT C
HanpaBfeHWAMU WX OCeMn.

O603HauYUM yribl

(xly) — ocj, (x/12) — a2n
(hll) = .
Ouesnauy,
®= a2z a, Puc. 17
a noTomy

sin ¢ = sin (a2—at) sin o2cos ax— cos a2sin alt
cos ¢ = cos (a2 — ocj) cos a2cos a, + sin a2sin ay.

B npegbligyliem naparpage 6bi10 40Ka3aHo, 4To

r, Y*

sinai = cosa+: —stta2 o COS X> —
(2)
MofActaensaa (2) B (1), nonyymm
Sin ¢ — X,¥Yr- X r¥, oS XtXi+ YIYi
rif T i ©)



b. YmHOoxas 06e uyacTu KaXporo paBeHCTBa (3) Ha
MoNyynM eule

rhisin @ = XjF2— Xryn 4
r,rscos @ = XjAj + Yry2 (5)

O6e 3T opmynbl MMeT 60MbLIOE MPUMEHEHME B Mexa-
HUKe.
BbipaXkeHne Tr,r2cos ¢ HasblBaeTCA CKaNnfpHbIM Npon3Be-
[lEHNEM [BYX BEKTOpOB.
Ecnn pasgenun!s nepsyto u3 ¢opmyn (3) Ha BTOpyt, TO
nony4um
XiYi-XtYi
n.n, u-vir, - ©

c. ®opmynbl 3TOr0 U NpeAbiAywero naparpaga BblBeAeHbl
B MPeANosoXKEeHUU, UYTO BEKTOPbl BbLIXOAAT W3 Hayana Koop-
AvHaT. OfgHako OHWM 6yAyT BepHbl npu 0OOM pacnonoxe-
HUW BEKTOPOB. [leliCTBUTENbHO, ecnu Kakoi-nmbo BeKTop
nepeHecTW napanienbHO camoMy cebe, TO HU [/MHA €ro, Hu
BE/IMYMHbI NPOEKLUNIA He U3MEHATCH, HE U3MEHATCA TakXe u yr-
Nbl C OCSIMW, U CNeAO0BaTeNbHO, HWUKAKOr0 M3MeHeHus B ¢op-
Mynax He mnpou3ongeT.

MOXeT CAy4YMTbCS, 4YTO BEKTOPbl MapannenbHbl. Torga
= 0° unm ¢ = 180° oTkyga sin ¢ = O.

®opmyna (4) Torga npespaTuTCcA B

X,Y2- X,Yt= 0. (7

®opmyna (7) Ha3bIBaeTCs YCNOBMEM napannenbHocTH ABYX
BEKTOPOB; OHAa HaM MO3BONSET y3HaTb, KOrga BEKTOPbl napan-
nenbHbl. OuyeBMAHO, (7) MOXHO NpeAcTaBUTb Tak:

Xx _ Y, ,04
Xr — Y3 (8)
OfHako Tak nucaTb BO3MOXHO /MWL B TOM Cay4vae, ecnu
HW XT, HW Y2 He paBHbl HYNK, B MPOTMBHOM cny4vae opmy-
na (8) TepseT BCAKUIA CMbICA, MO0 HA HYNb AeNUTb HENb3A.
Ecnm xe X2 — 0, 1o torga (7) npeeBpartutcsd B

VtK2 = 0.

Mbl 3Haem, 4TO MPOM3BEAEHWE MOXET PaBHATbCA HY/O
TONbKO B TOM C/iy4ae, Korga XoTsi 6bl O4WH M3 COMHOXMWUTe-
neii paBeH Hynw. CnepgoBatenbHo, nu6o Xr = 0, nm6o Y2 =»
= 0. Ecnn Yr = 0, To BTOpOIi BEKTOp MpeBpaljaeTcsa B TOu-
Ky, 3TOT cnydali He npejcTaBnsieT HWKAKOro uMHTepeca. Ecnum
e Xx — 0, 10 hopmyna (7) npeBpaujaetcs B

0=0.
16



Ho B 3TOM cflyvyae HaMm He HYXHa HuKakas opmyna, utor
6bl y3HaTb, NapanfefnbHbl N BEKTOPbI.

[LelictButensHo, ecnum ogHoBpemeHHo X, = 0, Xr — 0,
TO 06a BekTOpa NMepneHAUKYNSapHbl ocu OX W, cnefoBaTenbHO,
napannenbHbl MexXAay CO60M.

Tenepb paccMOTpMM NepneHAUKYNAPHOCTL BeKTOpoB, Tor-
ga ip = 90° uam ¢ = 270°, oTkyga cos ¢ = O.

PaBeHCcTBO (5) MpuMHUMaeT BUj,

XxXr + = 0.

®opmyna (9) aBnseTcA YCNOBMEM MePNeHAUKYIAPHOCTHU
[iBYX BEKTOPOB.

§ 9. YnpaXHeHWs H KOHTPOJSIbHble BOMPOCHI

la. Uto Takoe ocb?
Ib. OJaHa npsamas MN

M bl

Kak 0TMeTUTb, 4TO 3a MONOXWUTeNbHOEe BbIOpaHO Hanpas-
NleHne cnpasa Haneso?

2a. Uto Takoe BekTOp?

?b. Kakasa pasHuua Mexpay [LNMHOA BeKTopa W ero Benu-
YNHOR?

2c. Kak o0603HauyaeTcsa [AMHa M Kak 0003HauvaeTcs Benu-
YnHa BeKTOpa?

3a. Vmeetcs ocb MN M Ha Heil HECKONbKO BEKTOPOB
thuc. 18). Kakume un3 3TUX BEKTOPOB UMEKOT MONOXUTENbHbIE
BE/IMYMHBI N KaKue oTpuuatesibHbie?

H A B D C F £ G H N
—# —<| )t < | »>» 1" — *~

Puc. 18

3b. Kakas [ffnHa W Kakas BeNWuMHa Yy Tex BEKTOpPOB,
KOTOpble M306paXkeHbl Ha puc. 18, ecnn 3a efuMHULY MPUHAT
caHTUmeTp?

4a. Kakue BenumuuHbl B Mpupoge m3obpaxawTcs BeKTopa-
Mu?

4b. MOXHO M cKasaTb, 4YTO 06bEM — BEKTOpHas Benwu-
YnHa?

4c. fAABndeTca Nm paboTa BEKTOPHOW BENUYUHONR?

4d. fABndeTcs AU Bec BENMYMHON BEKTOPHOW; ecnm pga, To
Kyja 3Ta Be/MuYMHa Hanpas/ieHa?



5a. Mpn nonyyeHWn Kakoro pofa ABUXEHUA BO3HUKNO
MOHATME O Hanpas/ieHHOM yrne?

5b. UT0 HasbliBaeTcd Hayanom yrfia M 4to KOHLOM?

5c. Kakue yrfibl CUYMTalTCA MOJIOXKMUTENIbHBIMU U KaKue
oTpuUaTe/lbHbIMWN?

6a. Onpegensetrca nu yron BMNOJIHE CBOMM HayanoM U KOH-
uom? Ecnm Het, T0 noyemy? OTBeT: HeT.

6b. Ecnn HaMMeHbW WA MOMOXKUTENbHbLIA  OCTPbLIA  yron,
onpeaensieMblii AByMS CTOpOHamMwW yrna paseH n/4, TO Kak
3anucatb 00WMIA BUA BCeX APYrUX Yraos, ONpeaenstoLimxcs
TEMU >Xe CTOpPOHaMu?

7a. OnpegenalTca X TPUTOHOMETPUYECKUE (YHKUUN™
€C/iX 3afaHbl CTOPOHbI yrna C yKasaHWem, Kakaf CTOpoHa fiB-
NAeTCA HayanoM M Kakas KOHLOM, HO He yKa3aHo Hanpasne-
Hue yrna? Ecnu pga, 10 nodemy?

7b. Kakas TpuroHometpuyeckas (QyHKUWS BMNOMHE onpe-
feneHa, ecnu 3ajaHbl TOMbKO CTOPOHbI yrna 6e3 ykasaHwus,
Kakasa CTOpOHa fAB/feTCA HAyanoM W Kakas KOHAOM?

$a. UTo HasbiBaeTCAa npoekuueli TOYKU Ha OCb?

81). AaHbl ocb PQ u Ha Hell Touka A

p A Q

HalignTe npoekuuto ToukM A Ha ocb PQ.
9a. YTo HasbiBaeTCA Mpoekuuel BekTopa Ha 0Cb?

9b. OaHbl ocb PQ u BekTop AB (puc. 19). Kakoli BekTop
ABNAeTCA npoekumeid Bektopa AB Ha ocb PQ?

9c. faHbl ocb PQ u Bektop CD Ha Heit (cm. puc. 19).
Kakoli BeKkTop sBAsfeTcs npoekuuein sBekTtopa CD Ha ocb PQ?

B

Puc. 19

10a. faHbl ocb PQ wn Heckonbko BekTopoB (puc. 20).
Y KakKuX BEKTOPOB BeNWYMMbl MPOEKUMA MONOXMUTENbHbI U Y
KaKuXx oTpuuatenbHbl?

10b. Kakyt BelM4YUHY UMeeT MPOeKLUs BeKTopa Ha OCb,
eC/N cam BeKTOp nNepneHAWKYNsipeH 3Toi ocu?

1la. MoXeT N1 cCAy4YuTbCA, 4YTO ANINHA NPOEKUUN BeKTopa
Ba HEKOTOPYK OCb 0O0fblUe [/IMHbI CaMOro BeKTopa?
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lib. MoXeT nu cayynTbCsa, 4YTO A/MHA MPOEKUUN «eKTO-
pa Ha HEKOTOpPYH OCb pauMHa [AMHe CaMOro BeKTopa?

12. BbluucnnTte BeNUYMHY MPOEKLUU BeKTopa Ha OCb T,X,
ecnm ero BenmunHa AB — —6 u yron wmexgy ocbio LX
G
Puc. 20

BEKTOPA U OCbIO XXX NMpoekuuii paBeH 4n/3 (puc. 21). OTBeT:
ab = 3.
13a. YTO Ha3blBaeTCA BEKTOPHOW Lenbio?
131). Kakue 6biBalOT BEKTOpPHbIE Lenu?
14a. B uem cocTtouT Teopema Llanga?
14b. PTyTb B TepmoMeTpe nogHanacb ot 0° go 15°, 3atem
nogHanace Ha 20°, pganee oHa cnyctunacb Ha 3J° HaKoHel
nogHanacb ewe Ha 17°. MOXHO M cKa-
3aTb, YTO COBOKYMHOCTb BCEX MepemeLye-
HUA pTYyTU o06pasyeT BeKTOPHYI Lenb?
Ha Kakoii BbicoTe 6yAeT HaxoauMTbCs ypo-
BeHb PTYTW MOCNe BCEX 3TUX MepeMele-
HMiA? OTeeT: fa; 13°
1l4c. TMapoB0o3 MmaHeBpupyet. Bbixogd
OT CTaHuuu, OH npowen BnNpaBo 5/2 Kwm,
3aTem cpenan BneBO 4 KM, MOTOM BJIEBO
1/2 km, panee BMApaBO 2 KM, HaKOHel,
BNpaBo 1 KMm. Ecnu nepemelleHne Bnpaso
CYUNTATb MOJIOXKMUTE/IbHbIM, & B/IeBO OTpPU- Puc. 21
uateflbHbIM, TO KakKOBO OKOHYaTe/lbHOE
nepemMel,eHne  OTHOCWUTENIbHO  CTaHUWUK? OTBeT: 1 KMm.
15a. CTpenka ranbBaHOMETpa OTK/NOHM/ACb OT HYNS Ha
41° NMpoTMB 4acoBOM CTPEeNKM, MOTOM Na 22a N0 4YacoBOW CTpen-
Ke, 3aTeM Ha 13° no 4yacoBOW CTpenke, HaKOHeL OTK/IOHMANAaCh
Ha 14° NpoTMB 4acoBOW CTpPenku. ABASAETCA /IM COBOKYMHOCTb
BCEX 3TUX MOBOPOTOB LUenbto yrnoB? Kakoil yron cocrtasnset
OKOHYaTe/lbHOE MOJMIOXEHWEe CTPenku C HadanbHbIM?  OTBeT:
ba; 20°.



15b. Ha neByw uvawky BecoB OpoweH rpy3 (puc. 22).
CTpenka BecOB OT Yyjapa OTKNOHWAAacb MPOTMB YacoBoOW
CTPEenKn OT HYNeBOro MNosioXeHus Ha 16°, 3aTem Becbl Havanu

KonebaTtbcs. llocne nepBoro OTK/OHe-

HMWA NocnefoBano OTKNOHEHWe No Ya-

coBOW cTpenke Ha 1/3 oT 16°, panee

Ha 1/9 oT 16° NpoTMB 4acoBOWN CTPeNKw,

noToM Ha 1/27 oT 16° no 4acoBoOil cTpen-

Ke n T. 4. TeopeTUyecku rosopd, 3Tu

3aTyxawouime konebaHus 6ygyT npo-

0 [O/MKATbCA BEYHO, HO cTpenka 6ypet

Puc, 22 CTPEMUTLCA K HEKOTOPOMY npefesbHo-

My nonoxeHwumwo. Kakoil yron ¢ Ha-

YyanbHbIM MOJIOXKEHWEM COCTaBnseT 3TO NpejenbHOe MOoXe-
Hue? OTseT: 12°

1Ca. UTo Takoe 3aMblKaloWuii BekTOp?

1Gb. Kakoe 3Hauyenue uMeeT [N MeXaHWKW MNOHATUE O
3aMblKaloLlLeM BeKTope?

17a. BekTopHasa uenb COCTOMT M3 [ABYX BEKTOPOB, [A/MHA
KaX[oro n3 KOTOpbIX paBHa a. OTW BeKTOPbl HaKNOHEHbl LPYB
K Apyry nog yrnom 60° (puc. 23). lMocTtpoii-
Te 3aMblKalwWMin BekTOop. KakoBa ero Anu-
Ha? OTBeT: N

17b. BekTopHaa LUeHb COCTOUT U3 NATU
BEKTOPOB, paBHbIX a, MNpuYeM Kaxablih u3
HUX HAK/IOHEH K CNnefylolemMy nog Yriom
120°. Llenb pacnonoXeHa TakK, KakK YyKasaHO
Ha puc. 24. KakoBa A/MHa 3aMblKaloLWero
BekTOpa? OTnerT a.

18a. Bbluncnutb [AAUHY Npoekuuu 3a-
MbIKalOLLEero BeKTOpa Ha O0Cb X1X Lenu:

1. BekTOp paBeH a W HaK/JOHEH K ocu nopj yrnom 45°,

2. BekTop paBeH 2a W Hak/IOHeH K ocu nofg yrnom 315°.

3. BekTop paBeH 3a ¥ HaK/OHeH
K ocu nog yrnom 0°,

4. BekTop paBeH ¥ 3a M HaK/IOHeH
K ocn nop yrnom 90°.

5. BekTop paBeH a M HaK/OHEH K
ocn Hop yrnom 135°.

6. BekTop paBeH 2a M HaK/IOHEH K

Puc. 23

Puc. 24 ocu nop yrnom 225°,
OTseT: 3a.
YKkaszaHune. Korga He ynoMuHaeTcs OCb BEKTOpa,

HY)XXHO CYMTaTb, YTO €ro OCb WMEET TO XXe& HanpaB/ieHUE, 4TO
n caM BEKTOP.
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18b. BbluncnnTb AAMHY MPOEKUMU 3aMblKaloWwero BEKTO-
pa Ha oCb Uuenu:
1. BekTop paBeH a, ero HakKAOH K OCU XyXx paBeH 60°.
2. BekTop paBeH a, ero Hak/loH K ocu xxx paseH 300°.
3. Bektop paBeH 6a, ero HaknoH K ocu Xxxx paseH 30°.
4. BekTop paBeH 6a, ero Hak/ioH K
ocM XXX paBeH 150°. / '
5. BekTtop paBeH a, ero HakioH K
ocn x1x pasBeH 180°, i

OTseT: 0. xt

18c. O6GBACHMTHL, MOYEMYy B Mpenbl-
gyweii 3agaye MNOAYy4YMNOCb, UYTO CyM- Y
Ma NpoeKuWin Bcex BEKTOPOB LENM Ha
OCb XXX 0KaszafaCb paBHON HyNI0. Puc. 25

19a. 3amMKHYTOlW BEKTOPHON Lenbio
HasblBaeTCA TaKad LUenb, Trfe KOHeL, MocneAHero BeKTopa
COBMajaeT C Ha4yanoMm nepsBoro. Uemy paBeH 3amblKalolui
BEKTOpP TakoW uenm?

19b. Yemy paBHa CymMma NpOeKUWIi BEKTOPOB 3aMKHYTOM
uenn Ha N6y ocb?

20a. [aHbl fgBe B3aMMHO MEPNeHAUKYNAPHbIE OCU XXX W
y¥, pacnonoXxeHHble, Kak ykKa3aHo Ha pwuc. 25. Bektop
nmeex ANUHY 1 — 10 M HakNoHeH K ocu XXX mog yrnom 135°,
Bbluncnutob ero npoekumm Ha ocri. OTBeT: X = —5 72,
Yy =5/2.

20b. AnuHa BekTopa r = 18, a HaAKNOH ero K OoCu XXX
paBeH 240°. BblUMCIUTbL €ro MPOEKUMU HA OCU XXX U YX.

OTBeT: X = —9, ¥ = —9 [/I3.

2la. BblumcnuTbe ANWHY BEKTOPA W €ro Hak/oH K 0CAM,
ecnm ero npoekummn X — 3, Y = —4. OTBeT: T = 5,
cosa — 3/5, sin a = —4/5.

21b. BblUMcAuTb AJMHY BEKTOpa W HakK/IOH K OCAM, ecnu
ero npoekuuu X = =2, ¥= —2 0TBET: I = 2Y2,
cosa = — J~2/2, sina = — |/2/2, a = 225°.

22a. [aHbl [Ba BeKTOpa CBOUMMM TNPOEKUUAMM Ha [Be
B3aMMHO MepneHAnKynsapHole ocwu!

npoekunMn nepesoro Bektopa XXx= Y3, ¥, = 1,

npoekuun BTOpOro BekTopa X2= 0, ¥Y* = 11.

BbluMCANTL  KOCUMHYC Yyrna Mexay 3TUMuM  BEKTOpamu.
OTBeT: cos ¢ = 1/2, ¢ = 60°.

22b. To Xe, 4To M B 3ajadvye 22a, HO BEKTOPbl WMEKT
npoekumu = —6, Yt— —8; Xr=3, ¥Yr=4 0OT-
BeT: cos h = —1, ¢ = 180°.



23a. Ecnu BekTop rj BblpaaeT CUNy, a BEKTOp r2— ee
nepemelleHne, 10 foKasaTb, YTO NPOU3BeAEHUE 3TUX BEKTOPOB
BblpaXkaeT paboTy.

23b. Bbluncnntb paboTy cubl, NPOEKLMWM KOTOpPOiA na
ocu Xn= 5, ¥Yr= 7, ecnn 3Ta cuna cpenana nepemMeLieHue,
npoekyun kotoporo X2— 1, Y2— 5 OTBeT: pabota pas-
Ha 40.

24. [NaHbl ABa BEKTOpa, MPOEKUMW Ha OCU Yy NepBOro pas-
Hel AT, B! n npoekuun Ha ocu y BTOporo pasHbl AT, B.,.
BblUMCNNTL TaHreHC yrna Mexay 3Tummum uexktopamu. OTBeET:

tgp”~ AAr+ BB2 *

25a, byayT nn BeKTOPbl MmapanfiefbHbl, €CAN UX MPOEKL WY
Ha ocu

X,= -1, I, =25 X2= 0,125, ¥2= -0,625?

OTsBeT: ga.
25b. byayT nu  BeKTOpbl NepneHAUKYNAPHbI, €can Ux
npoekuun
Xx= /1, Tx= /7% X2= -fi, Y2= N?

OTBeT: ga.

26a. [laH BekTOp C npoekuumsmmn Xj = 4, Fj= —2 n
fLlaHa TONbKO OAHAa MPOeKLMA BTOPOro BekTopa X2 = 8. Halii-
TW BTOPYK MNPOEKLWI0, eC/lM W3BEeCTHO, YTO BEKTOpbl Mapan-
nenbHbl. OTBeT;, Y2= —A4,

26b. To >e, ecnn BeKTOpbl NepneHAUKYNApHbl. OTBET:
y2= 16.



naBa 2

KOOPOVNHATDI

§ 1. MeTof KoopauHaT

OfHUM M3 CaMblX BaXHbIX BOMPOCOB MaTeMaTUKW SIBASET-
CA onpejeneHvie NMOMOXEHUS TOUKM. ITO MOXHO cAenaTb MHO-
rmMmm cnocobamu.

Ha nnockocTu nonoXeHue To4YkM ypo6Hee Bcero onpeje-
NATb  OTHOCUTENbHO  ABYX  B3aMMHO MepneHANKYNSPHbIX
ocel.

Ocn [OMKHbI 6ObITb 3apaHee 3afaHbl M HOCAT Ha3BaHue
KOOpAMHATHbIX Oceil’, ofHAa M3 HUX Ha3blBaeTCA OCbl abcuumcc
AN OCbI0 WKCOB, Apyras OCbl0 OpAMHAT WU OCbl0 WUIPEKOB,
TOYKa WX MepecevyeHnss Hasbl-

BaeTCcsa Havyanom KoopauHaT. Ha-

yano KoopauMHaTt o0603HavaeTcs

06blYHO 6YykBOW O, ocb abecumce

o6o3Hauyaetca OXx, ocb OpAuHaT B

Oy. KoopguHaTHble ocu  gensr

BCIO NNOCKOCTb Ha ueTblpe yrna,

HOTOpbIEe Ha3blHAKTCS KOOPAWUHAT -

HbIMW yrnaMu 1 KOTOpbIE Mbl Byfem

HymepoBaTb B NOpPsAAKe, YKasaH- e 26
HOM Ha pwuc. 26.

MonoxeHue OO0 TOUKM BMOSAHE ONpefenseTcsa, ecnu Mbl
COeMHUM Hayano KOOpPAMHAT C 3TOW TOYKOW W Halijem Benu-
YMHblI NPOEKUMI NONYy4YeHHOro BeKTOpa Ha ocu. [OCTPOEHHbIN
TakMM CcnocoboM BeKTOp MMeeT HampaBfieHWe OT Hayana Koop-
OVMHAT K TOYKe M MOCT HasBaHWe pajuyc-seKkTopa [JaHHOM
TOUKM, Be/MYMHA ero MpoeKkuuyM Ha ocb abcuucc HasbliBaeTcs
abcumccoili TOYKW, BeMYMHA ero MNpoekuunM Ha OCb OpAuHaT
Ha3blBaeTCA OPAMHATON TOYKW.

3ameTum, 4to BOOGULE 4ucna, OnpefenswoLue MOMOXKEHUE
TOUYKW, HasblBAKTCA KOOpAMHATAaMMW 3TOW TOUKMU.

Abcumcca u opguMHaTa SIBASKOTCA WUMEHHO TakMMW Yucna-
MW; MO3TOMY WX Ha3biBalOT KOOpAMHATAaMW TOYKM Ha WNO-
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CKOCTU, MpuyeM [06aBASOT CMAOBO NPAMOYrofbHbie *), TaK Kak
KOOpAMHATHbIe OCU NepneHAUKYNAPHbI.

Abcumnccy mMbl 6yaem o0603HauyaTb 6YKBOUM X, OpAuHATy —
6yKkBOW .

Mbl 3HaeM, 4YTO 3HaK BeIWYMHbI MNPOeKUUM BeKTopa na
Kakyl-nnbo ocb OyAeT NOMOXWUTENeH, KOr4a ee HanpaB/ieHue
coBnajaeT C HanpaBfieHWeM 3TOW OcW; B MPOTMBHOM C/y4aB
3HaK OygeT oTpuuaTeneH.

PaccmaTpuBas 4epTeX, MOXHO y6eauTbCsi, YTO B pasnmu-
HbIX KOOPAWHATHbIX Yyrnax 3HakKu KoOopAuHAT Touyek 6yayT
Takue:

Ycnosunuch, 0603Havas TOUKY, nucaTb pAfoM B CKOOGKax
ee KoOpAuHaTbl, NpUyemM Ha NepBOM MecTe nuietca abcuucca,
a Ha BTOpoM — opAuHata. Hanpumep, gna toyek M { Mir
M 3, Mt, nexawmx B pasinyHbIX yrnax (cm. puc. 26), Mbl
6ygem MmeTb 0603HaYeHMA

OueBUAHO, eCAM TOYKa NEXUT Ha ocu abcumcc, To ee op_
LWHaTa paBHa HYJO; eC/IM )Ke OHa NEXWT Ha OCU OpAMHaT»
ee abcuucca paBHa Hynw. Hanpumep, KoopAWMHATbl TOYeK
A,BtC,D (cm. pwuc. 26) TakoBbl:

A (3,0, «(-3,0), C(0;2), D(@O; -2).

Ona Hayana KoopauHatT wuMeeM 0603HayeHwue

O (0; 0).
MpoON3BONbLHYIO TOYKY MIOCKOCTM 0603HAYaloT Tak:
Al ().

*) YacTo BMECTO Na3HAUHA «MNpPSAMOYro/ibHble KOOPAUHATbLI» YMo-
Tpe6NAlT HasBaHWe «AEKUPTOBbl KOOPAMHATbI» B YeCTb 3HAMEHUTOrO
(hpaHuy3cKOro matemaTuka u gunocotda [ekapTa, KOTOpbIi Buen ux
B MaTeMaTuky,
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OueBNAHO, KaXAoli TOYKe MMOCKOCTM COOTBETCTBYET Mnapa
uymcen — ee KOOpAMHAT — M, 06paTHO, KaxAol MNpoOu3BONb-
HOll Mape 4yMces COOTBETCTBYeT TOYKa MAOCKOCTU. C MOMOLLbHO
KOOpAWHAT Mbl MPOU3BOAMM Y4eT BCeX TOYeK NaockocTu. Ta-
KOl y4eT MMeeT OrpOMHOEe 3Ha4YeHWe: OH NO3BONAET COeAUHUTb
B OAHO eAWHOe LEefioe TreoMeTpuio U aHanui3. AHanum3 msyvaeT
CBOWCTBa 4YMCEN W B3aMMOOTHOLUEHWS MeXAY HUMM, K HeMy
OTHOCSITCS, MeXAay npouum, apudpmeTuka M anrebpa; reome-
Tpus wn3y4yaeT CBOMCTBa ()Uryp, KOTOpble BCe 3aBUCAT OT Mo-
NOXeHUsa vacten Gurypbl. Mo3TOMY Yy4YeT MONOXEHUS TOYEK
C MOMOLLbI0 YuMcen facT BO3MOXHOCTb MCMNOMAb30BaTb B reome-
Tpun MeToAbl anre6panyeckoro adanusa. [lpy 3TOM  Mbl,
C OfHO CTOPOHbI, MONYy4YaeM BO3MOXHOCTb anrebpanyecku
pewaTtb 4pe3BblYailHO TpyAHble TreoOMeTpUYeckue 3ajaudu,
C APYroii CTOPOHbI, FeOMeTPUYECKN MOSCHATb TEOPeMbl aHaNu-
3a, KOTOpble npuob6peTardT OT 3TOr0 HeobblYalHYK Harnsg-
HOCTb.

Kaxpaoe noHATMe, KaXpgas TeopemMa MOryT ObiTb BblCKa3a-
Hbl KakK Obl Ha ABYX f3blKaX — Ha FeOMeTPUYECKOM U aHanu-
TWYECKOM. Hanpumep, Ha A3blke aHanu3a 3ajaTb TOUKY
O3HayaeT 3ajaTb ee KOOpPAMHATbl, HaWTU TOYKY — 3HA4UT
HalTW ee KOOpAMHATHI.

PelleHne reoMeTpMYeCKUX 3afjad C MNOMOLLbIO aHanms3a u
COCTaBNAET CYLWHOCTb MeToAa KOOPAWMHAT, K M3YYEHWUK KOTO-
poro Mbl Temepb W MNpUCTynaem.

§ 2. OCHOBHbIe 3afjavyn, pelwaeMble METOAOM KOOpAMHaAT

a. 3apgava nepeas. BbluncneHne npoekuuit Bek-
Topa N0 KOOpAMHATAaM €ro Havana U KoHua.

MycTb umeetcs BekTop J1/,J71/2, n3obpaxkeHHbIn Ha puc. 27,
npuyeM ero MPOeKunMn Ha ocu

oynyT Ma*,ia.) 1 -r*s4Yyr)
X —7T¥rr, Y = HjH2

CornacHo onpegenedHuio OM,

m OM2 — paguyc-BeKTOpbl Ha-

Yana W KOHLa AaHHOro BeKTOo-

pa, U KUX NPOEKUMAMMK Ha ocu T,
OyoyT KOOpAMHaTbl ToyeK M j Puc 27

n M2 '

NomaHasa nuHna OMXMT ecTb Uenb [ABYX BEKTOPOB an
n MjAla, npuyem BekTop OM2 3amblkaeT uenb. MpoekTupys
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»Ty Uenb Ha ocb abcumcc M Ha OCb OpAMHAT, i.aigem

npxOy: + npxMtMt = nyxOMtl
npvOM1+ np,JUjA/j = npul /r.

OTctoga wmeem r, + 7 Nomj, + Y = 4, TllepeHocs a
W yIr 1 npaBble 4YacTu, Haligem

X —x2 ij, Y —y2 vy,

Takum o6pa3om, Npoekuuns BeKTOpa Ha oCb abcumcc paBHa
abcuucce KoHUa MuUHyc abcuucca Havyana, a MpoOeKLUM Ha
0Cb OpAMHAT paBHa OpAMHATEe KOHLA MWHYC OpAuHaTa Hauana.

Hanpumep, ecnum uMeeTcs BeKTOpP C HayalioM B TOYKe
N/, (—5; 0) n koHUoM B Touyke M (2; 8), TO MoOAy4YUM

MT=2-(5)=2+5=7 Y=8-6=2

b. 3agaua BTOpa A. BbluuCneHWe ANUHBI BeKTOpa
Nno KOOpAMHATAaM ero Havana u KoHua.

MycTb TpebyeTcad BblUMCAUTL  AAMHY BekTopa J1/U1/3
(puc. 27), ecnn paHbl TOukM J1/,7; ) v Mr (X2;y2. Ans
BblUMCNEHUSA [NUHbI BeEKTOpa NO el npoekunsm X u Y Wbl
>)Ke paHblle wumenu opmyny

r= YX2+ ¥Y3

[ONna BblYUMCAEHUSA MPOEKUWIA Mbl TakXe MNOAyyYynnu gopmy-
Nibl, NO3TOMY, 3ameHaa A depe3.x2— 1, n Y 4yepes y2 —yu
Haigem

r= Y jx2—xx2+ (y2— yxK

3T0 paBeHCTBO CAYXMWT ANS BbIYUCAEHWA [ANWHbI BeKTOpa
HeMmocpeACTBEHHO MO KOOpAMHATaM Hayana M KOHLa; el Ha-
3bIBAOT TakXe (hOpMynoil pacCcTOSHWUA MedKAy [ABYMS TOu-
Kamu.

MycTb, HanpuMep, HYXXHO HalTU paccTosHWE MeXAy Tou-
kamn N1/, (2; 6) n J\f2(—1; 2), Torga nony4mm

r= D | T = YR (—p+ (6—2)a =

= \r(2 + 1)2+ 42= 5.

c. 3agjavya TperT i [enedne oTpeska B [JaHHOM
OTHOLWEHNN.

MycTb gaH BekTop MtM 2 ¢ Hayanom B Touke J1/, (X,; t/,)
N KOHUOM B To4yke M2 (xr\yr) (puc. 28).

Pa3fennutb OTpPe30K B [JAHHOM OTHOLWEHUW — 3TO 3HA4YUT
HallTW Ha Hem TaKyl Touky M, koTopas pgenuna 6bl ero
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ase yactu MM n MM, nponopumnoHanbHblie 3apaHee 3afaH-
HbIM u4ucnam. Hanpumep, €CAuM HYXHO pasjennTb OTPe3okK
B OTHOWeHUN 2:3, 70 MM po/mKHO 6bITb MeHbwe J1/71/2
BO CTO/IbKO pa3, BO CKOJlb-
KO 2 MeHble 3.
Bygem pewaTb 3agavy B
obuwem Buge. MNMycTb Tpeby-
eTcA [efleHWe MpPOU3BECTM B
OTHOWeEHNUK 11: /2.
O603HaYUM NCKOMYIO
Touky M (x; y). Mo ycnosuio
JONNTO  ObITb

nnLn
MM,

PaHblwe 6b110 AOKa3aHO, 4YTO BEJ/INYUHBLI I'IpOGKLLI/IVI BEKTO-

poB, Nnexawnx Ha 0,Cl.HOI7| ocun, OTI-IOCFITCFI, KaK Be/IMYnHbI Cca-
M M T|T

MUX BEKTOpPOB, T. €. MM, —_ TT, noaTomy
T h
mmj 1. (2)

[anee, Ham W3BECTHO M3 3ajaun MepBOii, ut0 TAT =
— X — N, U mm, = X< —X, OTKyja WMeeM
it
3)

Bbiwe 6bI0 CKa3aHO, 4YTO 3ajaTb TOYKY 3HA4YMT 3a4aTthb
ee KOOpPAWMHATbl; HAalNTW TOYKY 3HAYUT HaANTW ee KOOpPAWMHATHI.
Tak Kak Toukm J1/, wn J1/2 paHbl, a Touky J1/ Mbl ullem, ToO
B ypaBHeHUM (3) M3BeCTHO Bce, KpoMe X. Pewas 3T0 ypas-
HeHMe OTHOCUTENbHO XX Haifgem

xh — Xjlj = x2j — xlIt
3724 X1 — xxIr 4 xr/n
x (124 N) ~ Xjl24
X— 4
Tak e Hailgem, u4To
Yy )

B uvacTHOCTK, ecnu Touka J1/ gennT BeKTOp Ha [Be paBHble
yactu, ro /, = /2, n Torga, 3ameHsas /2B dgopmynax (4) n (5)
yepes BbIHECEM 3a CKOOKY W COKpaTUM na Hero.



Monyunm
X = "Nz N |d

y=JIl+1L4 @)

NTak, abcaucca cepefuHbl BeKTOpa panHa nNofaycymme
abcumcc ero Hayana U KOHUA, a OpAuHaTa CepefuHbl BeKTopa
paBHa nonycymMme OpAMHAT ero Hayana W KOHUA.

Mpumep 1 KmMeeTca BEKTOp, Yy KOTOpPOro Hayano
B Touke M (—1; —3) u KoHey B Touke J1/2 (7; 13). Tpebyetcs
pasfennTb ero B OTHOWeEHMU 3 : 5.

PeweHwne:

s APPSO, e,

1

Mpumenp 2. HaliTm cepefuMHy TOK >Xe BeKToOpa.

-lh+1-3; <-V H =5.

d. 3apgauva yetBepTad. Bbluucnenme niowasnm
TpeyroibHMKa MO KOOPAMHATAM €ero BepLUUH.
MycTb paH TpeyronbHUK MnM {Mr, un306paxKeHHbIA nNa
puc. 29. J11060NbITHO, 4YTO pelleHMe 3TOW 3ajayu 3aBUCUT OT
TOro nopfafka, B KOTOPOM pacrnoso-
>KeHbl BO3pacTalollMe HoMepa Bep-
WuH. Ana onpegeneHHoOCTU pasme-
CTUM BO3pacTallne Homepa, 06Xo-
LA NepuMeTp TpeyronbHWKW NpoTuB
4YacoBOM CTpeskW, Kak 3To U noka-
3aHO Ha pwuc. 29.
MycTb KoopAuHaThl BepLUMH

oyayT

Ao (M. Yo M\ (M» Y1), % ("2 U%)
Puc.
bTOPOHbI TpeyrosbHuka M OM X

n MOM2 MOXHO paccmaTpuBaTb KakK BEKTOpPLI, WMMelowMe Ha-
yano B To4uyke M,,

O603Ha4YMM ANIMHbI 3TUX BEKTOPOB M MPOEKLMM WX Ha KOOp-
[AVHaTHbIe OCWM COOTBETCTBEHHO 4epe3 r,, Kn Y,; rr, X2, Y2,
a UX yrnbl ¢ ocbko abcumcc yepes a, M ar. Ecam 0603HauYUTL
yepes  yron Mexgy I3TUMW BeKTopamu, TO

= a, —a,. 1)
PaHble Mbl AgoKazanu TaKyt dopmyny:
r,r,sni @ = X,¥, — X4Kt. 2)
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YMHOXMUM 06€ uacT¥ 3TOro paBeHcTBa Ha 1/2, Torga no-
nyuum

4r N sMp— 3

M3 TPUrOHOMETPUM M3BECTHO, YTO MNaouwajb S Tpeyrosb-
HUKa paBHa MO/SIOBMHE MPOW3BEAEHWUS ANUH [BYX €ro CTOPOH,
YMHOXEHHOI0 Ha CUHYC yraa Mexpay 3TUMU CTOpPOHamMu.

PaccmaTpuBas neByk uacTb paBeHcTBa (3), BMAUM, UTO
OHa paBHa naowWagn  TpeyrosbHUKa, ecanm  TONbKO @ —
4Yncno nonoxutenbHoe. OUYeBUAHO, Yron @ MONOXKUTENEH,
ecnm a26onbwe %. o3ToMy BMeECTO
NneBoOM 4vacTu paBeHcTBa (3) MOXHO
HanucaTb S, Ecnm Mbl  BbiGepem
Lpyroii nopsigoK Hymepauuu, pasme-

Was BO3pacTalwlyne HOMepa BepLUMH
npu ob6xoae nepumeTpa NO 4acoBOWA
CTpenke, Kak Ha puc. 30, TO Yyron
a2 6yner meHbwe, yem yron apg [lo-
aTomMy yron ¢ 6yaetr oTpuuateneH wu
neBan 4yacTb ypaBHeHua (3) Oyger
paBHa nnowagn TpeyronbHuka S,
B3ATOW CO 3HaKOM MuHyC. BwmecTo
NeBOM 4acTM 3TOr0 paBEHCTBA Mbl [AO/DKHbI  OyaeM Hanu-
catb — S.
O6a cnyvas Mbl MOXeM 06beAWHWTb B OAHOW hopmyne:

@
Heo6xo4nMO MOMHWUTbL, YTO B NIEBOW 4aCTW, a cnefgoBaTefb-
no, U B NPaBOil YacTW 3TOr0 paBEHCTBA 3HaK MAKC NOsBAsETCS,
ecnn, 06x0A4s BeplIMHbI B NOpsigke BO3pacTalWMX HOMEPOB,
Mbl [ABMXXEMCS MPOTUB 4acoBOW CTPenKu, B MPOTMBHOM Chy-
yae NOABMASIETCA 3HAaK MUHYC.
Mbl 3Haem, 4TO

X qj — Yi Yo< X 2= x2 N2 o~ Y1 y<»

®)

Mogctasnsaa (5) B (4), OKOHYATENbHO MOAYYUM
£.$ — — K*!I — *0)(y? — Yo) — — x0)(y! — i/0)].  (B)

B yacTHOCTM, ecnv BepwnHa M HaxoAuTcA B Hadvane Koop-
anHat, To X0= 0 n yO— 0 n ™Mbl UMeeMm

= S (X2 — x.iji). @
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Mpumep. BbluucAnTb Naowafb TpeyronbHWKa C Bep-
WwuHamm M0 (—3; 2), M x (5; 6), Mr (7; —10).

PeweHune: *= S — [6G—(—3»u— 10- 2)—
- (7- (-3)(6- 2= -|-[8*%(—12)- 10-4]= - G3

B npaBoil yacTu Mbl MOAYYMAM 3MAK MMUHYC, a MOTOMY WU
B /IeBOM 4YacTu Heob6xoaumo B3ATb MUHYC. CneaoBaTefibHO,
ecnm Mbl 6ygem nepexoguTb oT JI/0 Kk Mx wu ot A/, kK /2, ro
Mbl OyAeM ABUraTbCA MO YaCOBOMW CTPeNKe, B YeM MOXHO ybe-
OUTbCA HEMoCpeiCTBEHHO, MOCTPOMB 3TU  Touku, OTBeT:
S = 68.

§ 3. YnpaxHeHus

1. MocTpouTb Ha MWANMMETPOBO 6Gymare TOYKM C KOOp-
AUHaTaMu:

N, (L 2), A2(0;6), M3(-6;0), Al4(-1; -1,5),
Mb (4 0), N/, (-7;0), N7(-3;9), NI, (2; -8).

2a. BblumcninTb npoekuuy BeKTOpa, €CNM KOOPAWMHATHI
ero Hauvana (—1; —2), a koopauHaTbl KoHua J1/2(6; 7).
OTBeT: X = 7, ¥ = 9.

21» BblunmcnuTb NpoekuUn BeKTOpa, €CNM KOOpAMHAaTbl ero
Hayana JVj (—6; —7), a koHua M, (0; 1). OTBeT: X = 6,
Yy = 8.

3a. 3ajaHbl npoekuum BekTopa X = 3, ¥ = 2 U Koop-
avnatbl ero Havana J1/ (1; —1). Bbluncnutb KOOpAMHATbl KOH-
ua. OTeeT: J1/2(4; 1).

3l». 3afaHbl npoekuuu BekTopa: X = —7, Y = —2 nu
KoopauHatel KoHua J1/2(2; —3). BbluMcanTb KOOpPAMHATSI
Havyana. OweeT: N1/, (9; —1).

4a. [aHbl BepwuHbl TpeyronbHuka (—22; 12), (34; 45),_
(—2; —3). Bbluucnute nepumetp. OTseT: 150.

41). BblYMCAUTL NEepuUMeTp TPeyrosbHUKa C BepLiMHaAMW
n/, (0; 0), N/, (42; 56), N/3(-21; 72). OTBeT: 210.

4c. To Xe, eCAU BepLIUHbI UMeKT KoopamHatbl M x (2; 3)t
A/2 (65; 87), N/3(—12; 51). OTBeT: 240.

4(1. To xe, ecnn BepWMWHbI MMEKT KoopguHatel N/, (—3;
—5), A/2(69; 25), /3 (13; 58). OTBeT: 208.

5a. Ha ocu abcuymcc HalTM TOUKY, PaBHOYAANEHHYK OT
Touek J1/, (2; 8), N1/2(7; 7). OTeeT: (3; 0).

5b. Ha ocu opgmHat HaliTu TaKyk TOYKY, 4TOObl ee pac-
cTosiHMe o Touyku Alj (2; 12) 6bin0 B NATb pa3 60/Mblue, Yem
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paccTosiHMe Ao Toukm M2 (1; 3). OTseT: gBe Toukm (0; It
(0; 17/4).

6a. HailTu B nNepBOM KOOPAWMHATHOM Yrfle TOYKY TaKyl*
4yTobbl €e paccTosiHMA OT oceli KoopAuHaT M OT Touku (8; 9)
OblNN paBHbI Mexay coboit. OTBeT: aBe Toukn (5; 5), (29; 29).

6b. HaliTu TOuky,, pPaBHOOTCTOALLYI OT Tpex Touyek (—7;
4), (1; —8), (11; 16). OTBeT: (6; 4).

7a. Ha ocu abcumcc HailTm TOuky J1/ Tak, 4Ttobbl yron
MyMM?2, rge My (1; 2), M2(6; 3), 6b11 npamoii. OTBeT:
(4, 0), (3; 0).

7b. Haintn ueHtp C u pagmyc r Kpyra, OMMCaHHOroO BO-
Kpyr TpeyronbHuka ¢ BepwwuHamu J1/x(3; 9), N/2(4; 2),
M 3(10; 10). OTseT: C (7; 6), T = 5.

8a. Mo koopauHaTam BepwuH TpeyronbHuka (0; 2),
(—4; 6), (8, 0) HalTM KoopAMHATblI CepeauH ero CTOPOH.
OTBeT: (—2;4), (4, 1), (2; 3).

8b. Mo koopauHaTam cepefuMH CTOPOH  TpeyrofibHuKa
(4; 3)t (5; 4), (7; 3) HaliTm KoopAWHATbLI ero BepwuH. OTBET:
(2; 4), (6;2), (8; 4.

8c. Mo KkoopAauHaTaM cepefuMH CTOPOH  TpeyrosbHWMKa
(4; 2), (3;3), (2, 1) BbluMCNINTL KOOpPAMHATbLI ero BepLUuH.
OTseT: (1; 2), (3;0), (5; 4).

9a. Haintm Touky, gendulyto otpesok J1/U1/2, rge My (—1;
—2), Mr (9; 3), B oTHoweHun 3 : 2. OTBeT: (5; 1).

9b. HaiiTn Touky, gensiuiyt oTpe3ok MyM2, rae J1/x(1;1)
n M2(10; 7), B oTHoweHun 1 :2. OTeeT: (4; 3).

10a. N3 MexaHUKWM U3BECTHO, 4YTO LEHTP Macc O4HOPOA-
HOro TPeyrojbHUKa Haxo4WTCH B TOUKE MepeceyeHus Meaumad
N 0eNNT KaXAyw MeauaHy B OTHOWeEHUM 2 : 1 B HanpaBiaeHUM
OT BEpLIMHbl K OCHOBaHWI. 3Hasf 3TO, NMOKasaTb, 4YTO KOOPAM-
HaTbl LeHTpa MacCc TpeyronbHuWKa C BepwuHamm My . (xyDt
Mr (x2, i/l0), A/3(*3; ¥3) cyTb

R\ef- Xr-f- Ty Wb Y1Y" ¥b
R 3 ’ [ ]

10b. HailiTm KoopAaMHaTbl LEHTpPa MacC TpPeyronbHuKa
¢ BepwwuHamn JVj (2; 3), N/2(; 4), M3(3; —4). OTBeT:
2; 1).
( 1%)0. Halirn KoopauHaTbl CepefauH CTOPOH TpeyrofbHMKa
MW ero LEeHTP Macc, ecnu BePLWMHbI TPeyroabHUKa CYTb
My (3; 2), N/2(7; 3), M3 (8; 4). OTeeT: (15/2; 7/2), (11/2;
3), (5; 5/2); ueHTp macc B Touke (6; 3).

M. Cuntas M3BECTHbIM, 4YTO LEHTP Macc ABYX MaTepuanb-
HbIX TOYeK C MaccamMy T1 M T2 HaxoguTcs Ha OTpesKe, MX
COefMHAIOLWEM, W [enuT 3TOT OTpPe3oK Ha 4acTtu, 06paTblo
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nponopLuoHanbHble Maccam” fokasaTb” UTO LEHTp Macc n

mMaTepuanbHbiX Touek (X,; ifj), (&2 y2s,.,, (xmj yn) c mac-
caMMm mu T2 11, TN WMEeT KOOPAMHATHI
(WM 722+ L+ TIXN
X - m+ TF-I- sy n A
+ + +
U: TT e TY
a TX+TF+..,'fTI‘|

12» faHbl koopguHaTbl (3; 1) u (9; 9) KoHUOB AuameTpa
BeKoTOporo kpyra. Haitu uyentp C u pagmyc r, OTBeTr
C (6;5), r= 5.

13a. Toyka Mr (1; 3) ecTb Hayano oTpe3ka, To4yka M
(12; —14) — ero cepeauHa. HailTm koHel Mr 3TOro oTpeska.
OTBeT: M2 (23; —31),

13b. 3apaHa Touka; M x (0; 1). HaiiTu KoopAWHaTbl TOYKM
M 2 ecnn M3BeCTHO, 4YTO Touka M (4; 7) penut oTpe3ok M XM 2
B OTHOWeHun 2:1, OTBeT: Mr (6; 10).

13c, Mo Tpem BepwuHam napannenorpamma Mr (0; 1),
Mr (2; 2), M3(3; 4) HaliTh u4eTBeEpPTYIO, ecnm  M3BeCcTHON
YTO OHa npoTuBononoxHa M2 OTeeT: M4 (1; 3),

14a, [aH ueHTp wmacc (2; 2) TpeyrosbHuUKa W [Be ero
BepwuHbl (2; 3) n (3; 1), Halitn TpeTbto BeplwunHy. OTBET:
1 2).

( 121b. Touka (4; 5) ecTb cepeguMHa OTpe3ka, a To4vka (3;
3) AennT ero B oTHoweHun 1 : 3, HailTM KOOpPAUHATHI KOHLLOB.
OTeeT: (2;1) wn (6;9).

15a. Bblumcautb naowagb S TpeyrojbHWKa C BeplInHamMm
(-19; 17), (37; 50), (1; 2). OTBeT: S = 750,

15b, HailTv nnowagb TpeyroabHMKa C  BeplIMHAMM
Mi (0j 0), M2(1; 4), M3 (3; 2). OTseT: 5.

16. ¥Y3HaTtb, nexat nm Toukm (1; —1), (3; 2), (7; 8) Ha
OAHOW npaMoin, wunu HeT. OTBET: fexar.

17. LaH TpeyroabHWK C BepwmuHamu Mr (2; 1), M 2 (6; 4),
M3 (3; 3), BblunMcnnutb BbLICOTY, OMYLWEHHY W3 BEPLIUHbI
M 3 Ha cTopoHy M XM 2 OTBeT: BbicOTa paBHa 1.

18a. BHyTpm TpeyronbHuka c BepwwuHamu (2; 1), (4; 2),
(3] 3) HaliTK TOouKy TaKyt, 4TO6bl MpsMble, COEAMHAKOLLIME ee
C BepwuHaMu, Aenunu naowafib Ha TPW paBHble yacTu. Pewwu-
Te 3ajavy, NoNb3yacb MOAYYEHHOW (OpMYnoin Ana naowagu.
lMpoBepuTh pelweHne, 3ameyas, YTO MCKOMAsA TOUYKA eCTb LeHTp
macc.

18b. BHyTpu TpeyronbHuka c BepwuHamu  Af, (0; 0),
M2(4; 1), M3(1; 3) HaliTM Takyl TO4YKy MX uyTO6bl MMENo
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MeCcTO COOTHOLUEHME
(nn. 4 MxMtM) : (nn. 4 MrM3M) : (nn, 4, M3MMW) =
= 2:4:5.

OT1BeT: M (2; 1).

19a. B TpeyronbHuke c BepwwuHamu (0; 0), (63; 84),
(—14; 48) HaliTM paguyc BnucaHHOro kpyra, OTBeT: T =e
= 17,5.

19b. B TpeyronbHuke c BepwwunHamu (0; 0), (21» 0), (6; 8)
HailTu KoOpAMHaTbl LeHTpa BAMCAHHOroO Kpyra. OTBeT]
(7; 3,5).

19c. OdaH TpeyronbHukK c BepwuHamu (0; 0), (3; 0), (3; 4).
Halitn ueHTp C u pagunyc r BnucaHHoro kpyra, OTeeT; C (2; 1),
r 1.
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Fhasa 3

PYHKL AW

§ 1. lNepemMeHHble U MOCTOSAHHbIE

a. Bce BeiMUMHbI MOXHO MoApasfeninTb Ha MEPEMEHHbIE U
MOCTOSAHHbIE.

MprMepoM MNOCTOAHHOW BEIMYMHBLI MOXET CAYXWUTb, Ha*
npumep, CymmMma YrnoB f060ro TpeyrojbHWKa; OHa BCerfa,
KakK W3BecTHO, paBHa 180°. Ewe npumep: B N06OIA OKpYyX-
HOCTWM OTHOLWUEHWe ee A/IMHbI K ANVMHE AuMameTpa eCcTb Benu4u-
Ha MNOCTOAHHAA.

MpumepoM MepemMeHHON BefNYMHBI MOXET CAYXUTb Bpe-
M$f, CKOpOCTb CBOOOAHO Majawlero Tena, BblCOTa pacTyLiero
fLepesa u T. 4.

b. MNocTosHHan BeNMYMHA OyfeT BajaHa, ecnu [AaHo
yucno, ee mamepsouiee. g Toro 4Tobbl 3agaTb NEPEMEHHYHO
Be/IMUNHY, HYXHO YyKasaTb, KakK OHa W3MeHseTcH.

c. OObIYHO BENMUYMHbI, KaK M3BeCTHO, 0603HavalTCA OYK-
BamMun. Bcerga Heob6xoAMMO YyKasbliBaTb, KaKyl BeANYUHY —
NepemMeHHY0 WAW MNOCTOSAAHHYIO — 0603HaYaeT Ta WAM WHas
b6ykBa. Yale BCero, XoTa M He Bcerga, NOCTOSAHHbIE BENYUHbI
o6o3HavaloTCs nepBbIMM OYKBaMW NaTUHCKOro andgasuTa,
a TMepeMeHHble Be/IMYUHbI MNOCAeSHUMU.

(L Bcakyto BeMUYMHY MOXHO M306pasuTb rpauyeckn Ha
OC/M BEKTOPOM, OTCUUTbIBAEMbIM OT KakoM-nn6o HenoABMXKHOW
[aHHOW  TOYKMW.

Hanpumep, ecnm O P eguHuua AAWHbLI, TO 4ucno 11/2

n3o6pasnTtcs BekTopom OA:

Ecnn BennunMHa NOCTOAHHA, TO BEKTOP, ee u3o0b6paxkalo-
WKUin, He OyAeT W3MEHSATHLCA; €CAM >XKe Be/MyYMHa NepemMeHHa,
TO W BeKTOp, ee wu3lobpaxawwuii, 6yger TakXKe WN3MEHATb
CHOK  [ANINHY.
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§ 2. MNoHATUE O (DYHKLMOHANLHOW 3aBUCUMOCTH

a. MNpn paccMOTPEHUN KONMYECTBEHHOW CTOPOHbI pas3nuny-
HbIX MPOLECCOB Mbl MOYTW BCerja Habnjaem, 4YTO MepemeH-
Hble BENWYMHbI 3aBUCAT APYr OT Apyra; Hanpumep, NyTb,
MPOXOAMUMBIA CBOGOAHO MafalwowWwum B NycTOTe TefOM, 3aBUCUT
TONbKO OT BPEMeHW, [aBfieHWe B MapoBOM KOTNEe 3aBUCUT
TONbKO OT TemmnepaTypbl napa.

Fny6buHa okeaHa B OAHOM MNYHKTe MNOCTOSIHHA, HO B pas-
NINYHBIX MYHKTax pasnuMyHa, OHa 3aBUCUT TOMbKO OT ABYX
nepemMeHHbIX — OT reorpajuyeckoil LOANrOThbl W reorpauye-
CKOlM WMpOTbl MecTa.

BbicoTa pacTylwero pgepesa 3aBUCUT OT MHOMUX NepemMeH-
HbIX — OT CO/IHEYHOrO OCBELLEHUS, OT BAQXHOCTWU, OT KO/MU-
YyecTBa MUTATeNlbHbIX BelWecTB B MOYBe M T. [.

Mbl BUAMM, UYTO HEKOTOPblE NEPEMEHHble W3MEHSAKTCA He-
3aBUCUMO, OHM W Ha3blBAOTCA HE3aBUCUMbIMWU NepeMeHHbIMM
WM aprymeHTamu, Apyrve e OT HUX 3aBUCAT* UX Hasbl-
BalOT (YHKLMAMMN.

Cama 3aBUCUMMOCTb Ha3blBaeTCcsi (PyHKUMOHANbHOW. Mexay
npoyum, ¢GyHKLMOHanbHas 3aBUCMMOCTb MpejcTaBnser coboin
OfHO W3 CaMbIX BaXHbIX MOHATUA MaTeMaTUKW.

b. CneflyeT Bcerja pasfnuuyaTb, OT KakKoro 4ucna Hesasu-
CUMbIX MEepPeMeHHbIX 3aBUCUT (YHKLUUA. Tlpowe Bcero noj-
[aloTCa M3YYEHUD (YHKUUM OfHOU NepemMeHHOW, UMW  Mbl
bygem 3aHMMaTbCA B NepByt odepedb. W3yyeHue (QyHKUUI
MHOTMX MEPEMEHHbIX CMIOXHEE, HO TakK WAM WHaye CBOAUTCH
K W3y4YeHWI0 (YHKLUWIA O0OQHON MepeMeHHON.

c. Ecnu mbl xenaem 3anucaTb MaTeMaTU4ecku, 4TOo nepe-
MEHHas Yy 3aBUCUT OT X, TO 6yaem ynoTpebnaTb Takoe 0603Ha-
YyeHue:

y =10 (€N
JTa 3anucb YUTaeTCA Tak:
«UTpeK ecTb (YHKLMUA OT WUKC». (2)
He cnegyet gymatb, uTo 6ykBa / YMHOXaeTca Ha X, OHa
ABNAETCA NULWb COKPaWleHWeM CNoBa «(YHKUMUA», a BCA 3a-
nucb ABNAETCA COKpaleHHoR pasoii (2).

TOYHO TaK Xe, ecnu (yYHKUMS U 3aBUCUT OT ABYX apry-
MEHTOB X W Yy, TO 3Ta 3aBUCUMMOCTb 0603HAYaeTCs CefyrLum

obpasom:
U= f(xy). ®)

3necb GYKBbl /, X My TakXe He SABAAOTCA COMHOXMU-
TensmMm.
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CoBeplleHHO ACHO, Kak 0603Ha4yaeTca QYHKLMA Tpex,
yeTbipex U 60MbLIEro 4ucna apryMeHTOB.

Bmecto 6ykBbl / ynoTpe6nsoT u Apyrve OYKBbI, Yalie
Bcero F, &, rj), @.

d. 3anucu tnna (1) n (3) ABnaATCA cambiMu 06WMMKU 060-
BHAYEHUAMU (YHKUMWA, TaK KakK Moj HUMU MOXHO NOHUMaTb
Kakue YrofHo ¢yHKUMW, a MNOTOMY, WUMes B pYyKax TONbKO
3TN 0603HaYeHNs, Mbl HWYEro He CMOXEM y3HaTb O CBOMCTBAX
3TUX (PYHKLUWNA.

LOna TOro 4tobbl MMeTb BO3MOXHOCTb M3y4yaTb (PYHKUUIO,
HY)XXHO ee 3ajaThb.

e. VimeeTcs MHOro cnoco6oB 3agaTb (YHKLMIO, HO BCe
OHW CBOAATCHA K TPEM OCHOBHbIM TWUMaM:

1) yHKUMIO MOXHO 3agaTb TabnuMLER ee YMCNOBLIX 3HA-
YeHuii, COOTBETCTBYIOLLMX UYMCAOBbIM 3MavyeHUAM ee apry-
MEHTa;

2) QYHKLMIO MOXHO 3ajaTb rpafuyecku;

3) PYHKLUMIO MOXHO 3aAaTb MaTeMaTu4yeckoi ¢opMmynoil.

f. Mpusegem npumepbl. M3BecTHO, 4TO NpU  BpaleHUm
Max0BOr0 KoJfieca BO3HMKAKT HaNpsXeHus, KoTopble CcTpe-
mMATCA pasopBaTb ero 06of. Ecnu 06of Kofeca cgenaH u3 of-
HOPOAHOrO MaTepuana, TO HanpsXeHWs 3aBUCAT TONbKO OT
CKopocTu BpalieHns. O603HayYas CKOpPOCTb Yepe3 Vv, a Hanps-
XeHue B 0604e uyepe3 p, Mbl MOXeM 3anucartb, 4TO

P=1(. 4)

Teopus CONpPOTMBAEHUA MaTepuanoB faeT Takyl Tabnuuy
ANA 3HavyeHuin pyHkuum (4), ecnn obog caenaH M3 NUTOR CTanw:

Vv 25 50 100 150 200 400

b 500 2000 8000 18000 32000 128000
34ecb vV M3MepsieTcs B MeTpax B CEKYHAYap — B HbIOTOHAx
Ha KBajpaTHbIli CaHTUMETP.

BonbwnmM [JOCTOMHCTBOM TabnuMyHoro cnocoba 3ajaHus
YHKUMM siBNSieTCA TO, YTO yucna Tabnuubl HeMmOCPeACTBEHHO
MOFYT ObITb UCMOMb30BaHbl A8 Pa3NUYHbIX BbIYUCAEHWIA.

HepoctaTKkom fBAsdeTcsA TO, YTO BCAKasa Tabnuua pgaetcs He
ONs BCEX 3HAYEHWi apryMeHTa, a uyepe3 HEeKOoTopble MHTepBa-
Nbl, TaK 4YTO, €CNM KakKux-nnbo 3HayeHuih ¢GyHKuum B Tabnm-
Le HeT, TO HY)XHO 6paTb 60nee NoAPO6GHYK Tabnuuy; ecnm xe
nocnefHeid HeT, TO NPMXOAMTCS MNOAOGUPATbL HYXHOe YMCNo
6onee uaM MeHee MPUGIU3UTENBHOT CO06pasysick C XapakTe-
poM M3MeHeHWa uucen Tabauubl,
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g. bonbwunM HegocTaTKOM £ABASETCA TakXe M TO, 4TO
ecnn Tabnuua cofepXWUT MHOr0 4YMcen, TO XapakTep W3MeHe-
HUS (YHKUUM YNOBUTb TPYAHO. HakKoHel, TpeTbMM HepocTaT-
KOM SIBASiIeTCH TO, UYTO M3y4yaTb CBONCTBA PYHKLWUW, 3ajaHHOM
Tabnuuein, TpygHO; KpOMe TOro, NOnyYeHHble CBOWCTBa OyayT
HETOUYHbIMU.

h. OT nepBbIX ABYX He[OCTAaTKOB CBOGOAEH rpatuyeckui
cnocob 3agaHus  QyHKuuu.

UTo6bl MOACHUTHL rpafuyecknii cnocob, paccmMoTpum Ta-
KOl npumep.

Ecnn kakoii-nnb6o maTtepuan MNOABEPrHYTb PaCTAXEHUIO,
TO cuna, Heobxoaumas ANA pacTAruBaHus, OyfeT 3aBUCETb
OT TOro, Kakoe pacTsXeHue Heob6X0AMMO chenatb, T. €. cuna
eCTb (PYHKLMA OT yAnuMHeHus. Ecnu yanuHeHue B npoueHTax
0603HauYNTL Yepes A, a pacTarvealoLWwy cuny, Kkotopas 06bly-
hg wn3mMepsieTcs B HbIOTOHaxX Ha KBajpaTHbI canTuMmeTp,
0603HaunTL 4epes p, T0 p —/ A

Lna pasnnuHblX MaTepuanoB 3Ta 3aBUCUMOCTb OyfeT pas-
NnWYHOI. Bo3bMeM KoOpAuHaTHbIe ocu 1 byaem cumtaTh K3a abe-
umccy, a p 3a opauHaty, Torga [ANns KaxpAon napsl UX 3Ha-
UYEHWIA MOAyYMM  TOYKY Ha MOCKOCTH.

Bce 3TM TOYKM pacnosoxaTcsi Ha HEKOTOpPOl KpUBOW,
KoTOpas VMeeT pas3MyHbIA BWA [ANA Pa3IMYHbIX MaTepu-
anoB. CyulecTBYHOT npubopbl, KOTOpble TakuMe KpUBbIE uep-
TAT aBTOMATUYECKH.

Lns MArko crtanm Mbl NOAYYMM CAefyIOWY KPUBYHO
(pnc. 31):

Puc. 31

K. Kak Mbl BUAUM, [eACTBUTENbHO rpaduyeckuii  cnoco6
HarnsfeH ¥ faeT 3Ha4YeHUs GYHKUWW AN BCeX 3HAYeHWUid
aprymeHTa. Ho TpeTuii HepgocTaToK W 34ecb WMMeeT MecTo.
M3yuyaTb CBOWCTBA (YHKLUMW 3afaHHOW rpaguyeckn, Bce-
Yyakum 3aTPYAHUTENbHO.
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). Tenepb nmokaxem cnocob 3afaHna GYyHKLUU HOPMYNON.

Bo3sbmem Takoil npumep. lMnowagb Kpyra O4YeBWAHO 3a-
BUCUT OT pagmyca. Ecnn pagmyc 0603HauMThL Yepes X, a nno-
waab 4vepes y, TO, KakK W3BECTHO W3 reometTpuu, y — nx21
rae 1 — OTHOLWEHMEe ANWUHbI OKPYXXHOCTWU K ANINHE AuameTpa.
Mbl BUAMM, 4YTO 3aBMCHMOCTb 3[eCb 3aJaeTcsi MaTemMaTU4ecKoi
hopmynoi, NoaToMy TpeTuii cnocob Ha3biBaeTCs MaTemMaTuuye-
CKMM cnocobom. Ewe npumep: [AAMHA TWUMNOTEHY3bl MPAMO-
YrONbHOF0 TPeyrofibHMKa 3aBUCUT OT AJMH 06OMX KaTeToB.
Ecnn pnumHy runoTeHy3bl 0603HayMTb yepe3 L, a AAuHbI Ka-
TETOB 4epe3 X M y, To no Teopeme [Mudaropa 6yaem uMeTb
L= /x* + y~

Tak kKak o0ba kaTeTa Mbl MOXEM MW3MEHSATb He3aBUCUMO
ApYyr OT fgpyra, TO Mbl MMeeM 34eCb npumep (QYHKLUWUU ABYX
aprymeHTOB, 3afaHHO MaTeMaTU4ecKu.

MOXHO MpUBECTW elle MHOFO NPUMepoB (YHKUMWIA, aafjaH-
BbIX MaTeMaTuyecku, M3 061acTW pasfIMyHbIX Hayk.

Ww. MaTemaTnyeckuii cnocob o6nagaeT OrpoOMHbLIM MpPENMY-
WecTBOM nMepes ApYyrMMu cnocobamm 3afaHus  QYHKUUNA,
a MMEHHO: K M3Y4YeHW (PYHKLUWUIA, 3afaHHbIX MaTemMaTU4yeckw,
MOXHO NpuBAEYb MaTeMaTUUYECKUn aHanus.

MoMmMmMo TOro, ecnm HeobXo4MMO, BCErja MOXHO mMaTemMaTu-
Yyeckmii cnocob npeepatuTb B TabAW4HbINA. [eACTBUTENbHO,
Mbl BMpaBe 3ajaTb apryMeHTam >enaTeflbHble HaM YUCNOBble
3HaYeHUs U No Gopmyne BbIYUCAUTL CKOMbKO YrOAHO 3Haye-
HUA GyHKUUMK. Takum o06pa3oMm, ofHa ¢GopMmyna 3amMeHseT
BCIO Tabnmuy.

n. MatemaTuyeckuini cnocob MMeeT TONbKO OAWH HepjoCTa-
TOK, & UMEHHO, JopMyna He faeT HarnsgHoro npeAcTaBieHUs
06 M3MeHeHUN QyHKUUM. OQHAKO 3TOT HeJOCTAaTOK Mbl Bcerga
MOXeM BOCMOSIHWUTb, TaK KakK BCerga matemaTtuyeckuii cnocob
3afaHunsa MOXHO NpeBpaTUTbL B rpadyuyeckuii. 3To fenaerca Tak.

0. Ecnn Mbl MMeeM (PYHKLWUIO OAHON MepeMeHHOW, TO co-
cTaBnsieM Tabnuuy u KaxAyw napy 3HayeHWin aprymeHTa (X)
N QyHKuuMn (y) nNpuHMUMaem 3a KOOPAWHAaTbI, Mocfie 3TOro
CTPOUM BO3MOXHO 60nbllee 4yucno Toyek. Bce nonydveHHble
TOUYKM PacnonoXarTca Ha HEKOTOPOW KPUBOW NUHKMU, KOTOpas
n 6ypeT rpakom QyHKUUK. ECAN Mbl UMeeM (YHKLUIO BYX
wnu 60/ee aprymMeHTOB, TO M €e MOXHO wu306pasnTb rpagu-
yeckn. Ho 3To yXe 3HAUYUTENbHO C/A0XHee, a NOTOMY 3TUM
BOMPOCOM Mbl 3aliMeMCsi HECKO/IbKO MO3[Hee.

p. Bce cka3aHHOe cBMAeTeNbLCTBYeT O TOM, YTO MaTemaTu-

YecKuii cnocob 3afaHus QYHKUWUI SBNSeTCs HamGonee BbIFOA-
HbIM.
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MoaToMy Bcerga CTPeMsiTcs, ecnv (PYHKUMS 3ajaHa Tab-
nvueil nnn rpaMkoM, BbipasuTb ee hopmysoii. 3Ta 3agada
06bIYHO OYeHb TpyAHasi, BO Upe3BblYaliHO Ba)KHas ANSl ecTe-
CTBO3HAHUSI U TEXHUYECKUX HayK. Be3 npeyBennmueHnss MOXXHO
CKasaTb, 4YTo BCe MNpo6/ieMbl MeXaHWKW, eCTeCTBO3HAHMSA $
NPUKNaAHbIX HayK CBOASITCS K YCTAHOBJIEHWIO W U3YUeHUHO
(YHKLUMOHANIbHbIX 3aBUCMMOCTEN MeXAy TeMu MnepemMeHHbIMM
BENMYMHAMM, C KOTOPbIMU 3TU AUCLUUNVHBLI UMetoT aeno. Ecns
yAaeTcs 3TU (YHKLMOHAa/bHbIe 3aBUCMMOCTM BbIpasuTb (op-
Mynamu, TO Hayka npuobpeTaeT HafeXHblil pblyar 4ns npu-
JIOKEHUSA BCeil OrpoMHOM MOLM MaTemMaTU4Yeckoro aHanusa
N faneko MpoaBUraeTcs B CBOEM PasBUTUMN.

C opyroi CTOPOHbI, MaTeMaTMUeCKunii aHanus, nonydyas aTy
NMpeKpacHyl MWLy, cam pacTeT U COBepLUeHCTBYeTCS.

g. BBuay Toro, 4to nepeBoj Ha S3bIK (GopMyn (PYyHKLMO-
Ha/IbHbIX 3aBUCMMOCTE He ABMSIETCS HENOoCpefCTBEHHOW 3a-
Jadeii maTemaTUKW, Mbl 6yaeM MpeanonaraTb, 4To (QYHKLUK
yXe BblpaxeHbl Gopmynamu. TakuM 06pa3oM, B AasibHeiillem

Mbl 6Y/1eM 3aHUMATbCA TO/IbKO PYHKLMAMM, 3afaHHbIMW MaTe-
MaTUUeCKN.

§ 3. Knaccuukaumnsa martemMaTUyecknx yHKLWiA

a. Ecnm ckasaHo, uto
v - 109
ecTb (DYHKUMS MaTemaTuyeckasi, TO fpaBasi 4YacTb paBeHCTBa
(1) npeactaBnseT cobon opmyny. 3aecb 6ykBa / o603HauvaeT
Te [eACTBMSA, KOTOpble HYXXHO COBePWMTb Haj apryMeHTOM
ANS TOFO, YTOObl BbIUMCAUTL DYHKUMIO. [0 XapakKTepy 3TuX
[eicTBUn Mbl 1 Bygem KnaccuuuupoBaTb (YHKUUWN.

b. Ecnu B cocTaB hopMy/nbl BXOAAT TONbKO anrebpavye-
CKMe [eACTBUA: CNOXEHUE, BbIYMTAHNE, YMHOXEHUE, AEfIeHNE,
BO3BefleHMEe B CTeneHb W WU3BJIeYEHME KOPHS, COBeplUaeMble
Haj aprymMeHTOM B OFpaHW4YeHHOM KO/IMYECTBe, TO (hYHKLMSA
Ha3blBaeTca anrebpanyeckoi.

Bce ocTanbHble (YHKUUW Ha3bIBAOTCS TpPaHCUEHAEHT -
HbIMU.

c. Hanpumep, dyHKUUSA

Xr— \[x+ 3
Yy (*~2)a
6yneT anrebpanyeckoii.
HanpotuB, tyHKUUSA
y = sinx

TpaHCLeHAeHTHas.
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d. Anrebpanyeckue QYHKUMKU pa3fendroTcs Ha pauuo-
HanbHble W MWppauuoHanbHble. PaunoHanbHONW Ha3biBaeTCs
Takas (yHKLWUSA, B KOTOPOW HM pasy Haj aprymeHToM He CO-
BepLlaeTcs U3BMeYEHNE KOPHA NN BO3BEfEHME B 4POBHYHO CTe-
neHb. 13 NnpoTMBHOM cny4vyae PYHKUWA Has3blBaeTCa Mppawuuno-
Ha/lbHOW-

Hanpumep, yHKLNK

y:x2+’—1r 4, y = X—@””—’

CYTb (DYHKUMM paumoHanbHble. HaobopoT, dyHKuWs, npuBe-
[leHHas B MYHKTe C, uppalnMoHanbHas.

e. VippaynoHanbHble (YyHKUMM He NoApa3fensTcs, a pa-
LMOHaNbHbIe NMOAPa3AensAnTCa Ha Leble U ApobHble.

LlenbiMu pyHKLMAMN HasblBalOTCA Takue, rge aprymeHT
HM pa3y He BCTpeyaeTcAa B BHameHaTesne, B MPOTUBHOM Cay™
yae Mbl UMeeM APOGHYH (PYHKLUUIO.

Hanpumep, QyHKLuUK

y= Xg—x2+ x—1, y=~ X - T+ 9

uenble. HanpoTtus, (YHKUMW, NpuUBEAEHHble B MYyHKTe d,
APO6GHbIE.

f. B cBolo ouepefb Lenble QYHKUUM elle nogpasgensioTe
Ha MOpPSAAKW, MpUYyeM NOPSAKOM HasbiBaeTcs Hambonblias cTe-
MeHb, B KOTOPYO BO3BOAMTCS aprymeHT. OGWMA BUA yHKL NN
nepBOro nopsgka:

y = ax + b,

roe a u b — noctosHHble ymncna, a @ 0. O6WWMIA BUL DYHK-
LMK BTOPOro nopsgka:

y = axr+ bx+ ¢, a¢ O,

nT. p4
HakoHel, o6wuii BuA QyHKLUKM ra-ro nopsgka:
y — aBul+ ayxmnl+ axn2+ ...+ an\X+ an, a0 ® 0.

g. ApobHble PyHKLMKN Janee HUKAK He nofpasfenstoTcs.
O6wmm BMAOM NtO6OA APOBHOK (YHKLMKM 6yaeT 4yacTHOe OT
LeneHus ABYX LenblX (PYHKUWIA:

a»x -)- awXn 1-f-aixn 2-f-. . . *-an_|9 + an
bOx -j- bIX'n 1+ brxT 2+ ...+ AT/ bT
b. MmeeTca oYeHb OONbLIOE YMC/IO TWUMNOB TPpaHCUEHOEHT-

HbIX (YHKUWIA. Mbl 6yfem 3fecb FOBOPWUTb TOMbKO O Ten,
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C KOTOPbIMW Mbl BCTpeYaeMcsi B 3/IeMEHTApHON MaTemaTuke.
K uncny mx OTHOCATCA TPUrOHOMeTpuyeckue yHKLUUKU} 3a-
TeM norapumuyeckne yHKLUN

y = log0X)
panee, GyHKUMKM TUnNa

Y = </

Ha3blBaeMble MNOKas3aTeNbHbIMWU! HaKOHel, TaK Ha3blBaeMble
06paTHble TPUroHOMeTpuyeckme MYHKUUM, C KOTOPbIMW Mbl
no3HakKoOMMUMCS fanblue.

3TN nepeyncneHHble (PYHKUUM HasblBaOTCA 3NeMeHTap-
HbIMW TpPaHCUEHAEHTHbIMU QYHKUUAMNU.

K. Tenepb npoBedem Knaccuukauuo HeCKONbKO Mo Apy-
roii nuHuUM. Msbl eule 6yaem noapasfensitb PYHKUUM Ha §AB-
Hble U HesiBHble. Bce (YHKUMM, O KOTOPbIX Mbl TFOBOPUAN
Bbille, Ha3blBAOTCA ABHbIMU. OHM XapaKTepusyTcsa Tem, 4To
3aBuCMMasi nepeMeHHas npsMo pfaetca (QopMynon, copep-
Xauled aprymeHT.

Ho MOoXeT oKa3aTbCsl, YTO PYHKUMA 3aaeTca YpPaBHEHUEM,
rae B O4HOW YacTu paBeHCTBA HaXOAsTCA WM 3aBMCUMas nepe-
MeHHas, U HesaBucuMasa. Hanpumep, NycTb JaHO ypaBHeHUe

Ax + By + C = 0. (@)

3[1eCb, OUYEBMAHO, Y 3aBUCUT OT X, HO HEMOCPeACTBEHHO
BbIp@XKEHUEM, COAepXalum X, He 3ajaeTcs.

Takas QyHKUMS HasblBaeTCs HesBHOW. Ee MOXHO chenatb
SIBHOI, ecnn paspelwnTb ypaBHeHME OTHOCWUTENbHO Yy M

A c
Yy ~ B X B *

ecnn o0603Haunte — A/B —a nm — C/B = b, T0o Mbl nony-
ynm

y —ax + b.
3ameTuM MONyTHO, 4YTO ypaBHeHue Buga (1) Bcerga HesABHO
BblpaXKaeT ()YHKUWIO MepBOro nopsgka.

1 O6wWnin BUA HEABHOW (PYHKLMW OLHOI nepemeHHOW 6y-
JeM 3anucbiBaTb TakK:

!/ (x, y) = 0.

T. Bo3bMeM eue npumep. MycTb faHa HesBHas (yHKUUA
y OT X, onpegenseMas YpaBHEHWEM

+ Y —r* (r nocTosiHHOE). 1)
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Choenaem ee AIBHOW; [AnA 3TOr0 peWVM ypaBHeHWe oOT-
HOCUTE/NILHO -

yr = r*—xr,
y =12 @)

Mb! 34ecb BUAMM, YTO OfHOMY 3HAYEHWUIO X OTBeYaeT He Of-

HO 3Ha4yeHMe y, a ABa, TaK KaK Mbl MOXeM 6paTb nepes KOpHeEM
KakK 3HaK n/c, TakK W 3HaK
MUHYC. Takasa QyHKUMS Ha-
3blBaeTcA [fBYy3HauyHoh. Mo-
ryT 6blTb (YHKUUU Tpex-
3HayHble, YeTbIpex3HayHble 1
T. 4., BOO6LLE MHOrO3HauHble.

UTobbl nyylwe HOHATH
nocnegHue cay4van, NoKaxem
Ha uJepTexe, KakK MOXeT
I CAYYUTbLCA, 4TO (PYHKUMA
N a  6yaeT, HanpuMep,Tpex3Hay-
HOWA.
MycTb yHKUMA 3ajaHa
rpadmyeckn KpuUBOW NNHUEN
MBAN.

Ha puc. 32 Mbl BUAUM, UTO KaXK[OMY 3HAUYEHWUIO X B UHTep-
Basle OT a 40 b COOTBETCTBYIOT TPM 3HAYEHUS Y.

n. 3amMeTuMm, 4YTO M3y4eHMe MHOro3Ha4yHbIX (PYHKUWA CBO-
OMTCA K M3YYEHWUID OfHO3HA4YHbIX. [eNCTBUTENbHO, MOXHO,
HanpumMep, 0TAeNbHO PaccMOTpPeTb BbipaxKkeHWe (2) NyHKTa T,
B35IB B HEM Mepes KOPHeM 3HaK M/c, a NoToM OTAe/IbHO B3SiTb
3HaK MUHyc. CrnepoBaTesibHO, BMeCTO OfHOM [ABY3HA4YHOW
(yHKUMM Mbl OyfieM u3yyaTb f[iBE OAHO3HA4Hble. [10o3TOMy
B fla/ibHelileM Mbl UCKIOUNTENBHO 6YeM 3aHMMATbCA TO/IbKO
N3y4yeHNeM OfHO3HAUYHbIX (YHKLMIA.

0. Cpenaem elle OAHO 3aMeyaHWe Mo OTHOLUEHUIO K HeAB-
HbIM (DYHKLMAM.

Bblno 6bl OWIMGKOM AiyMaTb, UTO Mbl BCErja MOXeM HesiB-
HYI0 (DYHKLUUIO NPeBPaTuTb B SABHYIO, MPaKTUYeCKW 3TO cfe-
naTb WHOTAA Hesnb3s.

Hanpumep, ecnu Mbl MOXeNaeMm pewwuTb ypaBHEHUe

y + xaxtv = O

OTHOCWTE/IbHO Y, TO 3TOr0 cAeflaTb COBEPLUEHHO HEBO3MOXHO.
CnepoBaTtesibHO, Y 3[eCb He MOXeT OblTb CAenaH SABHOW (PyHK-
unen Xx.



p. Bce, uTo 6bIN0 CKa3aHO B 3TOM naparpage OTHOCU-
TeNbHO Kraccuukaumunm pyHKUWE OAHOW NepemMeHHOW, MOX-
HO 6e3 BCAKMX OFOBOPOK MOBTOPUTb W ANST PYHKUMIA MHOMMUX
nepemMeHHbIX.

§ 4. O630p M rpadumyeckoe mn3obpaxeHwue
npocTenwmnx PyHKUUIA OAHOr0 aprymeHTa

a. Mbl HauyHem C pacCMOTpeHMs Haubonee MPOCTbIX (YHK-
Luia.
MycTb Mbl NMeeM PYHKUMIO NepBOro nopsgka
y = KX + b. (D)
CHauana pasbepem eue 60/lee MPOCTON cny4ai
y — KX, )

T. €. TOT YacTHbIi cnydvaid, korga 6 =0 .
CocTtaBMM Tabnuuy, gaBas X NpPOW3BOJIbHbIE, Hanpumep,
uefible 3HAYEHUS!, U BbIYUCASAA COOTBETCTBYHOLLME 3HAYEHUS Y.

X -3 -t -1 o) 1 r

y -3M -2K -K O K 2K 3K in

MpumMeM Tenepb Mapbl 3HAYEHWUR X U Yy 3a KOOpAMHATbl TO-
YeK W 6yZemMm HaHOCUTb Ha 6ymary aTu TOUKW. [peanonoxum
cHayana, 4YTo YMCNo K MOMOXUTENbHO U YTO OHO M306paxaeT-
cAa oTpeskoM R T, aeguMHunua pavHbl —otpeskom OR; ToOrga,
COeIMHASA BCe TOYKM, NOAYyYMM npsaAMy0 AB, M306paxeHHyto
ua pwuc. 33.

B Tabnuue gaHbl ceMb nap 3naveHUin X Uy, 3TU nNapbl Ham
Janun cemMb TOYek.

Ho, ouyeBnfHO, n nobas napa 3HaveHUi xa Yy, NOAy4YeH-
Has 13 ypaBHeHWA (2), faeT TOUKY, fiexallyo Ha Toi e nps-
Mmoli. O6paTHo, Nwbaa Touka M (r; y) 3Tol NpsAMORN mMmeeT
KOOpAWHaTbI, YA0B/eTBOPAIOLLME ypaBHEHUIO (2). ITo cnepyeT
HenocpeacTBEHHO M3 Nofo6usa TpeyrofbHUKOB (TAM 1 ON~Mu

[encTBnTenbHO,
(€)
T. €
4
0TKyga
YX = KXX. (5)
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N3 paBeHcTBa (4) Mbl ycMaTpuBaem, 4TO
K = tg a,

rAe a ecTb Yroa Hak/loHa NpsaMoi K NOMOXWTENbHOMY Ha
npaBiaeHUo ocu aébeumce.

Ecnm K —uucno oTpuuaTtenbHoe, TO ANA NOMOXUTENbHbIX
3HAYeHWi X Mbl MOAYYMM OTpULATENbHble 3HA4YeHWUs Yy W 06-
paTHo. Tenepb Mbl Mofy4um npsamyto GD, KoTopas NpoxoauT

TakKXe 4epe3 Hayano KoOOpAWHAT, HO U3 BTOPOrO yrfia B YeT-
BEPTLI, a CNefoBaTeNbHO, HAKNOHEHA K OcW abcumcc nog Ty-
MbiM YraoM ax

HeTpygHo BUAETb, uTO

T!"H-Q:tg(180° —ai)= —tgai,

0TKyAa
y2 = xrtg «l

Takum ob6pasom, U 34echb
K — tg at.

NTak, rpagmkom dyHkKuuu (2) Bcerga byget npamas nu-
HUA, NPOXOAALWAaA Yepe3 Havyano KOOPAMHAT W COCTaBNAKO L as
C NOMOXUTENIbHbIM HanpaBNeHUEM OCM abCcLMCC Yron, TaHreHc
KOTOPOro paBeH KO3(dUUMEHTY npu X. IOTOT KOIPHULUEHT
onpegensieT coboli HaknoH nNpsaMoin K ocu abcumcc. Ecnu  oH
NOMOXMNTeNeH, TOo npaMas MpoXoAuUT W3 MepBOro KOOpPAU-
HaTHOrO yrna B TPETWUI, €CNu e OH OTpuuaTeneH, To NpAMas
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NpoXoAMT M3 BTOPOro yrna B 4eTBepTblil. M03TOMy 4mMcno K
HasblBaeTCsAs YrnoBbiIM KO3IPPULUMEHTOM NPAMOIN.
b. Bosbmem Tenepb npamyi AB

y = KX @

MU NoAnMMeM ee BBEpPX Ha paccTosHue b Tak, 4Tobbl OHa 3a-
HAna nonoxeHwne EF (cm. puc. 33). Torga Bce opguMHaThl Nps-
Mol A B yBenmuaTca Ha O4HO M TO Xe MONOXUTeNbHOe YnCno b,
M Mbl MONYYUM YypaBHeHUe

y = KX + b. (D)

Ecnm uncno b 6yger oTpuuaTenbHo, TO Mbl NOAYYUM Mps-
myto CM, cAaBuHYTyt0 BHKU3. CnepoBaTenbHO, ypaBHeHue (t)
BbIpaXaeT NPsMYI, He MPOXOAALYI0 Yepe3 Hayano KoopAau-
HaT, HO OTCeKalwLlyl Ha OCY OpAMHAT OTPe30K, paBHbIA b,
N UMELLYI0 YrnoBoi KoahdUuMeHT K. Mpu pasnnuHbeix b u K
Mbl MOXeEM MOAYyYUTb BCe NPSMble NAOCKOCTM (KpOME MPSAMbIX,
napannenbHbix ocu Oy).

NTak, rpadMkoMm QyHKUMM MepBOro nopsfka Bcergja B-
nseTcs npamas, Mno3aToMy YypasBHeHue (1) Ha3biBaeTcs ypas-
HeHWeM npsiMOW C YrnoBbIM KO3 (ULNEHTOM.

c. B yactHoctu, ecnm K — 0, To nonyyum npamy PQ
(cm. puc. 33), nmapannenbHyt ocu abcuucc, OTCTOSIWYH OT
Hee Ha paccTosiHue, paBHOe |b |. YpaBHeHue ee NpuMeT BUj

Y = b,

T. e. DYHKUMS NepBOro nopsgka BbipoAgmfacb B MOCTOSHHOE
uncno.

B panbHelileM NOCTOAHHOE 4YMCAO Mbl Byaem paccmatpu-
BaTb KaK TaKyl MepeMeHHYl BeNNYMHY, Y KOTOPOW BCe yuc-
NOBble 3Ha4YeHUs paBHbl. [103TOMY MOXHO CcKa3aTb, 4YTO rpa-
(MK NOCTOAHHOFO 4ucna ecTb nNpsamas, napanfienbHas ocu
abcumucc, oTcTosLLas OT Hee Ha pacCTosiHMe, paBHOe 3TOMY
MOCTOAHHOMY 4YUMCNY, B3ATOMY M0 abCOMOTHOM BeUUYUHE.

d. ®yHKLMM NepBOro MoOpsijka OYeHb 4acTo BCTpevarTCH
B Hayke. HepefkKo 3aBMCMMOCTb, BbIPaXEHHYK QYHKLWUENH
NMepBoro nopagka, HasblBalT NNHERHbIM 3aKoHOM. [puBegem
KOHKPETHbI/i NpuUMep: Mbl 3HAaeM, 4YTO €cAu Teno ABUXKETCSH
paBHOMEPHO YCKOpPeHHO, TO, 0603Hauyas uyepe3 vOHayanbHYH
CKOPOCTb, Yepe3 g YCKOpeHue, yepe3 t BpemMs M 4Yepe3 v CKO-
poCTb, Mbl 6yfemM MMeTb (hopMyny:

v = v0+ gt

Takum 06pa3oM, W3MEHEHMe CKOpOoCTW B pPaBHOMEPHO yc*
KOPEHHOM [ABWXEHWUW TMOAUYMHSAETCH NIMHENHOMY 3aKOHY.
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0. YacTHbIM c/ly4vyaeM JfIMHEWHOro 3akoHa 6yAeT 3aBUCU-
MOCTb

J = kx (npm b — 0). 2)

Mbl 3ameyaeM, 4YTO eC/n X YBENWYUTb B HECKONbKO pas,
TO YMC/NEHHAs Be/MYMHA Yy TakXe YBEeNMUYUTCH BO CTONIbKO Xe
pas; ecnn X YMEeHbLWUTCA B HEKOTOPOe YMUCNO pa3, TO YUC/EeH-
Has Be/IMYMHA Y YMEHbLIUTCA BO CTONbKO Xe pas.

Takad (QYHKUWOHaNbHas 3aBUCUMOCTb Ha3blBaeTCcs MNps-
MO MPOMNOpLUOHANLHOCTbhI. O6WMUM MaTeMaTU4yeCKMM Bblpa-
XEHMeM npsAMOi NpoNoOpPLMOHANbLHOCTU SABASETCA YypaBHe-
Hue (2), NpUMYEM YUCNO K HOCUT Ha3BaHue KOahuumeHTa
nponopLuNoHanbHOCTU.

Ecnn HavanbHas ckopocTb vn = 0, TO 3aBUCUMOCTb CKO-
pOCTM WAN BPEMEHW B pPaBHOMEPHO YCKOPEHHOM [ABUXEHUU
BblpasuTca Tak:

v — gt.

KoapuumeHToM MpPONOPLUOHANBHOCTH 3[eCb SBASETCH
NOCTOAAHHOEe YCKOpeHue g.

f. Tenepb 3alimemcsi rpauMyeckum m3obpaxeHnem yHK-
LW BTOPOro nopsajgka.

Mbl paccMOTPUM NULWb YacTHbIA cnyvan

Y =* ax% (6)

MycTb fna onpefleneHHocTW cHavana a — 1/4, T. e.

CocTaBngem Tabnuuy

X -V -3 -2 -1 0] 1 r 3
* JL . - Ba3
y o L m 0O Lo T

MocTpoum no 3Toi Tabnuue TOUYKWU. MO HAHECEHHbIM TOY-
KaM cXemaTu4yeckn 06pUCOBbIBAETCA KOHTYP KpusoW JI, u3o-
6paxeHHOW Ha puc. 34.

MonyyeHHas KpuBas HasbiBaeTcA napabonoil BTOpOro
nopsgka, Touka O Ha3biBaeTCH e€e BeplMWHOW. Mbl 3gechb
MoNb30BaNNCb TaK Has3blBaeMblM CMOCOOOM MOCTPOEHUA KPUBOHA
nj Toukam. 370 Hambonee ynoTpebUTENbHbIA W NPOCTOW cno-
co6 BbluepuMBaHUS TpaPuKoB (YHKUMWIA. 3afWITUM, 4YTO YeEM
nogpobHee Mbl COCTaBMM Tabnuuy, T. €. YeM MeHblUe npome-
XYTKKU 6ygem 6paTb Anf'nocnefoBaTe/lbHbIX 3HAYOHWUIA apry-
MEeHTa, TeM TOYHee Mbl MOCTPOMM KPUBYIO. >
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MycTb Tenepb a = 1/2, T. e.

Mbl nonyymm Kpusyt B c 6onee KpyTbiM nogbemom. A ns
hyHKLUM

T.e. agna a = 1/8, nonyunm 6onee nonoryw Kpusykw C.
[anee, ana oTpuuaTeNbHbIX 3HAYEHUA KO3PPUUMEHTA* Ha-

Puc. 34

npumep, And a =>» —1/4, a = —1/2, a — —1/8, T, e. Ang
DYHKL NI

Mbl MONYYUM KpUBbIe, M306paKeHHble MYHKTMPOM. Ecnu  6bl
ocb abcuymcc obnagana CBOMNCTNOM 3epKana, TO KpuBble A It
Bt, Ci 6biim 6bl 3epKafbHbIMW OTPaXEHUAMMN KPUBbLIX A,
B, C. 3ameTum, 4TO ANA BCeX 3HayeHWli kKoahduumeHTa a
Mbl NOAYYMM aHanoruyHble rpaukn. Bce kpusble Tuna (6)
Ha3blBalTCS TakKXe napabonamum BTOPOK MOPAAKA, BCe OHU
MMeKT BepLNHY B Hayane KOOPAMHAT, BCe OHWU OYAYT CUMMET-
PUYHbI OTHOCUTENbHO ocu opauHaTt. OueBugHo, hopma napa-
60Nbl 3aBUCUT TOMbKO OT YWCNOBOT0 3HAYEHUS KOIPPULMEH-
Ta a.
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Ecnv  Mbl NOXenaem BbluepumBaTb rpagukn  GYHKUUK
BTOpPOro nopsgka o6uiero Tuna

y = ax2+ bx + ¢, @)

TO MONYyYUM TakKXe napabonbl, HO BePLWUHbl NX He BYAYT Ha-
XOAUTbLCA B HayaNle KOOpAMHAT; 3TO OyAeT CTPOro A0KasaHo
nosgHee.

4.  OYHKUMKM BTOpPOro nopsagka B Hayke BCTpevarTcs
yacto. Korga Mbl roBopum o TabnuMyHOM 3afaHuu QYHKLMIA,,
TO NpUBOAUM MNpUMep 3aBUCMMOCTWM HanpsHkeHWi B ob6oge
MaxoBOro Kojeca OT CKOpPOCTM €ro BpalieHus. 3Ta 3aBUCU-
MOCTb MOXET OblTb OYEHb TOYHO BbipaXkeHa (OpMYy/Oii

P =
roe p — NAOYHOCTb MaTepuana KoJseca.
Ewe npumep: npum paBHOMEpPHO YCKOPEHHOM [ABUXEHUU

nNyTb 3aBUCUT OT BPEMEHU, W 3Ta 3aBUCUMOCTb BbipakaeTcs
thopmynoii

S — -g-t2-- Mt 4% Sgq

roe g — yCKOpeHue cuiibl TAXecTu, v0 — HauyanbHas CKo-
pocTb, SO — HayanbHbIA NyTb, S — NyTb, MNPONAEHHbIA 3a
Bpems t.

h. Tenepb 3ailmMemMcs Apo6HbIMU GyHKUMaAMKU. [Ona npoc-
TOTbl Mbl PacCMOTPUM TO/IbKO OAUH YacTHbIA® HO OYeHb BaX-

HbIli cnyual
v 4 8

Mpu noctpoeHnn rpamMKoB APOBGHbLIX DYHKLWIA Mbl HEPEAKO
BCTpeYaeMcs C OAHOM XapakTepHOW 0COGEeHHOCTbI, KoTopas
OT/IMYHO BUAHA [aXe Ha 3TOM MPOCTOM MNpUMepe, a MMEHHO,
npyv cocTaBieHWWU Tabauubl ANd AaHHON (YHKLMW Mbl apry-
MEHTY MOXeM 3afaBaTb Jt0Oble 3HauyeHWs, 3a UCKOYEHUEM
X — 0, TaK KakK Ha HyNb AenuTb Henb3d. Takum obpasom,
npu x — 0 Hawa (QyHKuMA He cyuiecTByeT. [locnegHee 06-
CTOATENbCTBO BbIHYXJaeT HaC OCMOTPeTb OKPECTHOCTM HynA.
Lna atoro mbl 6ygeM 3agaBaTb aprymMeHTY YWUCAEHHO YMeHb-
wakuwmecs MONOXUTENbHbIE W OTpULATENbHbIE 3HAYEHUS,
OCTOPOXXHO MOAXOAA K HY/MIO Chpasa W cnesa, Hanpumep, Tak,
Kak 3T0 NnokKasaHo B HWXecnefyloleid Tabnuue, rge ans onpe-
LeNneHHOCTU Mbl B3SAU K — 3.

X349 241 U T D PO H
yvV 453692 1po9 6
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MocTpoum Tenepb rpaduk Hawen ¢yHkynum (puc. 35).
Mbl  1M306pasunm rpapukK QPYHKUUM CAAOLWHON JNUHUER.
Mpn paccMOTPeHUM €ro HeTpyAaHO 3amMeTuTb, YTO KpuBas co-
CTOWT W3 ABYX BeY Heil, coBep-
LUEHHO OTAeNeHHbIX Apyr oOT y
Lpyra KOOpAMHATHbIMU OCAMMU,
Tak 4YToO OfjHa BETBb pacnono-
)X€Ha B NepBOM KOOPAUHATHOM
yray, a gpyras — B TpeTbem.
Ecnnm Mbl npocneaum Xof4 Kpu-
BOW, 6e3rpaHN4YHO y[anssacb
0T Hayana KoopguHaT B 06e
CTOPOHbI MO FOPU30OHTaNbHOMY
M NO BepTUKaNbHOMY Hamnpas-
neHuam, To ybegumcsa, uTO
KaxJasd BeTBb HeOrpaHW4eHHO
npubnmxaeTcs K KOOPAMHAT-
HbIM OCSIM, HO HUKOrga ux
He pocTuraet. 3amMeTum, uTo, me..5
BoOOLLE, ecAM  Mbl  BCTpe-
yaemcs C KakoW-nnbo  KpPUBOW, KOTOpas HeorpaHuW4eH-
HO CTPEMUTCSH K HEKOTOPOW NpUMOi, TO Takafd npamas Hasbl-
BaeTCH acMMNTOTON KpUBOW. Takum 06pa3om, n3obpaxeHHas
Ha YepTeXe KpuBas MMeeT ABe aCUMMNTOThbI, OfHOW sBNsieTCS
ocb abcuucc, Apyroi ocb opAuHarT.

Ecnn Mbl BO3bMeM K — —3, TO MOAYYMM KPUBYH, U30-
OpaXeHHYH Ha uYepTexe MYHKTUMPOM; OHa fBAseTCA 3ep-
KanbHbIM OTpPaXeHWeM TMepBOli KPUBOA OTHOCUTENILHO OCU
abcumcc, a TakXe UM OTHOCUMTENbHO OCUM OpAUHAT.

Ona ppyrux 3HayeHWd K Mbl MOAYYMM aHaNOTUYHbIE
KpuBble. Bce kpuBble Tuna (1) Ha3biBAlOTCS PaBHOOGOYHLIMM
runepbonamu, BCE OHM KMEKT CBOMMMW acUMNTOTaMu KOOPAU-
HaTHble OCW, BCe OHW COCTOAT W3 ABYX OTAe/bHbIX BeTBEN,
NMpUYeM Mpu MONMOXMUTENbHbIX K BETBM OYAYT PacnonoXeHbl
B MEepBOM U TPeTbeM KOOPAMHATHBLIX Yrfiax, a Npyu OTpuULaTesb-
HbIX K BeTBM OyAyT pacnosioXkeHbl BO BTOPOM U YeTBEPTOM
KOOpPAMHATHBIX yrnaax.

K. YpaBHeHue (1) nokasbiBaeT, 4YTO €CM BEUUYUHY ap-
rymMeHTa X YBe/MUYUTb B HECKONbKO pa3, TO YuC/ieHHas Be-
NNYNHA (PYHKLMWU Yy yMeHbllaeTcs BO CTONbKO Xe pas, M 006-
paTHO: MpPWM YMEHbLUEHWW aprymeHTa B HECKOSbKO pas uwuc-
N €HHOe 3HauyeHue PYHKLUMU BO CTONLKO Xe pa3 yBenununsaeTcs.

Takas 3aBUCMMOCTb Ha3blBaeTCs 06paTHOW nponopumo-
HaNbHOCTbI, U YypaBHeHMe (8) BblpaxaeT MaTeMaTU4ecKu
B 06lemM BuAe 3aKOH 006paTHOW NPONOPLUOHANbLHOCTU.
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MpviBeAeM KOHKPETHbI/i Npumep Ha 8akoH o06paTHO npo-
MopLMOHANbHOCTMN.

N3 GU3MKM U3BECTHO, 4YTO MpPU MOCTOSHHbLIX Macce rasa
W TemnepaType Npou3BefeHWe BOAMYMMBI 06bemMa rasa Ha Be*
NMYUHY ero fJaBfieHUs ecTb BeNMUMHA MNOCTOSIHHAs.

Ecnnm 0603HauMTb 06bEM Yepe3 0, a AaBleHWe uepes p,
TO MOXeM HanmucaTb Vp — C, WIM Xe M = c/p, rgo ¢ —
MoCTOsHHas BenuUYuHa.

§ 5. O6paTHble (YHKLUK
a. Bosbmem Kakyro-nn6o yHKLUMIO
Y=/ @

n BbluepTuM ee rpadguk (na puc. 30 OH M306paKeH KPUBOM
).
[anee noctpoum 6uccektpucy CD nepBoro v TpeTbero Ko-
OpAMHATHbLIX Yr0B W MNOBepHeM Becb YepTeX Ha 180° Tak,
yT06bI NpAMas CD 6blna ocCbto
BpaweHna. Torga nawa Kpusas
A B nepeiiget B HOBOE MOJ/IOXEHME,
M Mbl NOAYYUM BTOPYH KPUBYIO
A iBi. O6be KpuBble, nepBas M BTO-
pas, O6yAyT O4YeBMAHO B3aWMHO
CUMMETPUYHbI WU, BblpaXxanach
MHaye, 3epKanbHbl OTHOCUTENbLHO
6uccektpucol CD.
Ecnv Mbl npocnefvMm ea TeM,
4YTO MPOU3OLLINIO C KOOpAMHATaMMu
TOYEK MepBOM KPMBOW, TO yBUANM,
P»c* 30 4YTO MPU MNepexofe Ha HOBOe MecTo
abcumnccbl, He MeHsIH CBOEWN BeU-
yinbl, MpPeBpaTUINCL B OpAMNaTbl TOYEK BTOPOA KPUBOM,
a opAvHaTbl npeBpaTUAUCL B abcuuccbl.
Hanpumep, abcyncca T ToukM M nepexoguT B OpAUHATY
T AToukM J1/,, a opAuHaTa nepexoauT B abcuuccy.
Takvum 06pa3oMm, ypaBHeHWe BTOpPOl KpuBoi byget

- 1) (&)

Ecnu pewuTb ypaBHeHUe (2) OTHOCUTE/BHO Y, TO MONYUYUM
HOBYI (DYHKLMIO, KOTOpYl 0603HAa4yMM, Hanpumep, Tak:

Y == o (*). 3)

OueBMAHO, 3aBUCMMOCTb, 3afaBaemas ypaBHeHusmu (1)
B (3), ofHa M Ta Xe; pasHuUla TONLKO B TOM, 4TO 3aBUCUMas
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nepemeHHas QyHkuum (1) snaeTcsa HeszaBUCUMONW AN PYHK-

unn (3) n obo3HavaeTCcs yXe He yepes y, a yepe3 x. O6paTHO,

HesaBucumaa nepemMeHHas yHkuum (1) aBnseTca 3aBUCUMOI

ana @yHkuum (3) n o6o3HavaeTca yxe He yepe3 xt a uepesy.
b. MycTb nmeeTcs PyHKUUA

y 4)

O6paTHYI0 PYHKUMUIO MOAYyYaeM, 3aMeHSs Y HA X, a X Hay
M pewas NofyyeHHOe ypaBHEHWe OHIOCUTENbHO Y:

1
X— 1 ¥y y==%2 ¥x 5)

TakK 4TO 4N CTeneHHOW (yHKUMM obpaTHas QYHKLUA ABNAeT-
CS MppayuoHanbHOA.

11a puc. 37 dyHkumns (4) nsobpaxeHa CNAOWHOW AUNUOR*
Torga kKak QyHkuus (5) nyHKTUpom. [lony4vyeHHble KpUBbIE,
KakK Mbl BUAWM, IBASIKOTCS napabonaMu, pacrnofoXeHHbIMU
CUMMOTPMUYMNO  OTHOCMTENLHO
6uccekTpucel CD.

c. B kauecTBe BTOpOro npu-
Mepa Mbl pacCMOTPMM MNOKasa-
TENbHYK (QYHKUUIO

y - ax. (©)]
3amMeHsfs y Ha x Mux nay,
nMeem
X = ay.

PewunTtb 3T0 YypaBHeHue
OTHOCUTENbHO Y MOXHO TO/bKO
C MoMoULblo norapumMmuyecKol
GhyHKUMN

y = logax. 7

Takum o6pa3om, norapummuyeckas ¢GyHKumua obpaTHa
nokasaTefibHOMN.

CornacHo ToMy, 4To 6bIN10 CKa3aHO BbIlle, HAM A0CTATOYHO
NOCTPOUTb rpadnk TONbKO ANS HOKa3aTeNbHOW PyHKLUKU, Tak
Kak rpatuk nns norapu@mMmuyeckoin ¢GyHKUun 6yaeT N Ulb
ero 3epKajbHbIM OTPaXEHWEM OTHOCUTENbHO O6UCCEKTPUCHI
NepBOro M TpPeTbero KOOPAWHATHbLIX Yr/OB.

Lns npoctoTel NycTb @ = 2; cocTaBnAs Tabnuuy wu Bblyep-
yuBas rpauku, NoAyyYuMm Kpusble, n306paxeHHble Ha puc. 38.
HeTpyaHO BuAeTb, 4YTO KpuBas, msobpaxawuwas (YHKUUIO
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y — 2§, UMeeT CBOei acuMmMnTOTON ocb abcuucc} HanpoTus,
Kpusas, usobpaxatwuas pyHkunwo y — log2x, nmeer acmmn-
TOTON OCb OPAMHAT.

Yvyauiemycs caMOMY PeKOMEHAYeTCH BblUepTUTb Fpaukm

yHKUKA (6) n (7) npn Apyrnx 3HayeHMAaxX OCHOBaHMA a.
(0. Tenepb paccmoTpum (GYHK-

Luio

y — sin Xx. (8)

Cpaenaem Temepb 3aBUCUMYHO Tepe-
MEHHYI0 He3aBMWCUMOI, Torga Hesa-
BUCMMaAsi MNepemMeHHas CTaHeT 3aBu-
CUMOIA.

B COOTBETCTBMM C 3TUM MepeMe-
HUM Ha3BaHWA: Yy 3aMeHMM Ha X, a
X Ha y. Torga nMonyyum ypaBHeHue

X — siny. 9)

JTO ypaBHeHMe Ham faeT (YHKUMI, 06paTHYH AN CUHYca,
HO faeT HEesABHO.

UTo6bl BbIPa3UTb Y Yepes X fBHO, HYXHO pewuTb ypaBs-
HeHue (9) oTHocuTenbHO y. OfJHaKoO 3TOro chenatb Henb3A,
nmesa B pyKax ToNnbko Te 0603HavyeHWs, KOTOpble HaMm fJaeT
anre6pa u TpuroHomeTpus. HyXHO BBOAWUTb HOBbIA CUMBON.
Mpexxae BCEro 3aMeTuM, YTO ypaBHEHWE (2) MOXHO nNpoymTaThb
Tak:

«y ecCTb TakKas fyra, CUHyC KOTOpPOli paBeH T. (10)

Ycnosumcs 3Ty (pasy 3anucbiBaTb COKPAL|EHHO Tak:
y  arcsin x. (11)

3T0 M ecTb Heob6XoAWMoe HaM 0603HauyeHue ANS (QYHKUUMK,
06paTHOI CUHYCYy; nocnegHsas (YHKUMS HasblBaeTCs apk-
CUHYCOM .

Hy>XXHO Bcerga MOMHUTb, YTO Tenepb X — 3TO CUHYC W,
cnefoBaTeNbHO, HE MOXET GbiTb YNCNEHHO 6OMblle eAUHULbI,
a 'y — 3To fyra; Kpome TOro, HeNb3s 3abbiBaTb, 4TO 3HaK

arcsin

ecTb MNpOCTO coKpalweHHasa (pasa (10) u, cneposaTenbHoO,;
OTpbIBaTb arc OT Sin HWUKOrfga Henb3s.

BbluepTuM Tenepb rpauk cuHyca, MONYTHO Mbl MOAYYUM
M rpamk apkcuHyca. Tabnuuy Mbl 34ecb COCTaBfATb He CTa-
HeM, a BOCMO/b3YEMCA FeoOMeTpUYEeCKUM NPUeMOM, KOTOPbIi
X0polwo BuAeH Ha puc. 39.
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MbI CTPOMM C LEHTPOM FAe-nnbo Ha ocn abcumcc OKpyXx-
HOCTb pajuyca, paBHOro efunHuLe. [lanee, pasgenss OKpyX-
HOCTb Ha PaBHble YacTW, Ha OCU abCuucc OTKNAAbIBAeM [A/INHbI

aTux ayr. (MpakTU4eCcKN Mbl, KOHEYHO, MPOCTO OT/IOXMM OTpe-
30K, paBHbIA 271 — 6,28. . ,, U pa3fe/IMM ero Ha TaKoe Xe
UYMCMO PaBHbIX YacTel, KakK U OKPYXXHOCTb.)

lMony4veHHble OTPE3KM HaM aafyT abcumcebl; COOTBETCTBYIO-
Wne Xe OopAuHaTbl  MOAY4YUM, NPOBOAA W3 TOYEK AefleHUs
OKPY>XHOCTU NpsiMble napasnenbHo ocu abeuumcc.

HeTpyAaHO BWAeTb™ UTO rpaukKom cuHyca ABASETCA BOSI-
Hoob6pa3Has KpuBas, HeorpaHM4YeHHO yxoAsllias BMpaBo a
BNeBo. [epuvoOAMYHOCTb CUMHYca OTpaxaeTcs B MNPaBWU/IbHOM
NOBTOPEHUU BOJH.

KpnBas HasblBaeTcs cMHycougoii. BmecTe ¢ TeM nyTem OT-
pakeHUs 0T 6ucceKTpucbl CD Mbl HOMYUYMM TaKylo Xa CUHY-
comfy OKOJI0 OCU OpAMHaT, KoTopas 6ygeT rpaukom apk-
CUHYyca.

HeTpygHo 3aMeTWTb, UTO KaXxAoih abcuucce nocnegHer
KpuBOl (KOTOpas, KOHEYHO, YUCMIeHHO HMKOorga He 6onblue
eANHNLbI) COOTBETCTBYEeT 6GECKOHEYHOe MHOXEecTBO OpAMHAT.
3T0, pasymeeTcs, MPOUCXOANT NOTOMY, UTO KaXAOMY CUHYCY
oTBeYaeT He ofHa, a 6ecuuc/ieHHOe MHOXecTBO Ayr. Takas
MHOrO3Ha4YHOCTM KaK Mbl yXe rosopunu B § 3 rnasbl 3*
BeCbMa Heyfo6Ha, a MOTOMY Mbl OFrpaHM4YuM 061acTb M3MeHe-
rms apKcuHyca Tak:

— a/2 ™ arcsia x nl2.



OT TakKoro orpaHUYeHMs Mbl HUYErO He TepsieM, TaK Kak
npu M3MEHEHMM AYyTU B 3TUX nNpegenax cCUHyc ycneaeT [lpo-
6eXxaTb Hee BO3MOXHble A/11 HEro 3HadeHus ot —1 go 1.

Ha puc. 39 3To cCOOTBETCTBYET TOMY, UYTO Mbl paccMaTpu-
BaeM He BCHO KPUBYH apKCUHyca, a ToNbkKo ee ayry A yfix
N306pa)KeHHY CMMOWHON NnHWen (ocTasbHas 4acTb OTMe-
YeHa MYHKTUPOM). [10A06HbLIM Xe 06pa3oM Mbl BBefeM (PYHK-
uuio, 06paTHY KOCUHYCY.

Ecnn  nmeem

y = cosa,
To ob6paTHYl GQyHKUMO 6yaemMm 0603HavaTb
y = arccos X

N BbI3biBaTb apPKKOCHHYCOM.
MocnegHnii BBUAY €ro MHOFO3HAYHOCTU Mbl TOXe Orpa-
HUuYMN!l, HO He rpaHuuamm ot —aA/2 o 4-a/2, a rpaHuLamm

O~ arccos X a.

3T0 BbI3bIBAETCA TEM, YTO MMEHHO MpPU U3MEHeHUU Aayru ot O
40 S KOCMHYC ycneBaeT npo6exaTb BCe CBOM 3HA4eHUs  OT
—1 o +1. Ytobbl NOCTPOUTH rpaMK KOCKMHYyca, a cnefo-
BaTe/lbHO, M apKKOCWHYyca, 3aMeTuM, 4TO

cosa = sina: -f -£-)e

CnepoBaTe/lbHO, KOCUMHYC €CTb MPOCTO CUMHYC, 3amno3jasBLUunii
Ha YeTBepPTb OKPYXHOCTU. [103TOMY rpadmuk KocuHyca Mosy-
ynTCcA, ecnum rpapuk CcuHyca
CABUHYTb BNeBO Ha /2.
Mocne aToro, oTpasue rpa-
(VK OTHOCUTENbHO OUCCEKT-
pucbl CD, noayyum rpapuk
apKKOCMHYyca. Yudawummcsa ca-
MUM pPeKOMeHyeTCcs Noc) pouTb
3TW rpapuKn N HaNTKU, KaKylo
MMEHHO [yry apkKKocuHyca
Mbl OCTaB/ISiEM.
AHaNoOrMyHo Mbl BBOAUM
(PyHKUMKN, obpaTHble APYTUM
Puc. 40 TPUTOHOMETPUYECKUM  YHK-
Umam.
[Onsa Hac BaXHbl B fanbHelilleM NNWb apKTaHreHe U apk-
KOTaHreHc. BBuAy MHOr03Ha4YHOCTW MNepBblli Mbl OrpaHuyun-
BaeM MNOJOOHO CUMHYCY npegenamm:

— /2 < arctg x < a/2r



a BTOpOI orpaHM4mBaem Mogo6HO KOCUMHYCY:
O< arcctg * < 5.

Mbl 3feCb MNPUBOAMM TOSMIbKO FpaduKu TamnreHca U apk-
TaHreHca (puc. 40), peKoMeHAysl ydallMMCs caMUM B HeM pa-
306paThCsA, a TakKXe PeKOMeHAyeM YydalMMmcsi caMuMM MocT-
pouTb TpaMK KoTaHreHca M apKKOTaHTreHca.

§ 6. MoHATUE 06 ypaBHEHUM MMHWK

a. B HacTosiweit rnaBe Mbl 3aHMManMUCb NMOCTPOEHWEM Tpa-
(OMKOB Pas3fIMUHbIX (PYHKLUWUIA, MOMb3yscb ypaBHEHWEM, CBS-
3bIBalOLMM DYHKLMIO Y C apryMeHTOM X. BCSIKOMY ypaBHEHUIO
MeXAYy Y M X OTBeYaeT CBOSI JIMHUS — rpaguK ypasBHeHus.
Ecnu ypaBHeHUWe 6bi0 ABHOE

Y =1,

TO rpadMkK Mbl CTPOMM HEMOCPEACTBEHHO MO Hemy. [paduk
HESIBHOTO YypaBHEHUS

F(( y)~ O

TOXE MOXXHO NOCTPOWUTb, 06paTuB €ro cHavyana B sBnoe (T. e.
pewmnB OTHOCUTENBHO ).

Mpahmk ypaBHEHUS ABNSETCA He YeM WHbIM, KakK cobpa-
HUeM (MNK, KakK roBOPAT, FeOMeTPUYECKMM MeCTOM) BCEX TO-
yeK, YA0BNETBOPSOLWMNX 3TOMY ypaBHeHUO. Ecnm 6bl Mbl Mo-
CTPOMAN He BCe TOYKMW, YAOBETBOPSAIOLLME YPaBHEHWUIO, [0
nonyunnn 6bl He BeCb rpagmk, a ToNbKO ero 4yacTb. [o/HbIM
rpakom ypaBHeHUS MOXKET CUMTaTbCs TO/MIbKO TakKas NUHUSA,
KOTOPOW uMcuepnbIiBalOTCS BCe TOYKKU, YAOBNEeTBOpsitoLlue
ypaBHEHWNIO, W, CNeAoBaTeNlbHO, BHe KOTOPOM TaKMX TOYEK
YXKe HeT.

b. B panbHeiweM Mbl 6ygem pewlatb sagady, o6paTHYH
NoCTPOeHMIO rpadmka. A MMeHHO, MO fAaHHOW NIMHUU Mbl OY-
[JeM OTbICKMBaTb TO ypaBHeHWe, rpaMkoM KOTOpOro ata nu-
Husa aBnseTcs. Mpu 3Tom 0co6eHHO cnegyeT CnefuTb Ba TeEM,
yYTo6bl Mawa AUHWMA O6blfa MNONHBLIM TFPatMKOM HaliIeHHOro
ypaBHeHUs. VIHbIMW cioBaMU, ypaBHEHWE [O/IXKHO

1° y10BNeTBOPATLCA BCEMW TOUYKAMMU JIMHUW,

2° He Y[OBNETBOPATLCA TOYKAMW, MOCTOPOHHMMW JIMHUMK.

YpaBHeHMe, nopobpaHHOe cornacHo Tpe6oBaHUAM 19 u
2°, W Ha3blBAeTCS YpPaBHEHWEM [aHHON NUHUMK.

c. KoHeuHo, 4yem c/noXHee NMHUA, Tem, BOO6LLe roBops,
cCnoxHee 6yneT n ee ypaBHeHMe. OCOBEHHO NPOCTO BbIBOAUTCS
ypaBHeHUe NuHuMl obnajarolien KakmMm-nm60 MNpocTbiM reo-
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MeTpnYEeCKNM CBOI‘/‘ICTBOM, 06LIJ.I/1M nna BceX To4YeK 3TOM JIMHUMU
U BMoJIHE ee onpegenswwmm. BbiBog ypaBHEHUS TakoiA nn-
HUM OByAeT MpPoCTbIM MepeBOAOM 3TOr0 reoMeTpMUecKoro CBOM-
CTBa Ha A43blK aHasin3a.

d. HanpoTwuB, ecnn Takum CBOMCTBOM JIMHUA He o6naga-
€T, NpUuMepomM 4Yero MOXeT CNYXUTb nunuma, HadepyeHHaa Co-
BepweHHO npoun3BOJ/iIbHO OT PYKW, TO I'IO,CI,06paTb Aana . Hee
YpaBHEHME MOXHO TO/IbKO MApUGAMXKEHHO. Ho Takumm nu-
HNAMMN BBUAY C/I0XKHOCTWU 3TOro Bonpoca Mbl 3aHMMAaTbCA He
6ynem.

e. JanbHelwme pgge rnaBbl 6yayT MOCBSALWEHbI pa3biCKa-
HUKO ypaBHeHI/II7I n mncenenoBaHMK Ha OCHOBaHUWM 3TUX ypaB-
HEeHUIA I'IpOCTGI7ILIJI/IX ]'II/IHI/II7I, XapaKTepHbIX CBOMMW 3aMeyaTeslb-
HO I'IpOCTbIMI/I FGOMETpVI'—IECKI/IMI/I CBOI7ICTBaMI/I. |/|MeHHO, B rna-
Be 4 Mbl pasbepem MNpsAMyl, a B r/slaBe 5 OKpY>XHOCTb W HEKO-
Topble Apyrve BaXHble KpUBLbIE,

f. CocTaBneHue YypaBHEHUIA  JIMHULA W uUccnegoBaHue
CBOMCTB /IMHWIA MO WX YpaBHEHMAM MeTodaMu anrebpbl ABAS-
eTcsa O,EI,HOI‘7I N3 BaXHeMLINX 3agady orpaena BbICLLEIA MaTemMaTu-
KW, Ha3blBaeMOro aHa/IMTUYECKMNIA [EOMETPUELA.

wn

7. YnpaxHeHusA

1. MocTpouTb rpaukn GYHKUUIA:
y=XANy= XAy —2 y—2X+ 3

y —3x —4;, y——4x — 1; y = 0,5x — 0,75.
2. MocTponTb rpankn GYHKLUNIA:

y = Xr4-2; y —x%— 2; y — X%— 4x;

y — xX* 4 Y= —X2— 4qa; y= —X* + 4x,

y=xXr+x+ 1, y——rd4d— x— 1.

3. MocTponTb rpadmku KQYyHKUNIA:

Ym X»; Y—=+ Q===
y 12 1v IHZ
— x Y x4 *B X+r
1 1. 1
Yo x1r YT X Y~ 1%

4, TMocTponTb rpaPuKn KQYyHKUUIA:

1 1
Yy gin X Yy cos X '

pH A cos (KK + b) (rge A = 2\ k= 0,5; b= n/3),
56



5. V3 XecTAHOro npsAMOYyrosibHOro JIuCTa C OCHOBaHWeM B
N BbICOTOA b BblpesaHbl Mo yrnam KBazpaTbl CO CTOPOHOUMA XN\
M3 OCTaBLUelACs YacTu CorHyTa Kopobka (puc. 41). Hathitn 06b-
eM KOpo6KM Kak tyHKuuio ot X. OTBeT:y — (@ — 271) (b —
— 2X) X.

6. B NpsAMOYro/sibHOM TpeyrosibHUKe C MOCTOSHHOA runo-
TeHy30 4 1 M nepeMeHHbIM KaTeToM X Bblpa3nuTb ApPYroiA KaTeT
Yy Kak QyHKuuio oT X. OTBeT: y = YN\ — x2

7. B wap paguyca A BnucaH uywmnuHap (puc. 42). HaiAtun
o6bem V aToro uwauHApa Kak GyHKLMWI0 paguyca zero 0CHO-
BaHus. Onitein: V= 2na%y A2 — r2

Puc. 41

8. Bblpa3uTb TOT Xe 00bemM KaK (GyHKUUIO yrna a (cm,
npeablaywyto 3agady). OTBeT: V — 2nfA9cos2a sin a.

9. B Kpyr paauyca A BnucaH npsMoyronbHuK (puc. 43).
BblpasuTb nsowagb S 3Toro Kpyra Kak (YHKLMIO ero 0CHo-

BaHua X. OTBeT: S = X Y4A2— z2

10. Bblpa3nTb Ty Xe (CMOTpM npeablayllyio 3agavy) rnso-
Waab Kak ¢gyHKuuio yrna a. OtBeT: S = 2 2sin 2a.

11. B npsAMOYroslbHOM TpeyrosibHMKe C MOCTOSAHHbIM Ka-
TeTOM & W NepeMeHHOIA TUNOTEHY30M BbIpa3nTb MOC/EAHIO
Kak ¢yHKuUuo agpyroro kateta X. OTBeT: y = Y a2+ x2

12. Ha cTeHe BucuT nnakat AB, Ha paccTosiHUM X OT cTe-
Hbl HaxoAMTcA rnia3 HabnwpaaTens; BepxHUIA KoHel, B nnaka-
Ta BbllWe rslasa Ha b, a HWKHWMIA KoHel, A Bbllle rfasa Ha a
(puc. 44). Bblpa3anTb Yrosi 3peHus Kak ¢gyHKuuio ot X. OTBET:

a = arctg ---arctg
13. MUWHOHOCeL, HaxoauTca B Touke A Ha paccTosHuUM a
oT 6epera. Ha paccTossHUM b oT 6AwkKalAleiA K MUHOHOCLY

TOYKMU 6epera B Touke C HaxoaunTcAa BOEHHbIA narepb. [oHey,
NAbIBET B WKOMNKE A0 TOYKN Bra notom naeT NewkomMm paccrtoda-
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HmB BC = X (puc. 45). BbipasuTb Bpemsa T, Heobxogumoe,
YTOGbI MPOMJ/IbITb W MPOIATU paccTosAHUE, KakK (YyHKLUWIO Ooi X,

B
VN
\ \\
/ N
AN
/ I
\ A
4:{_a *1 ///
. >
ip_ pVs
C
Pwnc. 44 Pwnc. 45

€C/IN CKOPOCTb LUIMNKKU Y,, a CKopocTb Newexoga ur. OTBeT:
[Fral— {>- J3)1 . x_
0] "1

14. AokasaTb, 4TO Ans nNw60ro X (pasymeeTcs, YUC/AEHHO
bleHbLUEro eAuVHULbI) UMEeeT MeCcTO TOX/AeCTBO

T

arccos X + arcsin X = /2.

15. Aoka3aTb, 4TO A9 N6Oro X MMeeT MecTo ToHadecTno
arctg X + arcctg X = n/2.

16. [okasaTb TOX/AecTBa:
arcsin'* = arccos Jf\— x*;

arctg X — arcctg ;

4

arcsin X — arctg

VN fm
arctg X= arcsin
17. AokasaTb TOXAecTBa:
arcsin X  arcsiny = arcsin X Vi —yr+ yVvV1—x®

arccos X + arccosy —arccos (Xy + ¥ (1 — xn) @ — (*);

arctg X 4; arctgy = arctg .



18, [dokasaTb TOXAecTBa:

2 arcsin X = arcsin 2x Y 1 — x2
2 arccos X — arccos (2xr — 1);

2arctg X = arctg t

19. [okasaTb TOXAecTBa:

arcsin (—Xx) = —arcsin X;
arccos (—X) = n — arccos X;
arctg (—X) = —arctg Xx;

arcctg (—x) = n — arcctg X.



nasa 4

NMPAMAA

§ 1. YpaBHeHMe MpsamMoii, npoxoasLiein
yepes AaHHYK TOYKY

MonoxeHne nNpPAMOLA BMOJIHE OMNpeAesieHo, ec/in na Heka
JaHa Kakaa-/1M60 Touka (T,; (/,) v paHo HanpaBsieHVe MNps-
MOiIA. lMocsegHee M3BECTHO, ec/IN M3BECTHO HarnpaB/ieHUe BeK-

Topa PQ, nepneHAWKynspHoro npsiMoii. TakoiA BEKTOp Ha-
30BeM HarnpasfAlOWMM BEKTOPOM. OH  MOXeT 6bITb Mpous-
BOJ/IbHOM [A/IMHbI U C HayasioM B J1060IA Touke MJIOCKOCTU; OT
Hero Tpe6GyeTca  To/ibKO, 4T06Gbl OH
6bU1 NepneHAUKynspeH npamota. Ha-
npaBnsoWMiA  BekTop 6yaem 3agaBaTb
BEMMUYNHAMK ero npoekumii A un B Ha
ocn  koopauHaT (puc. 46). NTak, byaem
CYMTaTb W3BECTHLIMU
1) Touky My(Xy, Y) npsmoiA;
2) BenMuUHbI npoekunii A B Han-

Puc. 46 paBnsitowero Bektopa PQ Ha ocu koop-

[OVHaT.
Vimesi 3T AaHHble, MocTapaeMcsi BbIBeCTU ypaBHenue nps-
MolA. MycTb M (X; Y) — npousBosibHas Touka npaAmoiA. ae

6bl OHa Ha npaAMoiA HM Haxoawunacbk, BekTop MY nepneHam-
kynspeH PQ. Tak Kak BefiM4MHbl npoekunia BekTopa PQ
cyTb A 1 B, a BeninumHbl npoekumia Bektopa MyM paBHbI pas-
HOoCTSM X — Xy, Y — Yy abcuumcc M opauMHaT ero KoHua u
Hadasa, TO YC/I0BME MeprneHANKYASAPHOCTN 060MX BEKTOPOB
DaeT

AX—X)+ B(y—w =0 €))

3To ycnoBue He BbIMOSIHAETCA, ecnn Touka M He nexuT
Ha MpsMOPA, MOTOMY UTO TOrJa YKasaHHble BeKTOpbl He nep-
NeHAVKYSPHbI.

NTak, ypaBHeHue (1) BbINONHsAETCA A1 BCeX TOYEK Mpsi-
MOIA U He BbIMOMTHSETCH A1 TOYEK” Ha MPsIMOLA He Jiexaliux.
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OHo,, c/fefoBaTefibHO, U ABMSIETCA YpaBHEHMEM Halleid nps-
MOIA,

Hanpumep, ypaBHeHUe MpsSMoObA, npoxoAsilieidn 4epes Tou-
Ky (1; 2), c HanpaBASAKLWMWM BEKTOPOM, UMEKOLWUM MpPoeKumnm 2
n —4, oypet

3(X— 1) —4a(y—2) = 0

§ 2. Obwee ypaBHeHUe nNpsamoii

a. PackpbliBasa ckKobku B ypaBHeHuu (1) § 1, mosyumm
AX 4 By + (—JIxr— Byy) — 0.
O603Hayvas
—AXxj — By, = C,
Mbl MOXXeM 3TO ypaBHeHWe nepenucaTb B Buae
Ax + By + C —0, 1)

Takum o06pa3om, ypaBHEHUE BCSAKOMA MPAMOIA MOXXHO Ha-
nucatb B Buge (1), rae A n B ogHoBpeMeHHO He paBHbl HY/10
(B MPOTUBHOM c/ly4yae AJfiIMHA HanpaBnsAwwWwero BekTopa 6bina
6bl paBHa HYJ10).

b. O6paTHO, MOXHO mMoKasaTb, 4YTO BCSIKOE ypaBneHue
Buga (1), roe A n B ogHoBpemMeHHO He paBHbl HyJ/l0, Bcerga
n3obpaxaeT npamyw. [OelAcTBuUTeNbHO, Bcerga HalAgyTca
yncna XM ywn ypaossieTBopsiowme ycsi0BULO

AXj + Byr-fC —0 )

(Hanpumep, npu B, He paBHOM Hys, Mbl Xt Bbi6GMpaem npo-
W3BO/IbHO; COOTBETCTBYMOLLEE Xe eMy YY Bbibvpaem u3 ycno-
B (2)), BblunTtaa TOorga paseHcTBO (2) u3 ypaBHeHusa (1),
Mbl MNpuBedeM rnocnefHee K Buay

AX—*>+ B (y—yX= 0.

A 3TO0 KaK pa3 WM ecTb ypaBHeHUWe MNpsAMOiA, NpoxoAslieii udepes
TouKy (a*; yX), C HanpaB/ISOWMNM BEKTOPOM, MMEIOWMM MpoeK-
umm A un B.

c. BeBngy pokasaHHOro B MyHKTax a m b ypaBHeHuto (1),
roe A 1 B oaHoBpeMeHHO He paBHbl HYJ/1IOA MPUCBOEHO Ha-
3BaHMe O0OLUEro ypaBHEHWS MPSIMOIA.

Hanpumep, o6buiee ypaBHeHME MpAMOIAN pacCMOTPEHHOM
B KOHUe § 1p 6ygeT

32 — 3 — Ay + 8 s= wim 3X—4y + 5 = 0,



§ 3. YacTHble cayu4au

B HEKOTOpbIX YaCTHbIX c/iydasax obuiee ypaBHeHMe npsi-

MOIA 3HauYUTesIbHO yrnpow,aeTca. A WMEHHO:

a. Ana npamoiA, napasnienibHoMA ocu abcuuce, HanpasJsisiio-
WMiA BeKTOp nepneHAUKynNapeH 3atoia ocu. CriegoBaTesibHO, ero
npoekuma A Ha 3Ty 0Cb pavMHa HyJ/l0. YpaBHeHue NpsamMoii
npuHUMaeT BUZ,

By 4 C —0
WAn, ecnu pewnTb ero OTHOCUTESIbHO Y,
y_ __C_
Q
Monaran xe — = b, npuBegem Hawe ypaBHeHuWe K Buay
Y = b

MocnenHee ypaBHeHWe OTMedaeT co60K He 4UYTO MHOe, Kak
TOT (PakT, 4Uro BCe OpAMHaTbl MPsSMOIA, uWapasifiesnibHoOIA ocu
abcumce, paBHbl MexAay cobok, Tak Kak
paBHbl OAHOMY W TOMY >e€ MOCTOSH-
HOMY uucny h 3To uucio b, oueBUAHO,
npeacTasnseT co60l0 Be/IMUUHY O0Tpeska
OB, koTopbli npsiMasi 0TceEKaeT Ha ocwu
opauvHaTt (puc. 47).

B uacTHocTu, npu 6 = O monyvaem

ypaBHEHME caMoOA ocu abcuumcc:

Y —o.
OHO BblIpaXxaeT TOT aKT, YTO opAMHaTbI
BCeX TO4YeK OCU abcumcc paBHbl HYyJIHO.
b. Paccyxpgass nopobHbIM e o6pa3om, ybeammcs, 4To

ONns NpsMoiA, napannenbHoA ocu opgmHaT, B — 0. Y paBHO-
BHe MpsSMOIA MMeeT BUA

AX 4+~ C = 0,
nnn, obo3Hayasd-——-= a, nosyyum
X — a,

rge a ecTtb BeJ/IMYMHaA OTpe3Ka OAX KOTOprI7I npsamMasa oTcCeKa-

eT Ha ocu abcymncc (puc. 48).
B yacTHocTul ypaBHeHMe camoli ocu opauHaT 6yaeTr

X =* 0.



c. Ecnu npamaa npoxoguT 4ene3 Havyasio KoopauHaT, To
o6leMy ypaBuUeHUIO

Ax + By +C —0O

TakoA MpsAMOLA A0/KHbl yaAoBAeTBopATb kKoopauHatbl (0; 0)
Hayasa KoopauHaT, T. e, Ao/mkHo 6bimb A-O 4- B-0 4mC -
= 0, wm C = 0. NTak, ob6uee YypaBHe-

HVYe MnpAMOLA, npoxoAsiuleid uepe3 Haudaso

KOOpAUWHAT, O0/1KHO UMETb BUA,

AxX + By — 0.

0]
Mpume p bl Mpavas 2y — 7 = 0, a a
wnn 'y — 7/2, napannenbHa ocu abécumce
it oTcekaeT Ha.oCU opAUHAT 0Tpe30oK Ben-— Puc. 48
YnHoA b — 7/2.
Mpamaa r + 2= 0, wwm X = —2, napannesibHa ocu

opanHaT W OTcekaeT Ha o0ocu abcumcc O0TPe3oK BEeINYUNHOM
a —m-2,

HakoHel, npsamMass X + Yy = 0 npoxoAuT depe3 Hayasno
KoopauHarT.

§ 4. MNepexod, K YpaBHEHUIO C Yr/10BbIM KO3I(PULIMEHTOM
B uacTHocTu, ecniu B He paBHO Hynt, To obuiee ypaBHe-
HWe npsmoii
AX + By + C —0
MOXHO MNpuMBeCTU K BuAy, pasobpaHHoMy B § 4 npeabloylieii
rnaebl, [elAcTBUTENIbHO, pelas OoTHocuTesnlibHo Yt monydum

y: - _'A\X___C

O6o03Hayvas
-A/B = fc, —C/B = b,
oyaemMm MMeTb
Yy = KX+ b.

A 3TO KaK pa3 ypaBHEHWUE MpsSAMOIA C Yr/oBbIM KO3D(PULLMEH-
TOM K M HadasibHOUA opauHaToiA b.

Mpumep, MycTb paHa npsamasn

2X — 4y — 7 =0,

Nmeem

Ay= 2x—7, y= _Lir—-L.

3HaunNT, ONA Hawetd npsamoia K

1/2, b — —7/4,



§ 5. lMocTpoeHne npsMoiiA

Mpsimasa /NWHWS BriosiHe onpeaenseTcs ABYMsl TO4YKaMu.
MoaToMy AN MOCTPOEHUS NPSMOMA [0CTaTOYHO aHaTb [OBe ee
TOUKU, B UCKIHUUTENbHbIX Xe c/y4yasax NpsSMYH MOXHO Mo-
CTPOMTb U Mpoue.

a. NMycTb TpebyeTcs MOCTPOMTbL MpPAMYIO

2Xx — 3y + 4 = 0. @

UT06bl HaATN ABe TOYKM 3TOM MPSAMOLA, Mbl abcumcebl 3TUX TO-
YeK BblbepeM Mpon3BOSIbHO, Hanpumep, O ANA NepBOA TOYKMU
n 1 ana sTopoti. CoOTBeTCTBYHWOLWME OpAMHATbI HalAdyTcs w3
ypaBHeHuna (1), VimeHHo, noacTasnsasa X = O Nosyymm

—3y + 4 =0, y = 4/3,
MoacTtaBnaga e X = 1, nonyyum
2—3y+4=0,Y= 2,

NTak, umeem pgse Toukm B (0; 4/3), C (1; 2), koTopbiMU W
BOCMO/Ib3yeMcsA A1 MNoCTpoeHusa npamoia (puc, 49).
b. lMocTpoum ele MNpAMYyto

2x — 3y = 0,

34ecb CBOGOAHLIA 4fleH paBeH Hy/1l0 M MNoToMy npsmas
NpoxoamMT 4epe3 Hauvaso KoopauHaT, Takmm o6pasom4 ofHa

TOouyKa NpAMOMA (Hayasio KoopAawuHaT) m3BecTHa, [ns nocTpoe-

HUA NPAMOLA [0CTAaTOYHO 3HAaTb ele TO/IbKO OA4HY TO4Ky. 3a

abcuuccy 3TolA nocriefHelA TOYKUM BO3bMeEM, Hanpumep* X — 3.

Torpa opAvHaTa HabAgeTcs M3 ypaBHeHumsa 2*3 — 3y — O,

Y = 2, n, cnepjoBaTesibHO, A/19 MOCTPOEHUS MpPSIMOIA, Kpome

Hayasla KoopauHaT, umeem elle oaHy Touky M (3; 2)’(puc. 50).
c. lMocTpoum npsmyto

2y — 3 = 0. 4
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3,Cl.er, pewasd OTHOCUTE/IbHO Y, NMEEM
y = 3/2.
CJ'Ie,CI,OBaTe]'IbHO, npamMasd, napansiesibHa 0cCu a6CLI,I/ICC n oTcCe-

KaeT Ha ocu opaumHaT oTpe3ok b = 3/2 (puc. 51).
d. HakoHel, nocTpoumM MNpsSAMYI0

4j 4 7 = 0.
Pewass oTHocuTenbHO X, mmeem (puc. 52)
X = —7/4.
CnepoBaTenibHO, npsmMas napasisiesibHa oCM OpAMHAT W oTce-

KaeT Ha ocu abcuymcc oTpe3okK a = —7/4.
e. MNpsamMy NyHKTa a

2X— by4 4=0

MOXHO 6bI/10 6bl MOCTPOUTbL M npolie. JelAicTBUTeNbHO, 9Ta

*

y
y AN
0
(¢} X
Puc. 51 Puc. 52

npsmas He napasjiesibHa HW OAHOMA M3 oceid (HM J1 HuM B He
paBHbl HYJI0) U He MPOXoAuT 4yepe3 Hadasno koopauHaT (C He
paBHO Hysito). OHa oueBMAHO nepecekaeT ocn OX u Oy B ABYX
pa3nuuHbIX Toukax A n B. N gna nocTpoeHus npsmoia camoe
rnpocToe HalATU UMEHHO 3TK ee Touku. Ecnm o6o3Haumm OA —
= a u OB — b oTpe3ku, oTceKaemble MPSMOA Ha 0CSX, TO
KoopauHaTbl Todyek A n B 6yayTt (puc, 49)

A (a; 0), B (0; b).

Toukn A u B nexart Ha npamoii, criegosaTesibHO,, UX KOOP-
OViHaTbl yOO0BJ/IeTBOPSAIOT YpPaBHEHWUO MNPSMOMA, T, e.

2a + 4= 0,a= -2; -36 4 4= 0, b= 4/3

MTak, npsimMmass O0TceKaeT Ha 0CAX KoopAWHAT O0Tpe3Ku
a— —2, b= 4/3. 3To paeT BO3MOXHOCTb MOCTPOUTb TOUKMU
A n Bra no Hum wu npsmyto,

3 3nemeHTbI BbICLUEW MaTemMaTVKu n



§ 6. OnpepeneHve yrna mexay ABYMA MNPAMbIMU

a. MycTb AaHbl ABe npsmble | n //. 9Tn npavbie” Kak 6bl-
no ykasaHo B rnaee 1, 06pa3yloT pa3/sinyHble MOJSIOKNTESbHbIE
N oTpuuaTesibHble Yr/fibl, KOTOPble MPU 3TOM MOFYT O6bITb Kak
OCTPbIMW, TaK U TynbiMU. 3HAA OAVUH U3 3TUX YI/I0B, Mbl J1IEFKO
HalAgeEM KaKoM-/nbo OpyroiA.
Mexay npoymMm, y BCEX 3TUX YIJ/I0B YMC/IeHHas BesInYMHa
TaHreHca ogHa U TaXXe, pa3/inyme MoXeT 6bITb TO/IbKO B 3HaKe.
1), MycTb
AX + By + Cr—0O* /
A% + B+ Ca= O 11

— ypaBHeHUus npsambix. Yucna Alt Bt 1 A2 B2cyTb npoek-

UMM HanpaB/ISIlOLLNX BEKTOPOB MepBOLA M BTOPOLA MpsiMOIA. Yron

Mexay 3TUMW BeKTOopamMu paBeH O4HOMY W3 yrsoB, o6pa3sye-

MbIX MPSMbIMU AMHUAMWU. T103TOMY 3ajaya CBOAUTCS K onpe-
LeneHno yria Mmexay BekTopamu, Mbl Nosyvyum

ABr— ABy

tg® — a,A2+ BrB2 m ")

Ana npocToTbl MOXHO YC/0BUTLCA MNoA yr/oM ¢ Mexay
OBYMSA  MpPAMbIMW  MOHUMaTb OCTPbIA  MOMOKUTENbHBIA  yron
(kak, Hanpumep, Ha puc. 53).
Torpga TaHreHc atoro yrnsa 6y-
[eT Bcerga MosIOKUTESTbHbIM.
Takum o6pasom, ecsim B npa-
BOA 4yacTu dopmynbl (1) nony-
ynTcA  3HaK MUHYC, TO Mbl
ero AO0/DKHbl 0T6pocUMTb, T. €.
COXPaHUTb TO/IbKO abCOMMOTHYIO
BE/TUYUNHY.

Mpumep. OnpenennTb

yron wmexagy npsaMbiMu

2x — 3y + 7 = 0O,
4X — 8y + 9 = 0.
Mo dopmyne (1) wumeem

2.(—8)—(—3-41 I|—a 1
gP= 244 (—3)(—8) 1 | 32| »
c. Ecnu 6ydeT ykasaHO, Kakas M3 CTOPOH yrna sBfiseTcs

ero Hayas/loM W KaKas KOHLOM, TO, OTCUMTblBas Bcerga Ha-
npaBfieHWe yrna MNpoTUB YacoBOUA CTpPesiKv, Mbl MOXEM U3
thopmynbl (1) n3Bneyb HedTo 6osibliee. Kak HeTpygHO ybeauTb-
ca u3 puc, 53, 3HaK, MOyYawoWUACAa B MpaBOMA 4YacTu ¢op-
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Mynbl (1), 6yaeT yKasblBaTb, KakOMi WMIMEHHO — OCTPpbIiA Wan
Tynoti — yron o6pasyeT BToOpas npsmas Cc nepsotd. (Jeia-
CTBUTENbHO, U3 puc, 53 Mbl ycmMaTpuBaem, 4YTO Yrosa Mexagy
MepBbIM 1 BTOPbIM HanpaB/ALWMMM BEKTOPaMU WUAN PaBeH UC-
KOMOMY Yray Mexay MpsAMbIMW, WA OT/INYAeTCS 0T Hero Ha
+180°.)

d. Ecnv npsAmMble napasisieNibHbl, TO MapasisiesibHbl U UX
HanpaBnswuwme BeKTopbl, [MpumeHana ycnoBue napasnesnb-
HOCTM ABYX BEKTOPOB, Mosy4nm!

@

3TO0 ecTb ycnoBue, Heobxogmmoe W A0CTaTOYHOE ON1A Na-
pannenibHOCTN ABYX MNPAMbIX.
Mpumep, I[pamble

2X — 4/ + 1= 0, —X+ 2y + 3 =0
napannesbHbl, TakK KakK
2/—1 = - 4/2.
e. Echu npamble nepneHAMKYApPHbI, TO UX HanpasAAlo-
uume BeEKTOpbl TOXe MnepneHauKynsapHbl. lMNpumMmeHAs ycnoBue

nepneHANKYAspHOCTU ABYX BEKTOPOB, Mbl MOSyYMM YCroBUE
nepneHANKYNAapHOCTM ABYX MNPAMbIX, & WMEHHO

AXA2+ BXB2— 0, 3)
Mpumep. Tlpamble
2X—Ay+7=0, 2X+y—3=0

neprneHANKYNsipHbl BBUAY TOro, 4ToO
2-2 + (—4)-1 = 0.

B cBA3M C yC/1I0BUAMMK MapasisiesIbHOCTU U NepneHAnKYsp-
HOCTW pewuMm creayloline ase 3agaqvu.

I Yepe3 Touky (XU, YX mnpoBecTu npsMyl Mapaninesnb-
HO JaHHOM nMpsiMoii

Ax + By + C = 0,

PeweHne npoBoauTcs TakK. TakK KakK WcCKomas npsmas
napansesibHa AaHHOM, TO 3a ee HarpaB/sOWUIA BEKTOP MOX-
HO B3ATb TOT Xe CaMbli4, UTO U Y AaHHOIA MpsiIMOIA, T. e, BEKTOp
c npoekumsmu A n B. A Torpa ypaBHeHMe WCKOMOU npsmMoiA
nanuweTca B ¢gopme (8 1)

AX—xx+B(y—yd=0,
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Mpumep. YpaBHeHWe NpAMOIA, npoxoasweii udepes
Touky (1; 3) napansienbHO MpsAMOLA
2X — Ty + 2 =
6yneT cnepytouee!
2xXx—1)—7((y—3) ~ 0.
g. Yepes Touky (ar,; YI) MpoBecTVW NpsAMYH MNeprneHanKy-
NSpHO [annotiA  Mnpsmoiia
Ax + By + C = 0,
34ecb 3a nanpaBSALWUIA BEKTOP YXe He rogmrtcsa 6paTb
BeKTop ¢ npoekuuamm A un B, a Hago B3ATb BeKTOp, emMy nep-
NeHANKYNApHBbIA. Tpoekunmn M S, 3TOro BeKTOpa [O0J/TKHbI

6bITb BbIGpPaHbl, CMNeA0BaTE/IbHO, COr/1aCHO YC/I0BMIO MepreH-
OVIKYNSPHOCTU 060MX BEKTOPOB, T. €. COrflacHO YC/I0BUIO

Ay - BBX= 0,

BbIMO/IHUTbL >Xe 3TO YC/I0BUE MOXXHO G6GECYMC/IEHHbIM MHO-
KECTBOM CrMoco60B, TaKk KakK 37eCb 0[lHO YypaBHeHWe C ABYMS
HemsBecTHbIMM ATr n Bv Ho npowe Bcero B3sTb Ar— B;
Br= —A wwm xe Ar= —B\ Bx— A, Toraa ypaBHeHue
MCKOMOIA NpsiIMOLA HanuweTcs B opme

B(Xx—xj—Ay—yn=0
nan
—B (X — xj -f A (y — = 0.
Mpumep. YpaBHeHMe NpsAMOMA, Mpoxoaseid 4epes
TOouKy (—7; 2) N NepneHAUKYNAPHOIA MNpsAMOIA
KX — 3y -9 = 0,
6yaeT cnepywouiee (nNo BTopoiA opmyne)!
S+ 7+ 4(y- 2=0
h, B Tom cnyvae, kKorga npsimble 8afaHbl ypaBHEHUSAMMU
BuAa
y= kix+ WM y= KX + TB%
rnepenucbiBasi 3T ypaBHEHUSA WHaye, VMMeeMm
KX —{+ &= 0, KIX —Yy + b2= 0*
TaK 4To

Aj“ K BX=> —1, A2—kK2| B2~ Ik
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MpumeHas gopmynbl (1) — (3), ANA TaHreHca yrsia Mex-
Oy MpsiMbIMU MOJSTYYUM BblpaXXeHue

, ki —ki

Ons ycnosBus napannesnbHoctu umeem kKjk2— —1/—1,
T. e.

_—~ (2*)
HakoHey, Ana ycsoBusa nNepneHauKysIApHOCTU  UMeeM
KKIFr+ 1= 0 v xe

Kr= -1/*,. (3%

K. Kak Ham o TOM rosopuT d¢opmyna (2*), ycnosue na-

pannenbHOCTU ABYX MPSAMbIX B 3TOM C/lyyae 3akKsito4aeTcs B
TOM, YTO YrJsioBble KO3M(OUUMEHTHI MPAMbIX PaBHbI.

dopmyna (3*) roBopuT 0 TOM, 4YTO ycC/ioBUE NepneHOuKy-

NAPHOCTU 3akK/lloyaeTcs B TOM, 4YTO Yr/l0Bble KO3(DPPULMNEHTbI

npAMbIX 06paTHbI APYr APYrY W MPOTUBOMOJSIOXHBLI MO 3HaKYy,
Mpumepsbl, Yron wmexay npamMbiMu

y= 49 — 77Xy =*3X + 2
paetcsa dopmynoia

4-3 1
*Q¥=-873+1 ~ ~Tr
Mpamble
y=2Xx+ 34 y= 2x+ 1
napannesbHbl.
Mpamble
y—4ax — 2, y= —0,25x + 1
nepneHaVKyNsapHbl BBMAY Toro, uto —0,25 = —1/4.

§ 7. YcnoBue coBnageHUss npsMbIX

BblicCHUM Tenepb, NpU KakoM YC/I0BUM YypaBHEHUSA
AX + By + Cx= 0, AX + B + C2= 0 Q)
onpeAensalT O4HY U Ty >Xe MNpAaMYylo.

OueBUAHO, coBnageHue ABYX MPSAMbIX €CTb YacTHbIA Crly-
yalA napansenibHocTu. Mo3TOMY [0/1KHO 6bIThb

AXAr= BxB2 2

O603Havaa 06ulyl0 BesiIMYMHY 060MX OTHOLIEHUIA 4epe3 T,
“MeeM

AXA2= txX BYBi — t, 3
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0TKyaa
Aj = A2, B, = B
Torpa BepxHee ypaBHeHue cuctembl (1) HpumMeT BuUA

A2x + B2y §- Cx— 04
nan e

AX+B2Y+ -7+= 0. ®

Ecnn ypaBHeHua (1) nsobpaxalwT O0OHY N Ty XXe MNpAMYIO,
TO OOQHM U Te Xe KoopAuHaTbl X, Y YA0B/eTBOPAKT KaK ypaBs-
HeHuto (4), Tak U BTOpOMY ypaBHeHWOo cuctembl (1). MoaTomy,
ec/in BbluTEM U3 ypaBHeHus (4) BTopoe ypaBHeHue (1), To no-
nyaum CJt — C2— 0, wm Cx= C2< wwm xe CXICr—t.
ConoctaBnsasa 310 ¢ (3), HaxoAum

AJAt= BYBr= cC,/C2

OTO M ecTb Yyc/ioBMe coBMafeHUa ABYX MNpAMbIX, KOTopoe
roBopuT HaM 0 TOM, 4YTO KO3pPULUMEHTbI coBnagawuwmx npsa-
MbIX TPOMOPLMOHasIbHbI, T. €. 04HO YypaBHEHWe TMosiyvyaeTcs
U3 BTOPOro nyTeM YMHOXEHWA Ha HEeKOTOpoe MOoCTOsAHHOe
ymncno (uucno td 0).

Mpunmep. Tlpamble

2x — Ty + 1= 0, 10x— 35y + 5= 0
coBnagarwdT, TaK KakK MMeeT MeCTO paBeHCTBO
2/t0 = -7/-35 = 1/5.

3pecb rnepBoe ypaBHeHMe MoJslyyaeTcs U3 BTOPOro YMHOXe-
HMEM Ha MnocTossHHoe u4ucno t = 1/5,

§ 8. lNepeceuyeHre MpsAMbIX

Touka nepece4yeHnsa nMnpaAMbIX
AX + Bry + Ci — 0, A+ Bry+ Ct=0 )

ecTb o6uwias Touyka o060oux npsimbix. OHa, cneaoBaTesibHO,
OOJIXXHA O4HOBPEMEHHO YA0BMETBOPSATb YpaBHEHUSAM 06enx
npaAMbIX, T, e. cucteme (1).

O6paTHO! ecnn Touka ypoBneTBopseT cucteme (1), To Tem
caMbIiM OHa YA0B/1E€TBOPSAET KaXA0MY YpaBHEHUIO CUCTeMbl
B O0TAeNbHOCTW. CnrepoBaTesibHO, OHa JIOKUT Ma KaxAomi u3
OaHHbIX NpAMbIX, T. €. fABMSETCA TOYKOMA UX NepeceyeHus.

MTaK, KOOpAMHATbl TOUKN MNepeceyeHUss 06enx MpsMbIX Mo-
Ny4yakTca COBMECTHbIM pelieHneM ypaBHeHUA (1) aTux nps-
MbIX.
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OAHako cneayeT MOMHUTbL, 4YTO MepeceKalTcss B oAHOMA
TOUKE TONbKO HenapasifiesibHble MpsiMble, T. €. NpAMble, A5
KOTOpbIX

AJAt He pauHo BXIBr.

Mpumep 1. HalAagem To4Ky nepecedyeHUs MPSAMbIX
X—2y —1= 0, 2x +y - 2= 0. (7))

3pecb 1/2 He paBHO —2/1, cnepoBaTesibHO, MpsiMble MNepece-
KaloTcs N ogHOUA Touke. O pasbickaHUsA KoopAuHaT (5; V)

9TOA TOUKM pellaeM YypaBHEHMs (2) COBMECTHO. YMHoOXas
BTOpOe Ha 2 W CK/aabiBas C MepBbIM, MOAYUYUM
X—2y—1=0
+ 4%+ 2y- 4-0

5i —5=0, X 5.

[anee, 13 BTOPOro ypaBHEHWUSA MOJSTyYUM
y=2—2x= 2— 10= -8.
MTak, npAmMble nepeckawTca B To4dée (5; —8),
Mpumep 2, lMpamble
2X+y—2=0, 4d4a+ 2y -f1=20

napasnesnibHbl, HO He coBMagawT BBMAY TOro, 4to 2/4 = 1/2,
HO He paBHO —2/1. Toyek MmepecevyeHUs, crefoBaTesIbHO, HET.

Mpumep 3, lMNpamble
2X —y+ 2=0, AXxX—2y + 4 =0

canBakoTCA B 0AHY BBUAY TOro, 4To
2/4= -1/—2= 2/4.
MOXHO0 cKasaTb, 4YTO 3TU MNpsAMble UMEKT 6ecuncneHHoe

MHOXeCTBO TO4YEeK TrepecevyeHNd, TaK KaK BCe TO4UKU 06eunx
npAMbIX ABNAKTCA O6U_I|I/IMI/I,

§ 9. PaccTosiHMe 0T TOYKM A0 MpAMOLA

a. Halipgem pacctosiHue d oT Touku M (ix yX) Ao npsmoB
Ax + By + C = 0.

MN3BecTHO, 4TOo PacCTOSAHMEM OT TOYKM A0 MPSMOIA Hasbl-
BaeTCs ANMHA MneprneHAMKynapa, OMyLWEeHHOro M3 TOoYKM Ha
npsmyto. MycTb M (X; Y) — OoCHOBaHMe 3TOro nepneHanKyns-

pa. Torga anuHa BekTopa MM X wn 6yaget MCKOMbIM paccTosi-
HueM,
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PaccmMoTpuM CcKasfispHoe rMpousBefeHne HanpasB/saoLero
BekTopa PQ u Bektopa MMX (puc, 54),

Tak Kak 3TW BEeKTOpbl MapasisiesibHbl, TO, CMOTPS MO TOMY,
6yAyT /M OHW HamnpaBfieHbl B O4HY WM e B NMPOTUBOMOJI0XK-
Hble CTOPOHbI (YTO TOXE MOXeT C/lyUUTbCs), UX CKasapHoe

npoussegeHne 6yaetr rd cos 0Q= rd

y" wam xe rdcos 180° = —rd.
4 v 1/ C [Opyroii CcTOpOHbI, TO >e camoe
\C  MAX)Y) Xanisiprioe npou3BeAeHue paBHO CyM-
Me npou3BedeHUA npoekumii A n B

BekTopa PQ Ha cooTBeTcTBylOLWME Mpo-
eKUum XX— X n yx—y Bektopa MMwu
\"4 T. €.

Puc 54 +MC? = A ~ + ~ =
me = AxXX+ I§>§x+ )Q—FAX+B§/,)+ 0.
Ho Tak Kak Touka M (X; Y) /IeXUT Ha Haweid HPpsiMo” To
AX 4- By + C = Qj
n noTomy
rd — Axx4- Byx4- C.

OTcioda, 3amedas, uto r= ~A1l4- Br, u nomHsa, uto d\
KaK paccTosHWe” [0/1KHO 6bITb MOSIOKUTENbHbIM, UMEEM

i 1A% 4-Byi + C I

b. B uacTHocTu paccTossHMe d oT Hadyana KoopAuHaT [0
npsamMoii
AX 4- By cC=20
nonyymm, ecnu BosbMem M X (0; 0).
bypem unmeTb

- -dal__.
V A+ M
c, Mpumepsbl, PaccTtoaHme ot Toukm (1, 2) po npsa-
MoLA
3X— 4. —10= 0
6yneT
j 13-1 — 4-2_ 10 15 0
/34T T» “ 5 - d

PaccTossHMe OT Hauyasa KoopAuHaT A0 MpsIMOiA
Bx 4* 12y 4-26 = 0
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o6yneT
6] = 26
/52 + 12~ '3

= 2

§ 10. OpyrothA noaxon K BbiBOAY YPaBHEHUSA MpsSMOLA

a. K BbIBoAY YpaBHEHUS MpsIMOLA MOXHO MOAOATU He-
CKOJ/IbKO MWHaye, a WMEeHHO, 3ajaBas Harnpas/ISIOWMNIA BeKTOp
He nMepneHAMKYNSApPHO NPsSMOIA, a napasi/lesibHO el

MycTb AaHa Touka MX(sr; yX) m BekTop ¢ npoekuusamu |
n T, NapasinenbHbIA OAaHHOIA NPSIMOLA.

3TOoT BeKTOop OyAdemM TakXe HasblBaTb Harnpas/isloWUM.
B uyacTHOCTU, OH MOXeT HaxoAUTbCA Ha camMoli npsmoii. Ha
puc. 55 3TOT BEKTOp JIeXUT
WMEHHO Ha TOMA MpsSIMOiA, KOTO- Hx;y)
pyto OH A0/KeH HanpaBATb. TXr’yr)
Bo3bMeM Ha NpsAMoiANpon3BoSib-

Hyto Touky M KR\Yy). I'me 6bl

9Ta TOYKa Ha MPAMOIA HU Haxo-

novnack, Bektop M{M  6ygeT

napasinienieihn  HanpasfwoLWemMy

BEKTOPY (unnu OyAeT C HUM Puc. 55
coBMagaTb). Mo3aToMy NpoeKLnmn

@ — XXun Yy — YyXaToro BekTopa 6yAyT Bcerga nponopLuoHasb-
Hbl npoekuusim | M T HanpaBnsUWero BeKTopa.

CnepoBaTesibHO, 6yAeM WMETb YypaBHeHUe

X — XX y—wvi
| T (1

KOTOpoe 6yaeT BbINO/HATBLCA A8 JIO60A TOYKM, JieXawei Ha
npUMoOIA, U He 6yAeT BbIMOMHATBLCA AN TOYeK, Ha HelA He Jle-
xawmx. Takmm o6pa3om, MNoslyvyeHHoe paBeHCTBO (1) ecTb uc-
KOMOe YypaBHeHMe MpPAMOIA.

b. YpaBHeHUe (1)' MOXHO MNpeAcTaBUTb TaKXe B Takom
Buae:

Y— yi — —j—{x— *i).
HeTpyaHo BuAeTb, 4TO
mil tg a,
rge a ecTb Yrosal Hak/sioHa MpsMoiA NMHMKM K ocu abcuymcce, TaH

yto T/l paBHO yrnosomy KO3hhULMEHTY MPAMOIAT KOTOPbIiA
Mbl paHee Yyc/10BUMIMCb 0603Ha4vaT}. 4yepe3d K.

73



CnepoBaTesnibHO, ypaBHeHue (1) MOXHO HanucaTb B Bue
Y— IN— KX — xX. 2

dTa ¢opma ypaBHEHUs HasblBaeTcsa YpaBHEHMEM MpPsSMOIA,,
npoxogslleii 4epe3 3afaHHYH TOYKY, C 33[aHHbIM YI/I0BbM
KO3(h(hULIMEHTOM.

c. Ecnn mbl Touky M, (Xx YX) 6ydem cumTaTb HEMNOABUXK-
HOIA, a YrsioBOM KO3D(pUUMEHT K nepeMeHHbIM, TO nawa nps-
Mas OyneT BpawaTbcA BOKpYyr Toukn M.

Ecnn K npo6exuT Bce 4UC/IOBble 3Ha4YeHUs 0T —00 A0
+ 30, TO Hawa npsimMas caenaeT MNo/HbIA 060p0T BOKPYF TOY-
kn MX

Takum o6pa3omMm, npu MNpou3BOSIbHOM K YypaBHeHue (2)
BblpaXkaeT /106y MNpaAMYy* npoxoasuwyt 4epes Touky Mt
(kpome npsIMOIA, Mapasl/lefibHOA OCU OpAMHAT; ee ypaBHeHUue
£ = Xj). MoaToMy npu Npou3BO/IbHOM K ypaBHeHue (2) HoCUT
Ha3BaHue

«ypaBHeHMEe nMy4yKa MpsAMbIX C LEeHTpoM B Touke M X (XXN/)».

Ecnn uucny K 3agaTb YMCMI0BOE 3HauyeHWe, TO Mbl M3 My4ka
BbIXBaTbIBaeM Ty MPSIMYH* Yr/0BOMA KO3((HULMEHT KOTOPOIA
paBeH [OaHHOMY 4ucny.

§ 11. Mpamas, npoxoAswiaa 4yepes [Be TOYKMU

Kak n3BecTHO, Npsamas BMosiHe onpeaenseTcs ABYMS CBOU-
MU Toukamu. MoaTomy ec/inm 3agaTb aAee ee Toukn M X (OONYX)
n JV 2 (X2 yr), To npamas BrosiHe onpegeneHa (cMm. puc. 55).
HeTpyaHO MOHATL, 4To BekTop M XM 2 MOXXHO MpUHATL Ba
HanpaB/IAWWMNIA ONS AaHHOWA npaAMoia. Torpga 6ygem  MMeETb

l= X2—xn T = y2— yv

MoacTaBnss aTn BblpaXeHUs B ypaBHeHMe (1)* rmoslyymm ypas-
HeHue
«—* _y—W
Xi— Xi yr— vyi f
KOTOpoe Ha3blBaeTca  YpaBHEHVMEM  TMPSMOIA,  MPOXOOSLLEIA
yepe3 Ope TOYKW.
Mpnmep 1. HanwucaTb ypaBHeHMe NpsAMOLA, npoxoas-
weih uvepe3 Toukun MX(lj 3) n Mr (—2j 5).
MpumeHasa ypaBHeHue (1), nonyymm

= n = 2x-2= _3y + 9.

2x + 3y— 11= 0.
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Mpunmep 2. HanucaTb ypaBHeHWe npsmMoia, npoxoas”
weid yepes Toukn MX(2; 1) n M2(4; 1).
MocTynaa, kKak B npeablaywemMm rnpumMmepe, Moayymm
T—2 y— 1 X— 2 y—1
4—2= 1—-1" ~ —- =0 .

MocnegHMiA pesynibTaT KaXeTcs HenenbiM, TakK KakK Ha
HY/lb AefINTb Hesb3f, TeM He MeHee 3[eCb Mbl MMEeeM BepHbIIA
pesynbTart.

[elAcTBUTENbHO, €Cc/IN Mbl 06paTUM BHMMaHWe Ha opAuHa-
Tbl JaHHbIX TO4YeK, TO cpa3y coobpasum, 4TO Hawa npamas
napansiesibHa ocu abcuuce, Tak KakK opAuHaTbl 060MX To4dek
panHbl. A ecnu TakK, TO U Yy BCexX APYruMx ToYeK 3TOM NpsMOiA
HesaBMCUMO OT uX abcuyucc opavnaTbl paBHbl. CrepoBaTesib-
HO, ypaBHeHue npsamobi 6ygeT nmetb Byay = 1, vy — 1 =
= 0. OgHaKo TO e camoe Mbl Mosly4Ynum, yrnpocTuB mnocsegHee
nosy4yeHHoe YypaBHEHME:

(1 —20= 2@y —1, y—1= 0.

§ 12. YpaBHeHMe MpsaMoOiA B OTpe3Kax Ha 0CAX

a. B npepblaywem naparpage Mbl NOAYyYU/IM ypaBHeHUe
npsiMmoi, npoxoAsileii 4epes f[Be AaHHble TOYKMU.

OCo06eHHO WHTepecHblA BUA NOMYYUTCS A1 YpaBHEHUs
npsmMoiA, ecnim 3TM TOUYKM [AaHbl Ha KOOPAWHATHBLIX 0CSX.
MycTb MMeeM Takue aBe Touku: My (a; 0), M2(0; b). Toraga

X— a y—0 X — a y
Mbl  MO/IYYUM = o* uim -UT = T" e °MYfla
xb —ab — —ay, xb + ay = ab.

Wnwn, paspenvs o6e uyacTu ypaBHeHus Ha ab, okoHuaTesnbHO
nony4nm

Yncna a n bcyTb He 4TO MHOE, KaK BeSINYMHbI 0TPE3KOB,
KOTOpble NMpsAMas 0TceKaeT Ha KOOpPAWHATHbIX ocsix. MoaTomy
ypaBHeHue (1) HasbiBaeTca YPaBHEHWEM MPSMOIA B O0Tpe3Kax
Ha ocaX.

b. Ecnu ypaBneHue npsMOLA 3afaHo B 00Wetd Gopme

AXx + By + C =0

M Ham 6bl1I0 6bl XXenaTesibHO ero MMeTb B opmMe € oTpe3kamu
Ha 0CSIX, TO Mbl MOXEM MpPOCTO HaATM BeJINUMHbI 3TUX OTpes-
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KOB TakK, KakK 3T0 yKa3aHO B NyHKTe e § 5, a 3aTem noacTta-
BUTb B ypaBHeHue (1) § 10.
Mpunmep. TllpuBecTn ypaBHeEHUe

2x — 3y —5=0

K BMAY C O0Tpe3KaMu Ha ocsaX.
Haxoaum a u b. OueBuAaHoO,

a= 5/2, b= -5/3.
CnepoBaTeslbHO, WUCKOMOE YypaBHeHWe GyaeT

— 4- DY —= 1
». + ~ 53 .

§ 13. 3agmaunm Ha nNpAMYK JIMHUIO

la. HanucaTb ypaBHeHMe NpSAMOLA, Npoxoasuwein udepes
Touky M (1; —3), ecnu uM3BecTHO, 4YTO NeEpPrNeHAVKYNApPHbIA
K MpsMOLA HanpaBnswWMIA BEKTOp MMeeT npoekuum A = 2,
B =7 0OT1BeT: 2x + Ty + 19 = 0.

Ib. HanuncaTb ypaBHeHMe MpPsAMOIA, €c/in U3BECTHO, 4TO
OHa NpoXoAuUT 4Yepe3 Hadasl0 KoOOpAMHAT, a ee HanpasBfALWNIA
BEKTOp wumeeT npoekumn A = 0,1, B = —0,3, OTBeT:
X — by —0.

2a. HanwucaTb ypaBHeHMe TnMpAMOMA, npoxoAsweia u4epes
Touky M (0; 5), ecnu M3BeCcTHO, YTO MpoeKUUs HamnpaB/siio-
wero BeKTopa Ha ocb abcumcc B Tpy pasa bonblie ero Npoek-
uMm Ha ocb opguHaTt. OTBeT: bBXx + y — 5 = 0.

2b. HanwucaTb ypaBHeHWe MNpAMOIA, NpoxoAslletd u4epes
Touky M (1; 1), ecnu ee HanpaBAsWNIA BeKTOp sBASeTCA
GUCCEKTPMUCOMA  BTOpPOro  KoopauHaTHoro yrsa. OTBeT:
— X+ y=0.

3a. KakoBbl npoekuuu HanpasfifloWero BeKTopa And
npsamoii

8x — 15y — 1 =0

M KakoBa JAsiMHa 3Toro BekTopa? OTBeT', gnvHa BekTopa
paBHa 17.
3b. UYTo npom3oiAgeT ¢ HanpasBAWLWNM BEKTOPOM MPAMOLA

Ax + By + C =0,

ecsin 06e YacTU ypaBHEHUS YMHOXWUTb Ha Kakoe-s/1M60 noso-
XUTenbHoe uucno //? OTBET: HanpaBMAKOLWMUIA BEKTOP U3Me-
HUT cBoto AsiMHY B N pa3, HO HanpaB/ieHUe ero He U3MEeHUTCS.

4a. MpoBepuTb, nexnt sm Touka (5; 7) Ha npamoii
2X -y — 31 = 0. OTBET: Nexur,
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4b, Ha npamothi 16r — y + 1 =0 HalATU TO4YKY, Y KO-
TopoiA abcuymcca X — 1. OTBeT: (1) 17).

5a. HathiTm Ha npamoii X — 5y + 4 = 0 Takylw TOuUKY,
y KOTopoii abcumucca paBHa opguHaTte. OTBeT: (lj 1).

5b. Ha npamoian X —y — 81 =0 HalATU TakKyl TOUKY,
Yy KOTOpoi abcumcca B gecsTb pa3 6osiblwie opAamMHaThbl. Omeemi
(90; 9).

6a. Ha npamoiA X — 2y = 0 HalATU TOYKY, Yy KOTOpoMi
abcuucca Ha 4 6onblwe opauHaTbl. OTBET: (8; 4).

6b. Ha npamothi X — Ay — 6 = 0 HalATM TOUKY, Yy KOTO-
poii opguHaTa y — 5. OTBeT: (26; 5).

7a. Ha npsmoin 2X — 3y + 3 = 0 HalATU TOYKYy, paBHO-
yaaneHHyt oT Touek (1; 4) n (2; 1). OTBeT: (3; 3),

7b. Ha npamoiA 2X — y — 1 =0 HaATM TOYKY, paBHO-
oTcToAUWYO oT Todek (1; 1) u (4; 2). OTBeT: (2; 3),

Ma. MocTpouTb NpsiMble:

a—3=0; y —2A\ 2x -f 1 = 0j
Ay —8=0j 3/+ 10= 0; 13—y = 0.
8b. lMocTpouTb npsAMble:
X — 6y = 0; 2x+ Ty = 0; 2x + 3y = 0,

9a. Kakaa npamasa wumeeT ypaBHeHue X = 07?
9b. Kakas npamas mmeeT ypaBHeHue 6y = O0?
10a. lMocTpouTb nMpsaAMble:

X+ 2y —4=0; 2Xe+3y+5=0;, X—2y —7=0)
X —2y —8 = 0.
10b. TMocTponTb nNpsMble:
y=2X+ 3 y=3x—2 y= —X— 1
y+x=0;, y—x-=0.
1la. BbIYMCAWNTbL TaHreHC OCTPOro yrsa mMexay npaMbiMu
3X —2y + 1= 0, 2Xx-—+by — 2=0. OTBeT: tg 9 = 19/4.
lib. BbIUMCINTBL TaHreHC OCTPOro yrsia Mexay MnpsiMbiMu
X+y4 2=0, 2x—3y+ 1=0. OTBeT: tg 9= 5.
12a. HalATn ocTpbliti yron wmexay npaMbiMn 2X + Y +
+ 7=0, X+ 3y —4 = 0. OTBeT: 9 = 45°.
12b. HalATu ocTpblid yros mexay npsaMmbiMn y — X Y3 +
+ 9 =0, v+ aJA3 + 5 = 0. OTBeT: ¢ = 60°.
13a. lMpuBecTu K BUAY C Yr/0BbIM KO3DPULLMEHTOM ypaB-
HEHUS NpPSMbIX:
2X + 2y —1=0; 2X+ 3y + 9= 0} AX— 2y + 5 =0.
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13b. HatATu ocTpblia yron mexagy npsmbiMu X — 0, X 4
4 Y4 2=0. OTBeT: P = 45°.

14a. BblYMCANTL TaHreHC OCTPOro yrnaa mexay npaMmbiMuU
y=2x4 1, y= 3x 4 5 OTBeT: tg ¢ = 1/7.

14b. BblUMCANTB TaHreHC OCTPOro yrsia mexay npaMmbiMu

a+ b , 2b—a ,
Y =21 X+C Y= -nn+T x+ d'
OTBeT: tg ¢ = 3.
14c. BblUMCANTBL TAHFEeHC yrna Mmexay npambeiMmn 3x — 2y 4
+ 1=0, 2x 4 5/ — 2= 0. OTBeT: tg ¢ = —19/4.

15a. bByayT nu napannenbHbl NpaMble 5x — 9,5y 4 5=0,
-7,5* 4 1425y 4 1=07
15b. ByayT nu napannefibHbl nNpamble Y = 3x 4 bl

y = 3x 4 br
16a. byayT nu nepneHAUKYNsSPHbl NpsiMble

2x — Ty 4 6 = 0, 14x 4 4y 4 3 = 0?
16b. ByayT nn nepneHAVKYNSApHbI MpsAMble
y —4x 4 3,y = —0,25x 4 17?
17a. OaHbl npsAMble:
1) 2x— /47 = 0; 2) x—yild |l = 0
3) 3x —4y 4 1= 0; 4) 4x4 3~ —1= 0.

Kakue wn3 HUX napannenibHbl N Kakue rnepneHanKynsapHbl?
17b. Tloyemy cnenyeT cyYMTaTb, 4YTO MpsMble

AX4 By4 C=0, Ax—X)4 Bly—y)=0

napansiesibHbI?

17c. TMoyemy cnepyeT cyuTaTb, 4YTO MpsAMble

Ax4 By4 C=0, Bx—Xi)—A{y—ty=20
nepneHanKynapHbl?

18a. Yepes3 Touky (5; 2) npoBecTu MpsMyl napasisiesibHO
npamoiAi 3x — 2y 4 5 = 0. OTBeT: 3x — 2y — 11 = 0.

18b. HanwucaTb ypaBHeHWe nNpAMOM, npoxoAslein yepes
Touky (4j —1) napannenbHo npsmoidi 2x — 3y 4 1 = 0,
OTBeT: 2x — 3y — 11 = 0.

19a. Yepes3 TouKky (1; 2) npoBecTM NpsMyto nepneHOuKy-
NApHO npsiMoA 4x — y 4 2 = 0. OTBeT: x 4 4y — 9 = 0,

19b. Yepes Touky (1; 2) npoBecTn MpAMYI0 MNepneHOnKy-
nspHo npamoiA 2x 4 4y — 1 = 0. OTBeT: 2Xx —y — 0.

20a. Yepes Touky (1; 3) npoBecTn MpsAMYI napassiesibHoO
npaMoiAi y —2x 4 7. OTBeET: y = 2x 41.
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20b. Yepes Touky (3; —1) npoBecTn NpAMYI0 nepneHaun-
Ky/fiipHO npsmoiA y = 3x — 1. OTBeT: y— —X/3.

2la. Yepe3 Touky (2} —1) nmpoBecTM NpPSAMYI Mog Yrsiom
45° Kk npsamoiA X — 2y — 1 = 0. OTBeT: 3Xx —y — 1 = 0.

21b. Yepes Touky (lj 2) npoBecTn npsamyw nog yrnom 45°
K npamoiA Yy = X + 3. OTBeT: X — 1 =0.

22a. Yepes Touky (1) 2) npoBecTU NPAMYIO, HAK/IOHEHHYIO
K npaMoii 3X — 2y + 6 = 0 nop yrJjiom, TaHFeHC KOTOporo
paBeH 5. OTBeT: X + y — 3 = 0.

, 22b. Yepes3 Touky (3; —4) NpoBecTU NpSAMYH, HaKJIOHEH-
Hyl K npsMoid Y = —2X -f 1 nog yrsiomM, TaHFeHC KOTOporo
paBeH 2. OTBeT: 7y — X + 31 = 0.

23a. CosnapgatoT v npamble 0,251 + 0,875y — 0,125 =
= 0, X+ 35y —0,5= 0? OTBeT: coBnagawT,

23b. CosBnapgatoT M npamble 7X — 35y + 42 = 0,
3a. — 15y + 17=0? OTBeT: He coBMagawoT.

24a. HalATn Touky nepeceyeHUs nNpaAMbIX 2a: — 3y + 1 =
= 0, 720 + by — 12 = 0. OTvBeT: (1; 1).

24b. HalATU TOuKy nMepeceyeHUss npsambix ax -f by = 1,
arx — bry = a. OTBeT: (1/a; 0).
25a. MepecekawTca am npamble AX + By + C, = 0,

Ax + By + C2= 0, (2 ® C,? Ecnum HeT, To noyemy?

25b. MOXHO N cKasaTb, 4YTO coBMagarLime npamble rnepe-
cekawTca? Ecnu pa, TO CKO/IbKO TOYEK rMepecevyeHus WUMelT
coBnajawwme npsamble?

26a. HalaTnm KoopauHaTbl BepLIWH TpPeyrosibHUKa, ecnu
CTOPOHbI 3afaHbl ypaBHeHuUsMn X — 2y + 3 = 0, 2a — Yy —
— 3 =0, j +y- 3=0. 0TBeT: (1; 2), (2; 1, (3; 3.

26b. HaliTu BeplVHbI TpeyrosibHWKa, ec/iu ero cToponbl
BafaHbl ypaBHeHusMmn 22 — 1= 0,2y — 1 = 0, X + y = 0.
OoTBeT: (1/2; 1/2), (1/2; -1/2), (-1/2; 1/2).

27a. Yepe3 To4uKy nepeceyeHusa NpaAmbIX X —y + 1 =0,
X + Yy — 0 npoBecTu nNpAMYyl0 napasisieslbHO MpsAMoiA X +
+ 2y + 3= 0. OrBeT: 2X + 41/ — 1 = 0.

27b. Yepe3 TOUKy nepeceyeHUsa NpAMbIX X —Y + 1 =0,
X + y = 0 npoBectu MNApAMYH MepneHAUKYIAPHO NPAMOLA
X+ 2y + 3= 0. OTBeTs 4a — 2y + 3 = 0.

28a. HanucaTb ypaBHeHWe BbICOTbl TpeyrosibHuWKa, obpa-
30BaHHOro nApambiMmu X +y —1= 0, X—y + 1= 0,
a+ 2y + 5= 0, ec;im U3BECTHO, 4YTO BbICOTa OMylleHa U3
TOUKU rMepecevyeHUs TMepBblX [ABYX MpPAMbIX Ma TPeTblo.
OTtBeT: 2x —y + 1 = 0.

28b. Yepe3 ToOuKy nepecedyeHua npsAMbIXx X —Yy = 0,
X + Yy + 1= 0 npoBecTn npAMyl napansesibHO NpPAMOLA
2x + 3» — C = 0. OTBeT: 4x + 6/ + 5= 0.
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29. Yepe3 TOUKYy MepecevyeHus npsambiXx Y = 2X — 1,
3X — 2y =f 0 npoBecTW NpsMy MNepneHANKYAPHO MpsAMOIA
6 — 7 = 0. OTBeT: Yy — 3 = 0.

30a, Hatatm pacctoaHme oT Touku (1; 1) pgo npsmoia
33, — Ky + 6 = 0. OTrBeT: d= 1.

30b. [Aoka3aTb, YTO pacCToOAHMA OT Touku (2;.1) Ao nps-
Mbix 3a; — 4#+ 8= 0 n 5a — 12y + 28 = 0 04AMHAKOBbI
(paBHbI  2).

3la. [JokasaTb, 4TO paccTosHME MexXay ABYMSA Napasisienb-

HbiMM MipsMmbiMn A'X + By + Cx= 0, AX + By + Co— 0“
IC 1mC |

BblpaxkaeTca Gopmynoii L —

31b. HaiaTnm paccTossHUe Mexay napassiefibHbIMU MPSMbl-
Mn 5x + 12y — 12 = 0, 5*+ 12y + 1= 0. OTBeT: L — 1.

31c. HatAiTu paccTosaHue Mexay napasiiefsibHbIMU Nps-
MbiMn 8* — 15/ + 14 = 0, 8X — 15/ — 20 = 0. OTBeT3
L= 2

32a. HanwucaTb ypaBHeHWe nNpAMOM, napasisiesibHoOMA nps-
MbiM 232 — 3y + 7 = 0 un 2a — 3y + 5 = 0 n npoxogsweii
nocepegnHe wmexay Humu. OTBeT: 2Xx — 3y + 6 = 0.

32b. HanwucaTb YypaBHeHWe NPAMOIA, NapansiesibHOM Nps-

MbiM  4r — 3y + 16 = 0, —3y + 7= 0 un pgensaweri
paccTosiHMe MeXAy HUMM B OTHoweHuu 2 : 1 B HanpaB/ieHUn
0T nepBoi NpsiMoiA Ko BTopotd. OTBeT: 4a: — 3y + 10 = 0.

32c. lNpoBecTn nNpaMylo napassiesibHO MpPAMbIM
X—2y+6=0 2a—Ay+ 9=0,

pacrnosioXKeHHY MeXAy HUMKU Tak, 4Tobbl paccTosiHMe ee A0
nepBoi1 npsAMoiA 6biy1I0 B ABa pa3a 6osiblie paccToAHMSA A0
BTOpoiA npsmoiA. OTBeT: X — 2y + 5 = 0.

33. lMpocneAnTb 3a TeM, KakoA 3HaK WMeeT BblpaXxeHue

/ (X, y) = AX + By + C

LA passiInyHbIX TOYeK MJ1I0CKOCTU:

a) Ona Touek, nexawux Bbiwe npamoti AX + By +
+ C= 0. OrBeT: + npu B> 0, — npn B < 0.

b) Onsa Touek, fiexauwmx Huxe aTold npamoii. OTBeT: —
npu B> 0, + npu B< 0.

c) Ana Touek, Jlexawmx crnpaBa OT 3TOMA NpPSAMOIA.

OTtBeT: + npu A > 0, —npu A< 0.

.d) Onsa Todek, nexawux cfeBa 0T 3TOMA  NpSAMOIA.
OoTBeT: —npu A > 0, + npu A< O.

e) Ans Toyek, nexawmx Mo Ty Xe CTOPOHY OT MpSIMOIA,
yTo W Havano koopauHat. OTBeT: + npu C > 0, — npu
C< o.
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f) Ana Todek, nexawmnx no ApYyryw CTOPOHY OT Havasna
KOOpAWHAT OTHOCMTENIbHO 3ToiA npsimotd. OTBET,: — npwu
C> 0, + npnu C< 0.

34a. Y3HaTb, NeXuT A Todka (1; 2) HUWE wnu HUXe
npamoii x + y — 2 = 0. OTBeT: Bblle.

34b. To xe pna Touku (1; 3) OTHOCUTESILHO MNpsAMOIA
4x — 2y + 1 = 0. OTBeT: Bbllle.

34c. NexnT nnm Touka (3; 7) cnpaBa wanm cnena oT nps-
Moli 4x — 5y + 9 = 0? OTBeT: cnesa.

35a. NlexaT nun Touka (1] 1) v Havano KoopaMHAT MO OAHY
CTOPOHY WAM NO pa3Hble CTOPOHbl OTHOCUTE/IBHO MPUMOLA
X — by + 4 = 0? OTBET: No oAHY CTOPOHY.

35b. JlexaT fm Toukn (t; 2) n (3j 4) uo ogHy man no pas-
Hble CTOPOHbI OT npAMoOiA X + 2y — 0 = 07? OTBeT: no
pasHble CTOPOHbI.

36. [okaszaTb, UTO To4Ka (2; 2) HaxoAUTCA BHYTpU Tpe-
YrosibHUKa, 3aaHHOr0 YpaBHEHUSIMU CTOPOH z + 2y — 5 =
=0 X—2y+3=0, 3Xx—2y —7 = 0.

37a. [OokasaTb, 4TO ecnu fJdaHbl npsamble AX + By +
+ C, - 0 m Aox+ Bry + Cr= 0, 1o ypaBHeHuUsa o6eunx
BUCCEKTPUC ABYX CMEXHbIX YrfioB, 06pa3oBaHHbIX 3TUMU Nps-
MbIMK, 6yayT

ANX - Hy +C Aix 4>y CJ|

Va +A Y4 +1

37b. HanucaTb ypaBHeHUe OGUCCEKTPUCbI TOro yrsia mMex-
ay npambimm AX — 3y + 3 = 0, 3a — ky + 2 = 0, B Ko-
Topom niexuT Touka (lj 2). OTBeT: 1IXx — Ty + 5 = 0.

38. Yepes Touky (1; 1) npoBecTn NpUMYIO, paBHOyAaseH-
Hyl oT Touek (6; 1) n (2( 5) » NPoOXoAsALWY MeXAy HUMU,
OTtBeT: 2x — 3y 4-1 = 0.

39a. BbiBecTu hopmyny AN8 BbIYUC/IEHUA paccTOAHUA OT
TOYKM A0 NPAMOIA, UCXO0OSA U3 TeX CO06paKeHWIA, 4YTO YABOEH-
Has nJsiowaab TpeyronbHnka M [M21/3, BepwiMHaMn KOTOpPOro
cnyxaTt Toukn M rwn JV 3 nepeceveHns NpsiMoLA ¢ OCAMWU U [AaH-
Hass Touka M 1( BbipakaeTca NpouM3BeAEeHUEM MCKOMOFO0 pac-
cToAHUSA Ha annHy MM a '

39b. [oka3aTb, 4YTO paccToAHME P OT Hayasla KoopAuHaT

A0 NpsaMoA —- - —jj-= 1 BblpaxaeTcs ¢opMmysioia

P JIEiTe

-Lr-n:'

—7="
Yy



40. HanucaTb ypapHeHue nMpsAMOIA, nMpoxoasaueil 4depes
Touky (1; —1) n oTcToswein oT To4ukM (4; 0) Ha paccTosaHue 1.
OTBeT: pgBe npsimble Y + 1 = 0, 3x — 4y — 7=0.

41. Yepes Touky (1; 0) mpoHecTM MpAMYI, APOXOAALLYIO
Hag Toukoi (10; 3) Ha paccTosHUUM 3 eguHUL, OT MOC/IeAHElA.
OTBeT: 'mX— Ay — 3 = 0.

42. HanucaTb ypaBHeHWe MpsMOiA, NapasifiesibHOM Npsmoia

3. —Ay+ 5=0

a OTCTosAWe 0T Hee Ha paccTosHue 2 eauuHuy. OTBeT: naBe
npamble 3x — Ay 4~ 15 = 0, 3a — 4y — 5=0.

43a. HaiaTn oTpaxeHue Touku (1; 8) oTHOCUTEsIbHO MNps-
MoiA 3x — Ay +~4 = 0, kak B 3epkane. OTBeT: (7, 0).
YkKka3zaHue. OTpakKeHMEM TOYKM M oTHOCMTENIbHO Mpsi-
MoiA PJIP HasbiBaeTcs Touka M It nexauias Ha npogosixkeHUN
nepneHAMKynsApa, ONYLWEHHOro Ha npsaMyk U3 Toukm J1/,
npuyemMm npamas Aenut pacctosHue mexay M un M X nononam.

43b. HaiaTn oTpaxeHue To4kM (3; 3) OTHOCUTEsSIbHO Mpsa‘-
MoA 3y — 2x = 16. OTBeT: (—1; 9).

44a. HanwucaTb ypaBHEHUA CTOPOH TpeyrosibHWKa C Bep-
wuHamu (1; —1), (2; 0), (5; 1). OTBeT: X —y —2=0,
X —2y —3=0, X 3/ - 2= 0.

44b. HanucaTb YypaBHEHWUSA CTOPOH TpeyrosibHUKa, 3a-
haHHoro BepwuHamu (1; 3), (2; 4), (—1; 2). OTBeT:
X —y {m2 =10 2x —3/4-8=0, x —2y + 5= 0.

45a. [MpoBecTun nNpsamyto 4yepe3d TouKy (1; 2) U yepe3 TOUKY
nepeceveHns npsmbix 3x —y 4-1= 0, x— 2y + 5 = 0,
OTBeT: 7x + Yy —9=0.

45b. lMpoBecTu nMpaMyto 4vepe3 Touky (1; 1)U TouKy nepe-
ceyeHMs npsAMbIX X — Y. + 1 =0, x + ¥ = 0. OTBeT:
X —3y + 2= 0.

45c. Yepe3 TO4UKY nepecevyeHuMa nNpambIX X — Yy = 0,
X — Ay + 1 =0 wupoBecTn NpsAMyl Tak, 4ToObl ee Haydasb-
Has opauHaTa (0Tpe3oK Ha O0CWM opAuHAaT) paBHANacb 1,
OTtBeT: 2x + y — 1 = 0.

46. [OaHbl BepwWHbI TpeyrosbHuka MX (1; 2), Mr (2; 3),
M 3(3; 1). HanucaTb ypaBMneHue BbICOTbl, ONYLIEHHOM ©3
Toukn JI/j. OTBeT: X — 2y — 3 = 0.

47. HaliTu nnowadb TpeyrosibHMKa Mo KoopaumHaTam ero
BepwiH M X (OXNY/). JV2 (x2; ¥, M 3 (x3; ¥y, Bbluncnsa aniv-
HY CTOPOHbI M OMNYLLEHHOr0 Ha Hee NeprneHaukynspa. OTBeT}

S = + — %) (/B— yi)— (27— yi)(xs— *i)] .



48a. lMpuBecTn K BMAY B 0Tpe3Kax Ha 0CAX ypaBHeHue
2x — by — 15 =0 wun nocTpouTh 3Ty npsmyt. OTBeT,3

n —_ 1
48b. lNpmBecTn K BMAY B 0Tpe3Kax Ha 0cCAX, a 3aTem
nocTpoUTb MpsMble:
6x + By — 30 = 0, 2x + 3y + 6 = O,
y —4x + 8, 3x — Ay — 60 = O,
49. OTpe3ku, oOTceKaemble MpsAMOIA Ha o0cAX, CyTb a =
= —2, b= 1. HanwucaTb ypaBHeHMe npsMoOiA B dopme
¢ yrnéebiMm koaduumeHtom. OTBET: y— — X 4-1.

50. HanucaTb ypaBHeHMe NpsAMOLA B hopme B OTpe3Kax Ha
0CAX, €ecnM [aHo, 4TO OHa Hak/sioHeHa K ocu abcuyucc nog,
yrnom 45° n oTcekaeT Ha 0OCU OpAMHAT 0Tpe3oK AvHoia 1,

OTtBeT: — H -]-= 1

5la. Yepe3 Touky (2; 1) npoBecTM NpsAMYK TakK, 4TOObI
OHa oOTceKasla 0T MepBOro KOOPAMHATHOro Yyrna nsowagb,
paBHyto 4. OTBeT: x 4*2(/ — 4 = 0.

51b. HanwucaTb ypaBHeHWe nMpsAMOiA, NapasisieNibHOMA nps-
MOMA 2X + By— 1 = 0 v oTceKalleid 0T NepBOro KoopauMHaT-
HOro yrjia nnowaab, paBHyt 5. OTBeT: 2x + by — 10 = 0.

52. [AaHbl ypaBHeHUs1 CTOpOH TpeyronbHuka MIM 2V B
MMDPDx4-6y - 5= 0, (MIM)Xx+y- 5= 0, (MAM1t)2x -
— 3y —5= 0.

a) Halitv BepwuHbl. OTBeT: N/, (—Ij 1), Mr (5; 0),
A*3 (2; 3).

b) Haitu ueHTp Mmacc. OTBeT: (2; 4/3).

c) HaitTn ypaBHeHus meauaH. OTBeT: X — 9y 4- 10 = O,
4x -f 9y — 20 = 0, x — 2 = 0.
d) Haitm ypaBHeHus BbicoT. OTBeT: X — VY 4- 2 = 0,

3x 4-2y — 15 - 0, 6x — y — 9 = 0.

e) HaiTm npsmblie, npoxoAsuMe 4yepe3 BepLIMHbI Mapas-
nenbHo cTopoHam. OTBeT: X + Yy —0, 2x — 3y — 10 = 0,
X 4* 6y — 20 = O.

f) Bblucnutb nepumeTp. OTBET: nepumeTp paBeH
/37 4- /18 4- /13.

g) BblumcnnTtb AvHbl pbicoT. OTBET: = 5//2, ht =
= 15//TT, h3= 15//37.

h) BbluncnuTb nsowanb 3Toro TpeyrosibHUka. OTBeT:
‘15/2.
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K) HaiATy ueHTp m pagaumyc onucaHHoro kpyra. OTBeT
ueHTp (19/10}y —1/10), R = »~ 9,62.

1) BblUMCANUTbL TaHreHCbl YrsioB 3TOro TpeyrosibHUKa.
OTBeT: tg Mx = 15/16, tg M2= 5/7tg/_ M3= —5.

53. CBeTOBOM Ny4, nmagas u3 Touknm (—3- 4) n oTpaxaschb
oT npamoin Yy — X — 0, npoxoAnT 3aTem u4epe3 Touky (—2;
5). HanucaTb ypaBHeHWe fy4ya Najawuwero n siyda OTpaxeH-
Horo. OTBeTy 3X + Ay — 7 = 0, 4*4-3y — 7 = 0.

54. [okasaTb, 4YTO B PpPaBHOCTOPOHHEM TpeyrosibHUKe
CyMMa pacCTOSSHWIA 0T /10604 BHYTPEHHEIA TOUYKW [0 CTOpPOH
NnocTosiHHa, a WMEeHHO paBHa CTOPOHe, YMHOXEHHO Ha
1+ /3

2

55. [AaHbl aBe Toukn MX(@) 2), M2(6; 3). Ha ocu abe-
uucc HaATM Touky M Tak, 4yTo6bl yron M XM M 26bin npsmMoiA.
(PewnTb: a) He MONb3YysCb ypaBHEHMEM MNpsAMOLA, b) Mosib-
3ydacb mm.) OTBeT: (4; 0).

56a. OcHoBaHVe paBHOGeApPEeHHOro TpeyrosibHMKa uMeeT
ypaBHeHne * + Ty — 21 = 0. OagHa wu3 O6GOKOBbIX CTOPOH
uveeT ypaBHeHuMe AX + 3y — 34 = 0. HalAiTm ypaBHeHUue
OpYroi1 60KOBOIA CTOPOHbI, €C/IN MHBECTHO, YTO OHa MpoxXoAuT
yepes Touky (8; 9). OTBeT: 3* — Ay + 12 = 0.

56b. [aHbl ypaBHeHUSA 6GO0KOBbIX CTOPOH paBHO6eApeHHO-
ro TpeyrosibHmka X —y — 3 = 0, X — Ty+ 3 —O0 u Tou-
kKa (1; 2) Ha ero ocHoBaHWM. HanwucaTb ypaBHeHWe OCHOBa-
Hua. OTBeT: X — 2y + 3 = 0.

57. HanucaTb ypaBHenue NpsAMoii, paBHOYAa/IeHHOM OT To-
yek MX(xX)i/i), I/ 2(x2; y2). OTBbIN: (X2— XX X 4- (Y2— yi)y +



Fnasa 5

MPOCTENWWE KPWBBLIE. MPEOBPA30BAHWNE
KOOPANHAT

§ 1. OKpysACHOCTb

a. B kauvecTBe cneaylouero npumepa OTbICKaHUS ypaB-
HEHUS TeoMeTPUUYECKO MecTa TOYEK Mbl PAaCCMOTPUM OKPY K-
HOocTb. OYEeBMAHO, OKPYXXHOCTb O6yaeT BMOJIHE oOMnpeAesieHa,
ecnn gaH ee ueHtp C (T; M) u paguyc a.

MycTb M K\ y) — kakasa-nun6o Touyka  MJ10CKOCTMU
(puc. 56); kBagpaT paccTosHMS oT Hee g0 ueHTpa C(T; N)
OKPY>XHOCTU BblpaXXaeTca BeIMUYNHOIA

xX—TY + [y —n)2

JTa Benun4unHa 6ygeT paBHa a2 (kBagpaTy paguyca),
ecsin ToukKA M NeXWUT Ha OKPYXHOCTU, OHa 6yAeT MeHblle
ar, ecnm Touyka M pacnonoxeHa
BHYTPU OKPY>XHOCTWU, N 6yaeT 60Nb-
we aV ecnin Todka M pacnonoxeHa
BHEe OKpPYXHOCTWU. Takum ob6pasom,
0N BCeX TOYEeK OKPYXHOCTU UMeeM
ypaBHeHMne

X—T)3+ (y—n)2= a2

Ana Touyek >Xe, He fiexauwnux Ha OoK-
PY>XHOCTW, OHO He 6yAeT BepHO.
Takum 06pa3om, 3TO ypaBHeHUe
M ecTb YpaBHEHME OKPY>XXHOCTMW.
Hanpumep, ypaBHEHWE OKpPYX-
HOCTU paguyca 3 ¢ LLeHTpoM B Touke (2; 4), n306paKeHHOM Ha
puc, 56, 6ygeT

xX- 22+ (y- 4)2= 9.
b. B u4acTHOCTM, ec/iM LEHTP OKPYXHOCTW coBnajaeT

C HayasioMm KoopauHaTt, To T = 0 u N = 0. YpaBHEeHMe OK-
PY>XXHOCTU MpUHMUMaeT Bua

4+ Y< =



3T0 ypaBHeHMEe MHOrAa Mosie3Ho MNpeacTaBUTb U B SBHOM
thopme:
Y —+ Ya2— x2

Hanuune pABYX 3HAKOB B MpaBoiA 4acTW YpaBHEHWUS roBO-
pUT 0 TOM, YTO KaxAoli abcuwmcce oTBe-
yaloT ABe ToUKU oKpy>XHocTtn Mrwum 1/,
Y KOTOpbIX OpAMHATbLI paBnbl Mo AJINHE,
rno MMeKT pas3/iInyHble 3HaKu. lMoaTomMy
LaHHasi OKPYXHOCTb CMMMeTpPUYHa 0T-
HOCUTE/IBHO OcK abcumcc.

1 Hanpumep, ypaBHEHME OKPYXXHO-
CTWU, Kn306paxxeHHOM Ha puc. 57 (a =
M = 2), 6ypget
Puc. 57. X2 + y2 — 4,

win B sBHOA opme Y= = /4 - xX 2

§ 2. dnnunc. TocTpoeHmne nocpeAcTBOM HUTI.
3aBMCUMOCTb MeXAy MosIyocsiMu U MosTy(oKYCHbIM
paccTosHuem

a. ANNVNCOM HasblBaeTCcsi reoMeTpuueckoe MeCcTo Touek,
ONA KaXA0A 13 KOTopbiX CymMma paccTOsSIHUIA A0 ABYX AaHHbIX
Touek FX 1 F2 HasbiBaeMmbix ero (POKycamu, ecTb BesinumHa
MoCcTOsIHHas.

MOCTOSSHHY CYMMY PpacCTOSHUIA 0603HauUMM udepe3 2a,
Tak 4TO0 Ans w6oid Toukmn M annunca wmmeem (puc. 58).

r,+ r2= 2a. (D

b. MocTpoeHMe anaunca MOXHO OCYLLeCTBUTb MNOCpeacT-
BOM HWUTU [OJ/IMHOMA 2a, 3aKpenseHHoM KoHuamMu B (oKycax,
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3auenmnB HUTb OCTPUEM KapaHpalla WU ABUras ero Tak, 4yTobbl
HUTb slee BpeMsi Gblsla B HATSHYTOM COCTOSIHUMU, Mbl 3aCTaBUM
0CTpUE BbIYEPTUTb 3JIJIUNIC.

[AelAcTBMUTENbHO, NpU JSIIO60M MOJIOKEHUW OCTPUSA KapaH-
falla cymMma paccTossHMIA ero Ao poKycoB paBHa AJIMHE HUTW,
T, e. 2a.

CepefMnHa paccToAaHMA Mexay ¢GoKycaMn HasbliBaeTcs
LLeHTPOM 3/V/IMMCa, TaK KaK 0THOCUTEsIbHO 3TOMA TOUKW 3/1IUNMC
CMMMeTpPUYEH.

OnuHa FXFrHasbiBaeTca POKYCHbIM pacCTOSAHMEM, 0603Ha-
YMM ero 4yepes 2c; a MOJZIOBUHA 3TOro pacCTOAHWUS HasbliBaeTcs
nosly(POKYCHMM pacCTOAHUEM, OHO paBHO C.

BecbMma y[06HO LEHTp as/umnca NpUHATbL 3a Hayano Koop-
OWHAaT, a 3a ocb abcuucc MPUHATHL MPSAMY, MNPOXOAALLYH
yepe3 dokycbl (Kak Ha puc. 58), Torga kKoopguHaTbl GOKYyCOB
oyayT FX(—c; 0), F2(c; 0).

Bcaknia oTpe3oK, COEAUHAWMIA ABe TOYKU 3/IMnca, ecan
OH MpoOXoAUT 4epe3 LEeHTp, HalblBaeTcs AMAMETPOM 3/UIMnca.
PaccmaTpuBas ¢opMy 3/i/iMnca, Mbl BUAMM, YTO HaMbONbLIUIA
anameTp npoxoauT 4epe3d dokycbl. 3ToT gunameTp AIJAT Ha-
3blBaeTcss OO/bLLOLA OCblO 3/ImMnca.

HeTpyaHO nokas3aTb, 4YTO AJ/IMHa 6o/bLUOIA ocu 3nnunca
paBHa 2a.

B camom pgene, ocCHOBHOe CBOMACTBO annwunca (1), cnpaesefj-
nvuBoe A1 BCEX €ro To4YeK, MPUMEHMMO, MeXay MNpouum, u
onst Touek AXun A2 ToaTtomy

F\2 4« F2A2 — 2a. 2)
Ho wn3 puc. 58 BuaHo, 4TO
F\A2 = OA2 -bc, F2A2 —0OA2— c.

Beuay atoro u3 paBeHcTBa (2) nonyyaem 20A2—2a wnnm
OAi = a. dAcHo, uto 1 AXD = a, Tak uTo

Ajia2 = 2a.

Uncno a HasbiBaeTcs OOMLLUOKA MOSYOChO. Mbl BUAUM Tak-
e, 4YTO HauMeHblUUIA AnamMeTp 3a/mnca neprneHanKynspeH
HanbosiblWeMy, ero HasbiBaldT MA/IOM OCbHO 3/1/IMMNca v 0603Ha-
yalT uvepes 26, Tak uTto BXB2 — 2b.

Yucno b HasbiBaeTcAa MaIOA nosyocbro. KoHubl oceid, T. e.
Toukn At, Ar, Bx Br, HasbiBaloTca BepLIMHaMW 3/u1Mnca.

O4yeBUOHO, OCHOBHOE CBOWMCTBO 3//1Mnca MNPUMEHUMMO U
ans sepwnH BXxun B2 MpumeHsas ero, HanpuMmep, K BeplinHe
B2 nonyuum FXB2+ FB2— 2a, a Tak Kak FXB2 — FB2
T0 2F"B2= 2a, wwm FB2= a.
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Mocne 3Toro M3 NpAMOYrosibHOro TpeyrosnbHuka OFVB2
HalileM ouyeHb BaXXHOE COOTHOLWIEHWEe MexAay MnoslyocsiMu W
noslyhoKYCHbIM paccToOAHMEM 3J1Innca:

b2+ ca= a2
Unu  xe
B= a2- c2

HeTpyAHO MOHATHL, YTO 3 /IIMMACLI MOFYT ObITb pa3/INYHOIA
(opMbl, MpuyeM Npu 3afaHHOM [ANIMHe HUTK dopma annawunca
3aBUCUT TOJIbKO OT paccTosHWA Mexay (okycamu, T. e. npu
3afjlaHHOM a QopmMa 3aBUCUT TOJSIbKO OT c. [pocnegmm 3Ty
3aBUCMMOCTb.

JonycTum, 4To (OKyCbl COMMXaTCA W, HaKoHel, C/u-
BalOTCA C HayasioM KoopAWHAT, TorAa 3/1/INMC NocTerneHHo 06-
paTuUTCA B OKPYXXHOCTb, Tak Kak oTpesku FtM wn FAM 6yayTt
CTPEMUTbLCA COBMacTb, M KOrga oHW coBmagyT, HUTb, MpuU Mo-
MOLLIN KOTOPOIA 4epTUTCA a//IMnc, byaeT AelAcTBOBaTb Hamono0-
6ve uUMpKynA.

Hao6opoT, ecsim PoKyCbl O0TOABUralwTCA OT Hadasla Koop-
OVHaT, TO 3/1/IMNC NOCTEMNEHHO CMNJ/ILWMBaeTCs, U Korga Qokychl
coBNagyT C KOHUamMu 60/IbLIOIA 0CU, HUTb coBMageT C OCblO
abcuncc M ocTpue O6yaeT ABUraTbCAa TO/IbLKO MO OTpPe3Ky
A142 Tak 4TO 3NIMNC BbIPOXAAeTCA B MNPSMO/IMHEMHbIMA 0T-
pe3ok AtAt.

CTeneHb o©XaTusa a/i/iMnca MPUHATO XapaKTepu3oBaTb
Apobblo

e — c/a.

3Ta [pobb HasbiBaeTcA BKCUEHTPUCUTETOM 3sviurca. L3
BblLUECKa3aHHOro crieqyeT, YTO OH MOXeT U3MEHATbLCA OT HyNsA
[0 eOVHULbI, MPpUYeM OS19 OKPYXHOCTU 3KCLLEHTPUCUTET

e= 0/a = 0,

a ana annunca, BblpoanBLIeroca B I'IpFIMOI'II/IHEI7IHbII7I 0TpPe30K,
e= ala — 1.

§ 3. MocTpoeHue 3fMnNca Mo TouKam

[JaHHoe Bbille MNOCTpPOeHWe 3n/unca MnocpeacTBOM HUTU
nmeeT cBOoM Heypao6eTBa. lM03TOMY Mbl [aavM  elle Ccroco6
MOCTPOEHUSA 3//IMMNca MO0 TOYKaM.

CorjlacHo onpeAesieHUo 3NanUnca CymMma paccTosHMUIA
M IT ANs Bcex ero To4YeK A0/DKHA 6biTb 0/1HA W Ta Xe. 3HauuT,
ec/in Mbl, Xenas nepelATU 0T OAHOM TOUKMW 3/1Mnca KAPYroiA,
yBeNMUYMBAEM WAN yMeHbliaeM rlt To r™, Hao6opoT, AO0J/IKHO
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YMEHbLWMUTLCA WU YBENMUNTBLCA U MPUTOM Ha TaKyl e Be-
NNYNHY.

OCHOBbIBasACb Ha 3TOM, MOCTPOEHME 3/1/IMMca MOXXHO OCYy-
wecTtBuTb Tak (puc. 59).

CHavasnia cTpoum Touku AT un AL Mbl BUAuM, 4to AT ecTb
TOUYKA KacaHWsa ABYX OKPY>XHOCTEM, U3 KOTOpbIX OAHa MMeeT

t A
/ v P NN
, ; , 1 oar
N A 1
/ / /
r 11
1 1 U i
[ 1 - 4 u-" -
-l i o1 . i 3 1
AN 1*il *r\ *n a ,# :a *
> / 1
11 1Y\
bl N
w -
y /
4 Vv

Pwnc, 59

ueHTp B (okyce F, m pagunyc, pamnbliii FXAZ a gpyras —
ueHTp B hokyce Ft m pagnyc

,ﬂ,aﬂbHeﬁLLlVle TOYKM a/1unnca nonydynmm yxke nepeced4eHuUem

nap OKpPY>XHOCTel ¢ ueHTpamn B dhokycax PN\u F2u paguyca-
MW TX WU T2, COOTBETCTBEHHO pPaBHbIMMU

"= P&n M= F2PI
rx = PN\ar, r_= 7202

rx= F\asz, r2= /?72P3,

T. e. Kaxoe HoBoe 3HadeHue r26o/blle, a HoBoe 3HadeHue rt
MeHbllie MpeablAyLero Ha o4HY U Ty XK€ BesIM4YuHY.
PasymeeTcs, 4yeM 6nuvxe ApYyr K Apyry TOUKM

a2, s A2 Py p2

TemMm To4yHee Hale nocTpoeHune.
JleBasa Mosi0BMHA 3/1unnca CTPOUTCA TaKUM XKe MnyTem,

npuyemMm 37ecb Mbl GyleM HauMHaTb OT ToukuM AX Yyauwummcs
pekoMeHAyeTCcs caMUM MOCTPOUTb 3TUM cnocobom  3aaumnc
no AdaHHbIM: a — 5, ¢ = 4.
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§ 4. YpaBHeHUe annunca

a. Ona nwo6otd Touku A/ (X; Y) annunca (puc, 60) M

AO/DKHbI  NMEeTb
ri + rr= 2a. (1)

OueBMAHO, I, €cTb paccTossHMe Mexay Toukamm FX(—ej 0)
M M (x; y), TouHO Tak Xe r2
eCTb paccTosHMe Mexay Tou-
kamm F2@c] 0) n M x| V),

MoaTomy no copmyne pac-
CTOAHUA MeXAy ABYMS TouKa-
MW A0STYHUM

ri=/(x + ¢*+ y\
=Y (*—c)2+ ya
MoacTaBnsAa 3TM BbipaXeHus B paBeHcTBO (1), nonyumm

Yix + cy + y2+ Y(X - o*+ y2= 2a. ()]

3T0 1 ecTb ypaBHeEHMWe 3J1/IMnca, HO OHO WMEET [0BOJIbHO
CMIOXHBbIA BUA, a MOTOMY Mbl MoCcTapaeMcsi ero YnpocTUTb,
A VIMEeHHO, MepeHOCA MePBbIA paAuKas B MNpaByl 4acTb, Mbl
BO3BeJeM B KBaapaT 06e yacTu ypaBHeHuUs, 6narogaps yemy
ocBo6oAMMCA OT OAHOr0 paAaukKana:

YX—cC)2+yr=2a—Y X+ c)2+ y2
X- 02+ y2= 4a2- dayY(x + )2+ y2+ (X+ C)2+
+ Y=

PacKpblBasi CKO6KM B JIEBOKA U1 MpaBoiA YacTu U BblUuepKuBeas
n3 06enx uacTeii paBeHCTBA OAWHAKOBbIE 4sleHbl, NoMy4iibl

— 22X+ ¢+ y* = 4a2—daY(X + C)2+ y* + X2+
+ 2XC + C* —ey*,
_oxc = 4a*_4ay(x + C)*+ y2+ 2XC.

Tenepb yeouMHUM OCTaBLUMIACA pagnKan U, COKpaTUB o06e
4yacTu ypaBHeHMs Ha 4a, Nony4ynm

da Y (x -fc)2 y2= 4a2+ 4xc,
f X+c¢)2+ = a+4a—x. (©)]

MocneaHee paBeHCTBO MOHAAOGUTCA Ham B JafibHEMLIeMm,
HO celAuyac Mbl elle pa3 Bo3BeAeM B KBaApaT 06e ero 4acTu, yem
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nibaBnmca 0T MNocfefHero pagukana:

(x+ cf + y2= a2+ 2cx + X,
X2+ 2XC + c2+ ¥Y2= aa+ 2cX + X2,

mnnwn, npueoaa- I'IO,CI,O6HbIe Y/1eHbl, WUMeeM

PasgenuB o6e 4acTW paBeHCTBa Ha a2— c2, Moslynum

(4)

BcnomMuHaa Tenepb, 4ro a2— c2= b2 nonyumm ypaBHe-
HVe a//iurnca B npocTelAllemM Buae

MocnepgHee ypaBHeHWE MOJSIyYeHO NyTeM YMpoweHus oc-
HOBHOI0 ypaBHeHUA (2), N03TOMY KOOpAMHATbl KaXA0M TOUKU
annunca emy yaossieTBopsaloT. CneayeT, BApoyem, 3aMeTUTb,
uTOo, Mpou3BOASA YMPOWEHNSA, Mbl ABa pa3a Mo3Bosinan cebe
BO3BOAUTbL 06€ YacTu ypaBHeHUs B KBagpaT. ITO 06CTOSATE b-
CTBO MMeeT HeMasloBaXHOe 3HauyeHue, TaK KaK K3 anreépbl
Mbl 3HaeM, 4TO MpWU BO3BEAEHUWN YypaBHEHWUIA B KBagpaT MOryT
NnosiBUTbCS MOCTOPOHHWE peLleHUsi, a NOTOMY He WCKJIKYeHa
BO3MOXHOCTb, YTO ypaBHeHUIO (3) y[0BMEeTBOPAIOT KoopauHa-
Tbl KaKUX-nnbo Touyek, He NpuHagnexawunx anaumncy. OaHa-
KO B AaHHOM cJjlyyae 3TU OnaceHuUs He onpaBAblBalTcA. Mbl
celiyac NMoKaxem, YTO HUMKaKuMe TOYKU, Xe MpuHagexauime
3NNNCy, He yAO0B/AETBOPAKT ypaBHeHuUw (4). Ans aToro pe-
WM ypaBHeHue (4) oTHocuTenbHo Y. Torga 6yaemMm MMeTb

y=+~r\fai ©)

b. PaccmaTpuBasa nosilyvyeHHoe ypaBHeHWe, Mbl BUOUM, YTO,
BO-MepBbIX, abcLunccbl He MOFYT MO0 YUC/IEHHOA BesINYMHe npe-
BOCXOAWUTb 4YMC/0 @, TaK KaK MHaye mpaBas 4acTb paBeHCTBa
(6) 6yaeT MHUMOIA.

Bo-BTOpbIX, Kaxaoia abcumcce COOTBETCTBYHT UYMC/IEHHO
paBHbIe W MPOTMBOMOJSIOXKHbIE MO 3HaKy opauHaTbl. Ho To Xe
caMoe Mbl Habo4aeM U Ha YepTexe 3/unca, caeslaHHOM ro-
cpencTBOM HUTU. [MoaTomMy ypaBHeHue (5) BMOJSIHE COOTBET-
CTBYET 4YepTexy W, cfenoBaTesibHO, He MOXeET YyA0B/1€TBOPATh-

CSl HAKAKUMW TOYKaMW, KpoMe TOo4YeK 3sIinnca.
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§ 5. CBfA3b 3/1/1MMca C OKPYXXHOCTbIO

a. K annuncy MoXHO ModoiATu ewe ¢ ApyroiA Touku 3pe
HVS, YeM Mbl 3TO Aenanu Ao cux nop. Mbl nokaxem ceiduac,
UTO 3/IIUMC C MOSYOCSIMM @ U b MOXHO MONYUUTb U3 OKPYXK-
HOCTU pafuyca @, LEeHTP KOTOPOiA, KUK W Yy 3/I/INMCa, Haxo«
OVTCS B Hadasie KOOPAMHAT, MyTeM YMHOXEHUs AMH BCex
opAVHAT Ha oA4HY W Ty e Apobb b/a. OetAcTBUTenbHo, ecnu
yepez Y\ ¥ y 0603Ha4YMM COOTBETCTBEHHO OPAMHATbI OKPYX-
HOCTW W 3/1/IUMNCa, OTBEeYawlMe OAHOMA W TokA xe abcyuncce X
(puc. 61), TO

yi—+ Va? — xb n y= i__a ifa2— r2

CpaBHUBas 3TWU ypaBHEHUs, MO/IyYMM PaBEHCTBO

b
Y= ~¥Yb

KOTOpOoe M AOKa3blBaeT Nauwle yTBepXaeHune.
b. YKasaHHOoe UN3MeHeHWe opAnHAT OKPYXHOCTU C LiesbK
nonyynTb M3 HUX OopAUHATbI ajsisinnca MOXHO caenaTtb YUCTO

Puc, 61 Puc, 62

reoMeTpuyeckn, W Torga Mbl TMOYYMM [OpYroiA cnoco6
MOCTPOEHUST  3/IINNCA.

Ons 3Toro cTpoum [ABe KOHLEHTPUYECKME OKPY>KHOCTU ¢
paauycamum a U b 1 UeHTpPOM B Havasle KOOpAMHAT.

Ecnu Tenepb Mbl BO3bMEM KaKyl-/1M60 TOUKy J1/} Ha BHeLU-
HEli OKPYXXHOCTWU, TO MyTEeM MOCTPOEHUs, YKa3aHHOro Ha
puc. 62, Mbl HEMEAJ/IEHHO MOJIYYMM COOTBETCTBYHOLLYIO TOUKY
M sannwunca. (Ctpoum paguyc OMT n opgnHaty KMwn Torpa
npsmasi, npoBefeHHas yepe3 Touky L napannenbHo ocu a6ce-
uuce, nepecekasicb ¢ opguHatoii KMu 1 gaeT nckomyto TouKy
M annwunca.)
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[elAcTBUTE/NIbHO, MMes B BUAY TeopemMy 0 MponopLMoHalib-
HOCTU O0Tpe3KoB4 O0TCeKaeMblX NapasnsiefibHbIMU MAPAMbIMW Ha
CTOpPOHax yniaj uvmeem

W= %" KM= 5 KM,

T, e. KM nonyuaeTtcs 13 opauHaTbl OKPYXHOCTU NYyTEM YM-
HoXeHusa ee Ha blaxa cneposatenbHo! KM U ecTb opauHaTa
annvnca,

§ 6. [OwupeKTpucbl annunca

a. B § 4 Hamu nonydeHa dopmyna (3), Kak Mbl Buguwm,
ee /ieBas 4aCTb BblpaXaeT paccTosHMe oT Toukn M (K\Yy)
annunca p[o nesoro ¢okyca. CnepoBaTesibHO, dopmyna (3)
MOXeT ObITb MmepenncaHa Tak:

rr —a — ex (e — c/d). D

Ecnun BblHeceM B MNpaBoOiA 4YacTU 3KCLEHTPUCUTET € 3a CKOO6-
Ky! TO nonyyum

rr= e(-5--%).

b. BblpaxeHuo B CKO6Kax MOXHO JaTb MpOCTOe reoMeT-
puyeckoe ToJsiKoBaHue. [Jns 3ToiA uenm cTpoum npamyt PQt
napansiensHyto ocn Oy u” 3agaBaemMyld  ypaBHEHUEM X —
-m—ale (puc, 63) (Tak Kak € <. 1r ToO OHa He MPUHAONEXUT

annuncy). 3Ty NpaMylo Ha3oBeM AUPEKTPUCOIA NeBoro (okKy-
ca; ec/iM Mbl pacCMOTpUM paccTosaHue dX oT Touku M (r;y)
[0 OUPeKTpucbl, TO YBUAWM, 4YTO OHO KakK pa3 paBHseTCs
BblpaXeHUI B CKOGKax.

MoaTomy (opmysny (1) MOXHO nepenucaTb Tak: T = edu
wnu ri/dl= e.

93



§ 7. I'vnepbona. lMocTpoeHne MNOCPeACTBOM HUTU

a, 'vnepbosioiA HasblBaeTCs reoMeTPUUEeckKoe MeCcTo Touek*
ONA KaKO0A U3 KOTOpPbIX pPa3HOCTb pacCTOSAHWMIA [0 ABYX AaH-
HbIX Touek Fj n F2 HasbiBaeMblx ee (JOKyCaMW, eCTb BesinumMHa
MocTosIHHas.

MOCTOAHHYK pasHOCTb pacCTOAHWEA 0603HaYMM 4epes 2a,
TakK 4To Ans fiioboid Toukn M runep6onbl umeem (puc. 64)

ri—r2= =*x2a 1)

(3Hak + Gepem, ecnu T, r2 un 3Hak — 6epem, ec/m T, <;
< ra.

b. MocTpoeHne runepbosibl MOXHO OCYLW,ECTBUTbL Mocpea-
CTBOM HUTU W 4YepTAwero ocrTtpua ¢ MaJibiIM  KOJ/1bLIOM O0KOJ10
Hero. CorHyB HuUTb BABoe (B Touke N) ¢ Tem pacueTomp UTOGbI

pasHOCTb [AOJ/IMH —-MOJlyYeHHbIX YacTeld HUTKM paBHsinacb 2&%0
3aKpenuMM 3aTeM KOHUbl HUTU B ¢okycax Ft n F2 cornyTteiii
)Ke BABOE KOHEeL, HUTW MpogeHeM uYepes3 KOoJslbLio.

Ecnn Tenepb, B3SIB HUTb 3a COrHyTbIi KoHel, N, Mbl 6yaem
nogfepXxuBaTb ee B HaTAHYTOM COCTOSHUM W OAHOBPEMEHHO
OPYroiA pyKotA byaem ABUraTb yepTsliee ocTpue, TO.U MNOMy-
M runep6ony. [elAcTBUTENbHO, MpU  J1IIO60M  MOSI0XKEeHUN
YepTALWEro OCTPMA PasHOCTb PacCTOSHUUA ero Ao (OoKycoB
6yfeT ocTaBaTbCA MEM3MEHHOM (HacKo/1bKO YBENMYUTCA WU
yMeHbLWUTCA rlt HacTONMbKO Xe YBenMunuTes UM yMeHbLUUTCS
u r.

c. CepeguHa paccTosaHUA Mexay ¢oKycamu HasblBaeTcs
LLEHTPOM rurnepbosibl, Tak Kak 0THOCUTESIbHO 3TOLA TOUKU TUMeEp-
60/1a CUMMETPUYHa,
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OnuHa FtFt HasbiBaeTca (QOKYCHbIM  pPacCTOSAHUEM. Mbl
ee 0603Ha4YMM 4epe3 2CX a Mosi0BMMa 3TOr0 PaccTOAHWUA Ha-
3blBaeTcs MO/TY(POKYCHbIM pacCcTosHMEeML1 oHa paBHa C.

BecbMa yp[o06HO LeHTp runepbonibl NPUHATL 3a Haydasno
KOOpAMHAT, a 3a 0Cb abcuucc MNPUHATbL MPSAMYO, MPOXoAs-
wyto yepes ¢okKycbl (Kak Ha puc. 64). Torga KoopauHaTbl ¢o-
KycoB 06yayT

n (—c; 0), Fz(c; 0).

d. BCAKMIA 0TpPe30K, COeAMHAILWMNIA ABe TOYKU rmnepbosibl,
ecqin OH MNpoXoAuT 4Yepe3 LEHTpP, HasbiBaeTca AuUamMeTpom
rvnepbonbl. PaccmaTpuBasa (opmy runep6osibl, Mbl BUAMM,
YTO HaUMeHbLUNIA AuamMeTp J1eXUT Ha ocu abeuumce; 3TOoT Aua-
MeTp AXAT HasbiBaeTca [ASACTBUTESIbHOMA OCblO  runep6osibi.
HeTpyAHO MokasaTb, 4YTO AJIMHA OEMACTBUTENIBHOLA OCUM runep-
6os1bl paBHa 2a.

B camom pgene, OCHOBHOe CBOMCTBO runepbonbl (1), crnpa-
BeA/IMBOe AJ11 BCeX ee To4YeK, CrnpaBeasIMBO U ANS Toyek
n At. MoaTtomy

FxAt - FtAt = 2a. )

Ho wu3 yepTexa BWUAHO, 4TO
Fi-Aj = ¢ + OAIt FtAt = ¢ — OAL

Beuay atoro paBeHcTBo (2) pmaet 20Ar — 2a, wam OAr= a*
AcHo, uto u Afi —a, Tak yto AIJAT — 2a.

Uncno a HasbiBaeTcss [AEMACTBUTESIbHOMA MOSTyoCbl.  KoHLbI
LeicTBUTeNbHOM ocu, T. e. Touku At m AT, HasbiBaloTcs Bep-
WrHaMun  rvnepbosbl.

e. CoBeplIeHHO SACHO pasiee, 4YTO A9 runep6onbl 2a »
< 2c.

JdervictBuTenbHo (puc. 64), pasHOCTb [ABYX CTOpPOH Tpe-
Yyro/slbHMKa MeHblle WM paBHa TpeTbeld M MoToMy W3 Tpe-
yronbHuka FIMFi nveem

F\W — FtM FXFit rx— r< 2c, 2a< 2, a< C

MoaToMy TakXxe 6yAeM MMeTb a2 €2, U BblpaXeHue ar — c*
nna runep6onbl 6yaeT yXe oTpuuaTenbHbIM (2 He MOJI0XM-
Te/lbHbIM, KaK Yy 3siimnca). 3T0 BbIpaXeHne Mbl 0603HaYaem
Ternepb yXxe uepe3 —br:

a2- ¢ = -b\

reOMeTpI/ILleCKI/II‘/JI CMbIC/T Be/IMYMHBLI b BbISCHUTCS Aanblue.
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OTHoweHune C/a = e gna runep6osibl TOXe HOCUT HasBa-
Hue 3KCUEHTpuUcuTeTa. Ho 3gecs BBuay a C VMeem

enr 11
TOorga Kak Ansa annuvnca

e<1l

§ 8. MocTpoeHne runepbosibl Mo TouyKaMm

[JaHHoe Bbllle MNOCTPOeHUEe runep6osibl NocpeACTBOM HUTU
MMeeT cBOM Heyao6cTBa. M03TOMY Mbl AaAMM elle oAUH Cro-
co6 MoCTpPoeHUs Tunepéosibl Mo To4YKam.

CornlacHo onpegenieHUto runep6osbl  pasHOCTb paccTos-
HUA X U T2 oNs BceX ee TOYEK A0/KHa ObiTb o4HAa U Ta Xe.
3HAUNT, €Cc/IN Mbl, Xeslias MepetATM 0T OAHOM TOMKM runep6o-
Nbl K OPYrolAr yBesiMuMBaeM WM YMeHblUaem MM To r2 Toxe

AO0/IKHO YBENMUUMTBLCA WM YMEHb-
WNTbCA, N MPUTOM Ha TaKyl Xe
BE/INUMNHY.
OCHOBbIBasACb Ha 3TOM, MOCT-
poeHWe runepéosibl MOXHO Ocy-
wecTBuTb Tak (puc. 65).
CTpouM cHauvasna Toukn AX un
4 A2 Mbl BUgMm, 4to A2 ectb ToOu-
Ka KacaHus [ABYX OKpPYXHOCTel,
M3 KOTOpbIX OHA WMEET LEHTpP B
hokyce /*n pagunyc, paBHblA FIA 2
a apyras MmMeeT LEHTp B doKyce
F2un pagwnyc, paBubiti PTAT.
Puc, 65 JanbHeAwne To4kM runepbo-
Mbl  MOAY4YUM  YXKe nepeceyeHun-
eM Map OKpYXHocTeli ¢ ueHTpamnm B (okycax FXu F2u pa-
AnycaMn X U T2, COOTBETCTBEHHO paBHbIMU

ri — Fian 2~
= Fiat r2= F22)
rh— AK3 r2—~223%

T. €, KaXAble HOBble 3HAYeHUA rx U r2 6onblue MnpeablayLimx
Ha o4HY M Ty Xe A/IUHY.

Yem 65imXKe TO4YKM..., a3, a2 au AXpx p2 p3l, . ATem
ToYyHee, KOHEYHO" Hallle MOoCTpoeHMe,

9%



§ 9. YpailiHeHne runep6osibl
a. Ana moboii Toukn M (x; y) runep6onbl (puc. 66)
x— r2= =#£2a.

PaccmaTpuBasi e [! Kak paccTosiHUEe MexAay TouKamu
Fj (—c; 0) m M (A\y), a r2kak paccTosiHMe Mexay To4ukKamu
F2(c; 0) u M QRA\y)r nveem

oTCcroaa
N\ y'
Y X+ ¢)2+ y2— N oy
— Y(x — )2+ y2= *2a. N /0
\V N
1 /7 7
1 rr
3TO0 U ecTb ypaBHEHWEe TIu- 1BcQ V

nep6osibl, HO OHO WMeeT Ao-
BOJIbHO C/IOXKHbIUA BUA, a No-
TOMY Mbl MOCTapaemMcsi €ero
YMpoCTUTL.
A VMEeHHO, nepeHecsa nep-
BblA paAvKas B NpaBolo
yacTb, Mbl BO3BeAeM 06e Puc. 66
yacTW ypaBHeHUs BKBaapaT
C uenb ocBo6OAUTBLCA OT  O4HOMO M3 paguKasioB:

— H&X — 02+ y2= +x2a—Y (x+ ¢)2+ y2

OfHako, cpaBHUBas 3TO ypaBHEHWE C COOTBETCTBYHOLIMM ypaB-
HEHWEeM A/19 3/1/INNca, Mbl BUAUM, UYTO 3TU ypaBHEHUA OT/IU-
yalTCcs ApYr OT Apyra To/IbKO 3HaKOM, CTOAWMUM Mepes, pagn-
KasioM B JIeBOMA 4acTu.

Mo BO3BEAEHUW e B KBagpaT 9To pa3sivume nponager,
a NoToMy JanbHelllne npeo6pa3oBaHua G6yayT Takue >Xe Tou-
HO, KaK W y 3nnuvnca, BN/oTb A0 ypaBHeHUs (4) § 4r T.«  Mbl
npuaemM K YypaBHEHUIO

a ar (2)
Ho Torga kak y annunca 6bu1o
a2- c2= b\
30€eCb Mbl O0J/DKHbI MOJTI0OXKUTb
a 2.

a NnoTomMy ypaBHeHue (2) NpUMeT BUA

a2 1 ©)
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b. [anee, Kak 1y annuvnca, 34ecb He JSIMWHUM 6yAeT Mpo-
BEpUTb, He 6yayT N ypaBHeHU (3) yA0B/eTBOPATb KaKue-
NGO TOUKW, He MpuHagfiexaline runep6one.

Hoj pelwas ypaBHeHUe OTHOCUTENbHO Y, WMeeM

y= x 4*y ~ az- N

Mbl BMAMM, 4TO, BO-MepBbiX, abcumccbl Mo abco/lOTHOA Benu-
uMHe MOryT 6biTb TO/IbKO 60/blle WAM paBHbl a (X2> a2)
(nHave nNpaBas 4YacTb ypaBHeHUA (4) 6yAeT MHUMOIA).

Bo-BTOpbIX, KaXA0M abclmcce 0TBeYalT YUC/IEHHO paBHble
M MPOTUBOMOJIOKHbIE MO 3HaKy opAuMHaTbl. Ho To e camoe
Mbl HabnwogaeM M Ha 4epTexe runepbosibl, cAenaHHOM Mo-
cpeAcTBOM HUTW.

§ 10. AcuMnTOTbl. FeomeTpuyeckoe 3HaueHue b

a. ABHOMY ypaBHeHUO (4) § 9 rmnepbosibl MOXHO MpwU-
noatb cnepywowmia Bug (6epa noka TONbKO 3HaK +):

3Ta (opma ypaBHeHMA runepbosibl MNO3BOSIUT HaMm Wuccrie-
noBatb, uTo 6yaeT, Korga Touka M runep6onbl ypanseTcs
B 6ECKOHeYHOCTM T. e. Korga abcumcca X Toukm M 6GeckoHeu-
HO BoO3pacTaeT.

Ecnu X 6ecKOHeYHO BO3pacTaeT, TO BbIpaXeHWe Mo 3Ha-
KOM pajaukana, a cnenoBaTesibHO, U caM pagukas npubinxa-
etcs K 1 (notomy 4uTo Apobb alx, mmesa 6GeckoHeuHO Bo3pac-
TaloWMIA 3HaMeHaTe b, NMPUBAINKAETCA K HYJIH0).

b. Monpobyem no3aToMy 3aMeHUTb 3TOT paAuKan eauvHU-
Lei M MoCMOTpMM, YTO Torga caesiaeTca ¢ Y. bByaem nmeTb

M= 4"

T. e. Yy 06paTnTCca B OpAMHATY MpAMOIA C Yr/0BbIM KO3hhu-
umMeHTOM b/a, npoxopswiein uyepe3 Hauyasio KOOpAWMHAT.

c. Tak KakK OTO6pOLIeHHbIA paauKas MeHblle 1, To yX> Y%
T. e. nwbas opguHaTa NpsAMOIA 60/1blUe COOTBETCTBYHLLEN 0p-
AnHaTbl rnnepb6onbl (2). CnepoBaTesibHO, MpsAMas JieXWUT Bbl-
we runep6osbl.

d. M3yuum pasHocTb d — yX— y mexay o6emmMu opaunHa-
Tamn (Ha puc. 67 d — MXM). Vmeem

yl- y:—bx— —b x%/rl— 32— —-bx)("— yrf— —arzjl\:
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(noToMy 4TO OTOPOWEHHbLIA 3HaMeHaTesb 6onbwe 1). UNTak,
Ho npu 6eckoHe4YyHOM BoO3pacTaHMM X 3Ta Apobb

CTpeMnTCca K HYJ/1l0 U, cnepoBaTesibHO, K HYJ/1l0O CTPEMUNTCA U d.

Puc, 67

NTak, npu 6GecKoOHeYHOM Bo3pacTaHUM X pa3HocTb d =3
— Y1— Y mexay opanHaTamnm npsmMoiA U runep6osibl npuéan-
XaeTcss K Hy/o.

VHbIMU crioBamMu, Npu 6eCKOHeYHOM Bo3pacTaHUU X Tu-
nepbona npmbnuxaetcs K npamoidA ON. 3Ta npamas, Takum
06pa3oM, sABSETCA aACUMMTOTOMA runep6onbl.

e. BBnay CMMMETPUN HWKHUIA KOHeL, MpaBoiA BeTBU [U-

nep6onbl 6yaeT MMeTb acCUMMTOTOA MPAMYIO Y= —--——X; 3TU

>Xe acMMnToThbl

y —

6yayT CNYXUTb M acMMNTOTamu KOHLLOB JIeBOLA BETBM runep-

60Nbl.
f. Tenepb HeETPyAHO YCTAaHOBUTb U FeoMeTpuueckoe 3Ha-

yeHue b,
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JelAcTBUTeNbHO, paccMoTpuM opauHaTy Yy — AB acumn-
TOTbl;, BOCCTaB/IeHHYI M3 BepwmHbl A, Ee a6cumcca X =
= OA = a, n noTomy, umess B BUAY, UTO KOOPAMHATbl TOYKMU
B [Ao/mKHbI yA0BNeTBOPAThL ypaBHeHUIO (2) acMMNTOTbI* Moy-
unm

AB — — e«a—b,
a

MTak, b — AB, T. e. paBHO opauMHaTe acMMNTOTbI* BOcCCTa-
B/IEHHOIA M3 BepwUHbl runep6osibl.

g, 3ameTum euwe, uto 13 TpeyronbHuka OAB Bengy OA —
— af AB = b nmeem

OB Y a2+ b2= c.

3TUM 06CTOSATENIbCTBOM YA06HO MO0/Ib30BaTbCA A9 MO-
cTpoeHus (okyca. lMocTpoue Touky B no gaHHbIM a n fc* oT-
knagbiBaem pganee OF = OB Ha ocu OX.

§ 11. OwnpekTpucbl runep6osbl

a, B § 9 HamMu 6bI/10 cKa3aHoO, YTO, HaYMHas C U3BECTHOrO
MecTa* BbIBOA, YypaBHeHWs runep6onbl 6yaeT coBnagaTb C

Pnc. 68

TakoBbIM A/18 annunca. CneposaTesibHO, U ANAs runep6osibl 6y-
OeM UMeTb paBeHCTBO

rm= a+ ex (e = c/a).

Ecnu Tenepb BblIHECEM B MPaBOLA 4YacTM 3KCLEHTPUCUTET €
3a CKOGKY* TO nonyymm

n= e + Xx). (1)
b, BblpaXXeHU0 B CKOBGKAx MOXHO [aTb MPOCTOE reomeT-
pruyeckoe wucTonkosaHue (puc, 6S), Ons 9STOMA uenyn CTPoUM
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npamyto PX ¢ ypaBHeHuem
X = —ale.

Torpa pacctossHue dx= DM ot Toukm M pgo stoid npamoiA
6yaeTt

dx= 2Zsi+ o N/= ~ + X,

T. e. KaK pa3 paBHO BblpaXeHU B ckobkax. dopmyna (1)
NnpUHUMaeT BUA
rt= edi, wwm' = e
1
c. HeTpyaHo nokasaTb QJasiee, 4YTo npaBoMy (oKycy
6ypeT oTBeyaTb W npaBas AaupektTpuca P OP' ¢ ypaBHeHuem

x = ale. MoacTaBnsAs T = a + €XB paBeHCTBO IX— I — 2a,
nosyunm

r= af-ex—2a—ex— 2= e[x---j .

Mbl BUAMM, 4TO BblpaXeHue B CKo6Kax paBHO KakK pa3 pac-
CTOSIHUIO

%= D$M — D\M — = X ——

nnn

Mpamasa PjP Ha3biBaeTCs OUPEKTPUCOIA, OTBevaloLleil ¢(oKy-
cy Fx ®opmyna (2) nokasbiBaeT, YTO OTHOLIEHWE paccTos-
HUIA OGO TOUKKM Trunepbonbl Ao GoKyca U [0 AMPEKTPUCHI
eCcTb BeJSIMYMHa MOCTOSAHHAasA, paBHasA 3KCUEHTPUCUTETY € Tu-
nep6onsbl.

§ 12. MMapab6bona. lMocTpoeHMe Mo To4vkam

F3

a. Bbille Mbl NoKasasin, 4YTO KakK 3/1uUMnc, Tak u r|/|r|ep6o—

Jly MOXHO paccMaTpMBaTb KaK FeoMeTpuueckoe MEeCTO TOouek,
OTHOLLEHME pacCTOSHUIA KOTopbiX A0 (GOoKyca W [0 OUPEKTPU-
Cbl ecTb Be/iIMYMHa MOCTOsIHHas, paBHas 3KCUEHTPUCUTETY €

Ha pwuc. 69 Mbl yMbIWMEHHO B38/M 419 3/1unca JieBble
hOKYyC 1 AUNpeKTpucy, a Ans rurnepbosibl — npaBble.

PasHuua Mexay 3namncoMm M runep6osoid, o0AHaKo, Co-
CTOMT B Tom, 4To Ans annunca da = e< 1, Torga Kak Aans
runep6onbl c/a = ¢> 1, ECTecTBEHHO BO3HWKaeT BOMNpPOC:
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MocMOTpeTb, HET /i KpuBOIA, y KoTopoii Bcergaa € — |. Kpu-
Basi, OTBevawlas 3ToMy c/iydaw, He 6yAeT HU  317uUrncomMA

HU Tunep6onoia, 3To 6yAeT HoBas KpuBasi — ee HasblBaloT

napabosioiA.

Takum o6pasom, AN 060A TOYKM Napabosibl

r= d,

*, €. pacCcToAaHMA OT Hee A0 (PoKyca U [0 AUPEKTPUCHLI pPaBHbI,
b, Mapabona ecTb reoMeTpmyeckoe MeCTO TOYeK, paBHO-

pvc

Nmeem, ouyeBUAHO,

yAaneHHbIX 0T okyca W oT
LONPEeKTPUCHI.

AnpekTpucy PQ n tokyc
F pacnonaratwoT, Kak yKasa-
Ho Ha pwuc. 70. CepegunHa O
otpeska KF (nepnenHgunky-
NSAPHOIro K AMPEKTPUCE) MpU-
Hag/1eXxxuT napa6osie, Tak
KakK paBHOygasieHa oT PoKy-
ca W AvpeKTpucbl. Ee Mbl
MpUHMMaeM 3a Hauyasio Ko-
opAVHAT, HamnpaBass ocb
a6cumce no KF.

Touka O Ha3biBaeTcs BeEp-
WMHOA  napabonbl, dopma
napa6osibl, 04eBUAHO, 3aBU-
CUT TOJZIbKO OT paccTosiHUA
KF. 3To paccTtofaHue 0603-
HayaeTcss 6YKBOWO P W Hasbl-
BaeTca [rapamMeTpoM Mapa-
60/1bL.

KO — OF — p/2.

KoopanHaTtbl t¢okyca F 6yayTt (p/2; b,.
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c. UT06bl BbIACHUTb, KaKyl ¢(opMy umMeeT napab6osa, no-
KaXXeM, KaK ee MOXHO MOCTpouTb Mo Touykam. CorsiacHo on-
pefeneHuio pacctosiHus I u d oT s/oGoiA Touku napabonbl Ao
thokyca W 00 AUPEKTPUCbI A0/DKHbI ObiTb paBHbI. [loaTomy,
€C/IN Mbl, Xesiasa MepelAiTM 0T OAHOA TO4YKM Napabosibl K Apy-
roid, yseninumBaem uaM yMeHbllaem I, To d AO/IKHO ToXe yBe-
NUUNTBCA UIN YMEHBLUUTLCA U MNPUTOM Ha TaKyl Xe .Besu-
YNHY.

OcHOBbIBasicb Ha 3TOM, MOCTpPOeHME Mapabosibl MOXHO OCy-
WecTBUTb Tak.

CHauana ctpoum BepwmnHy O. Mbl Buanm, uyto O ecTb Tou-
Ka KacaHUs OKpYyXHocTW ¢ ueHTpom B F u pagmycom FO
c ocbio Oy.

AanbHelAwmne ToukM napabosibl NOYYUM YXKe repeceve-
HMeM npaMbIX, napannenbHbix OY, U OKPYXXHOCTEIA C LEHTPOM
B F, npuuem paccToaHusa d npaAmMbIX oT AMPEKTpPUCbl U paauny-
Cbl OKpYXHoCTeli 6epyTcs COOTBETCTBEHHO pPaBHbIMU:

r= Fax d= K$un
r—Fa2 d= Kfi2x
r= Fa3 d= K$3f

TaK 4To KaxAable HoBble ra d 6Gonblie MNpeabiAyLUNX Y NPUTOM
Ha OAHY M Ty e BEe/INYUHY.
§ 13. YpaBHeHMe napabonbl
a. Ans KaxaoA Touku napabosibl MMeem
r= d. (1)
Ho r MOXHO paccMaTpuBaTb KaK paccTosHME MeXAy TouykKamu
F (p/2; 0) u M A\y) (puc. 71), 1n notomy
r=V((*--Y-J+Y2.
HAanee uvmeem 1]
d= DN\M= DX + DM = 4L+ x

MosToMy paBeHcTBO (1) nMpuHMMaeT BUA

b. OgHako HalifeHHoe ypaBHeHWe crieayeT elle Ynpo-
cTUTb, Bo3BoAs B KBaapaT W packpbiBas CKO6KU, NMeeM

X2— px + + y2= - px EX\



MpuBoasi noAoGHbIE UfEHbIX Mbl M MOJSIy4MM npocTeldwee
ypaBHeHne napa6osbl

Y2= 2px, 2

c. Pewaa aTo ypaBHEHWE OTHOCUTESIbHO Y, UMEEM

Y= =+ V 2px.

OTcioga BUAUM, UYTO X MOXKET MPUHUMAaTb TOSIbKO MOSIOKUTENb-
Hble 3Ha4yeHWs (M HynNb), WHayve Yy 6yaeT MHUMbIM. [pn 3Tom
KaXX40MY MO/IOKUTENbHOMY X 0TBeyaloT
ABa 3HadyeHus Y. NTak, opma napabo-
nbi{ nosy4vyaemasi corslacHo ypaBHEHUO
(2)( B TOYHOCTWM COOTBETCTBYET uepTe-
Xy” caoenlaHHOMY BblLle.

d. CeBA3b C nMapabosioiAi y = ax2
Hawa uenb — nokasaTb, YTO paccMoT-

FNeO)
PeHHble HaMu paHbliue Mapa6osbl
n— ax2
Te e caMble, YTO U paccMaTpuBaeMble
celAvac.
Puc, 71 [OelAcTBUTENIbHO, MOCTYNAWM C Fpa-

koM napabonbl Y2 = 2pX TakK, Kak
Mbl 3TO Ae/la/in B Hayase KHUIM MpuM  paccCMOTpeHuMU o6paT-
HbIX (YHKUMIA. [loBepHEM  MJIOCKOCTb 4epTexa BOKpYr
ocn  (buccekTpuchl nepBoro  KOOpAWHATHOrO0 yrnaa) Ha
180° (puic. 72). Torga ocb OX coBna-
net ¢ Oy B ocb Oy coBnaget ¢ OX.
Mapa6osia 3alAMET HOBOE TMOJI0XKEHUE.
Ee HOBOe ypaBHeHMe MoAy4YUM wu3
cTaporo, nepectaBMB B HEM Y Ha Mec-
TO X M & Ha Mecto Y. OHO Ternepb

oyaeT
nnu
Y= 2p
n3 3TOro YpaBHeHUS, ynoTpebnss 0603HaveHne
1
2p a,
nMmeem
y — axr.

104



§ 14. MpeobpasoBaHne kKoopAnHaT

a. Mpu peweHun kKakoro-sMb6o Bompoca MeToAaMWU aHasIn-
TUYECKOUA reomMeTpun (Hanpumep, TMpU  U3YUYEHUU CBOLACTB
KPUBbLIX JIMHUIA) BecbMa BaXHO 6blBaeT LiesiecoobpasHbiM 06-
pasoM BbIO6paTb KOOpAMHATHbIE OCW.

MoxeT okKa3aTbCsl, 4TO MpWM OAHOM BblGOpe oceld KoopAaw-
HaTbl HEKOTOPbIX WHTEpPecylLnx Hac TOYeK WU ypaBHEHUs
MHTEPECYLNX HAC JIMHUIA BbIrNSAAT CI0XHO.

Torpaa BO3HMKaeT BOMPOC 0 3aMeHe BbIGPaHHbIX 0CEIA HOBbI-
MW, OTHOCMTESIbHO KOTOPbIX MOXHO MpeAarosiaraTb, YTO WHTe-
pecylLlMe Hac KOOpAWHATbl WX ypaBHEHUA MosiyyaloTcs B
60/21ee MpocTOM Buae.

Ho korpga HoBble KOOpAMHATHbIE OCU HaMe4eHbl, BO3HMKaeT
BOMpPOC, Kak, 3Hasi cTapble KOOpAMHATbl TOYEeK WAN ypaBHe-
HUA JIMHUKW, HaAlATU HOBble KOOpPAWHATbl WN YpaBHEHWUS.

OnNs peweHWs nocTaBfieHHbIX 3afa4y c/yXaT TakK HasblBae-
Mble (OpPMyJ/ibl MEPexoa, CBsidblBallMe CTapble KoopAMHAaTbI
TOUYKM C HOBbIMW ee KoopAuHaTamMWu.

VIMeHHO, 3Tu ¢opMy/ibl JalT Bblpa-
XeHusa cTapbix KoopauHaT (K\y) Tou-
KW 4yepe3 HOBble KoopauHaTbl (A,; i/j).

b. HadyHem c npocTelawero cny-
Yas, Korja HOBble 0OCUM WMEKT HOBOE
Hayasl0 KoopAWMHaT, HO cTapoe Han- O
paBneHue, T. e. Korga oOHW Mapan-
nesibHbl CTapbIM.

Mycts (a; b) — cTapble Koopau-

HaTbl HoBoro Hadasla OX m OxxX, OXTr — HoBble OCWU.

PaccMoTpuM BekTopHYyt uUenb OOXM 1 ee 3amblikawWmia

BekTop OM (puc. 73).
MpoeKTuUpysl, Ha CTapyl ocb a6euucec, MMeem

npoXOM = npOX001+ npoxOxM,
0TKyAa, BBMAY TOro 4To
npoxOM = Xxr npoxOOx = a, npoxOxM = npolXdOxM = zi,
nosyunm
X = a+ XX

AHaNoOrnyHo, MNPOEKTUPYS Ha CTapyw OCb OpAMHAT, Mo-
Nyunm

Y= b+ yj.
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NTak, umeem hopMyibl
X=a+xm y= b+ W

nepexoga npu napassiesibHOM TepeHoce OcelA.

c. Mpumep. TycTb p[aH TpeyrosibHUK 0 BeplUMHa-
ma L (1+ /3; 2- /2); nI'2+ /3; 3- /2); N @B+
+ /3; — /2). TMMonpobyem nmnepeHeCcTU 0oCK, MOMECTUB MoO-

Boe Hayasio B BepwunHy L. Torga B = 1+ /3 n 6 = 2 —
Y 2* n Hawm opmynbl ANA [AHHOro c/y4das nNpumyT Buf,

X=1+ /3 +«, y=2—1/2 + (/|

NN Xe* BblpaXkas HoOBble KoopauHaTbl (ank; t/i) vepe3 cTapble,
nmeem

ax= X—1—/3, M=y—2+ ~2

MoacTaBnssa Tenepb clofa BMECTO X M Y mocsefoBaTesIbHO
cTapble KOOpAWHATbl BEPLIWMH Hallero TpeyrosibHUKa, nosy4ymm
cnefyoline HoBble KoopAMHaTbl 3Tux BepwuH: L (0X 0),
M (1; 1), N 2 -2).

Takum 06pas3oM, TPeyrosibHUK UMesT BeCbMa C/I0XKHble CTa-
pble KOOpAMHAaTbl BEPLIMH, HOBblE e KOOpAMHATbl OYeHb
npocTble. Pa3ymMeeTcsi, 9TO CUJIbHO YMPOCTUT pelleHne Bcex
3a/1a4l CBA3aHHbIX C 3TUM TpPeyros/ibHUKOM.

§ 15. lNpumep Ha yrpowieHWe ypaBHEHUS KPUBOIA
nyTem napasifieNIbHOro mnepeHoca ocetl

MycTb MMeeM ypaBHEHWE KPUBOIA OTHOCUTENIbHO CTapbiX
oceti OX n Oy. Torpa, moacTaBnAs B 3TO ypaBHEHWE BMeCcTO
X HY paBHble UM WX BbIpaXeHWA Ha OCHOBaHWW GopmMys ne-
pexofda, MO/ly4YnM ypaBHeHWe, CBA3blBalOLlee HOBble KOOpAW-
HaTbl (X; Y) M060LA TOYKM Haweid NUHUU® T. €. HOBOe YypaBHe-
HVYe NNHUN.

YAayHbIM BbIGOPOM HOBbIX 0OCEA MOXHO AOCTUIHYTb TOrO,
YTO HOBOe YypaBHeHMVe NMHUKM GyaeT rMpolie CcTaporo.

B KauyecTBe Mpumepa pacCMOTPUM KpUBYI* 3afaHHYl OT-
HOCUTE/IbHO CTapblX OCeiA ypaBHEHUEM

y— -"-XF— 2X + 3.

UTo 3TO 3a KpuBas, cpasy Mo BHeLWHEeMY BuAY YpPaBHEHUS
onpeaennuTb TPyAHO. Bo BCAKOM criydaed Takoi KpUBOIA Mbl
elwle He paccmaTpuBasiu.

C uenblo ynpocTUTb YpaBHeHUe Hallei KpUBOIA MepeHecem
Hayasio KoopAMHAT B TOUKY (a; &* KOOpAMHATbl KOTOpOiA Bpe-
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MEHHO OCTaB/1ISeM HeornpeAesieHHbIMU — U3 fanbHelAwero 6y-
OeT BWAHO, KaK WX BblbpaTb Hawnbosiee Liesiecoo6pasHo.

BBoas B gaHHOe HaM ypaBHeHWe BMeCTo I M Y ux Bblpa-
XXeHUs no gopmysam nepexoga

X=a+ay = b+yu

Mbl Mosly4ymMm HOBOE YypaBHeHUe HalletA NNHUN
bmeyi = -j- (a 4* xi)2— 2 (a + xj) + 3,
nn
b+ yi= 4- a'———r ax\d-4~*1~ A1 2Xi 4"3,

WX, HaKoHel, co6upas ufieHbl C OAMHAKOBLIMU CTerneHsMu
YXU XU 1umeeM

N= T (Ta— 2t (82~ 2+ 3"

MonyuynB Tenepb HOBOE YypaBHEHME Haleli KpUBOIA, Mbl
MOXXeM 3afaTb cebe BOMpPOC, KakK Xe
Hafo Bbi6paTb a u b, 4TobbI 3TO HOBOE
ypaBHeEHWE BbIra4es10 Hanbosiee npocTo.
K oTBeTy Ha 3TOT BOMPOC MOXHO MoA0IA-
TM TakK: Yy Hac MMelTcsa ABe GYKBbl aun
b, KOTOPbIM Mbl MOXEM MO0 >XeslaHU Npu-
[aTb KaKue YrofHo YMcr/ioBble 3HA4YeHUs.
3TN 6YKBbl Mbl MOXEM BbI6paTb M3 Tex
CO06paXXeHNA, 4Tobbl BbIMOSTHAMUCL Ka-
Kne-nn6o ABa ycsoBus. B KauecTBe aTUX
YCNOBUIA Mbl NoTpebyem, 4To6bI 06a Mo- Puc. 74
cnegHne KoahUUMEHTblI HOBOro YpaBHEHUS ObUIM HYNAMWN,
T, €. 4YT0Obl

4 a—2=0, 4 °2—2a4-3—b= 0,
0TKyZa Haxoaum
a= 4, 4* *16— 2-44-3— 6= 0, b= — 1

NTak, ecqiv nepeHecTy Havaslo KoopAuHAT B TOUuKy (4; —1),,
TO nocsiegHVWe ABa YfleHa ypaBHeHUs nponagyT, U Mbl 6yaem
WMEeTb HOBOE YypaBHEHMWE Halleid KpuUBOUA B opme

4= 4
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A 3T0, KaK Mbl BUAuM, ypaBHeHune napabonibl. PacnosoxeHue
cTapblX  oceiA, HOBbIX 0CEMA M Mnapabonbl YyKasaHO Ha
puc, 74,

§ 16. lMoBopoT ocein

Tenepb pacCMOTPUM BTOPOLA BaXKHbIMA criyyabd npeobpaso-
BaHMA KOOpAMWHAT, MpU KOTOPOM HOBble OCUM MMEKT cTapoe Ha-
yasno KoopAuMHaT* HO HOBble Ha-
npassieHus,
MycTb HoBble ocu 6GyayT OXu
Oywn npuuem pgaetcs yron XOx1=
= a, KOTOpbIM onpefensieTcss ro-
noXeHne HOBbIX OCEMA OTHOCU-
Tes1bHO cTapbIX M KOTOpbIA
Ha3blBaeTCs yrsiom noBopoTa
(puc. 75). PaccMOoTpumM BEKTOp-
Hyto uenb OKM u ee 3ambikato-

wpii BexkTop OM.
MpoeKTUpPYysi UX Ha cTapylw ocb abcumce, MMeeM

npOXOM — npoxOK + npOxKM,
0TKyga BBMAY TOro, 4To
npoxOM = x, upQOK=xlcosa,
npoxXxKM = yxcos (a + 90°) = —yXsin
nosly4mm
X = Xrcos a — ytsin a.
Tenepb CNPOEKTUPYEM Ha CTapykt 0OCb OPAMHAT:
npoyOM = npoyOK + nyoyKM,
0TKyZa BBUAY TOro, 4ToO
npoyOM = vy, npoyOK — xXxsin a,
npoyKM = vyj sin (a + 905) = yXcos a,
nony4ynm

Yy — XXsin a + YXcos a.

Mpumep. YNpocTUM ypaBHEHWe TakK Ha3biBaeMoOIA paB-
HOGOYHOM runep6onbl (T. e. runepbonbl* y KoTopoii a — b)



Beuay a = bacMmMnToTbl TakoiA rmnep6osibl B3aMMHO Mep-
NEeHANKYNAPHbI, U MX MOXHO MNPUHATb 3a HOBble 0CU. 3TU HO-
Bble 0CWM 0603HauYMM, Kak yKasaHO Ha puc. 76. Mbl Bnaum,
4To 34ecb HoBas 0OCb abcuymcc mnony-
yaeTcsa W3 CTapoiAi MoBOPOTOM Ha
yron a — —45°, a noTtomy ¢opmy-

Nbl nepexoga 6yayT

X — XN\cos (— 45°) — Vi sin (— 45°) =
s= Xi cos 45e f-y sin 45°= X
y = Xisin (— 45°) + yicos (— 45°) =

—xisin45c-fyicos45°= -'"—J*-.
Puc, 76
BBoas 310 B ypaBHeHume (1), wvmeem

Xi + yi)a— (Vi — Zi)a _
2a *
oTKyA4a
1. Xiyi= m
nNnn, nonaraa Ana KpaTKocTwu

av2
nmMmeem HOBOE ypaBHEHUE Halei FI/II'Iep6OI'IbI B Bnae
XM — K Y — KIXX,

T. e. B TOM BuAe, Kak B Hadvane
HallelA KHUTW.

§ 17. O6bwmia cnyvaii

a.
ocu 6yayT WMETb M HOBOE Ha-
Yasio U HOBble HarpaB/IeHUS.
MycTb (a; b) — koopanHaTbl
HOBOF0 Hayana OTHOCUTESIbHO
cTapbIX 0CelA U a — Yros Ha-
KJ/10Ha HOoBOM ocu abcymce K ctapoia (puc. 77). UTob6bl BbIBECTU
thopMynibl nepexona, BBEAEM €ELLe BCMOMOraTesibHYl CUCTEMY
oceir Oxx', OXy', y KOTOpbIX HOBOE Ha4yaslo M cTapble Hanpae-
nerHusa. KoopguHaTbl Toukn K oTHocuTenbHO BcromoraTesib-
HbIX ocein HazoBem (X\Y").



b. Tak kak ocm Oxx', Ox' nonyuatoTcs u3 oceihr OXx, Oy
nepeHocom Hadasa B Touky OFr (a; b), To

X—a+ X, y= b+ y. 1)

Tak Kak* ganee, HoBble ocu OxX, OXy nosiyyatoTcss U3 BCro-
MoraTesflbHbIX MOBOPOTOM Ha Yros oc, TO

X' = XXcos a — yXsin a, Yy = XXsin a + yXcosa. (2)

MogctaBnas (2) B (1)* HatAgem BblpaXKeHUsA CTapbixX KOOp-
OVHAT 4epe3 HOBbIE:

X = a + Xycos a— yxsino, Yy — b+ Xxsina + yxcos a,

§ 18. lMonspHble KoopAUHAaTbI

a. Kpome npamMoyronbHoiA (MM  [OeKapToBOMA) CUCTEMBbI
KOOpAMWHAT, ANS onpefesieHUs MOJSIOKEHUA TOYeK Ha MJ10CKOo-
CTU 04YeHb YacTo MNosb3ykTcsA MNOMAPHLIMU KoopAUMHATaMMU.

VIMeHHO, nosiokKeHWe Kakoi-nu6o Toukm M nnockocTwm
onpepenseTcs paccTosiHMem I oT Toukn M pgo HenoaBWXKHOIA
Toukn O — MONFAPHBLIM PaaMYCOM 1 YIrioM <p, KOTOpPbILA BEKTOP
OM o6pasyeT ¢ HenoABWXHOUA ocbto OX,— MNOMSAPHBLIM YIJIOM.

3TN I 1 ) HasbIBalOTCs MOSIAPHLIMN KOOPAMHATAMMN TOUKU M.

To o6¢cTOsATENBLCTBO, UTO M UMeeT Ko-
opaMHaTbl [ 1 ¢, 3anUCbIBalOT TakK:
M (r; d).

Touka O HasbiBaeTca [OJSTHOCOM,
npamas OX — MOMSPHOIA OCbHO.

b. 3agaHune r v ¢ BrosiHe onpe-
nensieT nonoxeHwe Toukn M, npu
3TOM Yyrosi ¢ MOXeT ObITb J1l0ObIM
yncnoMm UHTepBana (— oo, 00), Be-
NUYMHa I HeoTpuuaTesibHa.

Hanpumep, Ha puc. 78 Touka ¢ KoopaumHaTamu (9; a/6)
ecTb Touka MM a Touka ¢ kKoopamHaTamum (2; —n/3) ecTb
Touka MT.

c. OgHako o6paTHas 3agaydya — HaxoXAeHue KoopauHaT
rm ¢ no 3a4aHHO TouyKe— 3ajada HeonpegenieHHas. [elAcT-
BUTEsIbHO, €C/IM 3a MoJIsApHble KoopauHaTbl To4kM M MOXHO
B3ATb (r; ), TO C TaKUM XK€ YCMexoM MOXHO B3ATb U (r; ¢ —
— 2n) n Boo6UWLE Yyrosl 9 MOXHO M3MEHATb Ha /t0boe KpaTHoe
29;

d. Ho aTy obpaTHyl 3afavyy MOXHO cAefnaTb ornpegesieH-
HOIA, OrpaHMYMB BO3MOXHOCTb BblGopa I U ¢ HEKOTOPbIMU A0-
6aBOYHbIMW  YC/10BUAMMW, Hanpumep, noTpeboBaB* 4yTobObl
Haxoamnocb B uHTepBasie O b = 2n,
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§ 19. Cnupanb Apxumepna

a. Bcsakoe ypaBHeHue, cogepxauwee I un ¢ (MNM TONbKO
04HY M3 3TUX BEJSIMUMH), ecnn I u ¢ paccmaTpmBaTb KaK Mo-
NApHble KOOpPAWMHATbl Ha MJIOCKOCTW, un306pasnT, Boo6LLE
roBops, HEKOTOPYH /NHUIKD. OTY JIMHUIO MOXXHO MPUBIVXEH-
HO MNOCTPOMTbL MO Toukam. [Jns 3ToMA uenn npuHUMaem ¢
3a aprymeHT, a r — 3a (QyHKuwuto. [aBas ¢ psag 3HaA4YEHUMNA 1
BblUMCAAA COrJ1aCcHO AaHHOMY YpaBHEHWIO COOTBeTCTBYylOLWUe
3HayeHUA I, noayunmm psag Todek (r; ¢). FeomeTpuUyecKUmM Mec-
TOM 3TUX To4deK OyaeT, Boo6LLe roBOopsA, HeKoTopas JIMHUA.

b. B KauecTBe MnepBOro npumepa MOCTPOMM rpauk
PyHKUNN I — ad.

Ana nocTpoeHua yrny ¢ npungaemM TO/IbKO MOMOXNTENb-
Hble 3HayeHudA, oTCcToAWMe Apyr oT apyra Ha /8. (O4nsa
60siee TOYHOro MOCTPOEHUsi BMecTo MN/8 MOXHO 6bls10  6bl
B3aTb n/16, n/32 wn T.4)

CooTBeTCTBYIOLWME 3HAYEHUS T BblUMC/ISEM MO Creaylolein
Tabnuue:

0 3 g 3-f
0o a-f=h a2-f-2h a-3-f=3h °°*

Takum o6pa3omM, Bce MOCTPOEHWEe CBOAMUTCS K MocnenoBa-
TesibHOMY OTJ/10)KEHUKO Ha cTopoHax yrnos 0, n/8, 2-n/8,
3-n/8, . . . Bo3pacTawumx anavd 0, h, 2h, 3h, . . , (puc. 79).

4-2n) — 3To nMONSApHbLIA  paguyc, oTBevaowmii  nonaph
HOMY yrny o¢ = &0+ 21;3Ha4ynT, Korga nofispHbliA yron
® yBe/nM4MBaeTCA Ha 2, NoMsSpHbIA paguyc yBesiMymBaeTcs
Ha MOCTOAHHYI BeUYUHY 2/a.

c. 3ameTum, 4yTOo a (PO+ 2n1) = a0+ 2na. Ho a (¢, +



§ 20. Jlorapnpmmnyeckasa cnumpasib

B KauyecTBe BTOpPOro npumepa MocTPoOUM rpapukK GyHKLMUN

r= adq,
rae nonspHomy yrny ¢ npugaem Bce 3HaYeHUs OT — 00 A0
oo (puc. 80).
Pwnc, 80

Bepa onATb 3HayeHUs ¢ oTCTOAWMMUW APYr OT Apyra Ha
n/8, coctaBMM Tabaumuy COOTBETCTBYKOLWMUX 3HAYEHUMA T

A i K u?2
r ‘mp a 0 B P’ B J B

;) ; T 1
r - a@&2*=ffrafg+ 1 a8h ar~-h2a3*=h3

A TakK Kak
ft'l 1 pl Ne_ h3

" h* =~ hri~ 1~ h~ b~

To BCce TpeyronbHukn OKL, o6pa3oBaHHble ABYyMs nocseno*
BaTe/IbHbIMW MOMSAPHbIMK paguycamu u xopgoid KL, cTaru-
Batoleii UX KoHUbI, NoAo06HbI. Yron O A5ia Bcex TakKuX Yriios,
cfiefoBaTesnibHO, GyAeT OAMH U TOT Xe.

§ 21. lMpumepbl Ha coCTaBsIEHME TMOJMIAPHbIX YpPaBHEHWUIA
KpUBbIX

a. B Ka4yecTBe Mpumepa BbiBeAeM MO/sApHbIe YpaBHEHUS
annunca, runep6osibl UM napa6osibl. 3TU KpPUBble UMEOT
o6uiee MosiIsipHOe ypaBHEHMe, KOTOpoe Mosiydmm, ecnu Gyaem
NCXOANTb M3 06LLEro CBOMACTBA 3TUX KPUBbLIX MO OTHOLIEHUIO
K (hoKycy u aupekTpuce. Camy KpMBYH pacrosiaraem, Kak
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nokasaHo Ha pwuc. 81, nomewas AUPeKTpucy cnpasa oOT
KpuBoi. (OAns annunca A 6yneT npaBoiA BepLINHOM, ANs
rmnepb6osibl — BepLIMHOIA eBoiA  BeTBU, * S
Tak 4TOo ANs runepbosnibl paccmaTpuBaem
TO/NIbKO J1EBYH BETBb; Hakoney, napa6o-
ny Ans BbiBOAa MONSAPHOr0 YypaBHEHUSA
npMXoAnTCS MOBEpPHYTh Ha 180°.) Monitoc O 2
6epem B pokyce F, nonspHytlo ocb HanpaB-
nsem m3 nontwca F Kk BepwmnHe KpuBOIA.
b. 0O603HAaUYNM 3KCLEHTPUCUTET KpU-
BOMA OYKBOM € n OGyKBOMA P — opauHaTy,
BOCCTaB/IEHHY M3 (okyca. J[Ansa nwboia
Touku M wnmeem

rid, = e @
B yacTHOCTM, 3TO BEPHO W ANA Tou-
knu S, 1. e.p/OD = e, OD = pl/e. Puo, 81
Aanee, nmeemd = ND — OD — OM = —-—--rcos®, nocne

yero ypaBHeHue (1) paet

e r—p—ercoseh, rm
P d) 1+ ecos
———-rcos ¢
3TO0 N ecTb UCKOMOE TMOoJSIIpHOEe YypaBHeHWUe.
C. Mpepgnaraetca cammm fokasaTb 419 3/1iMnca v runep-
60/1bl paBEHCTBO *

p — br/a

(paccmaTpuBas p Kak OpAMHaTY, BOCCTaB/IEHHYO U3 (DOKyca).

§ 22. BblpaXeHne npAMOYrosbhbIX KOOpAUHAT
yepes MosIApHbIE

OQHOBPEMEHHO C MOSIAPHOMA CUCTEMOIA KoopAMHAT paccMo-
TPUM MPAMOYTO/IbHYIO, Y KOTOPOIA Hauyasio KoopauHaT coBna-
[aeT ¢ MositlocoM M ocb abcumnce — ¢ NOASAPHOIA ocbio (puc. 82).

Ecnun (a* y)—npamoyronbHble n (r\ ¢) —
nonsipHble KoopauvHaTbl Touykn M, To,
3aMevas, 4To X M Y CcyTb NpoeKuuun
BekTopa OM Ha ocu Ox m Oy, Haxo-
anm

X = rcosd¢g, Yy =rsin ¢.
370 hopMy/ibl MEpeEXoaa oT MpAMOYrosib-
HbIX KOOpAWMHAT K MOSIAPHbIM.
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§ 23. YpaBHeHME NeMHUCKaTbI

a. B kauvecTBe npumepa, rge HalAgeHHble opMy/ibl Npu-
HOCAT MoNb3y, BbIBeAEM MOMApNoe ypaBHEHWe JieMHUCKaTblI.

dTa KpuBas ecTb reoMeTpmyeckoe MeCTO TOYeK, Mpom3Be-
[eHne pacCTOAHUIA KOTOpbIX [0 ABYX OaHHbIX Todek Fxun Fa
eCTb MOCTOAHHaA BeslMYMHA a2 rpe 2a — paccTosHue F,F2

Takum o6pasom, ans f6oid Toukn M (X; Y) fleMHUCKaTbI
oynem UMeTb

r,r2 = a\ 1)
b. MpucTynaa K BbIBOAY YpaBHEHUA, Mbl 0CM KoopauHaT

pacrionlaraemM, Kak rnokasaHo Ha puc. 83. KoopamHaTbl To4YeK
Fx n F2 torma 6yayt F, (—a; 0), F2(a; 0).

PaccMaTpuBas rIxX KaK pacCToAHWE MexXxay Todkamu
Fi (—a; 0 n M R\Yy) 1 r2kak pacctoaHue Mexay TouyKamu
F2(a; 0) 1 M (R\y), us (1) nonyunm

(X + a)2+ y2N[{x —aY + y2= a2
X2+ a2+ y2+ 2ax) (x2ma2+ y2— 2ax) = a4
X2+ y2+ a2 — 4ax2= a*,
(7* + yA2+ 2a2(X2 + y2 — 4axz2= 0,
X2+ y22= 2a2(x2- y2. 2

3TO0 M ecTb ypaBHeHWEe SIeMHUCKaTbl B MPSIMOYT0/iIbHbIX KOOp-
OuHaTax.

c. OpaHako ropasgo npouie 6yAeT BbIFNs4eTb YpaBHeHUe
NIeMHUCKaTbl, 0THECEHHOe K MOMApHbIM KoopAauHaTam (Mnostoc
B O, nonsapHas ocb OX). Ero nonyuum, ecniv B ypaBHeHue (2)
3aMEeHUM X U Y UX BbIpOKEHUAMU, MosydyaeMbiMU U3 GopMysl
nepexoaa

X =rcos®$ Yy —rsin o.
114



Torpga ypaBHeHne (2) npumeT BuUf
rl(cos2¢ + sin2¢)] = 2arr2 (C032¢ — sin2 @),
nnn
r2= 2a2cos 2¢,

nnn, nsBJsieKkasad KOpPeHb UM 0CTaB/14A4 TOJ/IbKO 3HaK

r—ay2ycos 2d¢.

d. B 3ak/iloueHMe [aAnM KpaTKoe wuccriefoBaHue (opMbl

SIeMHUCKATbl COr/1aCHO HaAAeHHOMY YypaBHeHMWi. Xo4 usme-
HEHMA T ¢ U3MEHEHMEM ¢ SICEH U3 HuXecneaywolleii Tabnuubl:

® 2p r

BospacTaeT oT 0° go BospacTaeT oT 0° go 903 Y6biBaeT oT h =
45° = a\fl po O
Bo3pacTaeT oT 45° go BospacTaeT oT 90° Ao 270° MHuMoe

135°
BospacTaet ot 135° BospacTtaeT oT 2700 fgo BospacTaeT oT O

ao fao" 360° Ao h

Mpu panbHelAwem uBMeHeHMM oT 180° mo 360° Bce yKasaHHble
M3MEHEHUSI T HOBFOPHTCA B TOM Xe Hoosle[0BaTe/IbHOCTH.

dTa Tabnuua noaTBepxaaeT Gopmy sieMumckaTbl, U3obpa-
)KeHHYI0 Ha puc. 83.

§ 24. MapameTpuyeckoe 3agaHue JMHUIA

a. OyeHb 4YacTo MNP U3yYeHUUN (PYHKLMOHaSIbHOIA 3aBUCK-
MOCTU Mexay X U Y obe 3Tn nepemMeHHble paccMaTpuBalTCA
He KakK (YHKUMA ofHa ApYroii, a Kak (YHKLWW HEeKoTOopoii
TpeTbelh nepemeHHoa 1

X = o (), y=ipO- 1
3Ta TpeTbs MepeMeHHass Tenepb ABMSeTCA apryMeHTOM,
a X My — (QYHKUMAMM OT Hee.

3TOT HOBbIA aprymeHT t 06bIKHOBEHHO Ha3sblBalT Mapa-
MeTpoOM, a camo rnpeacTaBfieHNEe (YHKLWOHaSIbHOLA 3aBUCU-
MocTn B ¢opme (1) — napameTpuyHecKUM.

b. ABa napameTpuyeckme ypaBHeHUsa (1) cBA3bIBAlOT Tpu
nepemeHHble t, X, Y. Ecnn 6bl Mbl U3 3TUX YpPaBHEHWIA WCKJIIO-
yunm t, To nonyumnam 6bl 0AHO YpaBHEHWe, YyXe Henocpes-
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CTBEHHO CBsI3blBalolLee X N Y, T. €. 06bl4HOE ypaBrneHne mexay
X ny.

OfHako TaKoe WUCK/YEeHMe t MOXeT WM 0KasaTbCa He-
BO3MOXHbIM, WU/IN >Ke eCc/In U BO3MOXHO, TO MPUBECTU K C/10XK-
HOMY YpaBHEHWUIO.

Ho Mbl yBUAUM Aasiee, UTO B TAKOM UCK/AHOUYEHUU HeT 60/1b-
WOIA Hafo6HOCTU — MOXHO W3YUUTb 3aBUCUMOCTb MeXay X
M Y W, B YacTHOCTU, MOCTPOUTL rpaduK 3ToiA 3aBUCUMOCTH,
OCHOBbIBasACb HEMNocpeACcTBEHHO Ha ypaBHeHusx (1).

§ 25. [MocTpoeHune rpagpuka

a. Ana nocTpoeHMsa rpapuka npuagaem aprymeHTy
pan 3HadYeHUtA U no ypaBHeHusam (1) 8§ 24 Haxogum psfg, rooT-
BETCTBYIOLWMX MNap 3Ha4YeHUiA X WU Y, KOTOopble MNMpUHMMaeM 3a

KOOpPAMHATbl TOYKN Ha MNJ10CKO-
cTn. CoeanHARA 3TN TOUKM NaB-
HOM JIMHUEI, Mbl WU MOYYUM
rpauMkK 3aBMCUMOCTU  MexXay
X NYy.

b. B kauecTBe npumepa
CTpOMM rpapuk QyHKUUK, 3a-
JaHHOM cneaywwumMum  napa-
METPUYECKUMWN YpaBHEHUAMMU:

X = acos3t, y=a sin3t, (1)

nonaras pAg/sa npocTtoTrbel a=8§8.

T Mmeem  Tabnuuy (Hamn

Puc. 84 B3STbl TO/IbKO Te 3HaudeHuA t,

AN KoTopbix cos t m sin t Bbl-

‘(—l)M;:j‘IFHOTCFI npocTo, BblYNC/IEHUSA MNpoveaeHbl C TOYHOCTbIO A0
,1):

t 0 120) N/ a/3 n/2
z 8 1/2775,2 V¥T—2,8 1 0
y 0 1 2,8 5,2 8

Mbl ocTaHOBUAMCL Ha t — /2, Tak KakK Npu AgasbHeiAlem
nsmeHeHmn t B uHTepBanax (n/2, n), (n, 3n/2), (3n/2, 2n)
nosyyatca y4yacTKU KPWUBOI, NoA06HblE MOCTPOEHHOMY.

UT06bl 3HaTb, Kakas To4yka KakoMy 3HayeHU napameTpa
0TBeYaeT, OKOJI0 TOYKM Mbl CTaBMM COOTBETCTBYHOLLEE 3Haye-
Hue napameTpa (puc, 84).
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MocTpoeHHass KpuBas HasbliBaeTcs acTPOUAOIA. UTobGbl
nony4ynTb 06bIKHOBEHHOE YpaBHEHWe acTpouAbl, WCK/OYaeM
t u3 ypaBHeHnia (1). Vimeem

(_r[_:(;°3*— (TT’:BllI/I—

0TKyZla, B03BOAA B KBaapaT M CKnagblBas, Haldgem

(Tr+[0*-*

nnn, HakoHelwl,
X + y4 = a'l,

§ 26. Lluknonpga

LIMKMONOOA HasbiBaeTCcsl KpuBas, OMMCbiBaeMas Kakoii-
6o ToukoMi M OKpYy>XXHOCTU, KaTsWeica No NpsMoiA.

3a Havano koopauHat O Bo3bMeM TO MosioXKeHue Touku M,
KOrga OHa SIB/1eTCA TOYKOMA KacaHUs OKPYXXHOCTU Y NPSIMOIA.

MocTpoeHMe LMKAOUAbI MOXHO OCYWEeCTBUTb MOCpPeacTBOM
NMHEMIKN U KaTslierocss no Hebd Kpyra ¢ MpUKpensieHHbIM Ha
ero ob6oge udepTAwMM octpuemM M (KOHe4HO, Kpyr KaTuTcs
no JIMHEMKe B TMJIOCKOCTU 4epTexa).

YTo6bl BbIBECTU MapaMeTpuUyeckne ypaBHEHUA LUKIonabl,
Bo3bMeM 3a napameTp t yron NCM (puc. 85; nonoxutenbnbim

yr

M

OxA N 0O @

Pwuc, 85

3[4ecb NPUXOAMTCSA CUMNTaTb BpalweHue Mo 4acoBOiA CTpesike).
Tak KakK Kpyr KaTutcs 6e3 CKOJIbXeHUusi, To

ON = NM = at.
Janee, Haxogum
X —0OA = ON — AN —at —asint —a (t — sin t),
y=AM = NB = NC —BC —a —acost—
= a(l — cost).
NTak, napamMeTpuueckue ypaBHEHUS UUKIOMAbI OyAyT;
X —a({t—sint), y=a @ — cost).

117



§ 27. YnpaxHeHus

1. Mamucarb ypaBHeHME OKPYXXHOCTM pagmyca 2 C LeH-

Tpom B Touke (3/2;— 5/2). OTBeT: (X---1-)24 [y 4 = 4.
2. HailnTun obuiee ypaBHeEHME TOIA XKe OKPYXHOCTU. Y K a -
3aHMe. O6WMM YypaBHEHMEM OKPYXHOCTW HasblBaeTcH

ypaBHeHWe, rnosiydaeMoe packpbiTUeM CKOGOK W MpuBefeHUEM
nofobHbix usieHoB. OTBET: 2x2+ 2y2— 6x 4 10y 4 9 =
= 0.

3. Kakoe reomeTpuyeckoe 3HayeHMe WMEIOT ypaBHEHUS:

a) X2+ y2— AX — 61/ — 3 = 0,
b) X2+ y2— AX — 6y + 13 = 0,
c) X24 y2— AX — 6y -f 17 = 0?

OTBeT: a) OoKpyXHoCcTb (X — 2)2 -f (y — 3)2= 42 b) Tou-
Ka (2; 3); ¢) ypaBHeHUe He M306pakaeT HUKaKO KPUBOIA.

4. HanucaTb ypaBHEHME OKPYXHOCTW paguyca a Cc LeH-
TpoMm (a; 0) U nocTpouTb ee, nonaraa a — 2. OTBeT: X2 +
4 y2— 2ax = 0.

5. Kakoin BuA mmeeT obliee ypaBHeHME OKPYXHOCTU, MNpo-
xoasweid uyepes Havano koopguHat? OTBeT: X24 y24
4- AX 4 Hy —O0.

6. B KakoM Buae MOXeT ObiTb HamnmcaHo ob6liee ypaBHe-
HMEe OKPYXHOCTW, KOHLEHTPUYECKOIA MO0 OTHOLWEHWU K OK-
py>xxHocTu X24 y24 Ax 4 By 4 C =0? OTBeT: x24
4 y2+ AX + By 4 C, = 0.

7. Mpueectn K Buay (X — T)2+ (y —n)2= a2 un no-
CTPOUTL criefytowme OKPYXMocTu:

a) X2+ Y2— AX — 6By — 12 = 0,
b) X24 y2— 2x — 2y — 0,
C) 3x24 3y24 6x — 2y — 2 = 0,
d) X24 y24 x = 0,
€) X2+ y2+ 2y - 8 = 0,
f) X24 Yy*4-2X4 2y 4 1= 0.

OTtBeT: a) (x— 2)2+ (y—3)2—52 b) (x— N2+ (y— I)2=
= (/2)2 c)(x4 1)24 (y--]1-)2= (4)2» d)(*+4-j2+
+ y2= {i)2>e)x2+ (Y+ 1)2= 32,0 (x 4 1)24-(r/41)2= 12

8. HalATu ypaBHEHWe OKPYXXHOCTW, A8 KOTOPOMA TOUKMU
(2; 2) (8 10) sBNAKTCAS KOHUAMWU O04HOro0 W3 AUaMeTpoB.
OTBeT; x2-y2— 10x — 12y + 36 = O.
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9. HalATn ypaBHeEHMEe OKPYXHOCTW, Mpoxoasiliein uyepes
Toukn (1; —1), (2; 6), (9;5). OTBeT: X2+ y2— X —
— 4y + 4 — 0.

10. HailATn ypaBHeHME OKPYXXHOCTWU, Npoxoasweii uepes
Toukn (1; 1), (0; 2), (2; 3). OTBeT: 3X2+ 3y2— 7X —
— 13y + 14 = 0.

YKasaHWe. HanucaTb ypaBHeHUE OKPYXHOCTU B 06-
wem Buge X2+ y2+ AX + By + C = 0, a sartem onpege-
NATb KO3PhMLMEHTblI M3 Tex Coo0bpaKeHMiA, 4TO KoopauHaTbI
TOYeK [A0/KHblI YAO0BIETBOPATb YpPaBHEHWUIO.

11. HalATM TOYKWU MepeceyeHUst OKPYXHOCTU X2+ y2—
— 2X— 2y —3=0c npamoAi X + y— 1=0. OTBeT:
Mx(2; -1), M2(-1; 2).

12. HalATu TOYKM MnepeceyYeHUs OKPYXHOCTU X2+ y2 —
— 5= 0c¢ npamoii X —y — 1=0. OtTBeT: (2; 1), (—Ij
- 2).

13. HalATM TOUKM MEepeceyveHuss OKPYXXHOCTU X2+ y2 —
— 2X— 3y = 0 c npamoi X + Yy — 4 = 0. OTBeT: (2; 2).

14. HalATW TOUKM MepeceyeHUs OKPYXHOCTU X2+ y2= 1
c npaMoiA X + Y — 4=0. OTBeT: He nepeceKatwTcs.

15. [okasaTb, 4YTO ypaBHeHMue Jiob0IA OKPY>XHOCTWU, Mpo-
XoOsAWwei vepe3 TOYKM MepeceyeHUs OKPYXHOCTU X2 + Y2 +
+ AX + By-\-C = O c npamoii Lx + My + N — 0, moxeT
O6bITb HanucaHo B BuUAe

T X2+ y2+ AXx + By + C) + n(Lx + My + N) = 0.

16. HalAT TO4KKM MnepecevyeHUss OKPYXXHOCTEM
X2+ Yra-2x + 2y — 3 = 0, X2+ y2— 49 — 2y + 3 = 0.

OTBeT: (1; 0), (9/13; 6/13).

17. HalATn ypaBHeHUe OKPYXHOCTW, MNpoxoasiweia udepes
TOUKWN MepecevyeHmnss OKPYXXHOCTU X2+ Y2+ 2X — 2y + 1 =
= 0 c npamothA X — ( + 3 = 0 m 4epes Touky (1; 1). OT-
BET: X2+ y2+ X —y — 2 = 0.

18. MokasaTb, 4YTO 06LlEe ypaBHEHWE OKPYXHOCTW, MNpo-
XoAAWer 4Yepe3 TOUYKW MepeceveHUs OKPY>XXHOCTel

X2+ y2+ AX + By + C = 0, X2+ y2+ AX +
+ B\Y + Ci = 0,
MOXXHO npeactaBnTb B BUAE

T X2+ y2+ Ax + By + C) +
+ n@E*+ y2+ AXX + By + Cj) = 0.
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19. B yacTHOCTMW, NMokasaTb, YTO ypaBHeHue npeablaylleti
Bajaun npm M = —T wn3obpaxaeT NpAMYI0, MPOXOAALLYIO
yepe3 TOUKY repeceyeHUss 06enX OKPYXXHOCTEM.

20. OaH annwunc

169 ~ 25 —~

HatATn a, 6, C, &, ypaBHeHUs AupeKTpuc. TlocTPOUTb
3TOT 3/11MNC MO ToYKaM 060MMU M3/I0KEHHBIMU B Kypce cro-
cobamu. OTBET: ypaBHeHMe AOupeKTpuc X = =*=169/12.

21. BbIpasuTb anuHy avameTtpa M XM T annunca Kak gyHK-
unio abeumcebl ero koHua M (X\y) 1, uccneays HalAgeHHoe
BblpaxeHue, elle pa3 y6eauTbCd, 4YTO HaMMeHbLUMM Auame-
Tpom 6yaeTt = 26, a Haumbonbwum AXAT = 2a.

22. HanucaTb YypaBHeHWe 3//IMMca, ec/iv WU3BEeCTHO, 4To
OH pacrnosioXXeH OTHOCUTESIbHO OCEA 06bIYHLIM CMOCO60M U

npoxoauT depes Toukn (2 Y2\ /2), (2; "A3). OTBeTr

JL. + *L=i
6 ~ 4

23. HatAiTu To4ku nepeceveHUs anaunca

JL +JL -1
52 + 13
N  OKPYXHOCTHU
X1+ y* = 25,
OTBeT: uyeTbipe Touku (x4j £3).
24, CocTaBUTb YypaBHEHWE OKPYXHOCTU, npoxogsuieii

yepe3 Toukm (6; 5) u (— 1} 4), ecn N3BECTHO, UYTO ee LEeHTp
NexnT Ha annunce

vy AW —1

OoTBeT: (X — 3)* + (y — 1)* = 25.
25. Ecnn kKaxpgas opAauHaTa asiauvnca

a%f 6, =1
rnosiyyaeTca YMHOXEHMEM OpAMHATbl OKPY>XHOCTU

Is4-y* = a2
Ha MNOCTOSHHOE 4ucno 6/a, To Kakum crnoco6om MosiyyaeTcs
M3 nowaan Kpyra njouwaab S afiuvnca U 4emMy oHa paBHa?

OTBeT: S — nab.
26. AaHa rwunep6ona
Jiy 4
225 ~6r —
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HaitTn a, b, ¢, e, ypaBHeHUs gupekTpuc. T[MoCTPoUTbL 3Ty
runep6osy no Touykam. OTBET: ypaBHeHUWEe AUPEKTPUC X =
= +225/17.

27. HaiATu To4KWM nepeceyeHUs a3nnunca wu runepbosbl,
ecnn  U3BEeCTHO, 4YTO OHW WMelT ob6uume ¢oKycCbl, MNpuyem
C = 1; ona annwunca akcueHTpucmTeTe = 5/13, a Ana runep-
6051l € = 5/4. OTBEeT: yeTbipe ToUKN (£52; +36).

28. Hainitn pnuvHy o6wetd xopAabl napa6on

= ! y= Axr.

OTBeT: 5.

29. MpuBecTu K nMpocTelilemMy BuAYy YypaBHeHUe Y =B
= 0,25a:2— X 4 2. OTBeT: y — 0,25Xr- Hayano koopauHaT
Hafo nepeHecTn B Touky (2; 1).

30. AokasaTb napasisie/SibHbIM MEPeHO0COM O0CeiA, 4YTo ypaB-
HeHune

y= Axr4 Bx + C, A d 0,

BblpaxxaeT napabony, n HalATU obLLee BbipaXeHne A8 Koopau-
l B B* - 4AC N\
HaT BepwnHbl. OTBET: BeplwNHA BTOUYKE! — ————————— — 1

31. PewnTb 3agadvy 3 3Toro naparpada nyTem rnapasisiesib-
HOro nepeHoca OcelA.
32. [Aoka3aTb MNepeHOCoM OCeid, 4YTO ypaBHeHUe

a24 y*4* Ax 4-By 4-C = 0

Bcerga wuam unsobpakaeT OKPYXHOCTb WM TOYKY WAN HUYEro
He wun3obpaxaeT,

33. lNepeHocom oceld fokasaTb, YTO ypaBHenuve y = ,

ad ® bc, BbipaxaeT paBHO604YHYI Trunep6ony.

34. YnpocTtuTb ypaBHeHue y— X3+ 3x2+ 3Xx4-7
OTBeT: y = a3, nepeHoc B Touky (—1; 6).

35. [okasaTb, 4YTO MpW MNOBOpOTe OceiA na Jsboia yron
ypaBHeHMe OKpyXHocTu X14 Y* — a2 He MeHsieTcs.

36. YnpocTuTb NyTeM Mo0BOpoTa OCEA Ha 45° B_bBHeHI/Ie

)yl -S alr. OTBeT: napa6ona y2= a \2X——— -Cc Bep-
WwuHotA B Touke (@ ~ 2/4; 0) (TouHee, yacCTb 3TOMA Mapabosibl).
37. MyTem noHopoTa oceid Ha 30° yNpocTUTb ypaBHEHNEe bXr+
4- 7yl—2Y 3 Xy — 4 = 0.0TBeT: annunc + — = -y.

38. HalATu nofisApHble KoOpAMHATbl BepLiVH MpPaBU/IbLHOIO
WeCTUYroNibHMKa CO CTOPOHOUA WX PacrosioKeHHOMA” KakK Ha
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puc. 85. OTBeT: (0; 0), (a; 0), (@Y 3; n/6), (2a; n/3), (@Y 3;
a/2), (a; 2a/3).
39. O6bACHUTbL, Mo4vyemMy YypaBHeHue ¢ = ¢0, roe O —
rnocTosiHHasi, n3o6paxaeT Jiyd, MNpoOXoAALLMIA Yepe3 MOJIKOC U
HaK/10MeNHbIA K MOMSAPHOMA oCcU Mof yr-
nom @O.
40, O6BACHUTBL* Mnoyemy YypaBHenue
r—a, rgoe a> 0 — nocTosiHHas, Wn306-
pakaeT OKPYXHOCTb pajuyca a C LeHT-
pomM B Mositoce.
41. NaHbl NONSApHble KOOPAUHATbI TOYeK
M, (a ~2/2; n/4)Afa(a”212]  3n/4),
M3 (@ N2/2; 5n/4), M (a][2/2; 7n/4).
BbluMcnnTb UX [AeKapToBbl KoopAuHaTbl (0CM pacnosioXKeHbl
06bl4HO). OTBeT: MXx(a a), M2(—a; a), M3(—a; —a),
M 4 (a; —a).

42. [aHbl AeKapToBbl KoopAuHaTbl Todek M X (ft/2; b |/73/2),
Mr(—bl2; b 3/2), M3(0; —6). BbluncnuTb NONMsipHblE KO-
OpAVIHATbI, B3SIB HAaUMEHbLLWE MOJI0KUTESIbHbIE MO/ISAPHbIE YI bl
(nonspHas ocb pacnosioXeHa 06biuHO). OTBeT: M, (6; n/3),
Mr (6; 2n/3), M 3(b; 3n/2).

43. [aHOo ypaBHeHWe runepbosIM4ecKoii cnmpanun B AeKap-
TOBbIX KoOpAMHaTax

— Xt
y gfxr br

Bblpa3uTb ero B MOJIAPHbIX KoOpAMHAaTax W HayepTUTb 3Ty
cnupanb. OTBeT: I = a/g.

44. OaHo ypaBHeHue I = 2a cos ¢. [lokasaTb nyTem ne-
pexoga OT MOMASAPHbIX KOOpAMHAT K [AeKapToBbIM, 4YTO 3TO
ypaBHeHUe oKpyXxHocTu. OTBeT: (X —a)2+ y2—ar.

45. BbIBeCTW NOSIAPHOE YypaBHEHMEe MNPAMOIA, cUMTaH [aH-
HbIMU:

1) ANVHY P nepneHAuKynsApa, ONyLWeHHOro Ha Hee M3 Mo-
ntoca;

2) yron a Haksiona ero K MNonsipHOIA ocu.

OTBeT: = ——— ————- .
cos (p— a)

46. BblBecTn oTcClga YpaBHEHWE MpPAMOA B NPAMOYIoJib-
HbIX KoopAuHaTax. OTBeT: Xcosa + ysina —p = 0,

47. HauepTuTb cnepymwuime KpuUBbIe:

1) r= a (@ + cos ¢) (Kapguonga

2) r= a @ + cos 4d).
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48. OaHa KpuBas MapaMeTpUUYECKMMU YpaBHEHUSMU

3at Sall
X=

HalATu ee ypaBHeHMe. OTBeT: X3+ y3— 3axy — 0.
49. NaHa KpuBas napamMeTpuyecKUMN YypaBHEHUAMU

X—acostt y—asint

Hatitn ee ypaBHeHuUe. OTBeT: + —p-= 1.

50. MaTepuanbHas ToO4kKa ABWXeTCA B MJIOCKOCTM Tak,
UYTO ee KOOpAMHAaTbl BbIpaXalTCcad TaKUMU PYHKLUAMWN Bpeme-
Bu: X = vlt, y = gt22. HanucaTb ypaBHeHWe T]paeKTopun.

OTBeT: napabonay— — X2

51. [JaHa OKpYyXHocTb X2+ y2— 2ax — 0. Halitu reo-
MeTpuyecKoe MeCTO cepefuH ee XopA, MNpoBefleHHbIX M3 Hava-
na koopauHat. OTBEeT: OKpYyXHoOCTb X2+ y2— ax = 0.

52. OaHa napa6ona Yy2= 2%, HaATU TreoMeTpunyecKoe
MeCcTO cepeAuH Xoph, MpoBeAeHHbIX W3 Hadasla KoopauHaT.
OTBeT: napa6ona y2— px.

53. OaH annwvnc + HatAiTn reomeTpuyeckoe

MeCTO TOouekK, AefIAWnX paccTossHMe OT LeHTpa A0 /1060iA Tou-
KW 3/unca B oTHoweHun 2:1. OTBeT: afauvnc ¢ nony-
ocAMMN, paBHbIMWU 2a/3 n 26/3.

54. HalATn reomeTpumyeckoe MeCTO ToO4YeK, Kaxpgas U3 Ko-
TOpbIX OTCTOMT OT Touku (—4; 0) Ha paccTosiHUe, BABOe 60/1b-
wee,, 4yemM-oT Touknm (—1;0). OTBeT:
a2+ Y2—4.

55. TMpAMonuHeliHbIA cTepxeHb AB
CKO/Ib3UT ‘M0 KOOPAMHATHbIM 0CAM Tak,
yto anvHa ero AB = a + b nocTosiH-

Ha. HaliTn, Kakyl KpuBYIK oOnucbiBaeT
Touka C, oTcTosAwaa oT koHua B Ha
paccTosiHMe a, a OT KOHua A — Ha
pacctossHue b (puc. 87). OTBeT:

©1111|/|nc:—>‘(2-|1 —r\k—z i

YKaszaHue. [lpowe Bcero HaiTM cHayana napameT-
puyeckoe ypaBHeHMWe, B3siB, Hamnpumep, 3a napameTp yron t%
a 3aTeM napamMeTp WUCKAOUYUTb. [MofobHbIA MeTon, Mnosie3eH BO
MHOFUX c/iyyasx.

56a. AaHbl Toukn M X(—2; 0), M 2(4; 0). HaiAiTu reomeT-
pnyeckoe MecTo Takmx Touek MXpans kotopbix yron MXM M,
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BABoe  6osiblue yrna MM?MIJI OTBeT: runep6ona
*x y1 A
T '-\T==]-

56b. OaHa Touka Mj (—a; 0). HalATm reomeTpunyecKoe
MEeCTO Takux Touek J1/, ana koTopbix yrosi XOM BpaBoe 6Gosiblie

yrna xXMyM. OTBeT:

57, AaHbl Toukn MX(—1; 0) m Mr(1; 0) n npsaAmasa y =
— 1. Mo 3ToiA NpsAMOIA CKONb3UT Touka M. HaiATn reomet-
puyeckoe MeCTO TOYEK MepeceyeHUs BbICOT TpeyrosibHMKa
MXMMT. OTBeT: napa6ona
y= X—1
58. Joka3aTb, 4TO nMoOCTpoe-
nup MNapabonbl Y = ax2 ecnu
JaHa XoTsa Obl oAoHa ee Touka J1/*

Pvo, e

MOXHO OCYLLEeCTBUTb CMOCO6OM, YKasaHHbIM Ha puc. 88. (A4ns
GoMblUeii TOUHOCTU OeSIEHUEA MOXKHO B3ATb 601-||=Lue._)L Mpume*

HUTb 3TOT pe3ysibTaT K MOCTPOEeHUI0 Napabosibl Y = —F-Xr.

59. HalATu reomeTpuyeckoe MeCcTO Touek, AN Kaxaoia
M3 KOTOpbIX Mpou3BeAeHWe paccTOAHWIA [0 ABYX AaHHbIX To-
ek FX(—c; 0) nu F (c; 0) ecTb BesiMuMHa NOCTOAHHAsA, paBHas
A2, OTBeT: (X2+ y22— 2c2(X2— y2) —a* — c4 (oBbl
KaccrHn; B yacTHoCTWM, NpM a — C Nofny4vaeTcs JIeMHUCKaTa),

60. JaHa npamas X — a. Yepe3 Havano KoopAMHaT Mpo-
BOASITCA pas3/INUHO Hak/I0HeHHble npsimble. OT Touek N nepe-
ceyeHUa MX C MPAMOIA X — @ Ha HUX O0TK/aAblBalOTCA OfMHa-
KOBble 0Tpe3ku b (puc. 89). HaliTm reomeTpuyeckoe MecTo
KoHuoB M aTux' oTpeskoB. OTBeT: X2+ y2 (X — a)2—
= X&d2 (koHxompa Hukomepda),



FnaBa 6

BEKTOPbI, MOBEPXHOCTU N NUHNW

B MPOCTPAHCTBE

§ 1. Ocu, BeKTOpbl, Yr/bl

Tak e, KaK MU Ha MJ10CKOCTMH,

6yfeM paccmaTpuBaTb 0CMU

M BEKTOpPbl B MpocTpaHCTBe. 3[eCb TO/IbKO c/eAyeT 3aMeTUTb,,
UTO ABe 0CM B MPOCTPaHCTBE MOryT U He nepecekaTbes. OAHa-
KO, ec/iM OfIHY M3 HUX MepefBMHEM NapasisiesibHO CcaMoiA cebe

C Tem pacyeToM, 4YT06bl B HOBOM
CBOEM MOJIOKEHUM OHa nepeceksa
BTOPYK 0Cb, TO, KakuUM 6bl MyTeEM
3TO rMepeMelleHne HWU COBepLUUn-
nv, yron Mexay HoOBbIMU M0J10-
XEHUAMMU 0celd MNOoMyynTCea OO4UH
M TOT Xe. 3TOT yros Mbl U Mpu-
HMUMaeM 3a VYro/1 Mexay ocamMu
(pnc. 90).

3ToT yron a 6yaem Tenepb paccMaTpuMBaTb TO/IbKO Kak
MoNoXnTesibHblA. OH, C€/efoBaTesfibHO, MOXeT 6bITb WM OCT-

pbIM, WM TynbiM B 3aBUCUMOCTN
Ha 0cAaXx.

§ 2. MMpoekuyunn

0T pacnosioN<eHunsa CcTpesiokK

a. Mpoekuyein ToMKNM M Ha ocb PQ 6yaem HasbiBaTb TOY-
Ky M XnepeceueHus ¢ 3ToA 0CbH MJIOCKOCTU, MeprneHAnKynsap-

Hoti PQ

Ky M.
b.

ocb PQ

M npoxoAswein 4yepes ToY-

Mpoekupeth BekTopa MN
Ha3bliBaeTCcs TaKo BEKTOpP

M jjV | nexawmin Ha ocu, Ha4daso Ko-
TOpPOro ecTb MPoOeKUMa Hayvana, a

KOHel, — Mnpoekumnsa KOoHLLa BeKTopa
MN (puc. 91).
Puc, 91 c. TaK Xe, KakK W Ha nsjocKocTwu,,

Be/INYMHA MPOeKUNUU He USMEHUTCA*

ecim Mbl nepegBuMHEM BEKTOp B
N1e/IbHO caMoMy cebe wnnu xe

HOBO€ nMNoJsiokKeHne napasn-
ecnnm  nepemectmm napasn-

NenbHO camMoia cebe 0oCb MPOEKUUIA.
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Kpome Toro, odeBuagHo, uto np AB — —np BA.

d. [anee, paccMOTpUM TMPOEKTUpPOBaHWE BEKIOPOB C 0A-
HOUi ocu Ha Apyryw. Ecniv nepemMecTuM MepBYH 0OCb BMECTe
C BEKTOpPOM, B Heli sexawum, B HOBOE [OJIOXKEHUE, B KOTO-
pom 6bl 3Ta OCb Mepeceksia 0Cb MPOeKUMiA, TO BEIMUMHA MPOEK-
UMM oT 3TOro He uaMeHuUTcs (puc. 92). Ho Torga Mbl MOXeM

Puc. 92

NMPUMEHUTDb TeopeMbl, [OOKa3aHHble HaMun Aanqa MJ1I0CKOCTN
(noTomy 4TO Tenepb 06e OCKM NexaT B OAHOMA MJI0CKOCTKU), T. €,
N ANA NpocTpaHCTBa CchNpaBegs/IMBbl c/efylolime TeopeMbl:

e. BeMunHblI BEKTOPOB OTHOCATCH KakK Be/MHMHbL MpOeK-
LYIA 3TNX BEKTOPOB Ha Kakyt—/Mbo ocb.

f. Tlpy NPOEKTUpPOBaHUMN BEKTOpa C OOHOLA OCU Ha Opyryto
BE/INUYMHA MNPOEKLUU paBHa BeSIYMHE MPOEKTMPYEMOr0 BEKTOpa,:
YMHOXEHHOIA Ha KOCUHYC Yrria Mexay 0CsMW, W, B YacTHOCTW,
€/ Harpas/ieHVe 0CU OAMHAKOBO C HampaB/IeHVWEM BeKTopa
TO Be/MYMHA MPOEKLUMN BEKTOpPa paBHa €ro [A/iMHe, YMHOXEH-
HOA Ha' KOCUHYC Yr/fia MeXay BeKTOPOM U OCbtO.

[anee, nerko AokasbiBaeTcs AJ19 MPOCTpPaHCTBa Teopema<
O0THOCAWanaca K npoeKunm BeKTOpHOI‘/‘I uenn.

§. Asirebpanyeckast CymMma Be/IMHMH MPOEKUMIA OTAeSIbHbIX
3BeHbeB LIEMWN paBHa BeSIMYMHE MPOEKLMM 3aMbIKAOLLEro BeKTopa
(puc. 93). [oka3aTesnibCTBO OAMHAKOBO C TeM, KOTopoe 6bl/10

Puc. 93

0N N0CKOCTU, C TOM /Wb pasHULE, 4YTo 3[ecb MpoeKTupo-
BaHME TOYeK Ha OCb OCYLLECTBASIeTCA MOCPeACTBOM MJ10CKOC-
TelA, nepneHANKYNApHbIX 0CU, a He NpAMbIX. 3T0 AoKasaTeslb-
CTBO B BuAe YNpaXXHeHWUs pekoMeHAyeM npogesiaTb CcaMuUM
yyalnumcs.



§ 3. lMpoeKUUM Ha TpU B3aMMHO MEPReHAUKY/SipHblE OCWU.
OnuvHa BekTopa 4yepe3 NpoeKLUU

a. PaccMoTpumM TpuM B3aMMHO MepreHAUKYJIipHble  ocK
Ox, Oy, Oz, ucxogswme n3 ob6weid Toukn O, pacrnosioKeHHbIe,
KaK yKas3aHo Ha puc. 94. Hawa ueslb — BbISICHUTb BOMPOCHI,
CBsI3aHHble C MPOEKTUpPoBaHUEM
BEKTOPOB Ha YKa3aHHble OCMU.

b. Myctb BekTOp AB pnu-
Hbl I, nexawuiA Ha ocm MN,
o6pasyeT c ocaMu yrnbl a, P,
Y N UMeeT npoekuunm X, VY, m
Ana  6oMbleiA  0TYeT/INBOCTU
rnepeHecemM BeKTOp BMECTe C €ero
OoCbl0  MapasiieslbHO  caMoMy
ce6e BHoBoe nonoxeHne OP o
TeM pacyeToMm, 4ToGbl ero Ha-
yasio nonasio B Touky O. Yka-
3aHHbIE Bbllle Be/INYMHBI OT Ta-
KOro repeHeceHusi He U3MeHSIT-
cs, Onyckass U3 HOBOFO KOHLA
P BekTopa nepneHAVKYSpbI
na nsockoctn XOy, yObl BOX% cTpouM napannenenuvnen, Kak

rnokasaHo Ha puc» 94. BekTop OP saABnseTca AvaroHasblo 3To-
ro napansienenunena, v, cneaoBaTesibHO, KBajpaT ero A/MHbI
paBeH CymMMe KBaapaToB Tpex ero M3MepeHuiA:

iOP P — |JOAt p+ |OBr p+ 10C,

Puc. W

HO
N\OP |=r, OAx= xt
OBx= vy, OCx— z,

W, criefloBaTesibHO,
= | XBR+ ly2+ |z B= X2+ R+ z*
r— NXx2+ y2+ 22 @)

[ANvHa BeKTopa paBHa KOPHIO KBaApaTHOMY W3 CyMMbl
KBapaTOB €ro MpoeKumiA.
Hanpumep, A/iMHA BEKTOpa, MMEILLEro NpoeKLuuu

2, y = —3, z = 6,
oypeT
r=/ 22+ (—3)2+62= /4 + 9+ 36 = U149 = 7.
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§ 4. MpocTeldlwme 3aBUCMMOCTU, COAEPXKAHUE BESINUMHY
BEKTOpa, MPOEKLUM U HarpabsisiolMe KOCUHYCbI

a. KocuHycbl cos af, cos p4 cosy yrno, o6pasyembix
ocbto BekTopa ¢ ocamu OXs Oy, Oz, HasbiBatoTCS Harpas/iato-
LWMMWN  KOCUMHYCaMW* TaK KaK XapaKTepusylT HarnpaBfieHue
BeKTopa, * \

b, CornacHo Teopeme 0 Be/IMHYMHE MPOEKLMU BEKTOpa Mpo-
ekummn X1y, z BeKTopa nony4vaTcss YMHOXEHUEM €ro BeSIMYMHBI
P Ha yKasaHHble HarnpaB/sioWMe KOCUHYChI:

X = pcosa, Y—pcosP* z—pcosy, Q)

C, B uacTHOCTVM* Bo3bMEM HarnpaBsieHMe 0CW COBMagaloLwmm
C HarmpaB/ieHMeM CaMoro BeKTopa; Torga p 06paTuTcs B AS/IMHY
r BeKTopa U cos @, cos (5 CosS Y — B Hanpae/siowme KOCUHY-
Cbl CaMoOro BeKTOpa, W HalAfeHHble (GopMynbl MPUMYT BUA:

X —rcosa, Yy—Trcosp* Z= rcosy. 2)

d. N3 aTux QopmMysT MOXHO BbIpasuTb HamnpaBAsolne Ko-
CUHYCbl BEKTOpa u4epe3 ero MnpoeKLuuu:

X
COSa:
COSP = y =., 3)
X+ Y (-
z r
cosv= —= - =
r X2 y2-4-z3

e. [eomeTpuyecKn SACHO* pJasiee* 4To caMn HanpasfAwoLlne
KOCUHYCbl He MOryT ObITb He3aBUCUMbIMW, MOTOMY 4YTO KOrpga

M3BecTHbl aABa yrna amp* ana OP B0o3MOXHO TO/IbKO camoe
Gosiblliee ABa HanpaBsieHUa (Hanpumep* Ha puc. 94, Kpome
N306PaXXEHHOr0 Ha HeM, ele CUMMETPUUYHOE HamnpaBfieHUe

OPr nmwke nnockoctu XOy),

Mbl BblBeoem cebAvac ypaBHeHUeE, CBsi3blBalolliee 3TU Ha-
npaeasioWmne KocUHycbl. JelicTBUTENbHO, Bo3BoAsA (2) B KBaj-
paT M cKfagbiBasi, WMeeM

A2+ y2+ z? = r2(cos2a + cos2p + cos2y)*
0TKyfa* penst 06e 4YacTM Ha r2= X2+ Y2+ 72, MOSy4Yum
cos2a + cos2p + cos2y — 1. 4

f. Hanpumep* Haligem npoekumnm XXy* Z BeKTopa AJINHbI
6* o6pasylolULero ¢ 0CAMW paBHble OCTpble Yr/ibl.
30ecb a = p = Y, U NOTOMY paBeHCTBO

cos2a + cos2p + cos2y = 1
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obpaliaeTca B
3cossa = 1, co?2a = 1/3, cosa = MY3,

BepeM 3HaK M/OC, MOTOMY 4YTO Yrosl a Mo npeanosioXXeHuto
ocTpbItA. UTaKk,

cosa = cosp = cosy = 1/Y¥3,

N criefoBaTeflbHO, COrJlacHoO (opmyse (2) BBuagy r = 6 ro-
Nyunm

X—y—z—6-1//3 = 6//3 = 2Y3.

Haligem elle HanpaBsowmMe KOCUHYCbl BEKTOpPa, 3a4aHHO-
ro npoekyuamum a = 1, y — —2, z= 2.

YKa3zaHHble KOCUMHYCbl MOXHO Obl/I0 6bl BbIYUCAATL HeEMo-
cpeAcTBeEHHO Mo ¢opmynam (3) B OKOH4YaTenbHoM Buge. OpHa-
KO yAo6Hee paHblUe BbIUUCIUTL T. Vimeem

r= Yla+ (—2)2+ 2» = 3#
w/lcneposaTtesnibHO, corsiacHo dopmysniam (3)
cosa = 1/3, cosP = —2/3, cosy= 2/3,

§ 5. TMpoekuma BekTopa Ha ocun. Kocumyc yrna
Mexay [ABYMs BeKTopamu. CKansapHoe
npon3sBefeHVe BeKTOPOB

a. Myctb BekTop OP 3agaH cBoMMKM MpoekuusMmu X, Y, z

Ha ocn (puc. 95). Torpga pewnm Takobi Bonpoc. KakoBa npoek-
umns aToro BekTopa Ha ocb ON, 3a-
LaHHYI CBOMMMW HamnpaB/sloWwumMm
KOCMHYCcamMmn cos ai, cos Pj, cos Vi
(Mbl onsiTb 6epemM BEKTOP C Haua-
noMm BO UM MpoekTUpyeM ero Ha
ocb, mpoxoasiwyto 4epes3 O, Ho
KaK BEKTOp, TaK U 0Cb MOXHO,
KOHEeYHO, 6paTb rae yrogHo).

Kak Mbl BUAenu Bbille, MPoeK-
umn X, y, z Hawero BekTopa OP
MOXXHO paccmMaTpuBaTb KaK 3Berbs
BekTopHoiA uenn OAKP, 3ambI-

KawLliMM KOTOpoiA SB/ISleTCA cam Pro.Y6
BekTop OP.
CornlacHoO TeopemMe 0 MPOeKLMM BEKTOPHOIA Lenu nMeem

ufOP = np'OA + np AK + np KP.

5 3 BbiCLLIEl




Ho ecnn ¢ — yron mexay BEeKTOPOM W 0Cblo U I — OJn-
Ha BeKTopa, TO

np OP = rcos .

Danee, Bektop OA nexunT B ocu OX, HaKMOHEHHOIA K ocu
ON nog yrnom ax; criefoBaTesibHo,

np OA = X cos a,.
BekTop AK wMbl 3ameHuM BekTopom OBX, KOTOpbIiA MosiyyaeT-

ca napannensHbiM nepeHocom AK na ocb Oy, Tak Kak ocb
Oy o6pasyeT ¢ ocbto ON yron Pi, 10

np AK = npOf, = ycos 3,.

HakoHel, BekTop KP 3ameHum BekTopom OCX KoTopbliA mMo-
nyvaetca napannenbHbiM nepeHocom KP Ha ocb Oz. A Tak
kak ocb Oz o6pasyeT ¢ ocbto ON yron yIr To

np KP = Zzcos Vi-
NTakK, MMeeM [BOSIKOe BblpaxeHue npoekuunun BekTop ? OP:
np OP = rcos @ = Xcosax+ Yycos Pj + zcos Yi* (1)

OTcloga, gena Ha r n 3amedas., 4yto BeBuagy (3) § 4
cosa = X/r, cosp = ylrl cosy= ztr,

uMeeM crefyolyto (opMysly KOCMHYca yrna mexay [AByMms
ocamMU (UK BeKTopamm):

cos ¢ = cos a cos ax-f cos p cos P, + cos ycosyr. (2

b. Bosbmem panee Ha ocu ON BekTop OPXanmHoiA T ¢
npaessieHneM, coBnajawoWMmM € HanpaeBsieHnem ocH. Ero Ha-
npaBnsoLiMEe KOCUHYCbl 6yAyT 04MHAaKOBbl C TaKOBbIMU A/
oc ON, T. e. 6yayT cos alt cos p” cos yi4 npoekuun xe et
0603Ha4MM uepe3 Xb Y1} zit

MpumeHaa dopmyny (3) § 4, vmeem

cos ax= avm cos Pr= yilrv cosy, = z/rl!
BBMAY dYero opmyna (1) paet

rcosg;:sXTt +y,—I +Z—,

’

0TKyAa
[Mrcob ¢ = XXX+ Yyx + W' 3)

Ha-



B neBolA yacTW paBeHCTBa CTOMT Mpou3BefeHMe AJIMH BEeKTO-
poOB Ha KOCUMHYC yrna mexgy HumMn. OHO HasblBaeTcs CKasisp-
HbIM MPOV3BEAEHVMEM BEKTOPOB M MMeeT 60NblUOe 3HavyeHue B
MexaHuke. dopmysia (3) nokasbiBaeT, UYTO CKasIspHOE MPOU3-
BefleHVe paBHO CyMMe Mpou3BefeHUIA OAHOMMEHHbIX MpoeK-
umia 060X BEKTOpPOB,
c. ®opmyna (3), B 4acTHOCTM, [JaeT BblpaXeHue A4

COS (0 — KOCMHYcCa yrna mexay ABYyMS BeKTopamMu. — 4yepes
X MpoeKunn:

XXI + YYN\4- 271
cos ¢ == T

yto BBUAY (1) § 3 MOXHO nepenucaTb elle Tak:
cos = XA 4- yN\+ 1y @
\[x1/1- Y1+ VxX\ + yf 4- 2\’

d. BbiBegem ycsioBMe napasiniesIbHOCTU U ycrfioBUe nep-
NeHANKYNAPHOCTN BEKTOPOB.

Ecnn gBa BekTOpa, OAMH C MpoeKuMamu X, Y, Z, Apyroti —
C npoekumMaMU XU YX ald napannenbHbl, To Mpu napaniesib-
HOM MepeHoce MX C TeM pacyeToM, 4YTOObl Hadana WX CoBNasn
¢ Toukoi O, 3Tn BeKTOpbl WK
coBnMagyT, WM cocTaBAT Mpo-
[0JDKEeHVe oaun Apyroro.

MN3o06paxas Torga rMpoek-
nMn 3TUX BEKTOPOB pebpamu
napasnenenunenoB Mo crnocoby
§ 3, Mbl BUOUM, 4TO BBUAY
nono6us napasnenenunenos
pebpa X, Yy, I napannenenu-
nega, AuaroHasiblo KOTOPOro
asnsetcs BekTop OP, #0/mKHbI
O6bITb MpPOMOPLMOHAaSIbHbI  pe6-
pam Xb Yylt z,  napannene-
nunega, AnaroHasablo  KOTO-

poro sBnsietcs BekTop OP,
(puc. 96):

X
N\ ©)

O6paTHO, ec/im unMeeT MeCcTo 3Ta nponopuwnsd, TO napasisiese-
nunedbl NoAo6HbI, a MOTOMY WX AuaroHasan, T. €. BeKTOopbl

CP n OPu coBnagatoT. 3HaunT, nponopunsa (5) v BbipaxaeT
co60t0  YCsIoBME Mapas/iesIbHOCTH,

131



MeTpyano BuAaeTb, uTo ycsioBue (5) MapasifieNbnocTn co-
XPaHUT cuy M B ToMm cnydae, ecniv Bektop OP 3ameHUTb emy

npoTuBonosioxkHbiM OP', Tak KakK OT Takoii BaMeHbl Mpoek-
umMm Xr, ylt z3, npeBpaTsiTca B —XU —Yb —IU 0T4Yero npo-
nopumnsa (5) nNe HapywmuTcs.

3ameuvaHwne. TMponopyuna (5) ecTb NpaAmoe cnencreve
nynkta e § 2. [OelACTBUTE/IbHO* COrslaCHO emMy BCe OTHO-
weHnsa (5) A0/MKHbI pPaBHATbLCA OAHOMY W TOMY XXe 4ucny
I0P \NAOP, |.

e. OcobeHHO cnenyeT OTMETUTb C/lyvald, Korjga Kakas-
Nnbo MNpoeKuus 0oAHOro M3 BEKTOPOB paBHa Hy 0, nanpumep,
nycTb X — 0. 3To 3HaunT, uTo BekTop OP nmepneHAuKynspeH
ocu OX. Ho Torga A napasisies1IbHOCTU BEKTOPOB Heobxoau-
MO, 4To6bl M BTOpoii BeKTOp 6bu1 nMepneHaukynsapeH ocu OX,
T, e. Xr= 0.

MTak, nponopumnto (5) MOXHO YC/NI0BHO MucaTb U B TOM
cnydae, Korga Kakpe-nmbo ee useHbl — Hynu. Ho Torpga crie-
AyeT MNOMHUTb, 4YTO MpW napansiesibHOCTU BEKTOPOB UYJIEHbI,
cocTaBngawLWMe 04HO OTHoweHne B nponopunn (5), mMoryT 06-
pawaTbCs B HyJ/lb TO/IbKO O4HOBPEMEHHO,

f. YcnoBue nepneHAMKYAAPHOCTU BEKTOPOB MOSIYYUM He-
nocpeACTBEHHO U3 dopMyrbl (3), IMEHHO* [0/1KHO 6bITb P =
= 90ed cos ¢ = 0, n noromy

xxt + yyr+ zz, — 0,
0TO W ecTb YC/I0BME MeprneHanKYIApHOCTN,

g. NMpunmepbl. B nyHkte f § 4 Hamu 6bU1 paccMOTpeEH
BEKTOp C HampaBAswWwMUMnU KocumHycamu 1/3; —2/3; 2/3. Haia-
[JeM MNpoeKuun Ha HamnpaBsieHMe 3TOro BeKTopa ApYyroro Bek-
lopa ¢ npoekumamu 6, 3, 2,

CornacHo qopmyrnie (1) aTa nmpoekums o6ygert

6*4~+3' (— IN)+2-4=2-2+4-=-r -
Haligem, ganee* yros mMexay HanpaB/ieHMEM, KOTopoe Mbl
TO/bKO YTO paccMOTpenin” T, e. ¢ HanpaB/ISIOWMMN KOCUHYcCa-
mn 1/3, —2/3, 2/3, n HanpaBneHunem, 06pa3ylOLLLUM O OCAMMU
paBHble ocTpble yrnbl, llocnenHee, Kak crefnyeT M3 npumepa
B nyHkTte f § 4, umeeT HanpaBnsawuwme KocuHycbl 11V 3,
NN\ 1//3.
MoaTomy cornacHo dopmyrne (2)
1 1 ./ 2\ 1 -
= - -TeTr N - T)-TT1r +
, 2 1 J
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Hatigem panee cKanspHoe npov3BefeHUe BEKTOpPOB, H3
KOTOpbIX OAWH MMeeT npoekuunm 2, 6, 3, a OpYroiA — npoek-
umm 6, 7, 6.

Mmeem

rri cos ¢ = 2*6 + 6«7 + 3*6 = 72»

Makoney, HalAgeM KOCUHYC Yyrnia Mexay BeKTopamMu o
npoekuymamn 2, 1, 2 un 3, 2, 6,

Nmeem
2.341.2 + 2.6 20
cosh= - £= —,+ ..... - =

|"2- + 12+ 22 1/"33+ 23+ 6» 21

b. BekTopbl ¢ npoekuusamm 2, —6j 5 m —1434 —2,5 na-
pannenbHbl BBUAY TOro, 4TO
2 —6 5
- 1= 3 « - 25+

BeKTopbl ¢ npoekuuamMu 1* 4, 0 u 2t 8/10 napannesibHbl
BBUAY TOro, 4To
J 4 _0_
2 .- 8 0

BekTopbl ¢ npoekuymamu 1, 0, 0 u 12, 0, O napannesibHbl
BBUAY TOro, 4To
1 o] o]
2B 0= 0*

BekTopbl ¢ npoekuynamn 2t —1, 4 u 1, 4, 0,5 nepneHgnKy-
NApHbI BBUAY TOro, 4TO

2*1 + (—1)»4 + 4.0,5 = 0.

§ 6. KoopguHaThl

a, MepexoanM K onpefesieHUto MOJI0OKEHUS TOYKU B Mpo-
cTpaHcTBe. A 3ToiA uenu G6epeM Tpu B3aMMHO MeprneHauKy-
napHble ocu OX%0y, Ozt pacnosiokeHHble, KakK U paHblue. lMo-
NOXXeHNe KakoMi-n6o Toukn M npocTpaHcTBa Torga onpege-
nnTes npoekuusmm XX ytr sektopa GM Ha ocu Cxr Oy, Or.

3TK BeNMUUHBI X, Y, Z Ha3blBaloTca KooOpAMHATaAMU TOYKMU
M\ X HasblBaeTcs abCLWMCCOIA', Y — OPANHATOIA, HakoHel, I —
ann/INKaToA. [eomMeTpUUECKN OHU MK306pa3aTcs BeKTopamu
X = OA, y— 0OB$z = OC%umnn Takxe 3BEHbSIMWU BEKTOPHOIA
uerim OAKM (puc. 97). Mpu 3TOM 3aMblKalOLUIMM BEKTOPOM

agnaeTca cam BekTop OM,
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To 06CTOSATENBLCTBO, 4YTO Touka M wumeeT KoopAuHaTbl X
Y, Z, 3anucbiBaeM Tak:

M (x;y, DN,
Ocu Ox, Oy, Oz HasbiBalOTCA OCAMM KOOpAUHAT. B uyacTHocTw,

Ox HasblBaeTcsi 0OCblo abcuuycc, Oy — ocblo opguHaTt, Or —
OCbI0 anmn/ivkKaTt, Touyka O HasblBaeTca Haya/loM KoopAMHaT*

r M
X
Puc, 97 Puc. 98
b, Ansa noctpoeHus Toukm M no 3aaHHbIM ee KoopAuna-

Tam  (X\y, ) camoe Jiyuyllee — CTPOMTb BEKTOPHYK [JeHb
OAKM.
Ha puc, 98 MocTpoeHbl 4YeTblpe TOUKMU:

Mr@4; -2; 3), M2(-3; 3;4), M3(2; 0; 2, Mt (@O; 2; -3).

§ 7. BblpaXeHWe Mpoekumia BeKTopa
yepes KOOpAMHATbl KOHLLA W Hayana

MycTb BekTOop M)M23apaH koopanHaTtamu MT (a:,; yr]r A
Mr (X2 yr\IT) Hauana u KoHua. Hatigem ero npoekuun X, Y,
Z Ha ocu KOOpAWUHAT.

CorslacHo U3BECTHOM Teopeme, MPoeKTUPYs BEKTOPHYIO LierMb
OMjM, un Bawmbikaowmii ee BekTop OMTF Ha ocb abcymce,

nveem (puc. 99)

2 r) MrPI&J1T) P OMJI+ np N7,Mr = np OMT,
Ho
n noTomy
tuc
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AHasornyHbiM 06pasomM HalAgem
Y=Y—Yn 2= 2 —Z.
NTak,
a= ar— icj, Y — Y2 1t, ~ = 22— 50

T. e» NpoeKLMs BeKTopa Ha ocb abcuucc paBHa pasHocTU abce-
LLMCC ero KOHLa K Havasa, npoekumss Ha OCb OpAuMHAT — pas-
HOCTU WX OpPAWHAT, MPOEeKLUMSA Ha 0oCb anmnjmMkaT — pasnocTwu
X annJukar, -

Hanpumep, BékTop MN\MIXx rae M x(NN\3; 5)4 /1/2 (2j, 1} 2),
nveeT npoekymmn X =2 —1* ¥ = 1—-3, Z= 2—5t T.e.

X=1 Y= —2 Z -3,

§ 8. BblpaXeHWe O/IMHbI BeKTopa 4epe3 KoopAMHaTbl
KOHU,0B. PaccTosiHue Mexay ABYMs ToukKamu

a. [AnuHa I BeKTopa, pacCMOTPEHHOro B NpeAblayliem
naparpadge, cornacHo (1) § 3 paBHa
r= Y X2+ y2+ 72

3ameHsis xe X, Y, Zux BblpaXeHUIMN X2— XtXy2— ya
Z2— ZU nMosy4Ynm

r=V — "N+ (yr— YN+ (z*— uT-

B yacTHOCTW, paccTossHMe oT Toukm M (K, Yy, z) Ao Hauana
KOOpAMHAT HalAAeM 0TClOAa KakK O/IMHY BeKTOopa, COoeAUHSIo-
uwero Toukn MX(©0; 0; 0) u M2X\Yy, 2), n, cnenoBaTesnbno,
3TO paccTosiHUMe 6GyaeT paBHO T.

b. Hanpumep, BekTtop MM 2 rme Mr4; 0; 3), M2(@2]
1; 5), vumeeT AONNHY

r= JA(2-4)2+ (1-0)2+ (5-3)2= /4 + 1+ 1 - 3.

MOXHO CKa3aTb TaKXe, 4YTO pacCTOsiHUE MexXAay TouKamu
Mj (4, 0; 3), M2(2; |Ij 5) paBHO 3.

Janee, pacctoaHue oT Touku (4; 4; 7) Ao Ha4dana KoopAawu-
HaT O6yaeT

r= Y42+ 4+ 72= 0.

§ 9. [OeneHve oTpeska B AaHHOM OTHOLIEHUMW

a. Ha oTpeske, coeauHsawowemMm Touku M1 (XX yxX\ z,)#
Mr (X2 yr\z2 (puc. 100), TpebyeTca HaAitu Touky M (X; ;

Z), OensAwyl 3TOT O0TPe30K B [AAaHHOM OTHOLIEHWUMU .
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T, €, HaZl0o HAATU TaKyk Touky M, uToGbI
M\M Kl
~mMmLW =TI
MoMHs TeopeMy 0 TOM, 4YTO BE/IMYUHbI BEKTOPOB MpPOMopLno-

HaflbHbl UX MPOEKMNMNAM Ha /06y 0Cb M, B YaCTHOCTU, Ha OCb
,» OX, unmeem

S ffx MM AR
o ff -
3HauunT,]
AIA *
AA2 « K *

A TakK Kak

AXA—HX—Xp, AAOD= X«

T0
a—xj__ ki
X4— X ki *
"~ n 2N
RNE+ K\
KN\K2 !

AHanornyHble BbIpaXeHUs Haligem ans y un 2,
Takum o6pa3om! OKOHYaTesIbHO 6yAeM WMETb

NGO TRR o &2+ K\ R\®6-ktft
* kk+h * Y=K *i+* =* K,+KIr *

b» B 4acTHOCTW, KoopAWHaTbl cepeauHbl oTpeska (Kr<
= f 6yayr
XN+ X1 . W+ M , *i+ 23
2 2 2— N e

c. Tpumepsbl. 1. Ha otpeszke MrMn rge Mr (1; 2j
6), M2(6; 12; 21), HatATM Touky M, penswyto 0TpesoK B OT-
HoweHun MIM/MM2 = 2/3.

PeweHwne. CornacHo ¢opMysiamMm KoopauHaATbl TOYKMU
M eyayT

2-6+ 3.1 15 " 212 + 3.2 30
S, SR S Tr = 3* - 2+ 3...= —5 B
2.21+3.6 60
ot 3 5 12.

NTaK] mnckomas Touka M (3; 6; 12).
2. HatiTn cepeamHy M oTpeska MXM 2L roe M X (1; 3: 8).
Mt (-3; 5; 16).
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PeweHwne. CornacHo gopmysie mnmMeem

WTak* nckomaa Touyka M (—1} 4; 12).

§ 10. MpathMK ypaBHEHUA C OBYMS MNepeMeHHbIMU

a. Mbl BbISICHUM 34eCb, KaKoe reomMeTpuyeckoe 3HadyeHue
nveeT YypaBHeHUe, cCBA3bliBawlWlee TMepemMeHHble

(uHorga Bce TpwW, MHOrOA M MNe BCE), €C/IN 3TU NepeMeHHble
paccmMaTpuBaTb KaK KoopAMHaTbl TOYKM B MPOCTPAHCTBE.

YpaBHeHUe, cBsA3biBawllLee X, Y, Z* Mbl NPeArosiokuUmM pas-
pelWeHHbIM O0THOCMTesIbHO . [lycTb

r=1/(@G.Y). @

YTo6bl MOCTPOUTbL KaKyl-/1M60 TOYKY WCKOMOr0o reoMmeT-
puyeckoro mMecTta* BblIGEpEM BHauyeHUA ABYX MepPeMEHHbIX X N Y
(He3aBUCUMbIX MepeMeHHbIX) Mpo-
1N3BO/IbHO. COOTBETCTBYOLLEEe 3Ha- U Mxy;r)

YeHve r Torga onpeaesnm ua gop- m'
Mysnbl (1). Monyunm Touky M RN\

WA\TI). Bbi6paB anss X Uy Apyryto

napy 3HaydeHuUta, n3 (1) nony4ymm

HOBOEe 3HauyeHue Z, T. €. HOBYH

TOYKY Hallero reomMeTpUYEcKoro

MecTa; Bblbupas Ansi X U Y HOBble

BHAUYeHWs, MOJSIy4YMM elle OfOHY Puc, 101
TOUKY U T, A.

Takum 06pa3oM, Mbl MOXEM MOCTPOUTb CKOJIbKO YroAHO
TOYEeK MCKOMOro FeoMeTpPMYecKoro MecTa,

b. AOna BbIACHEHUA XapakKTepa reoMeTpuyecKoro MecTa
Touek M paccmoTpum opHoBpemeHHO ¢ M ewe npoekuywuio ee
M T Ha nnockocTe XOY (puc. 101), 3Ta Touka MU paccmaTtpu-
BaemMass Kak Touka nsiockoctu XOY, wmeeT KoOpAWHATHI
X n y. Takmm o6pa3om* 3agaBasi MNPOU3BOSILHO X U Y,
Mbl MPOU3BO/ILHO 8afaeM HeKoTopyl Touky MX nnockocTwm
xOy, Ho Torga annnukata zZ == MM X yxe He MOXeT 6bITb
npon3Bo/IbHOA — ona onpegensieTca ypaBHeHuem (1).

Kaxpgoii Touke M T nsiockoctu XOy 6yaeT oTBeyaTb CBOS
annnunkata MIM1 onpepensemas ypaBHeHunem (1), KoHubl M
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sTua anmaMkKaT M o06pas3yloT Halle reomeTpumyeckoe MecTo.
OHO, 04YeBUAHO, SABNAETCA MEKOropoii MOBEPXHOCTbIO.

Bua NOBEpXHOCTWU, KOHEYHO, 3aBUCUT OT BMAa YypaBHe-
Hua  (1).

§ 11. lMoBepXHOCTb KaK crief, 06pasyemMbiii MnepemMeLLeHnem
HEKOTOpPOLA AethopMUPYEMOIA  MJI0CKOA  KpUBOIA

a. MocTpoeHMe MOBEPXHOCTU MO AAHHOMY YypaBHeHMuo (1)
§ 10 MOXHO OCyLecTBUTb creaywolmm o6pasoMm. Cnadana
CTPOMM TOUYKM, OTBevawliMe KakKomMy-/n6o ornpeaesieHHoOMY
3HAYEHUID Y = YX. ITU ToukuM 6yayT nexaTb B MJ10CKOCTU

napannensHoi nockoctn XOzZ 1 oTcTosILelA OT Hee Ha pac-
cTosiHMe YN OHu, cnbgoBaTesibHO, 06pas3yloT JIMHUIO Mepece-
YeHNA YKalaHHOIA NJ1I0CKOCTU C¢ moBepxHocTbio (1) § 10.

Ana Bcex ToueK KpUBOMA Y 0HO M To Xe: Y = YIUAnnau-
KaTa Z oNnsi TOYeK 3TOMA KpUBOMA 3aBUCUT Temepb OT OAHOrO
TO/IbKO X. BbipaxeHue ee yepe3 X Mony4ymm, 3aMeHUB B ypaB-
HeHuM (1) § 10 Y Ha NocTossHHOoe Y/

r=1/7(;vj). @
Mo ypaBHeHUO (1) Mbl MOXEM 3Ty KPMUBYH MNOCTPOUTb (puc.
102).
b. N3MeHAA HEMHOro yl/l Mbl U3MEHMM HEMHOro ”m camo

ypaBHeHue kpuBoia (i/i ABNseTcA Kak Obl vapameTpom, On-
pegensiowmmMm GopMy KpusoiAa). Hunyumbl HOBYIO KpPUBYIO,
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HEMHOro M3MEeHEHHYI, pacrosIOKEHHY B MJIOCKOCTU, OIN3—
KO K MpeXHel 1 napasinesibHoiA npexHeid. MeHAsa Y ewe pas,
nosy4ymm eue HOBYIO KpUBYH W T. A.

Takum o6pasom, npuaaBas NepeMeHHOM Y psg nocTas-
NeHHbIX 3HayYeHWIA, Hanpumep, YBennyMBas ee BCe BpeMs Ha
OO4HY W TY Xe MaJlyl BefinyuHy J1, Mbl NoAy4Ynum psajg KpuBbiX,
pacnosioXKeHHbIX Ha MJI0OCKOCTAX, MapasniesibHbIX M10CKOCTU
X0z, KOTopble W 0XapaKTepusyklT paccMaTpuUBaeMyld Hamu
MoBepxHOCTb. KOHEYHO, YeM MeHblle BO3bMEM paccTosHue I
MeXay NJIOCKOCTSIMW, TeM TOouyHee 3Ta [MOBEPXHOCTb OyaeT
oxapakKTepusoBaHa.

Ha puc. 102 msobpaxeHa 4acTb MOBEPXHOCTW, MpeacTaB-
nsawweia cobo  rpapuk  QyHKLMN

r= 'a-; y jfa?—xin

Mpu nocTossHHOM Y = t/j 3TO ypaBHeHWe un3o06pakaeT 3/nNC
¢ nonyocamMm a m 6 = a —yt. Ha puc. 102 wn3sobpaxeHbl
TOMbKO 3AAWNCbI, 0TBeYawlive 3Ha4YeHUsM

w *=0,1,2,3,4,5,6,7,8,9,10 (h=—)

3To 6yayT 3/UMMCbI, Y KOTOPbIX 60MblIas MOsyocb — Mo-
CTOAHHAA, paBHas a. Masas e HOMYoCb b MeHsieTca BMecTe

c yx
, . . K _ 10—k
0—a—W— 0 " - jo

VTak, nocriefoBaTesibHble 3HayeHUs b Ha puc. 102 6yayTt

TaKnMu:

b= ~W~~a> A-0,1,2*.... 10.

6— 55-, 10,9,8,7,6,5,4,3,2,1,0.

§ 12. UmnuHapuyeckne MNOBEPXHOCTU

a, B 4aCTHOCTW, pPaccMOTPMM TOT 0COBbIMA C/ly4yaid, Korga
B YpaBHEHUU M3 Tpex MepeMeHHbIX OTCYTCTBYeT ofHa WV ABe.
Hanpumep, NycTb OTCYTCTBYeT Y, YpaBHeHue 6yaeT WUMeTb
BUA,

t ft 2) W o] m
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afleCb, KakKoBO 6bl HW 6blN0 Y, ypaBHeEHVe cOXpaHAeT OAuH U
(roT )Ke BuA, TaKk KakK Y B ypaBHeHMe He BXOOAUT. 3HauuT, Nin-
HUN  NepecevyeHUs  Haweli no-
BEPXHOCTM C MNJIOCKOCTAMMK, na-
pannenbHbiMn  nnockoctu X0z,
6yAyT OAWHAaKOBbI.
MoBepxHOCTb O6yAeT UWANHA-
poMm c obpasywmnmu, napansesib-
HbiMn ocn OY. JIMHUS MNJIOCKOCTU
X0z ¢ ypaBHeHMem (1) HasbiBaeTCcH
Harpae/IsloWEA  (puc.  103).
Puc. 103 b, Hanpumep, ypaBHeHUe

— ATt
n306pasuT AVMIMTUYECKNIA LUWIMHAP, Ha3blBaeMbliA Tak MoTo-
My. 4YTO ero HanpaBsdwowasa — 3/u1MncC.

§ 13. O6paTHas 3adaya. YpaBHEHMe LIAPOBOIA MOBEPXHOCTU

a. TaK e, KaK M Ma NJ/I0CKOCTWU, 34eCb MOXHO MOCTaBUTb
M obpaTHyl 3adaydy: MO AaHHOIA MOBEPXHOCTU MoaobpaTh ee
ypaBHeHMe, T.e. HalATU Takoe YypaB-
HeHVe mMexay X, Y, I, KOTOpoMYy Yy/A0B- r
NeTBOpSANN Obl BCEe TOYKM 3TOA MoBepx-
HOCTU U He YyA0BJIeTBOPSASIN 6bl TOUKN,
rna MOBEPXHOCTWU He Jiexaliune.
JTa 3agaya, KOHEYHO, 0YeHb CJI0XK-
Ha, M 4YTobbl ee pa3pellnTb, HaA0 UCXO-

OVTb U3 KakKoro-sim6o CBOIACTBa, 06Lero 0

BCEM TOYKaM MOBEPXHOCTU. / X
b. Ans npumepa BbiBegeM ypaBHe- I Y

HVEe LWapoBOiA MOBEPXHOCTU paguyca a 104

¢ ueHtpom B Touke C (1e; I\ p)
(pnic. 104). KpagpaT pacCcToAHUA OT KakoA-/Mbo TOYKMU
M(X; y; z) npocTpaHcTBa g0 UeHTpa C (Te; MJ pP) BblpaxaeT-
¢ opmysioiia

ICM p= (x- 102+ (Y- m*+ @- P\

3T1oT KBagpaT paseH ail ecnn Touka M niexuT nNa wapo-
BOI/A MOBEPXHOCTMU,

X—Te2+ (Yy— M2+ (r— p)2= az ()]

n rne paBeH a\ ec/lIM TOYKA JIEXXUT BHE LLIAPOBOIA MOBEPXMOCTU.

MosTomy ypaBHeHue (1) W ABMsels YpPaBHEHWEM LLUAPOBOIA
MOBEpPXHOCTW.
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§ 14. YpaBnenue MNJ/I0CKOCTW, NpoxXoAasiiein
yepes AaHHYIO TOYKY

a. Mpuctynum K BbIBOAY YpaBHeHUA nJsiockocTwu. [lono-
XeHWe MJI0CKOCTU onpeaensieTcs  3afaHmeM Touku M (xx
£X, r,) Na Heli U HanpaBAAKLWNM BEKTOPOM.

Moa nocnegHVM Mbl 6yfemM MOHUMAaTb BEKTOp M060A Anuv-
Hbl C TOYKOIA MPUNOXEHUSA B JIHOOOKA TO4UKe MPOCTpaHCTBa U
€OVHCTBEHHbIM YC/I0BMEM, 4YT06bl OH 6bL1 MNepnenaukynspen
MJ/s10CKOCTU.

HanpaBnswownii Bektop PQ 3agaeTca cBOMMU MpoeKLuUs-
mMu A, B, C Ha ocnm koopauHaT (Madasio 3TOro BEKTOpa MOXeT
nomeLLaTbcs B /10604 TOouke Npo-

CTpaHCTBA).

Ecnm Tenepb M (a; y] 1) —

nwobasa Touyka MpPoOCTpPaHCTBa, TO
BekTop MMM 6yaeT nepneHau-
Ky/nsipeH HanpasfswolWemMy Bek-
TOpYy WM HeT B 3aBUCUMOCTU OT
Toro, 6yaer sim Touka M nexatb
Ha NJIocKocTM wunn  Het (puc.
105).

A Tak Kak BekTop MXM wnwme-
eT npoekuum X — XI, y — yu
Z— zZU TO YycsioBMe NepneHOUKYNSapHOCTU ero HanpaBsio-
wemMy BeKTOpy Kak BeKTopy, umetlowemy npoekuun At Bt Ct
Bblpa3nTcsa (QopMysioii

AX—xn+By—V)+C@Ez—zt)= 0. @

Taknm o6pasom, ypaBHeHue (1) BbINOMIHAETCA, €cnn
M (X; Y, Z) NeXXUT Ha NJIOCKOCTU, U He BbIMosiHsAeTcst, ecnn M na
MA0CKOCTU He nexnT. OHO* crefoBaTesibHO, W sAB/sAeTCH
YpaBHEHVEM  TMJ10CKOCTWU.

b. Hanpumep, ypaBHeHMe MI0CKOCTU, MNPOXOAALLEn 4yepes
Touky (1; —2; 3) 0 HanpaBAAKWWUM BEKTOPOM, VMMEKLMNM
npoekuun 34 2, 6, b6yaeT

30k- 1)+ 2+ 2+ 6(@- 3)= 0.

§ 15. O6uwee ypaBHEHUE MJ10CKOCTU
a. PackpbiBas cko6ku B ypaBHeHun (1) § 14/Tnonyuum
Ax + By + Cb + (—Axr— By! — Czi) = 0,
O603Hayvas
—Ax1— Byx— Czx— Dt
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npusegemMm 3TO ypaBHeHUe K Buay
Ax + By £ Cz D —o* )

roe At Bt C He paBHbl 0 04HOBpPEMEHHO. MTak, ypaBHeHue
BCAKOIA MJI0CKOCTU MOXeT ObiTb HanucaHo B dopme (1).
O6paTHO, flerko nokasaTb, 4To ypaBHeHue (1), roe A, B, C
0[lHOBPEMEHHO He paBHbl O, Bcerga wun3o6paxaeT M/I0CKOCTb.
[evicTBUTeNbHO, Bcerga MOXHO MogobpaTb ymcna Xr, yu
ZU ynoB/eTBOPSIOLWME  YCIIOBUIO

Aif + Byt + -bD = o0 2)

(Hanpumep” npn CnHe paBHoM 0, XI n yt BbiGMpaem npous-
BOJZIbHO, a 2, Haxogum u3 ycsioBus (2)). BblumTtaa Torga (2) u3
ypaBHeHusa (1), npuBegem nocrsieiHee K Buay

AX—X)4Bly—it)+ C@z—Zj)=o.

A 3T0, KaK Mbl Buanm, €CTb YpaBHEHME MJI0CKOCTU, MPOXOo-
OAWEA yepe3 TOUKY

*» M\ zj).
Beuay Ao0Ka3zaHHOro ypaBHeHulo (1) NpUcBOEHO Ha3BaHue
06LUEro ypaBHEHUS MJI0CKOCTM,

1. Hanpumep, obuwee ypaBreHue MJIOCKOCTU, pPaccMoT-
peHHOA B § 14, OygeT

3X —3+ 2y + 4 + 6z — 18
X+ Y+ 62— 17

0)
>

§ 16. YacTHble cny4yaB

a. B uyacTHoCcTM, nslocKOCTb MOXeT O6bITb NapasisiesnibHa
ogHO M3 0oceltd, U Torga HamnpaB/ISIOWMWIA BeKTop 6yaeT nep-
neHAMKynapeH 3TolA ocu. [poeKuMW ero Ha 3Ty OCb paBHa
HY/0, N, 3Ha4YuT, B ypaBHEHWM MJIOCKOCTWM MponageT CooT-
BeTCTBylOLWad MnepemMeHHas.

b. Hanpumep, ecsim nnockocTb nNapannesibHa ocu OXLW
TO HampaBNAKWMUIA BeKTop neprnieHaukynspeH OX, npoekuus
A ero Ha OX paBHa HyJsit0, ypaBHeHue (1) § 15 npumeT BUA

By 4-Cz4 D =0, Q)

Wccnegyem 3To ypaBreHuwe noapo6Hee. EMy, B 4acTHOCTM,
yOOBMETBOPAIOT TOYKM JIMHUM  MNepeceyeHns MJAocKoCcTU o
naockocTbio yOz. 3HAYWUT, 9TO ypaBHeHMe, paccMaTpuMBaemoe
TO/IbKO B OTHOWEHMW Touyek nsiockocTn YOz, M306pasuT B
Hei npsmyto BC nepeceueHus Haweid M0CKOCTU C MJI0CKO-
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cTblo YOz — crieq, Hawebd niockocTh Ha nuockoctu YOz (puc.
106).

c. UnTaTesitlo NpeaocTaB/iISeTcsa caMOMY YCTAaHOBUTb CBA3b
paccMaTpuMBaemoro csiyyas ¢ TeMm, 4To 6bLI0 CKasaHo B § 12
0 UWUINHAOPUYECKUX MOBEPXHOCTSAX BOOOGLLLe.

H. B u4acTHOCTW, MOCTpPOEHME Haeid MJI0CKOCTU CBOAUTCA
K MocTpoeHUto criega ee na nsockoctn yOz.

e. OTMeTUM cnyd4aid, Korga nJsockocTb, Kpome ocn Ox%
napannenbHa u ApyroiA ocu, Hanpumep, ocu Oy. Torpa ypas-
HeHVe MockocTu (0OHO >Ke ypaBHeHWe crlefa MJI0CKOCTU Ha
nsockoctu yYOb) nMpumeT BUA

Cz+D —0

(cneg — npamas, napannensnas Oy). Pewas 0THOCUTESb-
HO I, MpvBeAeM 3TO ypaBHeHMue K Buay

z= C, (C! = -D/C).

MocnenHee ypaBHeHWe OTMeYaeT coG0K He 4UTO MHoe, Kak
TOT (aKT, YTO BCe anmn/uKaTbl MJI0CKOCTU, MapasifiesibHoA
naockocTn X0y, paBHbl Mexay c060l0 — paBHbl MOCTOSIHHOM
Cy. B uacTHocTu, BenuuunHe C, paBHa, c/fiegoBaTesibHo, U an-
navKaTa TOYKM MnepecevyeHMs MockocTu ¢ ocbio Oz (puc. 107).

f. B uactnoctu, npu C = 0 mnosiyd4aem ypaBHEHMEe CaMoiA
nnockoctu X0y B opme

2= 0

(ono oTmevaeT cobot0 TOT (hakKT, YTO BCe anmJinkKaTbl MJ10CKO-
ctn XOY paBHbl HY/IO).

UnTaTenb cam coobpasnT pJanee, Kak OyayT BbIMS4eTb
ypaBHEHUS TJI0CKOCTel, napasifiefibHbIX APYrMM KoopAWHaT-
HbIM OCAM HAW MJIOCKOCTSM.

g. B paccmoTpeHMM 4YacTHbIX caydasx obpawanmce »
Hynb Ko3thduumeHTol /1, B, C. Tenepb nocMoTpum, 4To ByaeT,
ecsim 0 = 0.
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Torp,a ypaBHEHME NMJZI0OCKOCTU MOXHO HanucaTb B Buae
Ax + Hy + Cr — Q
Ho, nepenuncaB ero B dopme
Arr-0+By—0+C(r- 0 - 0,

Mbl BUOMM, 4TO OHO M306pa)kaeT WJI0C,KOCTb, MPOXOASLLY uYe-
peB Hayasi0o KoopAuHaT.
b. Hanpumep, ypaBHeHue

y+2r—1=20
n3o6paxaeT M0CKOCTb, NapasnenibHyto ocu O\ ypaBHeHwue
24 - 3B 6 =0

— MJI0CKOCTb, MapasnenbHyto ocu Oy; ypaBHeHue
KX —y+ 2=0

— MJ10CKOCTb, napasnsienibHyto ocu Or; HakoHel, ypaBHeHue
* y 4+ *= 0

— NJIOCKOCTb, MPOXOAsULY 4Yepea Hadaso KoopAuHarT,

§ 17. BbIiCHEHME pacrnosioKeHUs MJ10CKOCTU
OTHOCUTEs/IbHO OCceli

a. MonoxeHne NAOCKOCTU BbIACHUTCA, ecnu 6yaem 3HaTb

cneAbl ee Ha KOOpPAMHATHBLIX MJ10CKOCTAX, T. €. MpaAMble, Mo
KOTOPbIM OHa MepeceKaeT 3Tu
nsockocTu. [locTaToyHO Npu 3TOM
3HaTb TO/IbKO ABa c/efa, TaK Kak
NJI0OCKOCTbL  BMoOJIHE onpegennTcs
OBYMSA  pas/IMUHbIMW  NPAMbIMNA,
Ha HeM nexawunmu.

b. MycTb, Hanpumep,

X +y—2r+ 1==

— ypaBHEHMWE TJI0CKOCTMU.
Cnep, ee Ha nnockoctm XOr
rnosyymm, rnosiaras B 3TOM ypaB-
HeHMn X aa 0 (puc, 108), TMMony4yum ypaBHeHWe cnepja B
thopme
3X—2r+ 1= 0,

MocTpouB o6a cnepa no npaBuslaM MOCTPOEHUSA MNPSIMbIX,
Mbl CO06paBMM MO PacrosiIoXEHUD cfiefoB, KakK pacrnosioxeHa
MJI0CKOCTh,
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c. B uyacTHOCTW, noOCTpoeHMe MJIOCKOCTU, MapasifiesibHoA
XO0Tb 0AHOIA KOOPAVMHATHOIA 0CK, YKasaHo B MpeablayllemM napa-
rpacge.

d. Ana nsiockocTu 06Wero nuga, He napasuiesibHOA HU
OAHOIA M3 OCeli U MNe NPoxXoAsleid 4yepe3 Havaslo KoopAuHaT,

Mbl YKa)KeM eLle croco6 MOCTpPOEHNA MO 0TPEe3KaM, 0TCEKaeMbIM
na ocax.

MycTb a, b, ¢ — Be/MUYMHbLI 3TUX oTpe3koB (puc, 109),
Torpa Toukm J1, B, C — nepeceyeHus Haweii NJIOCKOCTU O
0CAMN — WUMEIT KOOpAUHATbI

A (ai 0} 0), B (0j B\O), C (0; 0] c).
A TaK KMK 3TV TOYKM MNpuHaasiexart MJ/I0OCKOCTU, TO OHU Y[0B-
NeTBOPAIT YpPaBHEHUIO TMJIOCKOCTU

Aa + D =04Bb + D = 0, Cc + D =*0j
0TKyAa Haligem a, b, e, n Torga, sHas ux,, MOOTPOUM MNJIOCKOCTb,
e. MocTpoum, Hanpumep, MJI0CKOCTb
2X + 3y — r— 12 =* 0,
Nmeem
2a — 12 = 0, a= 6} 3b — 12 =» 04 b= 4j
—Cc— 12 ~ 0, ¢ =>» —12,

MnockocTb pacnonoXeHa” kKak rMokaszaHo Ha pwuc, 110,

§ 18. Yron mexay naocKoCTAMU. YC/oBUE NapasisieNibHOCTU.
Ycnosune neprneHanNKYNAPHOCTU

a. Yron mexay QABYMSA MJ100KOCTAMW  onpegenseTcs
KOCUHYCY. Boob6uwie yrnos 6yaeT ABa — OAWH OCTPbliA,, OpPY-
roiA — Tynoa (B 4acTHoOCTK,, 06a MOryT 6bITb npsamble). Mpu
3TOM TYMOIA Yyrosi A0MosiHAeT ocTpbliA A0 180% TaK 4YTO KOCUHY-
Cbl 060MX YIr/10B OT/INHAKTCA TO/IbKO 3HAaKOM.
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Jlerko BUAeTb, YTO OAMH W3 3TUX YIr/10B COBMagaeT C Yrsiom
MeXAy HarnpaBfISlOWVMN  BEKTOPaMW MJI0CKOCTEMA. 3HauuT,
4YT0Obl HalATU KOCUHYCbl 060MX
yrnoBe, KoTopble o06pa3ytoTcsa
rnepecevyeHnem MJsIOCKOCTelA, Ha-
00 HalATV KOCUHYC yrna mexay
HanpaBNsALLWMUMN BEKTOpaMu u
3aTeM 3TOMy KOCUHYCY npu-
nucaTb o6a BHaka.

Ho ecnn
AXx J By -f Cz D—o
+ By 4- Cir 4* =0
Punc* 111 — YypaBHEHWsA MJI0CKOCTEM, TO

NpoeKLUMN KX HanpaBfAoLWInX
BekTopos 6yayT A, BXxC; Ab B1,C1ln nostomy (puc. 111)

| AAN\ -+ BB\ 4-CCj
Cos¢ = ~f-— 2 ' i
NAM+ B2+ O Y AN-fB\+ C*
YcnoBvie napasifiesibHoCTU:
B C
Bx X
Ycnosve nepneHamKynsapHoCcTU:
AA] -BBy CCX= O»
b. Hanpumep, yron mexay MnsiocCKOCTAMU
AX—4Ay + lz —1=04 X+ 2y + 22— 2= 0

onpegenuTcs no opmyre:

4.1+ (—4).2+ 7.2 . 10
COS¢ = 7 —
Y45+ (- &an-7* Y11+ 2 + 2* =
MnockocTu

X—Yy+ 2z 1= 0 —2Xx+ 2y —42—9= 0
napasinesibHbl BBUAY TOro, 4To
1 -1
2 - 2
MnockocTU
2X—2Zy+ 42—2 0, 4X44y+ z2—4=0
B3aMMHO MepneHANKYApPHblI BBMAY TOro, 4To
24 + (—3).4 441 = 0.
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c. Pewum cnepytoulyo 3agady.

Uepe3 Touky (X; YNZ) npoBecTu M/I0CKOCTb! napasisienibHyto
MI0CKOCTY

Ax + By 4+Cz + D = 0.
PeweHne nposBoAaMM TaK. MIcKomMas MJIOCKOCTb  A0J1XKHa
npoiATn uepe3 Touky (K\Y, r); Kpome Toro, Tak KakK OHa na-
pannenbHa AaHHOIA, 3a ee HanpaB/IAOWMIA BEKTOP MOXHO B3ATb

TOT Xe caMblii BEKTOp, YTO W Yy [AAHHOLA M/10CKOCTULT. e. BEK-
Top ¢ npoekuyusimu Ar B, C.

Torpa ypaBHeHUe MCKOMOIA NJ1I0CKOCTM HanuuweTca Tak:
AX—X)+By—y9-fC(r—zj=0.

Hanpumep, ypaBneHue nNJIOCKOCTU, MpPoXoAsweii 4epes
Touky (1; 3; 2) n napasifiesIbHOMA MJI0CKOCTU
4X —y + 2z — 3 = 0,
6yfeT cnepytollee:

4(*- 1) - (y- 3)+2@2- 2)= 0.

§ 19. YcnoBue coBMageHnsa MNJI0OCKOCTeEA

a. BblACHUM Tenepb, NpU KakKOM YC/10BUU MJI0CKOCTU
Ax 4-By -Cz 4D —0, Ax #B% +Cjz +~DI=0
(€

coBnagalwT, UHbIMK c/l0BaMn, Korpa o6a ypaBHeHUs nsobpaxa-
0T O4HY W Ty >Ke MJI0CKOCTh.

Ans peweHVs 3TOMA 3afayn 3aMeTuM, BO-MepBbIX, YTO COB-
nageHMe ecTb YacTHbIIA cny4ald napansienibHocTu. [1o3TomMy
AOJ/IKHO ObITb

A _ B _ cC W\
~al - U7 "* ~UT' D)
C [pyroti CTOpPOHbI, BBWUAY COBMafeHWUs TMJIOCKOCTEM KO-

opavHaTbl (X; Y; Z) B 060MX YypaBHEHUSAX MPUHUMAIOT OAHMU
N Te Xe 3HauyeHwus.

YMHOXas ypaBHeHUe

AXX me Bty + C1z /> =0

)

na obuwyt Be/IMYNHY OTHOLUEHUIA

A B Cc
A, - n, B C. »
nveem

AX + By+Cz+£>,—£t—:0.
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BblunTtas oTcroaa
AX By + Cz D = 0,
nostyymm

Di-£-D-0.

MTak, nponopumnsa (2) AoNO/IHAETCS elle 0gHUM 3BEHOM U Mpu-
HUMaeT BuUL,
A _ _B_ _C_ _p_
“ar« Bl = & = D, -
O6paTHO, nMpu cobnwgeHnn ycnosmia (3) ypaBHeHusa (1) peir
CTBUTE/IbHO M306paXkaldT O4HY U Ty Xe MJI0CKOCTb” TakK Kak
rnepsoe rnosiyyaeTcs U3 BTOPOro YMHOXeEHMEM Ha o6Lwylo Be-
ANYNHY OTHoweHuA (3).
b, Hanpumep, ypaBHeHUA

2X— 3y +z— 4= 0 —4X + 6/ —2r+ 8= 0

o4

n306paxkatoT OA4HY W Ty Xe MJIOCKOCTUN TaK Kak
2 - 3 1 —4
-4 ~ 6 N~ —2 8 *

§ 20. PaccTosaHMe OT TOYKM [0 MJI0CKOCTU

a. Haligem pacctosHue d oT Toukn MX (XY, /% zj [0 nnoc-
KOCTM

AX + By + Cz-fD = O

Ana BbiBoga ¢Gopmysibl paccMoTpum fapa BekTopa (puc. 112),
1. HanpaBnsawwmnina BeKTOp

PQ, Ero npoekuun Al Bx C
\V/ (XI‘>M>ZI) n ANnHa
r=YA2+ B2+ C2 (1

2. Bektop MgMv nepneH-
OVKYNSAPHBIA NI0CKOCTU, C Ha-
yanom B Touke M O nnockocTu
N KOHLOM B AaHHOIA Touke M X
Ero npoekumn xx— X0, yj —
— Yo0) zi — z0. AnvHa e ero
N ecTb Uckomoe paccTosHue d oT Toukum Mi A0 MAOCKOCTM.

PaccMOTpUM cKasispHoe npousBefeHNe 060MX BEKTOPOB.
OHO paBHO MPOM3BEAEHMIO 3TMX BEKTOPOB Ha KOCMHYC Yyrna
Mexay Huiwr T. e. rd cos @. Ho HanpaBneHUs 9TUX BEKTO—

Pue» 112
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poB WM coBnagawT, WM NPOTUBOMOJ/IOKHbI, 3HaUUT, ¢ = OB
min ¢ — 180° T.e. cosd — 1 mm cos @ = —1. Cnepno.a-
TeNbHO, MCKOMOEe CKasiipHoe npou3BefeHue  rd fo0/1KHO paB-
HATLCA CyMMe npoM3BeAEeHUIA Of4HOMMEHHbIX MPOEKLUMIA:

= AXt—x0+ B[yx—y0Q + C (zt — z0) =

= AX, + Byl+ Cz, + D — (1a# + Byo+ CzO+ DO.
A TaK Kak

Axo + ByO+ Cz0+ DO= 0S

T0 BBMAY (1)
~2rd = AX, + Byx+ Czx+ D

AX, + By,-\-Cz, + D |
NA-+ Bl+ C*

b. Mpumep 1. Hatigem paccTosaHue oT Toukn M (2}
1) 1) go nnockocTwn
2X — By + 3r — 8= 0,
imeem
2.2-6-1+3/71—8] _ 28
/4 + 36 + 9

d= 4.

c. Mpwuwmep 2, Haligem elwe paccTossHME OT MJIOCKOCTU
AXx + By + Cz+ D —0

[0 Hayana kKoopauHaT,, T, €, Ao Toukm (0; O; 0). 3pecb
“meem
d— 11-0+ B.Q+ C.Q+ P|] _

~ yXK+XK+c*

\ P\

/ N3+ B2+ Ca

§ 21. lMNpamaa Kak nepeceyeHue
[BYX TJI0CKOCTeA

[lBe nNAocKocTM B MpocTpaHCTBe
(ecnn oHUM He mMapasisiesibHbl), nNepe-
cekasacb* 06pa3yroT MPAMYIO JSIMHUIO.
MycTb

AX ¥ By #Cz #D =*0, A +BY + QOZ«0j — 0 (1)

N

Pvno. 113

— ypaBHeHMuA 3Tux nsiockocTter (pue, 113).
Kaxpaa To4dka nNpsMOiA,, KakK OOHOBPEMEHHO sexauwiasa Ha
06enx naobkoaTaAxa ynoBseTBopsAeT 060MM  ypaBHeHuawm (1),
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TouKM >Xe, He NMpuHagnexaime nNpAMOIA,- He HaxoA4ATCA Ha
06enx MNJIOCKOCTAX OJHOBPEMEHHO W, C/ef0BaTesSIbHO, He Mo-
ryT OoAHOBpPEMEHHO YA0B/AeTBOPATb 060MM ypaBHeHusm (1).

NTak, cucteme (1) yAoBNeTBOPAIOT BCe TOYKWM HalebA nps-
MOIA 1 He Y[0B/1ETBOPAIOT TOUKMU, He MpuvHaaiexalime rnpsamoiA.
3Ty cuUcTeMy Mbl Ha3oBeM CUCTEMOIA YpaBHEHUEA MpPsSIMOIA,

§ 22. Mpamas, npoxoasuias 4epe3 AaHHYK TOYKY

a. MonoxeHwe NpsAMOLA BroJSIHE orpedesieHo™ ecnu Ha et
pana kakas-nm6o Touka M1(zjj yr; zX) n paHo HanpaBJsieHWe
npsamoii. MocnegHee onpeAenvm, ragas npoekuumn It T, M He-
KOTOpPOro BeKTopa, napasfiesibHOro npaMoiA*— Hanpas/isiio-
wero BekKTopa. JTOT Hanpas/SAKLWUIA BEKTOP MOXHO, Hanpu-
Mep, BBSATb Ha camMoiA NpsiMobA. BoBbMeM Ba TakOA BEKTOp

Ecnm Touka M nexuT Ha npsMoid, To Mpoekuunm X —
V — ¥Yb z — zi BekTOopa M jM 6yayT npornopLmoHanbHbl MpoekK-
umam |, T, N HanpaefslOWeEro BekTopa:

X—Xi _ Y—YN\__ r— =i
1 - T n * T

HanpoTwmB, 3Ta NPoNoOpLMOHAa/IbHOCTL HE UMEET MecTa, ecsiv
Touka M ne nexmnt Ha npsMoiA,, TakK KakK Torga yKasaHHble
BEKTOpPbl He MapasnsienibHbl. [MoaTomy nponopuna (1) n paet
BaM CUCTEMY YpaBHEHUIA MpsSMOIA.

b. CneanyeT oTMeTUTb, YTO] MPOMOPLLUS paBHOCUJ/IbHA CUCTe-
Me [LOBYX YpaBHEHUM, B3ATbIX W3 c/eaylLlmx Tpex:
A—X~ y—M a—x\ Y—W\A  t—u

| T * | n * T B *

noToMy 4TO Cpean 3TUX YypaBHEHUIA TO/IbKO ABa (Hanpumep,
[Ba rnepBble) MOryT OblTb MNPUHATbI Ba He3aBUCUMble. TpeTbe
Xe ABfifeTcA cneacTBveM UX (ABe BesIMYMHbBIL, paBHble MOPO3Hb
TPeETLEI, paBHbl MexXxay co060t0),

c. Hanpumep* cuctema ypaBHEHUM MPAMOIA* npoxofsLlein
yepe3 Touky (1( 3} 1)* HanpaBASOWUNIA BEKTOP KOTOPOA MMeeT
npoekyun 23 6, 3a 6ypeT cnepytouLas:

X—1 0.-3 2—1
2 “ ~-B “* -~ ‘

3Ta nponopumnsi MoOXeT ObITb 3aMeHeHa pPaBHOCU/IbHOM CU-
CTEMO [OBYX YpPaBHEHWIA:
*—1 y—3 *—1 1—1
2 “ 0 . 2 e ~T~ o
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B/IB
6z — 6= 2y —6j 3Xx — 3 = 2z — 25
BN/, NaKOoHeLl,
6x — 2y = 0, 3 X —2z— 1=0.

d. CBcTeMa ypaBHEHUIA MNpPAMOMA, MPOXoAALWeia vyepe3 TOoUKy
(2; 1; 1), HanpaBAAWWMIA BEKTOP KOTOPOIA MMeET MpoeKuuun
04,04 2, 6yaeT cnepytouwas:

X— 2 y—1 z— 1
"-0 83~0 2 .
UTO MOXET ObITb 3aMeHEeHO0 paBHOCV]J’IbHOF/I cucTemMom
X —2 r—1 y—1 r— 1

U 2 . 0o -~ 2 »
BN

2X — 4= 0,2/ —2= 0.

§ 23. lMpamas, npoxoasuwas 4epes ABE TOUKU

a. B yacTHoCTW, nosioXeHue npsAMoiA MOXeT O6bITb orpe-
heneHo ABymtt Toukamu 1N (XX, yX X, J1/2(x8 Y2 ra
(puc. 114).

Torga npaAMyl paccMaTpuBaeM KakK MpPOXOAsilLylo de-
pe3 Touky A/, ('t Y|; ™ v umewouwy Hanpasnswowmia
BekTop MMXALr. blo npoekuuun
Nn/,n/2 cyto

l= Xt—xn T = y3—ymn
n— z2 Zj,

N MNOTOMY YypaBHeHWe MpsMoIA
npumMeT BUA,

A
X— A W
*a_*l M—n Puc. 114
b. Hanpumep, ypaBHeHWe NpsSMOM, NpPoOXoAsleii uJepes
Toukn M X(1; 4; 2), N/2(2; 5; 4), 6yaeT crieAyloWNM:
1-—1 y—4 r—2
2-1 5-4 4—2 «
nnn
X—1 J/-4 r 2

1 - 2
C. YpaBHeHMe nNpsMoMi, npoxoaaweiln uyepes3 TOUKU
Mx(1; 2; 3), N/, (1; 5j 8),
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6yneT cneaylwmnm:

*—1 p—2 r—s
‘1- 1= 5-2 8NT
nn
a — 1 p TT2 r— 3
5 -~ g *x g .

§ 24. Mepexof OT CUCTEMbI YypaBHEHWIA MpAMOIA
B obwem Buae K cucteme B Buae Mpornopuumii

CucTema ypaBHEHWIA MPSIMOLA B BUZE MPOMopumiA MmeeT oco-
6EeHHO BaXKHOe 3HaYeHne BBMAY TOr0, YTO TyZa BXOAST MpoeKkuyuns
HampaBnswLWero BekTopa. [l03ToMy, Korga BefjaHa cucTema
YypaBHEHUIA npsaMoiA B 06LieM BUAE, BECbMa BaXXHO YMyTb Mpu-
BECTU 3Ty CUCTEMY K cucTeme BBuae nponopumnii. Cnoco6, Ko-
TopbiM 3TO flocraraeTCHj Mbl MOKaXem B/ECb Ha YacTHOM MpU-
Mepe.

MycTb TpebyeTcs MPUBECTU K TakKoOMy BUAY CUCTEMY

X—2y 3a—4—0 2%+ j/—2+ 1 =10i (1)

MonbBysieb 3TUMU YpaBHEHUAMU* Mbl CHayasla MnocTapaem-
CA HalATU ABe Kakue-nnmbo Touku A/, n J1/2 Hawein NpsiMotA.
YTto6bl HatATM M U Mbl Npugaem abecumcce X Kakoe-amb6o on-
pefesnieHHoe BHadeHMe* Harnpumep, nosiaraem X «= 0 (3TO MOX-
HO cOenaTb* Tak KakK To4ykKa MpsAMOIA A0J/1KHAa YAO0B/IeTBOPATH
cucteme (1) ABYX YypaBHEHWUIA C TpeMs HEW3BECTHbIMW, W, 3Ha-
YT, OAHOMY Ba HEW3BECTHbIX Mbl MOXEM fAaBaTb st060e BHa-
yeHune).

Torpga Aona onpeaeneHns Yy UT MOXHO MO/IbBOBAaTbCH CUC-
Temoth (1)4 rge nonoxeHo X = 0. Monyyum

—2y + 33— 4= 0,1#— e+ 1“ 0O
0TKyAa
y*» 1, r =2
MTak, Bawa npsaAmMas MNpoxXoauUT 4epeB TOUKY
Af, (0; 1; 2).

YT0o6bl BatATM Apyryto Touky M% moxHo 6b1710 6bl nMpugaTb ®
Kakoe-/iMbo gpyroe BHayeHue, Hanpumep, BBUTb X *= 14 N HH
Tem BalATB COOTBETCTBYHOLUIME BHaYeHUA V U I COrslaCHO enLo-
me (!),, HO Ny4we fenaTb He Tak, a MHade. VIMeHHo,, ANsA pa-
BbickaHUs Afs MOXXHO nonoxuTb y = 0 v 3aTem noaobpaTb
COOTBETCTBYIOLME * U a corslacHo cucteme (1),

MTak* nonoxmB B ypaBHeHuax (1) y = 0, nonyymm

«+ 3j- 48 0, 2* —* + 1 B» 0,
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0TKyAa
x = 1/7, r= 9/7.

3HaunT, Mawa npsiMasi NpPoxoaAuUT TakXe uyepe3 Touky M2 (1/7;
0; 9/7).

Mo3aToMy cuUCTEMY YpaBHEHUIA Halek NpsAMOMA* KakK Mpo-
X0o4sLelA 4epe3 OBe TOUKMU

M1@©] 1] 2), Mr (UU7; O, 9/7),:

MOXXHO HanucTb B (opme
Xx—0 y—1 r— 2

nan, YMHOXaa 3HameHaTenu na 7,

X — 0 y — 1 2 — 2

1 = _ 7 ~ -5 .

MocnenHAa >e cucTema Mponopumnia, Kak WM3BEcTHO, n3obpa-
XaeT NpaAMy, npoxoasuwyt dvepes Touky (O, 1} 2)j ¢ HanpaB-
NAWNWM BEKTOPOM, WMEKLWUM MpoeKynn

/=1, T = —7, n — —b5.

8§ 25. Y ron MeXay npsAMbIMU. YC/0BUE MapasiiesibHoCTW.
Y cnosue nepneHanKysISpHOCTY

a. lMpsamble B mpocTpaHCcTBe 06pasylT Mexay cobow Aa
yrna, oiH 13 KOTOpbIX OyAeT ocTpbIM, ApYrobi — TynbiM (B
YacTHOM cnyd4ae oba yrsa MOryT 0KasaTbCs MPSAMbIMU, WK Xe
oAVH b6ygeT Hynewm, gpyroia 180°), KocnHycbl 060MX Yrfos oT-
NNYalTCA TOSIbKO 3MakoM(B cymme
yrnbl obpasyT 180°).

Nlerko BWAETb, YTO OAUH U3 Yr-
7IoB  coBMagaeT C YIr/IoM Mexay
HanpaBAAKLWMUMN BEKTOpamMn Mpu
MbIX.

Ho ecnn

X—X Y— N r— <

X—x y—y

Puc. 115
mi nl

— CUCTeMbl ypaBHEHUIA NpsMbIX (Kak 6bl/10 MoKa3aHo B Mnpe-
Oblayuiem naparpage* Mx K Takom BuAy BCErga MOXHO bipy—
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BECTW), TO Hamnpas/silOUWME BEKTOPbl MPSMbIX WMeT Mpoek-
uam I, T, I\ T wn /?2,. CnenoBaTefibHO, KOCUHYC Yrfia @ MeX-
Ay npambivn (puc. 115) 6ypeT

Cos ¢ = n+ 1T+ — -
+ 1+ n ~ [{+ mf 4-nf

b. Ycnosue napasienbHOCTU MNPAMBbIX:

c. YcrioBue >Xe MeprieHavKyIspHoCTU .
llj + mffij -f nnj = O,

d. YT06bl MOKOHYUTL € pa3bupaemMbIiM BOMPOCOM, PELINM
cnenyoLlyo 3agady.
Yepes Touky (XU, Yt; z,) NpoBecTV MpAMYIO napasisiesibHo
npsiMoiA
X—x __y—/ r—r
| T a n

Nckomaa npsmasi ooskHa npoiAtv dvepes Touky (OON(,; z,), a
TaK KakK OHa napassiesibHa JaHHOIA, TO 3a HanpaB/IAOLWMNIA Bek-
TOp €e MOXHO B3fTb BEKTOp C TemMu e npoekyumamu |, T, nt
YTO W Yy OAaHHOM NpsiMOMA. 3HA4YUT, ypaBHEHME WCKOMOLA nps-
MOA MOXeT ObITb HanmcaHo B gopme

X — X, y —vyi r—r,

e. Mpumepsbl.
1. Yron wmexay npamMmbiMu

X—\_ y—2 z— 3 X—1 y—1
2 — 2 -1» —2 - 6 -A

onpegenseTcs ¢opmysoii

cos 0 2.(—2)+2.R+(-1).(—3) I

Nfv A L+ - 1) \Jy- 2 + 6 + (- ay 2

2. Mpamble
X —2 y— 3 r—>5 X —2 y—1 t—6
1 - 2 - -4 0.5 1 -2

napannenibHbl uUUMay TOro, 4TO

1 2 —4
05 — 1 ~ —2'
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3. Mpamblie

X—2 v-f1 2—2 E— 1 p+ 1 2—71

i
I
>

B3aMMHO MepneHAVKYNsapHbl BBMAY TOro, 4yto —4*1 + (—3)x
Xl + 1.7 = 0.

4. Yepes Touky (1; 2; 3) npoBecTv MNpaMyto napasisiesibHo
npsmoii

X—y+z+|1=01x+2y —z+ 2= 0. @

UTo6bl pewnTb 3Ty 3apadvy, cHadana npuBegem cuctemy (1)
K cucTemMe B Buae nponopuuid. Monaras X — 0" noayuum

—y+z+I1=012y—2z+ 2= 0i
0TKya
y= —3, z= -4,
n, cnegosaTenbno, npaAmas MpoxoAMT 4epe3d Touky MXx (O
—3} —4). NMonoxus panee y = 0* nonyymm
a+z+ 1=0 x—2+ 2= 0,
0TKypAa
a= -3/2, z= 1/2.

CnepoBaTenibno, npsamMas MNpPoOXoaUT TakXke 4epe3  TOUKy
M (—3/2; 0; 1/2). Cuctema YypaBHEHWUIA 3TOA MpAMOLA B hop-
Me nponopunia 6yaet

i -0 __ 0+3 *+4

uwm (yMHOXas 3HaMeHaTenm Ha 2)
X —0 0+3 r+ 4 r-o y+ 3 ——
-3“ — 6 - Y » -1 -~ 2 -~ CIE

NTak, 2agauya cBeslacb K cnepywouweii: udepes Touky (lj
2; 3) MNpoBecTU MpsMy0 napasnsieslbHO MpPsMOIA

x—0 O+ 3 r-4
-1 — 2 -~ 3
leweHnem 3TolA 3apayvn 6yaeT
x —1 y—2 2—3
"Tn 2 -« 3 *

OpaHako 3Ty 3aZa4y MOXHO PelwuTb W npouie, X0Ts Torga pe-
LeHMe M He MoyuynMTCcs B BUAE NMponopunii. UMeHHo, paccmoT-
pPUM NJ10CKOCTU, NapasisiesibHble MJI0CKOCTAM

X—#+r1r+ 1=0, a&a+2y—z+ 2=0
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n npoxoasiwme yepeB Touky (1( 2\3). YpaBHeHMs 3Twl nsoc-
KocTelh 6yaoyT

(Xx- 1)- (/- 2)+ Z- 3)=0 (X- 1)
+2@-2- - 3)=0. (2

Mpamas nepeceyeHUs HOBbIX MJI0CKOCTelA OyaeT napansiesib-
Ha npexHeii n npoiAgeTt vepeB Touky (1] 2\3). CregoBaTesnbHo,

npamasl, BagaHHas cuctemold (2)t n 6yaeT ToiA, KoTopas Ham
TpebyeTcs,

§ 26. Yron mexay nNpsAMOIA M MNJ10CKOCTb. Ycnosue
napassiesIbHOCTU N MNeprneHaNKYAApPHOCTH

a. Yrnos mexay npsamMoiA M MNJocKocTbio 6yaeT AsBa} oAuH
OCTPbIAN KOTOPbIA 0603HauUMM OykBOMA ¢, Apyroin — Tynoiid
paBHbIA 180e — dh.

To4yHO Tak >e [ABa yrna
6yayT M Mexay npsamMoia n Ha-
npaB/AsWMM BEeKTOPOM MJioc-
KocTu, OcTpblth yron o0603Ha-

uMm  6yKBOIA Tyrnoin 6ygert

paBeH 180° — a (pwuc, 116),
OueBunaHo,

b = 90° __ sin ¢ = cos a,

HO COS a Mbl Cetivac HalAgeMm.
LOecTBUTEeNbHO, Yrosal a Kak
pas coBmagaeT ¢ YyX/IOM MeXAy Harnpas/isioWMMM BeEKTOpaMum
npsAMoOA U MJIOCKOCTU WU Xe AonosiHseT aToT yron go 1804

CnepoBaTesibHO,, COS @ OT KOCMHYca noc/iegHero yrsia MoXeT
0T/IN4aTbCA TOJ/IbKO 3HAKOM.

MosTomy, ecnu
Ax By +Cz #+D = 0
— YypaBHeHWE TMJIOCKOCTMH,

*—»i_y—Yn, el
| T

— cucTemMa ypaBHEHUIA nNpsMoMA, TO

Al4 BT 4*Cn
1/ A*+ B*+ B |12+ T '+ * ’

Cosa =

CnepoBaTenibno, Tak KakK Sin ¢ = cos a, ToO

AL+ BT 4-Cn
BLWd;
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b. B uyacTHoCcTW, Npamas napasisiesibHa MJI0CKOCTU, ecsn
HanpaBnsAwLWMe BeEKTOPbl MPAMOMA WM MJ1I0CKOCTU B3aMMHO
nepneHAnKyNApHbl, U, Hao6bopoT, npaAmMas nepneHAUKYNAp-
Ha MNJIOCKOCTW, ecnyM  OHa napajsifiefnibHa HanpasasloWwemy
BEKTOPY MJiockocTW. [lo3ToMy Yyc/ioBMEM  MapasifiesibHoCTH
npsAMoiA U1 NJIocKocTn b6yaeT

1A+ TB + nC —O

N ycrioBUEM MepneHAnKYNApHOCTU — Mponopums

| T n
~A~ ~B==~B~'

c. B 3aknwuyeHue pewvm 3agady: yvepes Touky (34; Yy zi)
rnpoBecTU MpsIMyH, MNepneHAUKYISPHYI MJ10CKOCTH

Ax + By + Cz+ D = O,

HanpaBnsiowmniA  BeKTOp NJI0OCKOCTM MMeeT npoekuun A,
B, C. C TakMmu NpoeKumussMn MOXHO B3Tb U HarMpaB/slOLNIA
BEKTOp MNpsiMOMA, Torga npamas 6yAeT napasnsiesibHa Harnpas-
NAWEeMy BEKTOpY MJ/IOCKOCTU W, cnefoBaTesibHO, MnepneHaun-
Ky/iipHa M/1I0CKOCTU. 3HA4YUT, ypaBHeHMe WCKOMOM MpsmoiA
BaaMweTcs Tak:

X— Xl __ y—yt *— zi

A ~ B C
d. UuTaTenb pdanee cam y6eauTCcs, UTO ypaBHeHWe nJioc-
KocTu, npoxoasweid depes Touky (AN YyXN\zXY) 1 nepneHanky-
NAPHOMA NpsiMOiA
X—x0 _ Y Yo _ r—%*

( T n *

6yaeT cnepywowmnm}
IX—xy) + T (Y—¥ + Ir(z—Z) = 0.

§ 27. TlpocTelwme MNOBEPXHOCTW. INunNcomg

a. 13 MoBEPXHOCTEIA Mbl PacCMOTPUM TOJSIbKO 3/1/INMCOUA,.
YpaBHeHWe annuncovpga MoA06HO  ypaBHEHWIO 3siIvnca.
OHO wuMeeT BUA

Bnd G

roe a, b, C — nosioXuTenbHble MNOCTOSAHHbIE. Mbl BbISICHUM
thopmy annunconpa, paccekas ero nJsI0OCKoCTAMMU, napannenb-
HbIMW ocAAM KoopauHaT (puc, 117).
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b. Bo-nepBbIX, HaxoAuMm cedeHue nockonblo XOb.
YpaBHeHue ero nosiyumm, nonaras y = O (ypaBHeHUe 34ecb
MOHMMaeTcs  YC/MIOBHO — B
CMbIC/lIe  3aBUCMMOCTU  MEX-
Ay r M T, Korga y — noc-
TosiHHasA). 3To ypaBHEHUue

oyneT
> L
B =
e 5-+-S— <>
Vv A / Yy
T. €. WNCKOMOe ceyeHue —
3M1UNC € MoslyocsiMn a unc.
c.
Puc, 117

paccMoTpeThb elle ypaBHEHUS
Opyrux  ceueHuid, napan-

nenbHbIX nnockocTn XOz. Ana 3Toro nosiIoxKMm Ternepb

Y= V¥Yl> 0

(T. e. paccmaTpuMBaeM ce4deHMe MJIOCKOCTbIO, MapasisiesiIbHoA
X0z un oTcTosiwed oT XOz Ha paccTosiHue Yy = yt). YpaBHeHue
ceyeHus 6yaer

a2 T- fji T o2 » ar T o2 1 ba @)
neBas 4aCTb YypaBHEHMSA eCTb CyMMa KBajpaToB W, 8HauuT,
> 0. CnepoBaTesnibHO, BblpaXeHUe B MNpaBOiA 4acTu TOXe

OOJTIXHO 6bITb > O.
MpeactaBnifs 3TO BblpaXeHWe B (opme

N Ooens na Hero o6e 4acTW HALAZIEHHOro ypaBHeHWs, Moslyunm
+ ——— = I
(/-£)" (Y-#)'

A ATO MoKasbIBaeT, YTo HalAAeHHOE HaMU CeYEHUE ecTb 3/IIUNC.
Mosyocu aToro annunca 6yayT

(3
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OHV MOMTyYalTCA M3 Monyoceld a u ¢ annmnca (1) yMHOXeHuem
Ha O4HO W TO e 4uC/o

C yBenuyeHMem YX3aTOT annumnc 6yaeT yaansaATbes OT MJ10CKO-
ctu X0z, npuuem ero nonyocu (3) 6yayT yMeHbluaTbes (Mo-
TOMY UTO YMeHblUaeTCca MNOoAKOPEHMOe BblpaXeHWe), MoKa,
HaKoHeL,, 06e nosyocn o6paTATCA B HY/IM U 3/JIUMC NMPEBPATUT-
cs B TOUKY. Takum 06pa3om, 4vacTb 3/i/iMrncomaa, oTeevawuas
MosIoXKUTESIbHbIM Y — YW rMoslyyaeTcs MNepeMeLleHneM HEeKo-
TOoporo AeopMupyemMoro asiimnca napasasiesibHo MJI0CKOCTU
XOz. UeHTp O 3aToro annunca ckonb3uT no ocu Oy, nosyocm
xe OA" —a\u O'C*' = ct ero Bce BpemMsi yMeHbluawTCcs,
rnoka He o6paTaTca B nysb npu yt = h

d. CoBeplleHHO $CHO pasiee, 4YTO OT W3MEHeHUs 3Haka
y Y, ypaBrneHue (2) He U3MeHUTCH, T. €. O0TpuLaTeslbHbIM Yt
OyAyT 0TBe4YaTb TaKue Xe 3/I/IUNCbl, KaK U Mo/I0XKUTESbHbIM.
3HaunT, YacTb annuMncomaa, oTBevawllas oTpuuaTeslbHbIM
YW 6yneT cMMMeTpu4yHa TOA, KOoTopasi OTBe4YaeT MOJSIOKUTENb-
HbiIM ()

e. VIHTepecHO paniee BbISICHUTb, MO0 KakKUM KPUBbLIM CKOJ1b-
39T BepwnHbl A' 1 C' nepemMeHHOro asi/innca, OHUCbIBAKOLLETO
annuncona?

BepwwnHa A' CKO/b3WUT MO0 KPMBOLA MepeceyeHunss 31/11Mnco-
naa ¢ nnockocthio XOb. Ee nonyyum, nonaras z = 0. Cre-
poBaTesibHO, ee ypaBHeHWeM O6yaeT

f. TouHO Takmm nce o6pa3om ybeaumcs, 4YTO BepwKnHa
C cKkonb3nMT no annauncy

nexatutemy B naockoctu yoOr (X — 0).

g. OnuHbl a, b, C 0Tpe3koB, O0TceKaeMbIX 3/1/IUMNCONAOM
na ocsix, HasblBalOTCA MOJTYOCAMN.

h. B uyacTocTu, Npu a —C ypaBHeHue snnuncomga 6y-
net
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annuncebl 6yayT Kpyramu (at =» Oj). TakoiA annuncoug Mo-
XeT OblTb MoslyyeH BpauweHuem Bokpyr ocu Qy annunca

oL+l |
N B)e »

nexauwero B MJIoOCKoOCTHU XOy, N NO3TOMY Ha3blBaeTcCs JVIMIMN-

COMOOM BpaLLeHUsI.

K. Ecnu xe a «<= b = B, TO ypaBHeHWe asi/imnconga npum»
HUMaeT BUA

mr + 'S%-+ =* *y+ Y2+ 722= a-

3nnuncoup ob6paliaeTcs B LWAPOBYK MOBEPXHOCTb,

§ 28. [pyrve npocTerilive MNOBEPXHOCTU

UuTaTenwo npeasaraerca camomMy uccriefoBaTb MoOBepx*
HOCTWM (uccnegya  UX  CevyeHMA  MJIOCKOCTAMU I =» const))
1, 3nnnnTtudecknia napa6osoung,
*= & | ¥
r=="27 + ~T -
2, OgHOMoNocTHbIA runepbonong,

I fL «= 4
B " 6» (& .

3, KoHyc BTOporo nopsagka

6» o .
4, ABynonocTHbIM runep6osong,
& kK *
2 + b» -

5. vnep6onnyeckniai napa6onouns



Moka3aTb, YTO OHM UMEKT (opMYy, YKaszaHHYI Ha puc. 118—
120.

B uacTHoOCTW, ANA noBepxHocTeld 2, 3, 4 nokaBaTb, 4TO
npyM oAHUX W Tex Xe a, b u 0 AByHoOMOCTHLILA runep6ononpg
NIeXUT BHYTPU KOHYCa, a KOHYC B CBOK 0o4epeb JIeXUT BHYT-
pv 0AHOMOJSIOCTHOrO runep6ononga,

§ 29. KpuBasd B MpocTpaHCTBE KaK MepeceyeHue
ABYX MOBEPXHOCTEM

JlInHnA B MnpocTpaHCTBeE paccMaTpuBaeTCcA KaK JIMHUA
nepecedyeHna pAOByX I'IOBerHOCTeI7I, n ecsan

FENWNZ —0, @ A\y] 2) =0 @

— YypaBHEHWA 3TUX MoBepxHocTeld, To cucTema (1) sBnseTcs
CUCTEMOIA YpPaBHEHUIA JINHWUW.

,ﬂ,eﬁCTBV]TeJ‘IbHO, BCAKasd TOYKa JIMHUN oAHOBPEMEHHO
NEeXUT Ha obenx noBepxHOCTAX W, csieaoBaTesibHO, yaoBJ/1eT-
BopsieT cucTteme (1). TOUKWU XXe, He NpuHaanexalime AUHUN,
He MOoryt oAgHOBpPEeMEHHO JieXaTb Ha obeunx NOBEPXHOCTAX W,
TeM caMbIM, He MOryT Y/A0B/f1IeTBOPSATb cucteme (1),

§ 30. [MapameTpuyeckue ypaBHEHUSA

a. OgHako onucaHHbIMA CcNocob 3agaHusa JIMHUIA - UMeeT
cBouM Heypaob6beTBa. [opa3go vauie Nosb3ywTCcAs ApyruMm —
rnapameTpuyeckum cnocobom 3afaHuUs SIMHUWU. IMeHHOo, no-
[06HO TOMY, KaK Mbl Aeflafin B MJI0CKOLA aHa/IMTUYecKolA reo-
MeTpuK, paccmaTpuBaeM Tekylliue KoopauHaTbl (1) YN 2)
TOUKN NIMHUN KaK (PYHKLMWN HEKOTOPOLA HOBOMA HE3aBUCUMOM
nepemeHHoiA tl

®* /AM* Y —h (0. z-m/3®\ (1)

3Ty uonyl nepemMeHHyl t HasbiBaeM MapamMeTpoM (nepemeH-
HbIM), caMn Xe ypaBHeHUA (1) — MapamMeTpUuyYecKUMm ypas-
HEHVISIMN  KPUBOIA.

b. Tak e Kak W B MJI00KOMA reomeTpun, Ba napameTp L
MOXHO MpPUHUMaTb /1106y MepeMeHHYl, XapaKTepusylo-
WY MO/I0KEHUEe TOYKM Ha JNIUHUN,— KakKoM-/Inbo 0Tpes3ok,
ayry, yron.

§ 31. BuHTOBaa JINHUA

a. B KauecTBe Npumepa Mbl BbiBeAeM MapamMeTpuyeckue
YPaBHEHUS BUHTOBOMA JIMHUU. 3Ty KPUBYH MOXHO MONYYNTb
cnenywWmMmM 06pasom.
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MpaAMoiA KpyroBoiA UWAHHAP C paguycoM OCHOBaHus a
o6epTbiBaeM /UCTOM 6yMaru, Kak rMokKasaHo Ha puc. 121.

Pwno, 121

JTOT /INCT UMeEeT (hopMy TpeyrosibHMKa c OcHoBaHuem AB,
paBHbIM AO/IMHE 2718 OKPYXHOCTM  OCHOBaHWA  LUAUHAPA,
n Bbicotoi h (h — war BuHTa). CTopoHa AC TpeyrosibHuKa
W HapucyeT Ha UWAMHAPE BUHTOBYK JIMHWUIO.

b. BbiBefeM napameTpuyeckuMe YpaBHEHWUA  BUHTOBOIA
NNHUN, npuHuMas 3a napameTp t yron AOMX (cunTtasa 3gecb
MosIOKNTENIbHBIM  TO BpalleHue, KoTopoe uget ot ocu OX
kK ocn Qy). Touka J1/, AsBNseTcs nNpoekuuneii Touku J1/ na nno-
ckocTb XOy. A6cumcca X u opauHaTa Y Touku Mi coBnagatoT
¢ abcumccoin n opauMHaATOA UYKWU JI/ — OHW CyTb NpoeKuuun
BekTopa OMX Ha ocn OX n Oy n paBHbI

X —acost, y= asint.

UTo KacaeTcsi anmnjmkaTbl zZ TOUKM J1/, TO ee nydile Bcero HaiA-
nem un3 paccmoTpeHuss /\NABC B Buge, euwe He HaBepHYTOM Ha
unnuHap. 3aecb |AMNN — BbINpsM/ieHHas ayra B Bepx-
HelA 4acTu puc. 121 wn, cnepoBaTesibHO,

NAMr \= at

(ayra usmepsieTcs npomsBedeHVemM paguyca ea yron). Vmeem
Nnponopuuio
NN IAVN] * at t
IBC] ~ \Brr T - "Sw ~ .
oTKyaa

|/|TaK, napamMmeTpuyeCKMMmn ypaBHEHNAMUN BUHTOBOIA JIMHUU
6ynyT

X = acostt y= asintt z= 1
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§ 32. lMNapameTpunyeckne ypaBHEHUS B MeEXaHUKeE

MaTepuanbHaa TouKa, MepeMellasicb B MPoOCTpPaHCTBE O
TeyeHMeM BpemeHu t, onucbiBaeT HEKOTOPY  KPUBYH —
TpaekTopuio. KoopaunaTbl X, Y, z 3T0iA Toukn M, meHsio-
umecs ¢ mM3MeHeHmem Bpemenu t, cyTb HeKoTopble (QYHKLUMK
BpeMEHU. [OBUXEHUE MOXHO CUMTaTb M3BECTHLIM, €C/IM 3TU
(hYHKUUM  334aHbl:

»=-N(0. ¥= h (O, z- /3(0, (1)

Tak Kak Torga mo sTvm opmysiam MOJSIEHO HalATU KoopAUHATbI
X, I, z ToukKu M, a, crniefoHaTeslbHO, U ee MOJIOKEHUE B J110-
601 Hanepen 3agaHHbIiA MomeHT t.

YpaBHeHUsa (1) 6yayT npeactaBnATb Co60H0 He 4YTO UHOe,
Kak rapamMeTpuyeckue YpaBHEHUA TPaAeKTOPUU, npuyvem
napamelpom 3gecb sABNseTcA camo Bpemsa L

§ 33. lepexon OT MapamMeTpUUYecKoro npeacTaB/eHUs
K obuwemy a obpaTHO

a. MapameTpuyeckne ypaBHeHUs coaepxaT Tpu YypaB-
HEHUSA C YEeTbIpbMS HeusBeCTHbIMM X, VY, z, t. Wckntouasn
3 HuMx t, Noslyunm ABa ypaBHEHUA C TPEMS HEeU3BEeCTHbIMU
X, Y, I, T. &. CUCTEMY YpaBHEHWIA 06bIYHOrO TuUMa.

HanpuMep, W3 napaMeTpUYecKUX YypaBHeHUIA BUHTOBOIA
NVHUN

X—acost, y= asiat, z— -"-t
Mbl MOXEM WCKN4YUTb napameTp U cnegywouwmm obpasom.
M3 TpeTbero ypaBHEHWUSA Haxogum
t = 2nzlh.

MoacTaBnsAs 3TO B MepBble ABa ypaBHEHUs, HalAAeM 06blKHO-
BEHHYI0O CUCTEMY YpaBHEHWIA BUHTOBOMA JINHUN:

2nr . 2nr
X—acos— , y—asin=

b. O6paTno, 06bIKHOBEHHOE TnpeAcTaB/ieHNe KpUBOIA
FX)yin=0 o Xy, =0 (€]
MOXHO CBECTM K MapameTpuyeckoMy, B3siB 3a napameTp OAHY

M3 KoopAWMHAT, Hanpumep X.
Bbipaxasa 13 (2) Y n zZ 4yepes X, MMeeM

Y=1Io ™), r= /3X).
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I'Ipmcoe,qMH;m cloga TOXAecTBo X = X, WMeEEM
X=X, y=/2(), 2= /3X)J

T, e. Bce @, Y, b BblpaxeHbl udepe3s X (Ji (X) — X).

§ 34. lNpeo6GpasoBaHUe KoopAuHaT

a. Ecnn paHbl KoopauHaTbl X, Y, Z KakoA-nMbo TOUKK
MpocTpaHCTBA OTHOCMTESIbHO [JaHHOUA cucTembl oceid  OX,
Oy, Oz, To BecbMa BaXHO 6bIBaeT
3HaTb CBSI3b 3TUX KOOPAMHAT C KO-
opavHaTamMun TOMA Xe TOYKU OTHO-
CNTESIbHO KakoA-/1Mb0 HOBOM CTue-
> Mbl OCel.

X1 b. CHayana paccMOTpuUM  Ciy-—
YalA napasisiesiIbHOro nepeHoca OCeiA,
T. e. cnyyald, Korga HOBble o0Ocu

napansiesibHbl CTapbIM.
Puc. 122 MycTb a, b, ¢ — cTapble KooOp-
OvHaTbl HoBoro Hauvana O (puc. 122).
MpoekTupyss BekTopHytl uenb OON\M 1 3ambiKaloWmiA ee

BekTop OM Ha cTapyt ocb OX, umeem
np OM — np OO\ —+ np OxM,
HO
np OM —x, np OOi —a, np ON\M —iri
n notomy
X —a + X
AHanornyHo 3aTomy, npoekTupys na ocb Oy, nonyunm
Y —b+ yb
HakoHey, npoekTupyss Ha ocb Oz, HaiAgem
z= 0+ zx

Taknm ob6bpas3om, bygem uMMeTb criegytouime Qopmynbl ne-
pexopa:
X —a+Xn y=Db+yi r=c¢+ 2§
KOTOpble BbIpaXalT CcTapble KOOpAWMHATbl TOYKU 4Yepe3 ee

HOBbl€ KOOpAMHaTbl N TaK Xe, KaK B MNJI0CKOM reomMeTpun, Ho-
cAT HasBaHue (OPMY/1 MeEpexoda.
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C. Tenepb paccMOTpPUM Cy4vaid, Korga HOBble OCU UMET
cTapoe Havasio, HO HOBble HanpaBrieHus (puc. 123). Mono*
XXeHMe HOBbIX O0celA Torga onpeaesninTcsa yrjamu, KoTopble
HOBble 0CW KoopAMHAT 06pasylT co
CTapbIMU 0CAMMU.

MycTb 3T yrnbel pawTca  cne-
aywuein Tabnuuei:

(07¢ o a
Oxi a P Yy
Om ) Pi \Y
Ozi P, O

O6paTHO, /1IerKo BUAETb, YTO €c/IM NPUHSATb Ba OCHOBHYIO
He CcTapyl, a HOBYH CUCTeMy Oceid, TO cTapble OCWU CYyTb OCWU,
o6pasylolime ¢ HOBbIMU criegywouime yrbl|

c ocbto OX — yrnbl a, af, a2

o ocbto Oy — yrnael P, pit p2

c ocbto Ob — yrnbl y, yi, y2

BekTtop OM wumeeT MpoeKUUAMU Ha HOBble OCU yuciia XM
YW zi) cnepoBaTesibHO, €ro npoekuun B Yy, I Ha cTapble ocu
KaK Ha ocu, obpasyllme ¢ HOBbIMW OBSIMW YKa3aHHble Bbl-
we yrnbl, corsiacHo (1) § 4 BbIpasATcA Tak»

a = ® co3 a + Y\cos otf + zt cos a2
y — Xi cos P + yt cos pi + zi cos pa,

Z= Xicosy + ytcosYi + 4 cosy2

3To hopmMy/ibl Mepexoda O/ paccmMaTpuMBaeMoro cryuas.

d. YuTaTentw npepsiaraerca camomMy MnokasaTb MO aHasio-
rMn ¢ NJI0CKOA reoMeTpueia, 4To B obLiem cnydae, Korga HoBble
0CW WUMEKT M HOBOE Ha4asio, U HOBble HamnpassieHUs, GOpMy/ibl,
nepexoga 6yayT umMeTb BUA

X = a + xi cos a + Y\cos ax - zxcos a2
y =* b+ Xicosp + y*cos pi + zicos p2

zZ— 0+ xicosy + Vicos Yi + zi cos y2
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§ 35. Ynpaxuenns

1. HatATu gnvHy BeKTOpa, 3a4aHHOro npoekumsamum X =
= 2, y=3 2= 6. OTBeT: r= 7.

2. MNpoBepuTb, YTO BeKTOpHasa Lenb, cOCTOAWAaa U3 Tpex
BEKTOpOB ¢ npoekuunamn 2, —4, 4; —3, 2, —5; 1, 2, 2, 06-
pasyeT 3aMKHYTbIIA TpeyrosibHWK, W 3aTeM BbIYUCANTbL Mepu-
MeTp 3Toro TpeyrosnibHuka. OTBeT', nepumeTp 16.

3. HalAiTn HanpaBsieHMe BeKTOpa, 3a4aHHOro npoekuus-
Mn 7; 4; —4. OTBeT: cos a=7/9, cos(3=4/9, cos y= —4/9.

4. Tpu cvnbl X — 6,y = —6, Z = 7, NMPUNOXEHHbIE K Ha-
Yasly KoOpAMHAaT, HanpaBfieHbl MO 0CAM KoopauHaT. Haiatu
OJIVHY 1 HarnpaBsieHue paBHogelAcTBywueid. OTBeT: gnvHa |lj
cos a = 6/11, cos |i = —6/11, cos y = 7/11.

5. Pebpa napannenenunega MMeKT O/IMHbI 2, 6, 9. Haia-
TV Npoekuuwn 3TUX pebep Ha HanpaBsieHWe puaroHanu. OT-
BeT. 4/11, 36/, 81/11.

6. Tpwu cunbl ¢ npoekynammn —1, 2, 3; 1, 1, 1} 1, 1, 2
npuaoXeHbl K OOHOM Touke. HalATm AAMHY WM HanpaBfieHue
paBHogelAcTBYloWwei. OTBeT: anunHa 9; cos a = 1/9, cos p —
= 4/9, cosy = 8/9.

7. BekTop o6pa3syeT ¢ ocbio OX yrosm 60° a c ocblo
Oy — yron 45°. HaiATn yrosi, o06pa3yembliAi 3TUM BEKTOPOM
c ocbto Oz. OTBeT: yt = 60° y2= 120°

8. Touke, HaxoAsAWMIACA B Hadasie KoOOpaAWHAT, CO06LEHbI
Tpn ckopocTu 9, 8 n 5, Kaxpas ob6bpa3yeT C 0CAMU paBHble
oCTpble Yr/bl, M0 HepBas JIEXXUT B MNepBoM KOOPAWHATHOM
yrne, BTopas — B TpeTbeM, Hakoney, TpeTbA — B LIECTOM.
HatAiTn, no KakoMy HanpaB/IEHWI0O U C KaKOM CKOpOCTbHO
HauHeT ABuraTtbca Touka. OTBET: ckopocThb 14/Y 3, cos a =
= —2/7, cos P = 3/7, cosy = 6/7.

9. Mpoekunn BeKTopa cyTb 6, 6, 7. HalATn ero npoekummn
Ha HanpaB/ieHMe BeKTopa U3 yrnpaxHeHus 3. OTBeT: 38/9.

10. Mpoekunn BekTopa cyTb 2, 3, 7. HalATu ero npoek-
LM Ha 0Cb C HanpaBAsAwWWUMM KocuHycamu 12/13; —3/13)
—4/13, npoBepuB CHayasia, 4YTO Takas O0Cb CyllecTByeT.
OTBeT: —1.

11. HatAT nNpoekuuio cunbl BeIMHMHOA 4, pacrnosioXeH-
HolA B nuiockocTu XOY nog yrnom 30° k oc OXI Ha Hanpasrie-
Hue, obpasyllwee ¢ O0OCAMW paBHble OCTpble Yyribl (C Tou-
HocTblo pgo 0,01). OTBeT: 3,15,

12. HalATm ckansapHoe npousBeAeHWe BEKTOPOB C MpoeK-
uvamm 2, 6, 3 n 1, 2, 2. OTBeT: 20.

13. To e camoe A/18 BEKTOPOB C npoekumamu 44 —54
20 m —7X 4, Omeemi 32.
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14. HalATM KOCMHYC yrsla Mexay BeKTopamMu Wn3 ynpax-
HeHus 12. OTBeT: 20/21.

15. HainTu KOCUHYC Yyrja Mexay BeKTopaMum C MNpoek-
uvamum 4, 4, 2 n 14, 5, 2. OTBeT: 8/9.

16. HalATu npoekuMo MepBOro BeKTopa U3 YyhpaxHe-
HUs 12 Ha HanpaBsieHue BekTopa (1, 2, 2). OTBeT: 20/3,

17. byayT v napasifiefibHbl  BEKTOPbl C MpPoeKUnaMu

0,5; —0,7; W+VHL B — 1,5; 2,1; ~ ? OTBeT: pa

18. byayT /M B3auMMHO  MeprneHAnKYNspHbl  BEKTOPbI
c npoekuyusmun 1, 3, —4 n —2, 2, 1? OTBeT: Aa,

19. Kakoin Bug wumetoT dopmynbl (1) § 3, (1)—(@4) 8§ 4,
korga BekTop OP nexut B nnockoctu XOy? OTBET3
XF+ y2=.r2X= pcosa,y= psina,X= rcosa, y—rsin a,

cosa =» — = 1, sSina= — = cos?2a 4~
\ + A

I/ *-fﬁﬁ
-f sin20ral.

20. Bo ut0 o6paTtarca dgopmynbl (1), (2), (3), (5) § 54
Korga ob6a HampaBneHusa nexaT B nsiockoctu XOy? OTBeT

npOP —rcos ¢ = Xcosai + Yysin ai,
cob p = cos a cos ai + sin a sin ai,
rricos = XXi + yyu

a Yy
RV

21. Bo uJTto obpatuTca dqopmyna (2) § 5, korga ¢ = 0?
OTBeT: cos2a + cos2P + cos2y = 1.

22. HaiatTm nepumeTp TpeyrosibHUKa ¢ BepwnMHamMmu
M1(2; 4; 5), N/2(3; 8, 13), M3(—1; 0; 5). OrBeT\ 26.

23. HalATn nepumeTp TepyrosnibHMKa ¢ BepwmHamu Mj (Oj
0; 0), M%(—4,2; —5,6; 24). OTBeT: 120.

24. Ha ocnm abcumcc HalATU TOYKY, paBHOYAas/IeHHYK 0T
Touek J1/x(6; 6; 6), Mr(7; 4, 7), N/3@4; 4; 8). OTBeTl
(3; 0; 0).

25. HalATn UeHTp M paguyc LWapoBOA MOBEPXHOCTWU, Mpo-
xofdsawei uyepes Touku Mj (0; 0; 0), N/2(7; 1, —2)X Mr (§j
6; —4). OTBeT: ueHTp (4; 7; 4), pagmyc 9.

26. Ha ocum opauHaT HalATM Takyl Touky M X uTobbl yron
MMM M 6bi1 npambiM. Mpu atom Mi (—6j 7; 1)x M 2]
10; —6). OTBeT: (0; 1; 0).

27. PaspgenuTb oTtpe3ok MIMTrl rge Mi (1; 4; 8), Mt (§j
18} —20)a B oTHoweHun 2 ;5. OTBeT: M (3} 8; 0),
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28, AaHo M X(2; 2; 1). HatAtu /1/2, ecnn M3BECTHO, 4TO
Touka M (6; 4; 5) genuTt oTpe3ok MiMt B oTHoweHun 2 : 3.
OtBeT-. M2(12; 7; 11).

29. B TpeyronbHuke ¢ BepwuHamn M\ (4; 8; 8), Mr (16;
12; 4), M 3(0; 4; 8) cepeAnHbl CTOPOH MNPMHMMAeM 3a Bep-
WWHbI HOBOr0 TpeyrosibHUKa. HalATM cepeguHbl  CTOPOH
3TOro HOBOro TpeyronbHuka, OTBeT: (9; 9; 6), (5; 7; 7),
6; 8; 7).

30. HanwucaTb YypaBHeHWe NJIOCKOCTU, MpoOXoAsllein ue-
pe3 Touky (3; 1) 0), ecnn M3BECTHO, 4YTO ee HanpaBAALWULA
BEKTOp WMeeT npoekuyunm 2, 6, 3, OTBeT: 2X + 61/ 4 3z —
— 12 = 0.

31. HaiATn ypaBHeHMe MJI0OCKOCTM, €C/IM WU3BECTHO, 4TOo
OHa npoxoauT 4epe3d Touky J1/, (3; 4; 1) n nepneHANKYNspHa
BekTopy MIM 2 rpe N/2(—4; 8; 2), OTBeT: —2X + 4y I
4 z— 11 = 0.

32. HaATu ypaBHeEHWe MJ10CKOCTU, TMPOXoAsllets 4yepes
TOUKMN 1 4, 2, M2(2; 3; 1), M3(1; 1; 2), OtBeT', X 4
-z—3=0.

33. HanwucaTb YypaBHEHWE MNJIOCKOCTU, MPOXoaswelid 4e-
pe3 Toukm Mx (1; 1; 1), M2(2; 3; 0) n oTceKawollei Ha ocu
Oz oTpesok pgwmHotA 5, OTBeT. 1IXx— 3y 4 z— 5= 0Ot
—13x + 7y — z+ 5= 0.

34. [okasaTb, 4TO YypaBHeHMe TMJI0OCKOCTU, OTCeKawLlleii
Ha 0cAX KoopAWHAT oTpe3ku a, b c, 6yaer

a + b + ¢ *
35. HalAiTum TOuKy nepeceveHUss M/OCKOCTeA 2X — 4y 4
4 3z + 3= 0* X—y+2z2—0t . X4 2y +z—6=0.
OTBeT: (1; 2; 1).
36. HalATU KOCMHYC OCTpPOro yrsa Mexay n/oCKoCcTAMMU

12x — 3y 4 4z — 8 = 0, 4x + 8y + z— 1=0, oT-
BeT: 28/117,

37. HalATu KOCMHYC yrna mexay nsiockoctamm X 4 y 4
+ z= 0, 2Xx—z = 0. OTBeT: /15.

38. HatiTu ypaBHeHMe MJ10CKOCTU, Mpoxoasiuieih 4epes
Touky (1; Bj 1) v napannenbHoiA nsockocTn 2X — 4y 4
4 3z — 1= 0, OTBeT: 2Xx — 4/ 4 3z 4 7 = 0.

39. HaliTu ypaBHEHWe MJ1I0CKOCTU, NpoOXoaslwein uepes
Touky (4; 2; 1) N nepneHOUKYNApHOIA nNJ0CKOCTAM X 4
+y+ 2+ 1=0, X—Yy+2z—2= 0. 0T1BeT: 3Xx —
—y—2z—16 = 0.

40. HalaTu paccTtossHMe OoT Toudku (2] 2j 3) A0 MJ10CKOCTU
89 — 4/ + z— 38 = 0, OTBeT: 3,
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41. HalATu paccTosiHME Or TMJocKocTU 2X — 2y 4 7z —
— @= 0 pgo Hauana koopauHaT. OTBeT: 2.

42. HanwuncaTb YypaBHeHWe nNpAMOM, MpoxoAslweii Jepes
Touky (3; 1; 4), ecnin HanpaB/sAKOWMNIA BEKTOP MPAMOIA  UMeeT

npoekuun 2% 3, 6. OTBeT: — — " g—
43. HalATn ypaBHEHWA CTOPOH TpeyrosibHMKa M3 yrnpax-
o X m2 "4 z-_5 | =3
nenuss 22, Oteer: = I— = —EI—Z— = —g * ——_—Z— =
y—8 z— 13 m+ 1 y z—5
n - 8 ——N"8~ " 3 r - 0
44, HanwucaTb B Buae MpoMopuniA ypaBHEHUSA MpsSMOIA
X+y—z4 1= 0, 2X —y + 22z—3 = 0. Omeemi
X y—1 r—2
T B -4 "M« 3 *

45. HalATu KOCMHYC OCTpOro yrsia mexay npsamoiia 48 —
—y—2—3=0, y—r+ 6= 0un npavoin 2x — 61 4
br=20, 49x — 3/ —r+ 1= 0. OTBeT: 19/21.

46. HalATu CcUHYC Yyrsa mexay nepBoiA npsMotA u3 yn-
paxHeHUs 45 1 nnockocTbio 2X — 6/ 4 92 — 1= 0. OT-
BeT-, 8/33.

47. Yepe3 Touky (2; 3j 6) npoBecTU MNJIOCKOCTb MeprneH-
OWKYNSAPHO  BTOpPOMA  nNpuMoiA  m3  ynpaxHeHus 45, OT-
bt 3X 4- 2y 4 6z — 48 = 0.

48. Yepes3 Touky (3; 3; —1) npoBecTM MPsSAMYIO MepreH-
OVKYnspHo  nnockocTm 3X — 3y 4 4r — 9 = 0. Omeemi
X—3 y—3 1 4-1

3 4
49. Yepes Touky (lj 2j 1) npoBecTM NAOCKOCTbL MapasifesibHo
x—1 y4-2 r—3 r4 1 y—1 *
pAMbIM  — |— = — _ ==_ 2 e_4_ = 2 = "[*

OTBeT. 33, — Ty 4 2z + 9= 0.
50. AdokasaTb, 4YTO ypaBHeHUue

T (AXx + By4 Cz+ D)4 n(Arx 4 Bry 4 Cx + D\) =s 0

npM M U W, OAHOBPEMEHHO He paBHbIX HY/O, n306paxaeT
NA0CKOCTU MPOXOAsLULYD uYepe3 JIMHUI0O [epeceyeHns nso-
cKocTel

Ax4 By4 Cz4 2= 0 Ax4 By 4 C\N4 Di —O0

(ecnvg, KOHEYHO, 3TWU MJIOCKOCTU He napasifiesibHbl),
51. [OokasaTb,, 4YTO YypaBHEHMWE TMJI0CKOCTU, ABAAKLLEACA
GUCCEKTPUCOA LABYFpPaHHOro yrna Mexay MJ/1I0CKoCTAMM

Ax 4 By 4 Cz4 D=0, Ax 4 4* Ciz 4 = 0j
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6yneT criefylounum:

Ax+ By +Cz 4D AjX-j- BNy + Cjz-f-D\

J a2+b2+cl J a\+b \+c\

YkaszaHue. Ecnn npeob6bpa3oBaTb ypaBHEHWUS AaHHbIX
Na0CKOCTeA ¢ TeM, 4T0oObl ASIMHbI HaNpaB/IALWNX BEKTOPOB
0Kasasnincb paBHbIMMK (4TO NMpou,e BCEro caesiaTb, MPUHAB 3TU
ONVHbI paBHbIMK 1), TO HaNpaBAALWMNIA BEKTOP 6UCCEKTPUCHI
ABUTCA FEOMeTPUYECKOM CYMMOM 3TUX HanpaB/ISlOWNX BeK-
TOpOB. YpaBHEHWE BTOPOMA OGUCCEKTPUCHI MOYUYUM, 3aMEHUB
OAMH M3 HanpasBNAKLWNX BEKTOPOB BEKTOPOM, eMy MNpoOTU-
BOMOJ/IOXKHbIM.

52. [o0KasaTb, UTO ypaBHeHUe GUCCEKTPUCHLI yrna, 06pasy-
eMoro nepecekarWMMmcsa NPAMbIMU

X-Xj_ ¥Y~Y1_ z2-Zj

6yneT cneayrwnm:

—=*=*1 _ Y-YN\_ z-2)
I 4/ T T\
r—m N—r, r—rl

r=sjk2+12+m2 r=s)k7+12+m1.

53. MocmoTpeTh, 4YTO AaeT meTon ynpaxHeHuUtn 51 un 52
B MPMMEHEHUWN K MJIOCKOLA FreoMmeTpun.

54, HataTm paccTossHMe oT Toukm (1; 3; 5) Ao npamoii

oTBeT: 1

55. Bbluncamtb 06bem TeTpasgapa € BepwMHamu
M Xx(0; 0; 0), M2(1; 1; 1), MB(0; 1;2) M4(2; 0; 1). OTBeT: 0,5.
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56. [loka3zaTb, YTO MOBEPXHOCTb 3/1/IMNconaa

X2 1 z2
a2 a2 «c2

noslyyaeTcs M3 LLIapoBOIA MOBEPXHOCTMU
X2+y2+2z2= 3,

ecnn annaunKaTy Z KaXAolA TOUYKW MOC/eAHEelA 3aMeHUTb Ha
ZU rge

zjz = cla.

57. JoKa3aTb, UTO MOBEPXHOCTb 3slinnconaa

nosiydaeTcda Ha NMOBEPXHOCTW ansumnconaa

X2 / z2

ecnin  opAVHATY KaXKAO0M TOUYKWM noc/riegHeid 3aMeHUTb Ha
Yb roe

yjy=bla.

58. lMonb3ysAcb A0Ka3zaHHbIM B YynpaxHeHuUax 56 n 57,
nokasaTb, YTO 06beM annuncomga uU3 ynpaxHeHua 56 6yaer
471a2c/3, a o06bem annuncompa U3 ynpaxHeHua 57 oyper
4nabc/b.

59. HalATn Toukn nepecevyeHUs NOBEPXHOCTU afiuncounaa

LWapoBoii MOBEPXHOCTU

X2+Yy2+2722=2
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B MJI0OCKOCTMHU

X+y— *=7z—1=0.

y/2
OTeeT: (-1;+-L; mn (£-L;-1; +n).

60. HalAiT TOYKM MepeceyeHUs LWAPOBOLA MOBEPXHOCTMU

X2+y2+2z2- 121
M nNpaAmMoii

x—1 y—7 z—4
1~ 3 ~ 2

/ 64 173 146
OoTBeT: MXx(2; 9;6), M2( ——; — ; -

61. Ha napa6ononge z=X2+Yy2o0TbICKaTb TOUYKY, paBHO-
yaaneHHyw oT Touku M (6/5; 8/5; 1), ot nnockoctu XOy u oT
ocn Oz. OTBeT-. (3/5; 4/5; 1).

62. HaiAiTn ypaBHeHMe npoekumnii Ha nnockoctu X0y, yOz,
zOX AvHUN nNepecevyeHUss WapoBOIA MNOBEPXHOCTU X2+
+y2+22=4 n nnockoctn X=y. OTBeT: X=Y, )/—24|—Z4= 1,



YUACTb BTOPAH

ANOPEPEHUWMAJIBHOE NCYHNCNEHWE

Fnasa 1
NMPEAOENDI

§ 1. BeckoHeYHO Masble

a. MoHATME 6GECKOHEYHO Ma/ioi Mbl BbIACHUM Ha 4acTHbIX
npumepax.
PaccMoTpMM MepeMeHHy Apobb

Y KOTOPOIA 3HameHaTeslb HeorpaHU4YeHHO yBesinymMBaeTcs (Ha-
npumep, NycTb M NpUHMMaeT MnocsiefoBaTesibHO 3HavyeHus 1,
2, 3, ...). Torpa nepemMmeHHass Apobb a 6yaeT HeEOrpaHUYEHHO
YMeHbLIaTbCsA, Bce 6osee u 6Gosnee NpubAMXKascb K HyJO.
TaKyl nepeMeHHY a Ha3oBeM OECKOHEYHO Masloii *).

b. BMecTo Apobu a Mbl Mornm 6bl paccMaTpuBaTb OTpU-
uaTesibHyl0 Apobb

oT/INYaloLWylocs 0T a To/IbKO 3HAaKoM. [pu HeorpaHMUYEeHHOM
yBesiMyeHun N ata [pobb TOXe HeorpaHWYeHHO YMeHbLUlaeTcs,
HO Tenepb YyXe He B asire6panyeckoMm cmbicsie, a Mno cBoeid
abCcosIloTHOUA BenmMunHe. [lepeMeHHY Cl, Mbl TOXe Ha30BeM
6GECKOHEUYHO Ma/I0MA.

c. MoXHO TakXe paccMaTpuBaTb U Apo6b

C ycnosmem, 4TO 6epeTCﬂ 3HaK -+, ec/sinm Tl 4YyeTHoe, N — ,
ecnm M HeyveTHoe. [lepemMeHHas aa TaKXe HeorpaHM4YeHHO
YMeHbLIaeTca o CBOEIA abCO/MOTHOM BesIMYUHE; ee Mbl TOXe
Ha3zoBeM OEeCKOHEYHO MasioiA.

*) WcTUHHOMY npeAcTaB/ieHNI0 0 6eCKOHeYHO MalobA 6osiee COOTBETCT-
BOBasi0 6bl Ha3BaHWe He 6eCKOHEYHO MasioiA, a 6ECKOHEYHO YMeHbLUaKoLLeACca
BEJIMUYUHbI.
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d. B KauecTBe NpUMepoB 6GECKOHEUYHO MaslbIX NpUBEAEM
elle nepemeHHble a3 ocd, a6, aB, NPUHMMaKOLME TakKue rocse-
[oBaTeslbHble 3HAYeHUS:

w1 1 1 1
37 ' 4 9 167"

N o— 1 1 1 .
4 T 1> T2z 4T 8
_1 1 1 1

“6 120 1-2-3° 1-23-4" "'

a,, = 0,1; —0,01; 0,001; —0.0001;

TOXe HeorpaHM4YeHHO YyMeHbLluawlmecs Mo cBoeil abCoNTHOIA
BeJIMUYUHE.

e. XopowurM NpuMepoM GECKOHEYHO Masioid MOXET CITYXUTb

TaKXe CTOpoHa MpaBWJ/IbHOIr0 BMUCAaHHOIO B KPYTr MHOroyrosb-
HUKa NpyM  HeorpaHWYeHHOM YBESIMYEHUM Yucsa
ero CTOpOH.

f. HakoHeL, BO3bMeM TakolA mpumep. Ynpyras
cTanbHaa npyxunHa MN 3akpensieHa 04HUM KOH-
uom M, ppyroia xe koHey N ocTaetca cBo6oA-
HbiM (puc. 1). Ecnn Mbl OTK/IOHUM KoHey, N oT
ero Hauyas/lbHOro MoOJIOKEHUSA, TO MpPYXWUHa HauyHET
Koneb6aTbCsA, OTKJIOHSAACL TO BMpaBo, TO BJIEBO
0T CcBOero HavasibHoro nosioxkeHnsa MN, penas
npu 3ToMm, BBUAY COMNPOTUBJIEHMS BO3AyXa, Bce
MeHblUME U MeHblUMe pasmMaxu (3aTyxawuiee Kosie-
6aHue). TeopeTu4yecku Takoe KonebaHune 6yaeTt
npoAo/IXXaTbCA GECKOHEYHO A0JIro.

prc- j PaccTtoaHue a = /CUY1 koneb6noLwerocs KoHLUa

0T HauvanbHoro nonoxeHms MN npyXuHbl, Ko-

TOpoe CYMTAeTCA MOJSIOKUTESIbHbIM, eC/IN MPYXXUHA OTKJIOHEHa

BnpaBo oT MN, u oTprvuaTenbHbIM, €c/IM MPYXWUHa OTKJIOHEe-

Ha Bneso oT MN, oueBngHo, n 6yaeT Be/IMUMHOW 6GECKOHEYHO
MasIotA.

g. OCHOBHbIM CBOMCTBOM, XapaKTepU3yHUMM GEeCKOHEeYHO
Manylo, SBSETCA ee HeyaepXkuMoe CTpemsieHMe K HyJlto.
HukKakmnx rpaHul, ANa Takoro CTpPemMsieHUsi K HyJslo 6bITb He
LO/DKHO, W Kakoe 6bl Mbl HM 33a4ann Masioe MOJSIOKUTesIbHoe
YNC/0 €, Mbl [OJ/DKHbl ObITb yBepeHbl B TOM, U4TO B W3MEHe-
HUM 6GeCcKOHEeYHO Ma/IolA @ HenpeMeHHO HacTyMUT MOMEHT,
HaunHaa ¢ KoToporo a6conTHas BesMunHa |a] GecKoHeuyHo
Masioi1 OyfeT ocTaBaTbCA MeEHbLUe e.

OTMeuyass 3TO XxapaKTepHOe CBOIACTBO GECKOHEYHO MasloiA,
Mbl JaauM elA Takoe onpefesieHue.
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BeckoHeYHO M4 Mbl Ha3biBaeM TaKyl MNepeMeHHYHo a,
OTHOCUTE/NIbHO KOTOPOIA Mbl YBepeHbl B C/IeyHOLLEM:

Kakoe 6bl Masioe MONOKUTENIbHOE YUC/I0 I Mbl HA 33dasin,
B M3MEHEHUM oc HacTYynUT MOMEHT, HauMHas C KOTOoporo
abconoTHaa Be/iMdMHA W | MepeMeHHOA a byaeT ocTaBaTbCA
MeHbLLE e.

h. Cumtaem Heo6Xo0AMMbIM 0COGEHHO MNOAYEPKHYTb TOT
(haKT, 4YTO CBOMACTBO 6GECKOHEYHO Ma/lobA HaumHass C HeKOoTOo-
poro MOMEHTa YWC/IEHHO 0CTaBaTbCsi MeHbllUe € A0J/DKHO 06Ha-
py>xmnBaTbca npu Nto6om e (Kakoe 6bl Masioe e HU 6bIs10 334,aH0).
VIMEHHO, ecqin B M3MEHeHUN G6GecKOHeYHO MasioiA a yXe HacTy-
nWa MOMEHT, HauduHass ¢ KoToporo |a] ocTaeTca MeHbluee, TO
npu pasibHelAWeM W3MEHEHUM a HaCTynAT TakXe MOMEHThbI,
HaumHasa ¢ KoTopbiXx |a] 6ypeT ocTaBaTbCA MEHbLUEIA OPYTUX
ewe 6onee menkmx el ea, ...

Hanpumep, nocne Toro Kak Joc] yXe ocTaeTcs MeHbluee,
npu pasibHelAWeM W3MEHEeHUU o HacTYynMUT MOMEHT, HaudmHas
¢ KoToporo Ja |< e/2, a npun pganbHeMLIEM U3MEHEHNUN & — MO-
MeHTbIl, HaUMHaa ¢ KoTopblX Ja |< e/3, Jc|< e/4, | |< e/5,...
n Boobuie Joc |< e/n He3aBUCMMO OT TOro, Kak Be/IMKO BblGpaHo
uesnoe 4yucno N. awm, Hanpumep, ec/im a8 — 6eCKOHEYHO Masas,
TO Npy ee MpUOBAMKEHUN K HY/0 nocriefoBaTeslIbHO HacTynAT
MOMEHTbI, HaduMHaa ¢ kKoTopblx J|a]<0,01, Joc|]< 0,001,
Jc]< 0,0001 n 1. A

B npuBeaeHHOM Bbille MpuMepe MyHKTa a (c. 7), T. e. nNpu

a= 1/n,
nMeem

a <0,1 HauMHas ¢ =11,
ac < 0,01 HaymnHaa ¢ /r= 101,
oc < 0,001 HaumHaa c¢ /r= 1001.

§ 2. lMoHATWE npefena NepeMeHHOA Be/IMUMHbBI

a. C noHATMeM 6eCKOHEeYHO Ma/IOiA BeSIMYUHbI TECHO CBS-
3aHO NnoHATUe npeaena.

Ecrnn nepeMeHHasa X np|/|6n|/|>KaeTc;| K MOCTOSIHHOI a Tak,
YTO pPa3HOCTb

X—a
Mexay 06evMM BesIMuMHaMM ecTb GECKOHeYHo Masiasi, TO FoBo-
pPAT, 4YTO MepeMeHHass X CTPeMUTCS K npedesny a.

b. 3anucb ToOro, 4YTo nepemMeHHas X CTPeMUTCH K npene-
Ny a, npousBoAUTCA WKW B Buae
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I. lim X—a (unTaeTcsa: npeaen X paseH a) (lim ecTb cokpa-
WweHHoe (paHuUy3ckoe csioBo limite, 4To 3Ha4YuT npenen),
WM Xe B Bue

II. X—*a (unTaeTcA: X CTpeMUTCcA K npeaeny a),

WM >Ke, HaKoHel,, o0603Hayass 6eCKOHEeYHO Maslyl pas3HoOCTb
X—a 6YyKBOK a, Mbl MOXeM 3Ty 3anucb Npomn3BecTu B hopme

X—a—a,
wan ewe nydwe B opme
- X—a +a.
MocnepHAs 3anucb MokasbiBaeT, 4To MEpPeMeHHas BeSINYMHaX
paBHa CBOeMy Mpedesty a, C/IOKEHHOMY C GECKOHeYHO MasoiA a.
3anucu I, I, 11l paBHOCU/IBHbBI MeXAy COGOIA.

C. Mpumep 1 TlycTb nNepemMeHHaa X Npoxo4uT nMocre-
AoBaTesIbHO Takue 3HayYeHUuA:

Xx—1,1; 1,01; 1,001; 1,0001;
HeTpyaHo BuaeTb, 4TO MpenesioM 3TOA MNepeMEHHOIA SBSeT-
ca 1, To ecTb
limn= 1
[AdeicTBUTENBHO, pa3HoCcTb X— 1 npoxoguT nocnepnoBa-
TeNlbHO TaKme 3HayeHwus:
0,1; 0,01; 0,001;
T. €. ABNSeTCS BeSINUYMHOW 6GECKOHEUYHO MasioiA.

Mpumep 2. TycTb MepemMeHHas X MpoxoAuMT rocsenoBa-
TeNbHO Takue 3HauyeHus:

*=0,9; 0,99; 0,999; 0,9999;

HeTpyaHo BuaeTb, 4YTO U B 3TOM crly4ae
limn= 1

ﬂ,el‘ZCTBMTeﬂbHO, M 30ecb pasHOCTb X— 1 aBnisdeTca Benmnyun-
HOO OGEeCKOHEeYHO Masloi1, TaK Kak npoxoaAnMT nocsenoBaTesibHO
3Ha4veHna

—o0,1; - 0,01; —0,001;, —0,0001; ...

Mpnmep 3. TMycTb wWMMeeTcA OKPYXHOCTb. Bnuwem B
Hee KBajpaT, 3aTeM YABOMM 4MUC/I0 CTOPOH, 3aTem elle pas
yosBoum n T. A. MNonydyumM nepeMeHHbIA MpaBU/ibHbIA MHOr0-
%/rOﬂle;IK C HeorpaHM4yeHHO BoO3pacTalLWMUM YUC/IOM CTOPOH
puc. 2).
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Ecnn 0603HaUYMM  nJowaab 3TOro MHOrOyrosibHUKa 6yK-
Bolo S, a nnowaab kpyra 6yksow K, To npu ykasaHHOM
HeorpaHMYeHHOM YBE/IMYEHUM 4Yuc/na CTOPOH nsowanb S 6yaeTt
HEeorpaHU4YeHHO MpUBGANXKATb-
ca k nnowaan K, n mMbl Mmo-

XEM HanucaTb

lims = /f.

d. MoXHo CKa3aThb, yTo
OECKOHEYHO Maslasd  Be/IMuMHA
CTPEMUTCA K rMpeadgrly  Hyrb.

[JelicTBUTENbHO, pPa3HOCTb

a—>o0

Mexay 6eCKOHEeYHO Ma1oiA U
Hy/leM paBHa CaMoli 6ecKoHeuY-
HO MaJloiA:

a—0=a.

B cBfA3M C 3TUM 3aMucCb TOro, 4YTo a — GECKOHEYHO Masias»
MOXHO MpPOM3BOAUTL OAHUM W3 ABYX C/eAyKLUMX Crnoco6oB:

lim a =0
Wwin xe
a—»0.

e. MOoXHO cKasaTb, 4To MOCTOSIHHas Be/MuMHA a CcTpe-
MUTCS K Mpeaesty, paBHOMY €A CaviolA:

lim a=>a.

[JeilictBuTtenbHo, pasHocTb a—a—~0, a Hy/lb MOXHO pac-
CMaTpUBaTh TaKXe KakK 6eCKOHeUHO Masylo, TaK KakK OH Bcerga
ocTaeTcss MeHblle J1H060ro MOoSIOKUTENIbHOTO Ynuc/a e, KakKuMm
6bI MasibIM rocsiefHee HUM 6bLI0 3a4aHo.

§ 3. TMoHSATME 6EeCKOHEYHO 60sIbLLUOIA

a. BmMecTe ¢ MOHATMEM GECKOHEYHO Masiobi Ham rnoTpebyeTcs
M NOHSATME GECKOHEeUYHO 60/bLLOKA BENMUUHBLL. B TO Bpemsi Kak
ONsa  6eCKOHeYHO Masioi1 Henb3s MOCTaBUTb HUKaKUX FpaHuL,
ee nNpubNMXKeHN K Hy, ANa 6eCKOHe4YHO 60MbLUOIA Benu-
UMHbI, HA060pPOT, HEesib3si MOCTaBUTb HUKAKUX FpaHuL, ee yBe-
nuyeHuto (Mo abcosIloTHOA BenmunHe). HasbiBas Kakyk-/1160
BESINUMHY I 6ECKOHEYHO 60MbLUOMA, Mbl A0/1KHbI O6bITb YBEpeHbl
B TOM, 4YTO Kakoe 6bl 60/bLI0OE MNOM0XKUTEsNbHOe uunc/io N Mbl
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HW 3afanun, B M3MEHEHUW MepeMeHHoA M 0653aTesibHO HacTy-
NMAT MOMEHT, HauyMHas ¢ KoToporo a6cositoTHas BenuumHa |nj
3TOA NepeMeHHOI 6yaeT ocTaBaTbcs 6Gonblue N.

OTmMeuas 3TO XapaKTepHOe CBOMCTBO 6ECKOHEYHO 60JIbLUOLA,
Mbl AaauM eid Takoe onpefesieHue.

BecKoHeUHO 60/1bLLI0IA Mbl Ha3biBaeM TaKyH MepeMeHHYo M,
OTHOCUTEsIbHO KOTOPOIA Mbl YBEPEHbI B C/IEAYHOLLEM:

Kakoe 6bl 60/bLLIOe MOMOXKUTENbHOE YMc/1I0 N Mbl HU 3a-
[Jann, B M3MEHEHUM M HacTYNMUT MOMEHT, HauMHas C KOTO-
poro abcositoTHas Be/4vMHa | | mepemMeHHoMA N 6yaeT ocTa-
BaTbCs 6onblue N.

b. N 34ecb Mbl cuMTaeM Heob6X0AUMbIM 0CO6EHHO MoAyepK-
HYTb TO, YTO CBOMCTBO 6€CKOHEYHO 60/IbLUOIA HaunHasa ¢ HeKo-
TOpPOro MOMEHTa YWUC/IEHHO ocTaBaTbcs 6Gosibwe N [g0/KHO
o6HapyxuBaTbcsi npu awb6om N, kak 6bl Beninko N HU 6bl10
3a4aHo.

Hanpumep, nocsie Toro kKak I Mo a6co/lloTHOIA BenvymHe
y)Xe ocTaeTcs 6onbwe N, npu pgasbHelAWwEeM w3MeHeHUU M
HacTYynUT MOMEHT, HaudmHas ¢ koToporo |m|> 2N, wun npwm
OaSIbHEALEM W3MEHEHUN [M— MOMEHTbI, HauyuHas ¢ KOTOpbIX

N\n\>3N, |n|>4nr,
MHauve, ecnn NM— 6eCKoOHeYHO 60/1blUas, TO MpU ee U3MEHEHUN
rnocsef0BaTesIbHO HacTynAT MOMEHTbI, HauyMHas C KOTOpbIX
In|]> 10, |n|> 100, |n]> 1000, |n|> 10000, ...
c. OTHOCUTEsSIbHO 6EeCKOHeYHO 60/1bLIOIA Be/IMUYMHBI 4acTo
roBopsAT TakKXe, YTO OHa CTpemMUTCA K 6eCKOHeYHoCcTU. B cBA3Mn

C 3TUM 3anuncb TOro, 4YTo M— 6eCKOHEYHO 60sibliasi, MOXHO
npon3BoAUTbL OAHUM W3 ABYX CMeAyloumx Ccroco6os:

limn—+ oo
unn xe

MN—»oo.

(3HaK oo ecTb CUMBOJST GECKOHEYHOCTMW.)
d. B yacTHOCTW, ec/iIM HayMHasi C HEKOTOporo MOMEHTa
BCe 3HauyeHUs1 GECKOHEYHO 6O0JIbLUOMA I MOMOKXUTESbHbI, NMULLYT

lim n—+ oo.

e. Ecnm e HaumMHasi ¢ HEKOTOPOro MOMEHTA BCE 3HAYEHUS
6eCKOHEeYHOo 60NbLIOK M oTpuuaTesibHbl, TO MULWYT

lim M—— oo.

f. MpumepamMun 6GECKOHEUYHO GOMbLINX MOTYT CAYXUTb nepe-
MeHHble MW Nit Nt, npuHUMaloWnMe Takue MocnenoBaTe bHbIE
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3HayeHunsa!
nx= 1, 2, 3, 4,
nr=—1, —4, —9, — 16,
«3= 1, — 10, 100, — 1000,
OTHOCUTE NIbHO ABYX MepPBbIX MOXHO HanucaTb, B YaCTHOCTMU,
lim tiy — +oo0; lim nr= — oo,
Torga Kak OTHOCUTENbHO M3 MOXHO /Mlb HanucaTb

lim |«3 |= +o00.

g. Jlerko nokasaTb, 4To Ap06b

1

n= —
a

€ 6eckoHeYHO MaslbIM 3HamMeHaTenem a (He o6pallaloymmes
B Hy/b) 6yaeT 6ecKOHEYHO 6GOSIbLLOIA.
[elicTBUTENbHO, 334aB MPOU3BOSIbLHO 60/1bLIOE  MOJIOXKM-

TenbHoe N v nonoxus e= , BungunMm, 4YTO0 HayMHaaA C MO-

MeHTa, kKorga |a] 6yneT ocTaBaTbCsA MeHblUe e, 6yaeM MMETb

M = W > ¢ =" -

Takum o06pa3om, Kakoe 6bl 60/blIOE MNO/TOXNTESIbHOE
uncno N Mbl HM 3aganuv, B U3MEHEHUW BesIMUUHBLI M HacTynuT
MOMEHT, HauyuHasi ¢ KOTOoporo

N\n\>N.

3HauYnT, NM— 6ECKOHEYHO 60s1bluas.
h. Hao6opoT, Apobb

1
a ——
n

¢ 6GeckoHeuyHo 60MbLUMM 3HamMeHaTesnleM M 6yaeT 6GecKoHeYHo
M/TOIA.

3a,u,aB npon3BOJ/IbHO MaJsioe MOoJ1I0XKUTEesSIbHOE 4YWUC/10 € N NOo-
noxus N = — , Bngum, 4YTO HayunHad C MOMEHTa, Korpga \I

6yneT octaBaTbcsl 6osibwe N, 6yaemM nmeTb



Takum o6pa30M, Kakoe O6bl Masioe MoJsIOKNTENbHOE YUC/0 S
Mbl HW 3agasin, HacTynuT MOMEHT, HaduHaa C KOTOporo

la I< e
3HauunT, a — 6ecKOHe4YHo Manas.

i MNepemeHHas X, abcontoTHasa BesimdmHa N\ KOTOpoL
ocTaeTcs He 60SiblLUe HEKOTOPOLA MOCTOSHHOIA A, T. e nepe-
MeHHasi X, KOoTopasl Bcerga yAoB/IeTBOPSET YC/I0BUHO

"I < n,

Ha3bIBaeTCA OrpaHUNYEHHOLA.
Hanpumep, orpaHuyeHHoilA 6yaeT BesiMuMHa
4= sin;c,
noTomMy 4TO BCcerga
|sin o]~ 1

§ 4. CBolicTBa OECKOHEYHO MasibIX

a. Cymma KOHEYHOI0 4mcsia 6ECKOHEUHO MasibIX €CTb TaKXe

OGECKOHEYHO MaUlas.
DetacteutenbHo, nyctb alt a2 .... ak— 6eckoHeuHo Ma-

nble “n
n=al+o2+ ... +ak

— nx cymma. HasHauum npou3BOSIbHO Masloe Mos1I0KUTeNbHOe
ymcno e. Ytobbl nokasaTb, YTO HayMHas C HEKOTOPOro Mo-
MeHTa |u | 6ygeT ocTaBaTbCsi MeHblUe €, Mbl B U3MEHEHUWN cna-
raembix ait a2 ..., ak cymmbl WU 0oTMETMM He TOT MOMEHT,
HaunmHas ¢ koToporo Bce |ctj], |a2) ..., |aft] 6ygyT ocTa-
BaTbCs MeHblle e, a 6osiee MNO3AHUIA, HaudMHas C KOTOpOro
gce |ail, larl........ Nk \6yayT octaBaThbcsi MeHblle e/k.
HauynHas ¢ Takoro mMomeHTa 6GyaemM WMeETb

Im]= la(+a,+ ... ma*|<

<l«d + K| + eee +K]<-]--fe=e

NTak, HayMHasa C HeKOTOporo MOMeHTa UMeeM
ml< e
3HauYnT, U— BecKoHeYHOo Masias.
b. [Mpon3BeneHne ax OGECKOHEYUHO M/OMA Be/MYMHbI a Ha

OrpaHN4YeHHY0 BeJ/IMHMHY X €CTb TaKXke 6EeCKOHEYHO Maslas.
Tak Kak X orpaHm4yeHHas, TO BcCerga mMveem

NX\A.
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Ha3HaumB Tenepb TMPoOM3BOJSILHO Masioe MoJIOKUTESIbHOE
4ynucso e U 0TMeTMB B U3MEHeHMU O6ecKOoHe4yHo MasloiA a ToT

MOMEHT, HauMHaa ¢ kKoTtoporo Ja| e ecmmA”™ Luja |» ,
ecnu A > 1, nonyy4mMm, 4YTO HayMHas C HEKOTOporo MoMeHTa
lax |< e.

3HaunT, ax— OECKOHEYHO Ma/sias.

c. UacTHoe 0T [Je/fieHns GeCKOHEYHO Ma/I0IA Ha BesSINHvHY,
CTpemsLLyoca K Mpedesly, He paBHOMY Hy o, ecTb TOXe
6EeCKOHEYHO Masiasi.

MycTb
a
"—x
— YacTHOe OT AefnleHnss 6eCKOHEYHO MasiIoli & Ha BesINUUHY vy,
cTpeMsALlLlyloca K npedeny a, He paBHOMY Hyno. [llepenuviuem
N B BUAE Mpov3BeLeHUS:

n—a‘ _.
X

Tak Kak X—+a, To x= a + p, rge p— 6eckoHe4YHo Masas,

W, cnepoBaTesibHO, Ha4dyMHasi C HEKOTOPOro MoMeHTa 6yaem

NMMETb

Ho Torpa HayMHasa Cc 3TOro MOMEHTa
a

M= k+Pl>la + 1+

MOTOMY 4TO CaMylo Masiyto abCcosmioTHYI Bes/INYMHY CyMMa a + p
6yeT UMeTb B TOM C/iyyae, KOrga p MMeeT 3HaK, MPoOTUBOMOJI0XK-
HbIA &, U HambosnblUuy BO3MOXHYI A8 P abco/oTHYO Be-
AnunHy  |a/21. 3HauuT, ANa pasbiCKaHWUSA HauMMeEHbLUEA abco-
JHOTHOUA BesMuuHblL |a+P| Hago oT W\ oTHATH |a/2]. Tem
caMbIM

|1 1<t n
T T ONXNEH
T. €. HauMHas C HeKoToporo momeHTa X 6yAeT BesIMUNHON0
OrpaHNYEeHHOM.
Ho Torga npovsBeggHue
n=.a ’Y

6yfeT 6eckoHeyHO Ma/blM, KaK MNpov3BeAeHue 6GecKoHeuHo
MasioiA Ha OrpaHUUYEHHYI0 BesINUUNHY.
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§ 5. OCHOBHbIle CBOMCTBa Mnpenesos

a. CelAuac Mbl OOKaXeM [iBe TeopeMbl, Mo3BosisiioLLme npes-
yragaTb HeKOTOopble CBOVACTBa MpeaesioB Mo MoBeAgHUo Me-
pPEMEHHbIX, KOTOpble K 3TVMM MpefesiaM CTpemsTcs.

b. PaBHble rMepeMeHHblE He MOryT CTPeEMUTbCA K ABYM
pasHbIM Mpedenam. ViHade roBops, O4Ha U Ta >Xe repeMeHHas
He MOXEeT CTPEMUTbLCA K ABYM pa3HbIM rMpeaesam.

[eicTBuTeNIbHO, A0MYCTUB 04HOBPEMEHHO

lim x—a, lim x= b,

Mbl UMenn 6bl
X—a+a, X= 6+ p,

rge a n p— 6eckoHe4yHO Masible. Ho oTcroga

a-fa= &+ p,
a—b—a—P,
\a— 6] = Ja—p].

MocneaHee paBeHCTBO npu a— b, He paBHOLA Hyso, 3a-
K/loyaeT B cebe MpoTMBOpedne, Tak KakK B MPaBOLA ero yacTu
CTOUT 6ECKOHEeUHo Masias |p— o], KoTopas HaumHas C HeKo-
TOpPOro MOMeHTa 6yZeT 0cTaBaThbCS MeHbLUe S1060r0 Mof0Xu-
TEe/IbHOr0 € W, B 4aCTHOCTWU, MeHblue e= |a— bl

c. Ecnu x 1y cTpemsaTca K HeEKOTopbIM Mpeaesiam, rnpu-
UEM MOCTOSIHHO

X>Y,
TO 1"
lim X~ limy.
MycTb
lim X —a, limy—h
Torpa
X= a+ a, y=b+P,

roe a un P— 6eckoHeyHo Masible. OTcioda BBUAY HepaBeHCTBa
X"y nmeem



MocneaHee HepaBeHCTBO npu b> a 6yaeT 3ak/oyaThb
B cebe mpoTuBopeume, TaKk KakK pasHOCTb & — p 6ECKOHEeYHO
Mana W, cnepoBaTesibHO, HayMHas C HEKOTOpPOro MoOMeHTa
L0NXHa ocTaBaTbCsA M0 abCOMOTHOUA Be/IMUMHE MeHbLUe f160ro
MO/IOKUTENLHOIO € W, B 4YacTHOCTW, MeHblue F—b— a.

3HaunT, ocTaeTcs MNpeAnosiokMTb, 4To b™.a, T. e

lim r/” lim *,
§ 6. lNpepen HenpepbIBHOMA (QYHKLUN

a. Haub6onee 4acTo B Teopuu MNpeaesioB MpUXoAUTCs pe-
WwaTb BOMPOC O npedesie YHKUUW: ecnv [aHa Kakasi-m6o
doyHkumnsa f(X) n aprymeHT X cTpemuTcs K npegeny a, To
Heo6X0AMMO 3HaTb, CTPEMUTCS /M (QYHKUUSA K KakoMy-s/160
npeaeny, a ecsv CTPEMUTCA, TO K KAakKOMY WMEHHO.

Ecnu ¢ npubnmxkeHvem X K npegeny a gyHkumna f(x)
CcTpeMUTCS K npegeny b, To aTo 3anucbiBaeTcs Tak:

lim f(x) —b.
X -*a
Hanpumep, MOXHO nucaTb
lim (1—x+ xn=\, lim tgx= oo,
X =*0 r) x =* /2
lim /- = 4-oo0, lim—= 0.

b. Ans 6onblwero yTo4HeHUS MOHATUA npegena QyHKLUMN
3aMeTuM, 4YTo MPU'KOHEYHOM a NpubAKeHWe X K mpeaesy a
MOXXHO BeECcTW [OBYMS Crocobamu:

1) co CTOpPOHbI 3HayeHMIA X < a (T. e. NpubnmxatTb XK a,
yBenunumBasa Xx);

2) CO CTOPOHbI 3HadYeHWA X > a (T. e. NpubnmxkaTb XK. a,
yMeHbLasa X).

PaBeHcTBO (1) 6e3 0roBOopoOK MOXHO MMcaTb TO/IbKO TOraa,
korpga f(X) npuénuxaetca k npegeny b npu o6oux ykasaH-
HbIX croco6ax MNpuGAMXeHUs X K a 0AHOBPEeMEHHO.

c. B camom pene, 6biBalOT crfiyyam, Korga B 3aBUCUMOCTU
0T cnoco6a npmbamxkeHus X Kk a f(X) npubnmxaetcs K pas-
HbIM Mpeaesam.

Hanpumep, ecnn 6yaem npubnmxkatb X K M/2 co cTopo-
Hbl 3HA4YeHWIA X < /2, TO MNOAYYUM

lim tg X= + oo0.

Mpubnwmxkan Xe X K N/2 co CTOPOHbI 3HayYeHUIA X > n/2,
nosyynm

lim tg Xx—— oo.



B aTux cnyuvasx, 4yT06blI OTMETUTbL CM0C06 I'IpVI6I'II/I)KeHVIFI X
K rnpegeny, 3anncb nMNpom3BoaAnNTCA TakK:

lim tg*=+o00,
-f-o0
lim tg X= — oo0.

d. B oTHoOweHMM Tex QYHKUUIA, KOTOpble Mbl WMEEM
B BuUAOy paccMaTpuBaTb B ,an'leeﬁLueM, yKa3aHHbII7'I Bonpoc
0 npegenie GyHKUUM OKa3dbiBaeTcs B0O06LLE BecbMa MNPOCTbIM.
MpUYMHO 3TOro SBNAETCA 0C060e CBOMACTBO 3TUX (DYHKUNIA—
NX HeNpPepbiBHOCTb.

HenpepbiBHOIA Mbl Ha3oBeM Bcskyto dyHkuuto f(x), o6na-
[JaloLLyt0 c/ieflytoly M/ ABYMS CBOBACTBaMM:

1. Kaxxgomy 3HayeHVMI0 X OTBeYaeT O4HO OripedesieHHoe
KOHeYHoe 3HayeHuve yHKumn f(x).

2. KakoBo 6bl HM 6bV10 BbIGpPaHO X, MIMEEM

lim /(£) —f (X) (E unTaeTcs «Kcu»),

npuyemM 3TO paBeHCTBO CrpaBe/MB0 He3aBMCUMO OT TOro,
CTPEMUTCA JIN\K X CO CTOPOHbI 3HaYeHWIA, MeHbLLIUX X(£ < X),
W e CO CTOPOHbI 3HaYeHUIA, 6O/bLUVX * (£ > X).

e. YacTo pedyb MOXeT unaTun He 060 BCeX 3HAUYEHUAX apry-
MeHTa X, a JIMlWb 0 TeX, KOTOpble pacrosiokKeHbl Ha onpene-
neHHom oTpe3ke [a, b] *). Ecnu ana Bcex 3HaYeHWiA X, Jle-
xauwmnx Ha otpeske [a, b], /(X) yamosnersopsieT o60MM ycrio-
BUAM HEMNPEepbIBHOCTU, TO rOBOPAT, 4To PYHKUMA /(X) Henpe-
pbiBHa Ha oTpe3ke \a b].

f. bblBaeT, 4TO Hac NHTEepecyeT KakKoe-s1m6o 0AHO 3Ha4ye-
Hve X. Ecny no OTHOWEHUK K 3TOMY 3Ha4YeHUI BbIMNMOJ/IHEHbI
0ba ycnioBunsa HenpepbiBHOCTWU, TO roBopAT, 4TOo MNP AOaHHOM
3HadeHUN X yHKuua f (X) HenpepbiBHa.

Ecnun xe npum KaKOM-/1IM60 X He BbIMO/IHAETCS XO0Tb oAHO
n3 yC]'IOBI/II‘/‘I HernpepbIBHOCTU, TO roBOpuMM, 4TO MNPV AOaHHOM
3HadyeHUN X GyHKUMA f(X) TepnuT pa3pbIB (HEMpepbIBHOCTY).

*) OTpe3koM [a, 6] HasblBaeTCs COBOKYMHOCTb BCEX u4ucesi, yAoB/eT-
BOPAIOLMX HepaBeHCTBaM a< X <b, T. e COBOKYMHOCTb BCEX 4uces,
KOTOpble He MeHblle a U He 6onbwe b. Mpu a < X < b roBopAT, 4To X
NexXuT B UHTepBasle (a, b). B cBA3M C 06LMM MOHATVMEM UHTepBasia COBO-
KYMHOCTb uucesn, 60/1blUMX &, HasblBalOT WHTepBasioM (0, + 00), a COBO-
KYMHOCTb 4uCesl, MeHbLUMX b,— mHTepBasiom (— 00, b),
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g. Cetiyac Mbl uvccriegyeM € TOYKM 3peHUS HerpepbiBHOCT
npocteiAlne GyHKUUN

*nnopy N> O, aX, \IAX, sin/T cos*, tg*, ctg/r, arcsin*,
arccos*, arctg*, arcctg *.

Ana npocToTbl ucc/efyem CHavasna HernpepbiBHOCTb PYHK-
umn /(*) = *2

1 KaxaoMy KOHeYHOMY 3HauyeHWl * oTBedaeT onpeje-
NeHHbIMA ero KBagpaT *2, T. e. 0fHO onpefesieHHOe KOHe4YHoe
3HayeHne GyHKuunm /(*) = *2. Takum o6bpasom, Ans 3ToiA
(DYHKUMN MNepBoe YC/I0BUE HEerpepbIiBHOCTU BbIMNO/IHEHO AN1A
BCEX KOHEYHbIX *.

2. Ytobbl npoBepuTb BTOPOE YC/I0BUE HEMPepbIBHOCTH,
T. €. BbIACHUTb, 6yaeT nm crpemuTtbea /(£) = |2 K /(*) = *2,
Korga 1 HeorpaHuW4YeHHO NpubavKaeTca K *, Mbl npeAcTaBUM
1 B ¢hopme

E=*+1,

roe h— 6eckoHeuHo Mmanasa. Torga vmMeem

lim £2= lim (*+/r)2= lim (*2+ 2xh+ 12 = *?
£ “mx h t-0 h—+0
(noTomy u4TO pABa nocriegHWe criaraemMble B CKoOKax 6ecko-
HEYHO Manbl npu 6GeckoHeuyHo Masom h). Takum o6pasom,
LelACTBUTESTbHO
lim £2= *2 (1)
5_*
npuyemM 3TOT pe3ysibTaT He 3aBUCUT OT TOro, CYUTAIN NN Mbl
h npyu ero NpuMbAUXeHUN K Hy/O OTPUUATENbHLIM WUN  Ke
MosIOKNTE IbHbIM, T. €. CUMTan M Mbl N= X+ h npu ero npu-
6NMXKEHUN K * 4ucnom, 6oNbWKMM  *, WUAN XKEe YUC/IOM, MEeHb-
Wwnm *. PaBeHcTBO (1) nokasbiBaeT, uto gna f (*) = *2BbInosHe-
HO W BTOpOE YC/I0BME HEMNpPepbIBHOCTU. Taknm 06pasom, MOXKHO
cKasaTb, 4To pyHKumsa f(*) = *2 HenpepbiBHa A/19 BCEX KO-
HEYHbIX *.

MoAo6HbIM >Xe nyTeM MOXHO Yyb6eauTbCs, 4YTO U BcAKas
cTeneHHaa yHKUuWA *", rage M— Lesioe NoNoXUTesbHoe, 6yaeT
HerpepbIBHOM [N BCEX KOHEeYHbIX * (npegsiaraem 3To caenaTb
caMuUM y4auwmmcs, Mnosib3ysicb 6MHOMOM HbIOTOHA).

Mpn N Heyenom v M > 0 Mbl paccMOTpPUM (YyHKLUKO *"
Anwb ANA MNONOKUTENbHbIX 3HadYeHWA *. He npoussoas no-
OPO6GHOro uccnenoBaHUA, Mbl U 30eCb MOXEM CUMTaTb oue-
BUAHbLIM, 4YTO *" HenpepbiBHA A/19 BCeX TMMOMOXKUTENbHbIX KO-
HEYHbIX 3Ha4YeHUIA *.

PyHKUMA aX HemnpepbiBHa A1 BCeX KOHEYHbIX 3HAYeHUIA *.
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0 yHKUMN logax Mbl MOXeM FOBOPUTb, /Wb Korja
MoNoOXNTEeNbHO, TakK KaK o0TpuuaTesibHble 4ucna He UMeT
norapugmos. Mpu BcAkom X > 0 ans log,, X BbIMNO/IHEHbI 06a
YCNOBUS HenpepbIiBHOCTWU. [M03TOMY Mbl MOXeM CKas3aTb, 4TO
logaA HenpepblBEH AN BCEX MOMTOKUTENbHbIX  KOHEYHbIX
3Ha4YeHNIA X.

N3 reomMeTpuUYECKMX CO0OPaXXEeHMIA SACHO, 4YTO (QYHKUUN
sina M cOosS* HernpepbiBHbl AJ1 BCEX KOHEYHbIX 3Ha4YeHUIA X
B oTHoweHMn ¢yHKUUM tgx oba YyCc/10BUS HeENpPepbiBHOCTMU,
04EeBUAHO, BbIMOMHAKTCA A1 BCeX KOHEYHbIX 3Ha4YeHuti X,
KpoMe 3HayeHuiA Buaa

Xx=Y +

roe K uenoe. Ans aTtux nocneaHux tgx ob6pautaeTcs B oo
MU, Takum o06pa3omM, He y[A0B/1eTBOPSET YyXXe NepBoMYy YC/I0BUIO
HenpepbIBHOCTW, Tpebyowemy, B 4acTHOCTW, 4T0oObl BCe 3Ha-
YyeHUs (QYHKUUN 6blIN KOHEYHbIMW.

Mbl MOXeM cKa3aTb Mo3Tomy, 4To tgx Boo6LEe Hernpe-
pbiBEH [ON19 KOHEYHbIX 3Ha4YeHMIA X, KpoMe 3HayeHWiA X Buga

X=y + &1, rae OH TepnuT pa3pbiBbl HEMPepbIBHOCTU.

To4YHO Tak Xe MOXHO ybeauTbecs, 4To ctgx Boo6GLLe He-
npepbiBeH A1 KOHEYHbIX 3HayYeHUIA X, KpoMe 3HayeHuia
X Buga X= kn, roe oH TepnuT paspbiBbl HEMNPEPbLIBHOCTU.

UTo KacaeTca GQYHKUMIA arcsin X u arccosjc (rfaBHble
3Ha4YeHnsa), TO O HUX MOXHO rOBOPUTb, TOMIbKO Korga X
n3MeHsieTca Ha oTpedke [— 1, 1], Tak Kak aprymeHT X, n3o-
6paxkaa AN nepBotA (YHKUMM CUHYC, a AJia BTOPOLA — KOCU-
HYC, He MOXeT no abCcosMTHOM BeNuunHe npeBocxoaumThb 1
B oTHoweHun xe oTpeska [— 1 1] v gna aTux GyHKUMIA,
04YEeBUAHO, BbIMNO/IHEHbI 06a YC/N0BUA HenpepbiBHOCTWU. Criepo-
BaTesIbHO, Mbl MOXEM CKa3aTb, YTO (OYHKLMM arcsin* u arccos X
HernpepbiBHbI Ha oTpe3ke [— 1, 1].

dyHKUMN arctg X M arcctgx HenpepbiBHbI A8 BCeX KO-
HEeYHbIX 3HaYeHUA X.

h. HenpepbiBHbIMU  6yAyT U C/OKHbIE QYHKUUW, T. ¢
pyHKUNN BUaa

/(B(*))-

30ecb (PyHKUMA 3aBUCUT OT aprymeHTa X 4epe3 nocpen-
CTBO HeKoTopoi (pyHKuuu d(x). VmeHHo,

h(X) BblpaxaeTca HenocpeACcTBEHHO 4epes /i,
a yxe f (i (1)) BblpakaeTcs uepe3 ¢(X).
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OyHKuMa ¢ (X) HocUT Ha3BaHMe MOCPEACTBYIOLLEIA (hyHKUMN
UM e CJIOXKHOMo aprymeHTa.
Hanpumep, cnoxHoA ¢yHKumein 6yneT

loga Sin X,

npnyem nocpeacTByOWEA (yHKUME 34ecb  SABSeTca sin™.

[JokaxeM B KadecTBe Mnpumepa HernpepbiBHOcTb log,, sin X
B uHTepBane (0, n).

1. Kaxaomy 3HadyeHU X B uHTepBane (0, n1) oTBevaeT
0HO onpeesnieHHoe NOSIOKNTeNNbHoe (KOHeYHoe) 3HayeHue sin X.
KaxaoMy >e Mo/okUTEeSIbHOMY 3HayeHu sinJl  oTBevyaeT
04HO orpenesieHHOe KOHe4yHoe 3HauyeHue logasin T

Takum 06pa3om, MepBoe YC/IOBUME HEMNpepbIBHOCTU ANS
pyHKUMM logasin /1 BbIMO/THEHO.

2. Ecnn e cTtpeMnTcs K npegeny X, To (BBUAY HenpepbiB-
HOCTK sinX) sin £ cTpemnTca K sin*. Ho Torga (BBMAY He-
npepbiBHOCTU siorapugma) wn logasin £ 6yger CcTpemMUTbCA
K logoSin*, To ecTb

lim logesin 1= logasin X

_*_*

3HaunT, BbINOSIHEHO W BTOPOE YC/I0BME HENpepbliBHOCTU.

i. OTHOCUTENIbHO HEeMnpepbIBHOCTU (YHKUWIA, NpeacTaBsisiio-
WKMxX coboi cymMMmy, MpoM3BeAeHME WA 4YacTHOoe ApYrux He-
npepbIBHbIX (QYHKUWIA, 6yaeT cKasaHo Aasiblue.

j. V3yuyeHune HenpepbIBHbIX (YHKUULA B MaTEMATMKE BaXKHO
MnoToOMY, YTO K HeNpepbIiBHbIM (PYHKLMAM Mbl 06bIYHO MpPUXO-
OMM U NpU U3y4veHUWN $BMeHWIA npupoabl. Hanpumep, BbicOTa
M TOSIWMHA fAepeBa CyTb HenpepbiBHble (PYHKLMW ero Bo3pa-
CTa; TemnepaTypa oxJlaxjawlerocs Tesnla— HenpepbiBHasA
(DYHKUUS BpeMeHU; A/IMHa CTEePXHSA— HenpepbiBHas (QyHKUUS
TemnepaTypbl U T. 4.

K. lMepenncaB BTOpoe YC/IOBME HEMPEPbIBHOCTM B 0603Ha-
YEeHUSAX MNYHKTa «a» (T. €. 3aMeHMB X Ha @ U £ Ha X), UMeeM

lim 0= f (a),

T. e. Mpeaen HernpepbBHOA (YHKUMM Haxo4UTCA MPOCTOLA 3a-
MEHOIA aprymeHTa X 3TOM (PyHKUUM TeM MpeaesioMm a, K Ko-
TOPOMY OH CTPEMMUTCSA.
Hanpumep,
lim j&3—23= 8,
X-+2

lim arcsin V X= arcsinV 1/4= arcsind-= -Je
k-+ 1/4 z °
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§ 7. NeomeTpuuyeckoe UCTO/IKOBaHME HeMNpepbIBHOCTMU

a. HeTpyAHO BbIACHUTb, 4YTO FPAPUKOM HEMPEPbIBHOIA (DYHK-
um f(x) 6ymeT M HenpepbiBHAT. (CN/OWHAaA)*) SNHKWA.

1. [elAcTBUTENbLHO, COr/1aCHO MepBOMY YC/I0BMIO Herpe-
PbIBHOCTU BCe OpAMHATbI rpaguka 6yAyT KOHEeUHbIMU.

2. CornacHo BTOPOMY YC/10BUIO A0/DKHO 6bITb

Huw /()= /(%). 1)

Monoxum y —f(x), n—F(l) On unTaetcs «aTa») (Ha puc. 3
X—OA, y= AM, £= 0Oa, T—am). Ycnosue (1) nepenu-
weTes Tak:

lim H= r. )

MN3BECTHO, YTO Pa3HOCTb MexAy nepeMeHHoiA 1 ee npege-
SIOM ecTb 6eckoHeuyHOo Masiasi. M03TOMYy paBeHCTBO (2) MOXHO
npoyecTb TakK: ecan £— X— 6ec-
KOHeYHo masnas, To U —y — 6ec-

KOHEYHO Manas.
Ha puc. 3 pasHocTM £—X un
N—Y wun3o6paxawTcs o0Tpe3Kamu

£—x= Aa'=MK, 7—y= Km;

OHM CYTb He 4YTO WHOe, KakK Te
KO/In4YecTBa, KOTOpble Hano npu-
natb ab6cumcce X= OA u opau-
Hate Y —AM Toukmn M, uT06bI
13 HUX NosnyunTb abeuymccy | = Oa

M opanHaTy s aT Touknm T. OTU pasHOCTU 0603HavalTCA

0Cc06bIMM  CUMBOJIAMU

| —Xx—AX (genbTa oT X, win genbTa X),
N—y= Ay (BenbTa y)
W Has3blBalTCA: MepBasi— npupalleHnem X, BTopas — npupa-
LLEHVEM Y.
B 3TWUX HOBbIX 0603HAYEHUAX PaBEHCTBO (2) MOXHO Mpo-
YecTb Tak3
ecnn Agr— 6eCcKoHe4YHo Manas,
T0o U Ay— 6ecKoHe4YHo Masias.

3To MOXHO 3anucaTb M B Buge lim Ay —O0ON\
JT*=» 0

*) CnIOWHOK MOXHO HasBaTb Ty JIMHWUIO, KOTOPYK Ha Gymare MOXHO
BbIYEPTUTL HEMpPepbIBHbIM ABWKEHWEM OCTpUS KapaHpjalla, He oTpbiBas
ero oT bymarm.
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Taknm o6pa3om, BTOpOe YC/I0OBME HENpPepbIBHOCTU MOXHO
ynTaTb TakK:

BeckoHeuHO MasioMy npupalleHuilo AX aprymeHTa oTBe-
yaeT K GECKOHEYHO Masioe MpupalleHne YyHKLUWN.

b. Ho ecnrn A* wn [y oaHOBpeMeHHO 6eCKOHeYHOo Maslbl,
To 6eCKOHeYHOo Masila U XopAaa

IMT] = K(1%)2+(1</)\

T. e. Toyka T 6eckoHeuyHo 6/iM3ka K Touke M.

Mbl npmbnmxann | K X CO CTOPOHbI 3Ha4YeHUA £ > X.
ToT Xe pe3ysibTaT Mbl MoslyYuM U B TOM C/ly4vae, ecsin 6yaem
npnénmxatb | K X €O CTOPOHbI 3HadyeHuia | <.c(£ = Oai,

N= axr X, Ax= MKi oTpuuyaTtensHoe; Ji/= /(1r 1 Toxe oTpu-
uaTesnibHoe). B 3aToM nocnegHemM c/lyvae Mbl HabAZleM, yuTo U
cneBa OT Touku M umeeTcs Touka mIt 6eckoHeuHo 6n1M3Kas
K Touke M. WTak, kaxpgaa Touka M rpaduka HenpepbiBHOIA
DYHKLUM WMeeT crnpaBa W c/fieBa OT cebs CKO/IbKO YroAHO
6/1M3KMEe TOUKU T 1 Toro ke rpajuka. OTcioga M BUAHO,
4yTo rpauK HenpepbiBHOIA (QYHKUUM MOXeT OblTb TOJIbKO
CMJ/IOWHOA  JIMHVEIA.

§ 8. CBOICTBO HENpepbIBHOM (YHKLMU

a. Ecnn 3HaveHns f (@) un f (b), KoTopble HenpepbIiBHas PYyHK
uma f(X) nNpuHUMaeT Ha KOHUAax oTpe3ka [a, b], wmeloT
pasHble 3Haku, TO B uHTepBasie (a, b) UMeeTcd X0Tb OAWH
KOpeHb 3TOM (yHKUMn (T. e
X0Tb OOVH KOpeHb YpaBHEHUA y"

f(x) = 0).

[AeticTBUTENbHO, MYCTb, Ha-

npumep (puc. 4),

Torpa Touka A c¢ a6cyumccoin puc 4

X= Oa 6ygeT HUXe, a Touka B 1

¢ a6becuymccoin X = Ob— Bblwe ocn abeymce. A Tak KakK (PYHK-
UMA HenpepbiBHa, TO rpaguK ee ecTb CrJIOWHAaA NUHUA. ITa
nvHunAa, naa m3 Todkm A B Touky B, HemuHyemo nepeceueT
ocb abcumcc B HEKOTOPOLA Touke, abcumcca KOTOPOIA Ha Hallem
yepTexe o603HaveHa 6ykBoto XQ OpauHaTa 3TolA TOUKM paBHA
HYJ/1l0, TO ecTb

f(x9 = 0.
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Hanpumep, nyctb
f(X) —x3—x— 2.
PaccmaTtpuBaa uHTepsasn (1, 2), vmeem
/()= 1—1—2= —2< 0, /1(2)=8—2—2=4> 0.

3HaveHusa /(1) wn /(2), KoTopble Nony4vaeT Hawa QyHKLMSA
Ha KoHuax oTpe3ka [1, 2], ummeloT pasHble 3Haku. [loaTomy
B umHTepBasnie (1, 2) O0/DKEH 3aK/1lo4YaTbCs XO0Tb OAMH KOPEHb
ypaBHeHUS

X3—x—2= 0.

WHbIMM cfioBamMu, Mexay 1 M 2 A0/IKHO Cyu,ecTBoBaTb
Takoe X—X0, uTo

—X0— 2= 0.

§ 9. lMpepen QYyHKUUKN, 3aBUCALEMA OT HECKO/TbKUX
rnepemMeHHbIX

a. Bompoc o npenene PyHKUUW MOXHO MOCTaBUTb W OS1A
doyHkumnm f(U, V) HeckoNbKUX MepeMeHHbIX*).

Ecnu npu ogHOBpPEMEHHOM NPUGAMXKEHUN WU, V K HEKOTO-
pbiM npedenam a, b coorBeTcTBeHHO ¢yHKumna f(u, V) cTpe-
MUTcA K npegeny K, To 3To 3anucbiBaem Tak:

lim /(«, Vv)—Kk.
n “ma
v —*b

Mbl paccMOoTpuM NuUWb cnydan, Korga /(n, i ecT b cyMKa
npovsseeHve WA OTHOLIEHWE NEepeMEHHbIX WU, V.

Bo Bcex 3aTUX c/iydasax OKaXeTcs, 4yTo

lim f(u, v)—f{a, b),

u-*a

v mb
T. e. npegen (QYHKUUWM HaxoaUTCA NPOCTOMA 3aMeHOIA B Bbl-
paXeHUN ¢GYHKLUUM MNepeMeHHbIX W, V npegenamu a, b, K Ko-
TOPbIM OHU CTPEMATCS.

ATMMN cAy4vYassMn Mbl cetAvac U 3alAMeMCcs.

b. lNpegen cymMMbl KOHEYHOIO 4iMc/1a C/araeMbiX paBeH cymme
rnpeaesioB 3TUX craraeMbix:

lim (« +V)= a+ b(=Ilim n+ lim v).
n—ra
v Zmb

*) 418 NpocToTbl Mbl OrpaHMYUMCS ABYMS MNepeMeHHbIMU,
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[elAcTBUTENBbHO, ecnn W, V cTpeMATCA K Npedenam a, b, To
N«=a—+ oc, v= b4 p,
rae oc, p— 6ecKOHEeYHO Masible.
Ho Torpa
n+v—(@a4 a) + (b4 P)= (a4 b)4-(c4 P).
BTopoe criaraeMoe rMocfiefHeiA CyMMbl, KakK CyMMa KOHeu-

HOr0 4yuncsia 6eCKOHEeYHO MaslblX, 6y,CI,ET camMo 6ecKOHeYyHOo Ma-
NnbiM. CneposaTesibHO, U+ V CTpeMUTCA K CyMMe

a—+ b,

T. €. K CyMMe npefesioB MnepeMeHHbIX.
Hanpumep,

lim (M4 y4 w)= 14-24 3= 6.
u, -1
w —=> 3

c. Mpepen npou3BeAeHMS KOHEUYHOIO YMc/ia COMHOXMTE el
paBeH MpPoOM3BEACHUIO MPEOEsioB 3TUX COMHOXUTESEIA:

lim uv= ab—Ilim n-limv.
n-=*a
v “mb

Kak ” paHblle, nMeeM
bl= a4-oc, y= "4P,
roe a n p— 6eckoHe4YHo Manble. CneaoBaTesibHO,
uv—(a4 o) (b4 p)= ab4 (ab4 «P 4 ccP).

Ho BTopoe cfiaraemoe rMocsiedHEA CyMMbl, KaK CyMma Tpex
6ECKOHEYHO MasiblxX, 6yAeT camo 6GeckoHeyHo MasibiM. Crepfo-
BaTesIbHO, UV CTPEMMUTCA K MNpOU3BeAeHUto

ab,

T. €. K NpouM3BeAEHMIO NpeaesioB rMepeMeHHbIX.
Hanpuwmep,

lim uv= 2-5= 10.
2

n
v “m5

d. Mpegen oTHOWEHUS ABYX MepeMeHHbIX paBeH OTHoLle-
HUIO MpeaesioB 3TUX MePeMeHHbIX, €C/M TO/IbKO Mpeades 3Ha-
MeHaTesIsi He paBeH HyJIto.
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3To 3HauuT, uTo NMpu b=£O0

Jim, v —F @
v “mb

OonaTb MmMeem
n=a-+a, w= &+ p,

roe oc U p— 6eCKOHEeYHO Masible.
PaccmMoTpyM pasHoOCTb

7] a a+a a (a+a) b—a (6+ P) a6— pa
Y b~ 6+p b~ 6+ P)ft — 6+P) b’

Mbl BUAUM, 4TO umcnuTenb ob— Pa nocnegHeid apobu, Kak
cymMa AByx 6eckoHeuyHo Manbix ab n Pa, Toxke 6eCKOHEeUHO
Mas, 3HameHaTeslb >Xe cTpemuTca K npegeny b-b= b* no
NpeanosiokeHU He paBHOMY Hys/o. 3HauuT, BcA Apo6b
(cM. NYHKT «c» § 4) 6eckoHe4yHO Masia. BmecTe ¢ Tem 6ecko-
HEYHO Mana M pPasHoOCTb

T. e. OENCTBUTE/IbHO MMeeT MecTo paBeHcTBO (1).

Hanpumep,
0*-2
e. [loka3aHHble TeopeMbl, 6yaAyuu MNPUMEHEHbI K C/yd4alo,
KOrga nepemMeHHble W, V,... CYyTb (YHKUMWM OOHOr0 apry-

MeHTa X, MOKaXyT, 4TO CymMMa, npou3BefeHue N OTHOLUeHue
(co 3HameHaTesleM, He o6palwjaloWMMCcsa B Hyslb) HerpepbIBHbIX
DYHKUMIA ByayT Toke QYHKLMAMU HenpepbiBHbIMKW. OrpaHuyu-
BasCb /17 MpPOCTOTbI C/iydaeM [BYX HenpepbIiBHbIX (YHKUUIA
cp@r) v 1P*), Mbl BUAMM, 4TO:
1 KaxaomMy 3HayeHMIo X 0TBeYalT onpefesieHHble KOHeu-

Hble 3HayeHUa QyHKUUA d(X) n d(n:) n, cnepgoBaTesibHO, onpe-
[eneHHble KOHeYHble 3HayYeHUs QYyHKUUIA

d(x) + 1UN*), O (*XK *), (ecnn p(x)="0); 2)

TemMm caMbIiM  (YHKUMW (2) yAOBMETBOPAOT MepBOMY YC/10BUIO
HenpepbIBHOCTM.
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2. Nwvweem

8'152* (& (E) + B(E)) = 1I,iiT>]< o (D~+ Slj*rn NE) = ®(*) + O (%).
Iim (D) () = HM ¢ (E) HM 13 (E) = P (*) 13 (¥),
5 5 S x

lim (A OB _ Y
B VT S Rl

0TKYAa BUAUM, 4TO (YHKUUW (2) y[O0BMAETBOPSIOT U BTOPOMY
YC/I0BUIO HEMPEepbIBHOCTMU.

3TO NO03BONSET HaM paclWmpuTb MpaBuU0 BblYUC/IEHUS
npeaenioB HenpepbiBHbIX (YHKUMIA Ha cny4yaia, Korga (pyHK-
UM ecTb CymMma, Mnpou3BedeHVe WM OTHoweHue (co 3Hame-
HaTesileM, He CTPeMSLMMCS K HYJ0) HernpepbiBHbIX QYHKUNIA.

Hanpumep,
I|m (sinx+ cosx) = sm4—+ cosnim-— 4—2 +—|—2 =K 2,
4 y
lim xlog3x= 9 Ioga9= 9-2= 18,
9
*
lim —%2—— - —r—g
4 Vx Vi

§ 10. Ocobble crlyyam pasbiCKaHUs npegena

a. UTo6bl Mosib3oBaTbCA npaBsmaom

lim f(x) —f(a), ()

X “ma

HaZo0 ObITb YyBepeHHbIM B ToM, 4To (hyHKuma F(X) HenpepbiBHA
npy X —a.

b. O4HAKO HEMnpepbIBHOCTb PYHKLUMEA Mbl BbISCHUM TOMBKO
OS] KOHEUHbIX 3HaYeHUIA  M03TOMY B CTOpoHe OT mnpasua (1)
ocTalTCcsa npedensi BUAA

lim /(x), lim /(*>, I|m f(x),

X -*m co X = +.+10 — cc

roe a= oo, 4Y-o00, mwam — oo. [llpeaenbl Takoro Tuna MUMeT
BeCbMa BaXXHble MPUJIOKEHMUS, a MOTOMY Mbl MOKaXeM 34ecCb
Ha 4YacTHbIX NpUMepax HeEKOoTopble 06WMne MNpUeEMbI UX BbIYUC-
neHwus.

Mpumep 1 Haitu npegen

Nt 1?21+ 2*+1
« T 2% +*+3 e
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Ecniv B HanucaHHOM BblpaXXeHUU Mbl 6ygem becnpefesnibHO
yBenIMuMmBaTb aprymeHT X, TO KaK 4ucinTeNb, TakKk U 3Hame-
HaTenb 6yayT 6ecnpefesibHO pacTu (YC/IOBHO TFOBOPAT, 4UTO
npu J1= 00 BblpaXeHue ob6pawaeTca B HeornpegesieHHOCTb
Buga £).

Mo3TOMY paHbllUe YeM pasbICKMBaTb Mpedest, Mbl MocTa-
paemcs npeobpaszoBaTb (YHKLUMIO, Mpeaesli KOTOPOIA pa3bICKU-
BaeMm, K Opyromy Buay, M0 KOTOPOMY 3TOT Mpeagsi pasbiCKu-
BaTb ObUi0 Obl Mpolie. B paHHOM c/yvae Ae/IMM YuCIIUTeSb
N 3HaMeHaTesNlb Ha X2 lmeem

6+4+4

2%*4x+3 4. 24+ 3 _*

34ecb MOXHO MPUMEHUTbL TeopeMy 0 Mpedesie OTHOLEHUA
(Npesen 3HaMeHaTeNsl He HyJib), M Haw npeaes oKaxeTcs
paBHbIM

lim (6+4+/\) 63
a2+

Mp nmep 2. B pa3o6paHHOM Bblle NpUMepe, HE3ABUCUMO
0T TOro, CTPEMUTCA /I X K — 00 WM K + oo, npeaen no-
flydaeTca oAuH M TOT Xe. OAHako 6blBalOT cryvau, Korpaa
Be/IMUMHA Mpefena 3aBUCUT OT 3HaKa 6ecKoHeuvyHocTu. Hanpwu-

Mep, ec/in X CTPeMuTcsa K — 00, To (noslarasg X—— *t) nmeem
Ilm nro*= NT —}Fr— Ilim — L = L=i.
KX -@ b2 *->+* 1+ 2 1 *-*+%) jp j— 1
2x*

Ecnun e X cTpemMutca K + 00, TO WUMEEM

S™ o rw '=0

(3HameHaTesnlb CTpeMUTCS K + 00).
Mpunmep 3. HalATu npegen

lim (V x3+2x—x)
X7 +®

(HeonpeAeneHHoCcTb BMAa + 00— 00). YMHOXWUM W pasaesnium
pasHOCTb, CTOSIWYI B CKO6Kax, Ha CyMMYy TeX >Xe Be /IMUuH
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n nonyymm

lim (KW ~-x)
*_ 4+

X VX* + 2X+ X
2
t= lim yee X ————= |lim — — = 4=1.
X->+ax Y X2-f-2x | X e T 11211

OueBUAHO,

lim (Kn:2+ 2x+ x) =+ 00.

c. BbiBaeT, UTO aprymMeHT X CTPEMMUTCS K KOHEYHOMY M
Oeny a, HoO npu 3ToM OKasbiBaeTcs, 4To (yHkuma f(X) kak
pas nNpM X= a TepnuT pa3pbliB HernpepbiBHOCTU. Torga npa-
BusoM (1) Monb30BaTbCA Hesb3A.

Yawe Bcero f(X) He ynosneTBopseT MNpu X —a MepBoMy
YC/I0BUIO HENpepbIBHOCTU. 3TO 6bIBaeT, Korga gopmyna, onpe-
penaowasa f(x), TepseT cmbicn npu X= a. Mpegensl nocnea-
HEro TuMa WMelT, O0AHAKO, [MepBOCTErNeHHoe 3HadeHwe A5
BCEro aHasin3a 6ecKOHeYHO MasibiX. [103TOMY Mbl MOKaXKeM
3[1eCb Ha 4acTHbIX MpMMepax HEeKoTopble 06line Mpuembl Bbi-
uncneHns 1 Takux npeaesios.

Mpumep 1 HalAgem npepen

X2—Xx—2
*_ 3% 4 2%

3pecb Npyu X = 2PyHKLUNSA TepseT CMbIC/, TaK Kak obpaltaeTcs B
22— 2—2 o
22— 3-2+2 — O

(HeonpeaeneHHoOCTb BUAA OAHako npu 6amxaiillem pac-

CMOTPEHNM OKa3blBaeTCA, 4YTO C MNpubaMmXeHMeM X K 2 Hawa
(DYHKLMSA Bce Xe 6yaeT nMpubamxaTbCa K BroJiHe onpefesieH-
HOMY npeneny.

Ana atotd uenun, Korga X npubnumxkaetca K 2 (1, cnepo-
BaTe/IbHO, He paBHO 2), npeobpasyem Hawy A[pobb B Apyryto,
paBHYIO el npu BceX X, OT/IMYHBIX OT 2, HO MpeAesi KOTopoia
6yneT Nflerko pasbiCKaTb.

VIMeHHO, 3amevas, 4YTO KOPHU YypaBHeHUS

X2—X—2=0
cyTb — 1 un 2, nmeem
X%—X—2= (X+ \N)(X— 2).



3amMeyast e, 4YTO KOpPHMW YypaBHEHUs
m—3x+2=0
CyTb 1 U1 2, nmeem
Xb— 33X+ 2= (X— 1) (x—2).
MoaTomy

X2— x— 2 n:+ 1) (jc— 2)
X2— 3x+2 ~ (x-1)(x-2)°

Cokpauwas Ha X— 2 (4TO Mbl Brpaee fAenaTb, Korga X He
paBHO 2), Mbl MpMBEAEM Halwy Apobb K Buay

x+1
X-T

Tak Kak ¢ npubnmxkeHvem X K 2 nocneaHss Apobb cTpe-

MUTCA K npegeny (npegen 3HameHaTes1s Ternepb He HyJsib)
. *+1 2+1
lim —_

/"1 —2n1 —

2

TO K TOMY >Ke npeZesly CTpeMWUTCA W 3adaHHas Aapobb (Tak
KaK oOHa paBHa nMpeo6pa3oBaHHOM BCe Bpems, Korpa X He
paBHO 2), TO eCcTb

X2—X— 2 0

X2—3x+2 ‘

rlemep 2. Hatatn npepgen

M 5 "0 (2>0)

(HeonpepgeneHHOCTb . Mpeobpasyem Hawy Apobb, YMHO-
Xas yuc/nTenb U 3HaMeHaTeslb Ha cymmy V X+ V a. Monyuum
lim — lim (VXx-VaWx+ Va)n

E a X~ a X—+a (x—a) (Vx + vCL)

lim ——— — Tr=rr= lim - 1 1
Xx-*a(x—a) (Vx +V~a) x"-aVx+Va 2Va'

Mpumep 3. Hatigem ewe npegen
lim
h-o h
(HeonpeaenieHHocTb —jj-V 34ecb X cuMTaeM MOCTOAHHbLIM, a h

rnepeMeHHbIM W 6eCKOHEYHO MasibiM, TaK 4YTo BcA Apo6b—,
hyHKUMA aprymeHTa Jl.



Nmeem

lim b+hr-*.= lim =
h-*0 n h-»0 n
= lim =r lim_(2n;+1) = 2x.
h-0 n h o

Mpumep 4. B Tpex pasobpaHHbIX npumepax npegen
nonyyaeTca OAMH WM TOT Xe He3aBUCUMMO OT crocoba nNpmbnn-
XXeHUs aprymeHTa K ero npegeny. bbiBaloT, ofgHako, cay4au,
KOrga BesiM4uHa npegena 3aBUCUT OT passinyma B cnocobe
Takoro npubanxeHums.

Hanpumep, ecnn 6ygemM nNpnénmxaTb X K HYJ/1I0 CO CTO-
pPOHbI oTpuuaTesibHbIX X (X<0), To mony4yum (nonaras X =»

= _Xj)

lim — lim —ANTIT=TTN= 1*

X-+-0 1+ 21/ X, w1+ 2 1/x* I+ 0
Ecnn e 6ygem npmbnmwkaTb X K HYJ/II0 CO CTOPOHbI MO0Ji0-
XUTeNbHbIX X(X>0), TO Mosy4Ymm

lim — L2=rx—=0
X-+0 1+21* 1+ °°

CM. TakKXe npumMep 2 MNYHKTa «a»).

§ 11. 3ameuaTesibHbliA TPUTOHOMETPUYECKUIA npeaen®)

a. MycTb wumeeTca BbinNykas kpuas AB (Ha puc. 5 kpu:
Bas o6palieHa BbIMNYK/0CTb BBEpX).

AonycTuM, 4YTO B KaXAOK TOYKe 3TOM KPUBOLA MOXHO Mpo-
BECTW KacaTesibHYl0 M 4To Npu BGecnpeaesibHoOM  COMVKEHUN
OBYX TO4YEeK a u P KPMBOMA Yrosl @ Mexay KacaTesibHbIMU,
MPOBEAEHHBLIMU B 3TUX TO4uKax, OyAeT CTPeMUTbCA K Hyslio.

Torpa 6yneMm MMETb

m 0,. xopabl «P
an. “ap

T. e. OTHOLUEHWE [A/WMHbl X0pAbl K OJ/MHE CTAMVIBAaEMOIA €0 ayru
cTpeMnTCca K npegeny 1

UT06bl Ao0KasaTb 3TO0, MOCTPOMM paBHOGeApeHHbIUA [ aMp
c yrnom ¢ npu ocHoBaHuu; [ alld 6yneT, o4eBUAHO, NexaTb
BHYTpPU Hero (MoToMy 4To yrosi @, Kak BHewwHuia ansa 4 aN$t

60/blle KaXaoro M3 yrsioB Npu ero ocHoBaHUM o).

*) B HacTosieM U creaytowem naparpadax Mbsl NPUBOANM HECKOSIBKO
60Mee YMpoOLEHHbIE PacCy>XAeHus, Yem B MpeablayLuyx.
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OCHOBbIBasicb Ha W3BECTHOM CBOMACTBE BbIMYKJIbIX JIMHUIA,
COEAMHAIOWINX [Be AaHHble TOYKW, COrSlacHO KOTOPOMY OOBEM-
7owas SIHUA O/MHHee 00bEM/IEMOIA, MoXeM HanucaTb (nona-
raan aM=*1, '“'op= s, xopaa op= &

2l> s> k
Ho Kk paBHO yaBoeHHOM npoekuvn aM Ha od. MoaTomy
k
k= 2lcos o, Zlqcosqd,

NTak, nmeem

c0s s> k.

1
cosp > 4 >1.
Cosdp < — < 1.

Mpu HeorpaHM4YeHHOM CO6AVMKEHUN TodeK a U P yron o
COrylacHO MpearosioKeHU0 CTPEMUTCA K Hy/0. 3HAUYUT, COS ¢

M

npnénmxkaetca K 1. Ho Torga K 1 JO/mKHO npubnumxatbesa u
OTHOLIEHVEe — , KaK MpoMexyTo4dHoe mexay 1u cos g, cTpemsa-
wmmea K 1, To ecTb

lim €= 1

b. MycTb, B YaCTHOCTU, Ayra ap = 2X NpPUHAAJIEXNT 0KP)
HocTW paguyca 1. B aTom cnydae, odyeBuaHo (puc. 6),
o = 20¢;  AnuvHa xopabl  aP = 2sinx,
M Mbl MMEEM COFJ1aCHO MYHKTY «a»
. 2sinx , . slnx
lim = 1 lim m 1
*p 4o 2% *»4+0 X
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ONns NofHOTbI pe3yfnibTaTa MOKaXem, 4YTo TOT e npegen 1
Mbl Monydaem 1 npu X —+— 0.
[elicTBUTeNbHO, ecnn X oTpuuaTesibHoe, To, Mosaras

= — Xt, nveem
urn lim Hw «E*i = i.
x*—0 X X X—++0
Tenepb Mbl MOXeM HanucaTb
. sin*
lim=--= 1
XVvO x

§ 12. lMpu3HaK CcywecTBOBaHWA npefena

a. YacTo xapakTep WU3MEHEHUS (YHKLMU C MpUGAMKeHnem
aprymeHTa K KakoMy-/iM60 npedesly HacTO/IbKO C/I0XKEH, 4TO
MOXET BO3HUKHYTb COMHEHMe B caMOM CyLLECTBOBaHUWN Mpeaesia.

b. To 06CTOATENLCTBO, YTO C MPUBAVKEHUEM aprymeHTa
K KakoMy-/n6o npefesnly ¢GYHKUMS MOXET W He UMeTb npe-
Aena, MoKaxeT XoTs 6bl CreayloWWiA NpPoCcTOA Mnpumep:

lim sinx. 0
X+ (

Mo mepe yBennueHus X QYHKLUMSA Sin X NpUHUMaeT Nepuo-
ONYECKM BCe BO3MOXHble A1 Hee 3HayeHus oT — 140 +1 n,
TakuM 06pasoM, HU K Ka-

KOMY orpefesieHHOMY rpe-
neny He npubnnxaeTtcs.

C. YKaxeM 3aecb 0AVH
NpocToA MpuU3HaK, KOTOpPbItA
B VHTEepecyluwmux Hac cny-

Yasax Mo3BOSINT y3HaTb, CTpe-
MUTC JIM YHKUUS K Ka-
KOMY-J/1160 rpeaesty Uin Het.
YT0o6bl nyylle MOHATH,
B 4YeM 3TOT Mpu3HaK Cco-
CTOUT, BCMOMHWUM, KaK Mbl
B 3/1eMEHTapHOIA reomeTpun
noaxoousn K BbIYUCIIEHUIO
nsowaan kpyra. [Mocnen- puc. 7
HIOI Mbl  paccMaTpuBaun
TamM KaK o06WuiA npefen rsowaaeid BAMCaHHbIX W OMUCAH-
HbIX MpPaBWUJIbHbIX MHOMOYrofibHUKOB (Mosly4yaemMblx, Hanpumep,
nocsiefoBaTesibHbIM YABOEHMEM 4KCia CTOPOH).

VIMeHHO, npu 6ecripefes/ibHOM YBESIMYEeHUU vuca M CTOPOoH

nponcxoguT cnepywouee (puc. 7):
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1 Mnowaab PN BNMcCaHHOro MHOFOYrosibHMKa BO3pacT;

2. Mnowagb QN onucaHHOr0 MHOroyrosibHMUKa Yy6bIB

3. PazHocTb Qn— PN mexay o6eMvmu naowagsamMm c
MUTCA K HYJI0.

Bemay 1, 2 1 3 Mbl cyYMTaeM o04YeBUAHbIM, 4TO 06e |
waagn Pn un Q, cTpemMaTca K HeKoTopoMmy 06WemMy rpes
(KOTOpbIA N MpUHMMaeM 3a MJowadb Kpyra).

d. Apyroin npumep Bo3bMEM U3 anrebpbl. M3Bne

M3BECTHbIM MpaBusiam V 2, nosyymm

K2= 1,4142...

Ecnn paccmoTpeTb ABa Ha6opa umcen PXx Pr, ...,P n,.
Qi> Q2 eee> QN> NPMHUMAIOLWMX TaKue nocsiefoBaTeslb
3HaYeHusA:

Pn 1 14 141 1414 14142
on 2 15 142 1415 14143

(umcna PN cyTb TakK HasblBaeMble MNpPUG/MKEHHbIE 3H
Hua V 2 ¢ HemocTaTKoM, a uucna Q, — MpUBAMKeHHble
yeHuss V 2 ¢ u36bITKOM), TO YBUAUM, 4YTO:

1) Pn Bo3pacTaeT;

2) Qn y6biBaeT;

3) pasHocTb Q,— P,, cTpemuTcs K Hynio.

Mbl OMSTb CUMTaeM 04YeBUAHbLIM, 4yTo PM mn Qn cTpem?
K HeKoTopomy o6uemy npegeny (KOTOpbliA U NPUHUM
3a V 2).

e. N Boob6Lie, ecym:

1) nepemeHHass Pn Bo3spactaeT (Pr< Pr< P3<...)

2) nepemeHHas Qn yb6biBaeT (Qx> Q2> Q3>...);

3) pasHocTb Qn— P n cTpemuTca K Hymo (Pn<Qn),
TO CUYMTaeM O4YeBMOHLIM, YTO repemMeHHble P nu Qu cTpems
K HEeKOTOpOMY BrosiHe ornpeaesieHHoMy 06LueMy rpeaery.

3To yTBepXAeHMe MpUHMMaeM KakK aKCUOMY, T. e. Kak
BUOHYIO WUCTUHY, He Tpebylollyl [0Ka3aTe fbCTBa.

§ 13. CXxoguMoCTb OECKOHEeYHbIX pPsaoB

a. To/IbKO 4UTO CHOPMYJ/IMPOBAHHbLIUA HaMWU TMpU3Hat
€TBOBaHWS npedesia Mbl MNPUMEHUM K UCC/Ie[0BaHUIO  Be<
Ba)XXHOro0 BOMpoOCa 0 CXOAMMOCTU G6GECKOHEeUHbIX pPsAA0B —
60ro poga CymMmm Buaa

a\ + + ooy
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coflepXalmnx HeorpaHMYeHHO 60/1bLIOe YWUC/0 crlaraeMbiX —
wieHoB pAda (o6pas3oBaHHbIX MO KakoMy-sinbo obwemy Ans
BCEX UJIEHOB psiaa 3aKOoHY).

MpumepaMmun 6GeCKOHEYHbIX pAA0B MOFYT CAY>XWUTb Bblpa-
XeHus Buaa

a+ag+ ag2+ aq3+ ...,

1+ T+ T+7+-% -

' - — 1 ! 1
1-27~ 1-2.3 A T1-2-3-4 7" .

j_
n

i
1

b. UneHbl psga cneayeT ck/lafblBaTb C/fieBa HamnpaBo B TC
nopsigkKe, Kak OHM HanucaHbl. EC/IM  0KaXeTcs, 4YTo cymma
Bce 60/1blIEero M 6Go/MibWIEro 4ucsia M 4UsieHoB psiga

Sn= Oj+ a, + a3+ ... +an
npuénmxaeTcss K onpefesieHHOMY KOHeuyHoMy npegeny S,

TO eCTb

lim Sn—S,
n—hs>

To S HasblBaeTcs CYMMOK psga. Pag, WUMEWMiA  KOHEUYHYIo
CYMMY, Ha3blBaeTcs CXOOALLMMCS.

3anncb Toro, 4Tto S ABMAETCA CYMMOW pada, MNpou3Bo-
ONTCA Tak:

S= flj + + a3+ ...

Mprmepom cxofswerocs paga MOXeT C/Y>XUTb 6EeCKOHEeYHO

ybblBaloLlas reomeTpmyeckas nporpeccus
a + ag+acli + ..

3HameHaTeslb KOTOpPOoiA ( Mo abCo/OTHOIA BennuuHe MeHblue 1.

CymMa N nepBbIX Y/IEHOB 3TOMA Mporpeccun paBHa
0 | , , n-i agn—a a—agn a agn
Sn=a+aq+...+aq* 1= -Jzrr ST T =— g~T=rg-

Ho npu HeorpaHWYeHHOM yBesIUYeHUN N F' CTPEMUTCA K HY-
o, notomy uto \O\< 1. Mo3ToMy B MocsieAHEiA pasHOCTU npe-
0en BblUATAEMOro ecTb Hysb, T. €.

5= lim Sn=— —,
o 1y

n Mbl MOXeM, c/fieaoBaTesibHO, HanucaTb
a—]-aq+ ag-\-... ==fz"-
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c. MoxeT oKas3aTbCs, 4YTO, CyMMMUpys Bce O6ofibliee W
6o/iblUee 4YUC/I0 UMeHOB pafa, Mbl 6yaeM y6expaaTbes, uUTO
nx cymma 6yneT HeorpaHM4YeHHO Bo3pacTaTb. B 3Tom cnyuvae
paf HasbiBaeTcs PacXoOALLMMCS.

Hanpumep, pacxoasummca 6yaeT psg

1+ ¥ + T+ T+ T+ T+T+"A+ - w

[elAcTBUTENbHO, ufieHbl 9TOro psga 6yayT He MeHblie
COOTBETCTBYIOLIMX U/IEHOB TaKoro psajaa:

1+ T+T+T+§+T+¥ +T+ W

MoaToMy, ec/iv, CYMMUPYsa 4sieHbl BTOPOro psga, Mbl MosyyYum
HeorpaHM4YeHHoO pacTylwyw CcymMmy, To TemM 6osiee aTo 6yaeT
OTHOCUTbLCS K MepBoOMYy psaay.

CyMMUpOBaHWE 4Y/IeHOB BTOPOro psiga MOXHO [MpPOM3BO-
OUTb B criegylollemM nopsiake:

1+
+ T +

+ T+ T +

+ T+T+T+T+

roe CymMma YJIeHOB KaXAOoM CTPOKMW, Kpome MepBOA, paBHa 1/2.
A TaKk KakK CTpOK OyaeT 6GeCKOHEeYHO MHOro, TO S$ICHO, uTO,
CKMlaAbliBasi 4neHbl paAga (2), Mbl MOSYYUM HeorpaHU4YeHHOo
pacTywyt cymmy. 3HauuT, pag (1) 6yger pacxogauimmcs.
d. HakoHeLl,, MOXeT oKa3aTbCsl, YTO, CYMMUpPYs Bce 6osibluee
n 6osbllee 4YUC/AI0O YEHOB psfa, Mbl HU K KakoMy npegeny
npnbnmnxarbcs He 6yaemM. B 3Tom criyyae psif TakXe Haso0-
BEM pacxogALnmMcs.
MpuMepoM Takoro psifa MOXeT CAY>XWUTb pajg,
11 J i -L+-J
Z 2774 44 4
11 1 1 1 1 1 1
8 8 8 8 8 8 8 8+ ,“

[JeticTButesnibHo, 0603Havas, Kak Bcerga, depes S cymmy n
nepBbIX Y/IEHOB psAda, VMeeMm

Sst—1, Ss—0, S7—1], =G ...,

0TKyaAa BuaAMM, 4TO S,, HM K KakKoOMy npegeny CTpeMUTbLCA
HE MOXXeT.
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§ 14. TlpocTeMiwme NPU3HAKKU CXOOUMOCTMU

a. [na cxopAaweroca paga
al+ a2'ba3+

A0/DKHO BbIMNO/THATBLCA

lima,, = 0.
=

Ecnn psp cxoauTces, To, cknagbiBas Bce 6onbliee U 60/1b-
Lee KO/IMYECTBO €ro YJIeHOB, Mbl GyaeM MpueaMXKaTbCcs K ero
cymme S. Ho ecnn M— 6onblioe 4ucsio, To M— 1— Toxe
60/1blLIOE YMCNO0, WU, 3HAYUT, HauyMHas C HEKOTOpOoro MOMeHTa
(Kakoe Obl Masioe € Mbl HU Bbl6pasin), He TOSIbKO

Sn= Oi+ a2+ ... + an,
HO 1
S,_i=ai+fla+ eee+an_i
6yAyT oOT/iMyaTbCcsi OT S Ha BesINUMHY, MeHbLIy e/2, roe

e— MNpou3BOJIbHOE MOJIOKMTE/IbHOe uucsio. Ho Torga HaduHas
c aToro MomMeHTa Sn n Sn_1 mexay co6oto 6yayT pasHUTbCSA

Ha BeJINYMHY, MeHblylw y + T 7 6’ To ecTb
Kol = 15,—S._l < e

3TO M A0KasblBaeT, UTO amn CTPEMUTCA K HyJllo MNpu  Heorpa-
HMYEHHOM BoO3pacTaHuu .
b. OgHako npumep paaa

1+Y +T+---"
PacCMOTPEHHBLIA B MNyHKTe «C» § 13, MokasblBaeT, YTO BbIMNO/-
HEeHUs ycoBuA
lim an—oO
[R5 0]

ewe He [0CTAaTOYHO AN19 TOro, 4YTobbl pan Obi CXOAAWMMCS.
Y aToro psapa

= lim an—O0.
D

TemM He MeHee B MyHKTe «C» § 13 Mbl y6eausncb, 4To 3TOT
pan pacxoasimiics.

Mbl yKaxeM pfarfiee Takue MNpusHaku, KoTopble aasann 6bl
MoJSIHYI0 YBEPEeHHOCTb B CXOAMMOCTWU paaa.
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c. Pan
ai "b /R mmaz+ eoe> 1)

cpeoyt WiEeHOB KOTOPOro HeT OTpULAaTesibHbIX, CXoauTcs,
€U ero WieHbl He Gosiblle COOTBETCTBYHOLLUMX WIEHOB KaKOro-
JmMBo cxopsilerocs psiga

br-\&r+b3-\c.. @)

[elAcTBUTeNbHO, ecnv npu ilo6om M an” bn, To, nonaras

A n= ai 4 —« « « + an> , 00\

Bi=bl+r2+ ...+ b0
Hw Bn—B

n-*cc

(Npeen cyuiecTByeT BBUAY CXOAUMOCTM psiga (2)), cocTaBUM
OBa Habopa uucen

Pn= Ax Ar, ..., An\
Qn=B-{Bx-A2X, ...,.B- (B AA.
Mbl BUAUM, 4TO:

1. MepemeHHas Pn Bo3pacTaeT.
2. lMepemeHHaa Q,, ybbiBaeT (MOTOMY 4TO

Brn— An—(bx—axX 4- (br—ad + ... 4- (bn—an

Bo3pacTaeT C Bo3pacTaHuem ).
3. Pa3HoOCTb

Qn-Pn=B-(Bn-An-An=B-Bn
cTpemuTecs K Hynwo (Beugy (3)).
MoaTomMy corslacHo nMpu3HaKy CyLlecTBOBaHUA npeaena,

yKasaHHoOMYy B8 12, nepemeHHasa P, = J1,, Ao/h)KHa CTPeMUTbLCA
K HekoTopomy npegeny A:

lim An—A.
CnepoBaTenbHo, pag (1) cxoadwmiacs.
Hanpumep, u4neHbl psaga
1 1-2-3 1.2.3-4

He MNpeBOCXOAAT U/IEHOB GECKOHEeYHO YOblBaloLWEeli reoMeTpu-
YeCKOA nporpeccumn

- | -1
AR e S

O0THOCUTEsIbHO KOTOPOIA M3BECTHO, YTO OHAa cXoAnTcst (MYHKT «b»
§ 13). 3HauuT, cxogawmmca 6ypet n pag (4).
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d. Yem 6onblle 4YNEHOB cxoAsuerocss psga Mbl CIIOXUM,
TeM 6nmke nogoiageM K ero cymme S. O603Havasi 6eCKOHEYHO
Maslylo pasHocTb Mexay S m S,, cumBosioM RN, Mbl Moxem
HanucaTb

S=Sn+Rn

RN Ha3biBaeTca 0OCTATKOM psiga. OueBuaHO, OH 0603HavaeT
CYMMY BCeX U4JIeHOB psfa, OCTalLlWKMXCA Trocsie Toro, Kak Mbl
oT6pocnm nepsBble I YSIEHOB.

e. CyMMy S MOXHO BbIUUC/IUTb TMPUBSIVDKEHHO C JII060LA
CTENeHbld TOYHOCTU, €Cc/IM  CAOKWTb [0CTAaTOYHO 60sibLioe
yucno M 4YsieHoB pafa.

Mpumep. Bbluncnum cymmy paaga

s=: + 123 + 1.23-4 + e

0603Hauyasi ufieHbl 3TOr0 psaga cumBoiaMu aun a2 a3 c4, ..
nmeem

=1
a2= -jat =0,5

a3= —g-a2 =0,166666667
ad4= a3 =0,041666667
a5=la 4 =0,008333333
ae= -g-a6 =0,001388889

=0,000198413
a8= ij—a, =0,000024802
a9= ,ia 8 =0,000002756
«0= ™9 =0,000000276
a» = n a0==0,000000025
On = au — 0,000000002

018= 75"12 = 0,000000000
1,718281830;
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oT6pacbiBas ABe Moc/efHNEe LUUPPbl, KaK He 04YeHb Haaex-
Hble, Mbl MOflyYyaem crieaytowiee MNpuBNXKEHHOE BblpaXeHne
CYMMbl Hallero pspga:

S= 1,7182818...

f.Psapg
a\ ar+ asg+ ees, (5)

cpeoy WieHoB KOTOPOro ecThb oTpuuaTesibHble, 6yAeT cxoAs-
LMMCS, €C/M CXOOMTCA  Psifl, COCTaB/IEHHBIA M3 abCO/MOTHBLIX
BE/IMHMH €ro WIEHOB,

laN+ 11 + lasil+ eee (6)
Monoxum
a, = a,—P,,
a, >0, )
P,>0,
npuyem P,,= 0 npu a, MNOMOXNTesibHOM, a a,, = 0 npu an
oTpuuatesibHoMm (Tak 4yTo anm= an wwm an—— B 3aBuUCU-
MOCTU OT 3Haka an).
Panbl
al+ a2+
Pi + Pa+ Ps+

He VMEKT OTPULATESIbHBLIX YJIEHOB W 0Y4EBUAHO CXOAATCHA, Tak
KaK WX 4/ieHbl He MpPeBOCXOASAT COOTBETCTBYHOLMX 3/71EMEHTOB
paga (6). 3HaAYMT, CyLECTBYIOT npeaesibl

lim (oy +aa+ ... +an= A,

[ER0)

lim (Pi+ Pa+ s+ bP,)= B.

n~+co

Ho Tolpa sBuay (7)

lim (a,+a2+ ... +a,)=lim[(@*pXY+ ... +(au—p,)] =
M-+ + co
= lim (ax+a,+ ... +a,)—Ilim(Pi+ p2+ ... +P,,)) = A—B,
fl e+ @

T. e. n pag (5) aBnsAeTcs cxogsawumcs.
Hanpumep, BBUAY BbICHEHHOU Bbille CXO0AUMOCTU psaaa

11 ! l-——1 - n
T2 -2-3~"71.2.3*4 ' "'
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cxogswmmca 6yaeT pspg,

1 ! I ! "
1—1.2—'<I—1—-2?3—|?2_m—r

g. HeTpyaHo nokasaTb, 4TOo MpU YC/I0BUA
an> 0, Ilim an—oO0, a,>a2>a% ... >are ...,
@
cXogaawmmMea 6yaeT Tak HasbiBaeMbliA  3HaKOMEpEMEHHbIA pag,

ai—a2+as—a, + ...

PaccMoTpuMM cymMMy SZ2N YeTHOro 4ucsa 2M nepBbiX urle-
HOB U cymMMy S2Hl HeueTHoOro umcna 214 1 nepBbIX YSIEHOB
aToro pspa. Vimeem

Sa,= (fi a24-(a3 aj 4" eeesg*r an),
~2n+ 1= ai (a2 as) (4 ah) (ain az2ll+i)l

San+ S2h= UhH.

Mbl BuaMM, uTo S Bo3pacTaeT, 521 y6biBaeT, a pas-
HOCTb MeXAy HUMMWU CTPeMUTCA K Hy/o. 3HauuT, Sh n S+l
CTPEMATCA K HeKoTopomy obwemy npegeny S.

Taknm o06pa3om, cymMmMa KaK YeTHOro, Tak M HeyeTHOro
uncna nepBbIX u4sieHoB psapga (8) cTtpemutea K S. Cneposa-
TenbHo, psAg (8) cxogwuTcs.

Mpumep. PaccmoTpum pag

BOECH

1>T>T>---""' e ==°i

cneaoBaTesibHO, AaHHbLIA paf, cxoAuTcs.

§ 15. OcHOBaHMe HaTypasibHbIX J10rapnumoB

a. MpuMeHUM npeablayliee K UCC/e0BaHUI0O BecbMa BaX-
HOro npeaena

lim (L+ 1)". H
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MonoXxum cHayana, 4To M— LE0e MOJSIOKUTEsSIbHOE. [Mpun-
MeHSA 6MHOM HbIOTOHA, UMeeM

(v 1\ 1.9 1 .n@E+1D 1,
5'=11+Tr) = 1+T-7F+ -1M2--" +

1)(n-2) 1 N+ HUr 2)>..,>3>2>1 1
+ 1.2-3 U8+ + 1-2.3-...e(«=-2 @+ D "n"*

n s~ 1 n n-1 r- 2

J ., n n , n n n )

nT b2 r 1.2.3
n o~ 1 o 2 3 2 1
n n n
1-2-3..... (- 2 DHn b
“ 1+ 1+ - n f+~— br.3 + oo
e, * T 1.2-3.. .0+ 2 U+ Dn

Tak KaK uucuTenn BCeX CrlaraeMblx MOSTyYEHHOIA CyMMbl
MeHblle 1, TO 3TU c/laraemMble He MpPeBOCXOAAT .4Y/IeHOB psAaa
(cM. NYHKT «c» § 14)

S=1+14--"+ - "+ ..., ==2,7182818... 2)

HeTpyaHo coo6pasuTh, 4TO

lim sn= S.
M+Ho
AelAcTBUTENbHO, NpeacTaBnas S B ¢qopme
S = Sk+ RKk, 3)
a s, B ¢opme
s, = sft+r*, 4

BBUAY cxoaumocTn psga (2) MOXKHO yKa3aTb HacTO/IbKO 60/1b-
woe /r, uTo

Rk< e/2. (%)
Torpa Beuay rk< Rk nmeem

0 <R k—rk<E/2. (6)

Oanee, coxpaHas Bbl6paHHO€ k HEN3MEHHbIM, Mbl B N3-
MeHeHUn 1 OTMeTMM MOMEHT, HayumHad C KOTOoporo sk 6y,qu
oTnuyatbess ot SK Ha BEJ/INYUNHY, MEHbLUYI e/2, 4To Hecom-
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HEHHO HacTYMUT, TaK KakK YyKasaHHasi cymMma npuéamkaeTcs
K SKnpun HeorpaHuyeHHoM yBeninyeHun N (uncno K noctosiHHoe).
Takum 06pa3oM, HauyMHas C HEKOTOPOro MOMEHTa UMeeM

ISk s*I< ef2-

Bbluntas e mn3 paBeHcTBa (3) paBeHCTBO (4), MoAy4YmMm
(6eps abCoOMOTHbIE BENYUHbBI)

IS—s@[= |Sk— sk+ Rk— rk] |SA—sk\+ |[Rk rk]<
8 ie
< j +Y =B-

OTcoga 1M 3aksitoyaem, 4TO

lim sn— Ilim (1+ 1V = S=2,7182818...
M*+@ +H+® n<
JTOoT npeaen o6o3HavaeTcss 06bIKHOBEHHO OYKBOKW €, Tak
yTo

lim (1+ —Y =e= 2,7182818...

Nn— + oo \ !

BBuay o0cobblXx yAo6CcTB 4UMC/I0 € MPUHMMaeTCcAa 3a OCHO-
BaHMe TaK Ha3blBaeMbIX HATYPa/IbHbIX forapugmos.

b. Mpn aTom norapudm NpM 0OCHOBaAHUU € Mbl ByAeM MpPOCTO
0603HavYaTb CMMBOJIOM In (4acTo ero 0603HaYaldT TaKXe CUM-
Bosiom log).

Hanpumep, gna o0603Ha4YeHUss HaTypasibHbIX J10rapugmoB
uncen 2, 3, 4, ... 6ygemMm nucaTb

In2, In3, In4 wwm log2, log3, log4.

Jlorapumbl MpM KakoM-71M60 ApyroMm OCHOBaHUK a byaem
0603Ha4yaTb cuMMBO/IOM loga, yKasblBasd BHWU3Yy OCHOBaHWeE.
Hanpumep, gna o6o03HavyeHnsa siorapumoB Mo OCHOBaHWUIO 5
yucen 2, 3, 4, ... nuuwem

log52, 1°go3. log64, ee-

Cc. HeTpyaHo nokasaTb pfasiee, UTo TOT >Ke npeaesl € Mbl
noslyuMmM u B TOM cC/lydae, ec/iv He 6ydeM orpaHuuuBaThb
3HauyeHus M TO/IbKO UenbIMi 4Yucramu. OelAicTBUTENIbHO, €ecriv
N apo6Hoe, To Bcerga HakAayTes uenbie N n N + 1 Takue,
uTo

N<IT<N+1
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n Toraa, odyeBunaHo,
(i+ — L-\N+

N - = (‘+ =) < (1+) "<
4 AZNr+Z\ (*“+Th-) (1+i)

m<(1+ T ‘-(+71lrN(C+x)-

A Tak KakK ¢ Bo3pacTaHmem M pactyT M umcna N wu
N + 1, To nmeem

O (147t -« I (1+Trrrl“eg
Nr.(1+7)-13 I (l+T14T1)"1

N NOTOMY KpabAHMe uucsa nocsiefHUX HepaBeHCTB 6yayT
CTPEMUTBLCA K €.

BmecTe ¢ Tem K npeaeny e 6yaeT CTPeMUTbCA W Bblpa-
XeHune

MOCTOAHHO 3aKJ/IIYEHHOEe MeXAy HUMW.

d. HakoHeL, MoKaxem, 4YTO 4Yucfo € 6yaeT npeaesiom
B TOM c/lyyae, Korga M oTpuuatesibHoe M M —w—oo0. [llycTb
n——nn rge > 0. Nmeem

lim (1 = lim (1---L'j-"1—
n—t -0 v ni1 ni—f+CD \ nl J
= lim (~ V niz, lim (_2£T Y\
It,-f+o0 V  «1 1 V ortj 1)

Monaras panee NX— 1= N2 npuBeaem 3TOT npeaen K Buay

nrt ,im + e.l==e
nt—+—+oV na / ns—++@® \ n2 J \ J

Takum 06pa30M, He3aBUCMMO OT TOro, cCTpemMuTca nm M
K +00 wwm K — 00, npeaesnt nosiydyaetca oAnH W TOT Xe, WU
Mbl MOXeM, csiegoBaTesibHO, HanucaTb BOO6LLI.e

*» 17 (1+?)"“ 1+ '"+ra+ Kb+ mw~— 2,7182818...
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§ 16. MNopagok 6ecCKOHeYHO MasibliX

a. Henn a — 6eckoHeuyHO Manasa wn |3— pgpyraa 6eckoHeu-
HO Manas, npuyem

lim T C,

roe C—nocTosAHHadA, He paBHasa HyJ/1l0o, TO rO0BOPUM, 4TO
P— 6eCKoHeYHO Masias mopsigka, OAMHAKoBOIo C a.
b. Ecnn

TO roBOpMM, 4YTO P— GECKOHEYHO Masias MopsaKa, BbICLLErO
Yem a.
c. Ecnun, HakoHeu,

lim —= oo,
a

TO rOBOPMM, U4TO P— GECKOHEYHO Maslas MopsigKa, HU3LLEero
yeMm a.

d. OyeHb 4acTo MNpUM OAHOBPEMEHHOM PAcCMOTPEHUU He-
CKOJTbKUX GECKOHEUHO MasibiX OAHY W3 HUX, a, MpPUHUMAT
3a OCHOBHYO, Torga aT Ha3biBaOT GECKOHEUHO MasI0iA Be/4n-
HOIA nopsiika T, Kak U BCSAKYH GECKOHEYHO Maslyho Be/ M-

Hy P mopsigka, oguHakoBoro ¢ a™, ans kotopoa lim-~- = C,
C 7=0.
HeTpyaHo coo6pasuTb, 4To 6GosiblUeMy T OTBEYaeT U BblC-

UMA nopsaok MaslocTu (B cMbic/le MyHKTa «b»). B camMom
aene, npy m > mt uveem

lim 22— =! lim am—-m»= 0
a-‘m0w a—*-0

BBUAY TOro, yto T —/™> 0.

e. Ona nydwero yscHeHUA MOHATUA nopsaka 6ecKoOHe4Ho
Ma/IOMA  3aMeTUM Boob6Lle, 4YTO ec/in P— GecKoHeYHO Masiast
nopsgka Bbllle a, TO U3

lim—=20
a

cnenyetT

roe y —6eckoHeyHo manas. OTcioga
P= av.
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3HaUNT, p SABNSETCA GECKOHEYHO MaUI0iA YacTbio OT Gec-
KOHEYHO M1 a, TaK KakK YMHOXWTb a Ha Yy— 3Ha4YUT B3ATb
OT Hee TaKyl Xe 4acTb, KaKyk Y cocTaB/igeT oT 1, T. e.
6EeCKOHEYHO Manyl 4acTb.
M HaobopoT, ecnu
P= ay,

T. €. P eCTb 6eCcKOHe4YHO Masiasi 4vacTb OEeCKOHeYHOo Maslola a,
TO

nrl -0,

T. e. p— 6ecKoOHe4YHo Maslas nopsiAKa, BbICLLIEr0 YeM a.
f. Echn

TO 6ECKOHEYHO Masible BeSIMYUHBbI a U p  HasblBalTCA 3SKBUBA®
PEHTHBLIMW.
Mpnmep 1. Beupy

H w =1

N
*_0 *
Mbl M0OXeM CKa3aTb, 4YTO CUHYC 6ECKOHEYHO Masioro yrna

9KBUBA/IEHTEH 3TOMY Yry.
Mpumep 2. Mpu ycnoBuAax MNyHKTa «a» § 11 BBUAY

Hw gfl; xopab! afl _ !
an. ~ap

Mbl MOXEM CKa3aTb, 4YTO XOpAa 3KBMBaJIeHTHa CTArmeawoleii
ee OECKOHEYHO MasiolA pgyre.
g. HeTpyaoHo BUAETb, 4YTO cyMMa

a+P+y+ ... +6

HECKO/TbKMX BECKOHEUHO MaslbiX, pacrosioXKeHHbIX Mo Bo3pacTa-
HMUIO UX nopAagkKa, 3KBUBaJIEHTHa a.

JelcTBnTeNbHO,
Huw
noTtomy 4To p, y, ..., 6— 6ECKOHEYHO Masible MopsaKa, BbK>

ero 4yem a.
Hanpumep, ecnu a — 6eckoHe4YHOo Masas, TO

2a8+ a*— 6a* 3KBMBaJ/IEHTHO 2as,

a—a aKkBUBasieHTHo Va.
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h. Ecnn a 3KBMBasZIeHTHO p, TO
lim -?-=1,
0TKyda cneayeTt, 4To

T=1+Y,
rae y— 6eckoHeuyHo MaJsiasi, oTcioaa
a= P(l +y)= P+ Py,

T. e. 6ECKOHEYHO Masias a paBHa 3KBUBAJ/IEHTHOM €A P, cno-
XKEHHOU C 6eCKOHe4YHO Masioia4 Py BbiCLIero nopsaka.
O6paTHO, w3

a= P+ Py

BBMAY MYyHKTa «g» crfieqyeT, 4YTO a 3KBMBAJIEHTHa p.

i Mpn BbMMC/IEHMA Mpedena OTHOLEHUS 6GEeCKOHeYHO Ma-
JbX KXAYH W3 HUX MOXHO 3aMEHUTb BE/IMHMVMHOLA, €4 3KBU-
Ba/IEHTHOI.

Ecnn

a 9KBMBa/IeHTHa <X,
P akBuBaneHTHa PIt
To nmeeM (MYHKT «W/»)
«=«,(1—y), p=pll+ 6),
roe y n 6— 6eckoHe4yHo Masible. CnepfoBaTesibHO,

a ai 1+Y
T~pln*“T+5"

n ecnu CTpEMUTCA K Kakomy-nnbo npegeny, To BBuAy
limrS H
K TOMY >Xe caMoMy npegeny 6y,a,eT CTPEMUTBLCA U , TO €eCTb
lim —1lim

Hanpumep, BBMAY TOro, 4TO SiNng 3SKBUBAIEHTEH X W
X + Xa 3KBUBA/IEHTHO X, UMEeM



Yyawmmcss caMuM peKomeHayeTcs 0606WUTb TeopemMy Ha
cMlyyaid, Korga v B 4Yuc/MTesie, U B 3HaMeHaTesie Apo6u uMe-
€TCA HEeCKO/TbKO 6GECKOHEYHO MasibiX COMHOXUTENelA.

§ 17. YnpaxHeHus

1. Aoka3aTb, 4TO

lim Insinso= —In 2,
X—+n/B

lim 2% x= 2,
X o= 5/4

lim arctgx2= n/4.
|

2. [okasaTb, 4T0 Ha oTpe3ke [— 1, O] ypaBHeHue
2XbH-x + 2= 0

VMIMeeT BeLLeCTBEHHbIA KOpEHb.
3. [okaszaTb, 4TO Ha oTpe3ke [2, 3] ypaBHeHue

X3+ 4xr— 12n—9= 0

MMeeT BeLUeCTBEHHbIA KOPEeHb.
4. [okasaTb, 4TOo nNpu a > 0

lim (ax3+ bx2+ o\ d) — + o0,
X>+D

lim (ax3+ bx2+ cx+ d)= — oo.
X ®©

YkKazaHune. BblHecTM ax3 3a CKOGKM U MOCMOTPETh,
KakolA 3HakK 6ygeT uMeTb Mpu 60/MbLIKMX X BblpaXeHne ax3 u
BblpaXeHue, ocTaBlleecd B CKOOKax.

5. [AdokasaTb, 4YTO npu a> 0

lim (ax4+ bx3+ cx2+ dx+ €)= +oo0.
X
6. Kak 3ak/iounTb U3 peweHns YynpaxHeHus 4, 4To
ypaBHeHUue

ax3+ bxb+ cx+ d= 0O

Bcerga uMMmeeT XO0Tb OAWH BELUECTBEHHbIA KOpPeHb?
7. JokasaTb, 4TO



8. MpU KaKMxX 3HaYeHUsX X QYHKLUSA
x2— 3x+ 2

TepnuT pas3pbiBbl HernpepbiBHOCTU? OTBET: Npu X—1 H X—2.
9. [dokasaTb, u4TO

1+ —X s 2.K+1 n
*%_ 3x+ 2~ 17 A *2+ 2x ’
*3+x2 , x3+ x2
lim 7rLT + 00- lim TZ rr—— °»

X=» +« * _ X-*--o00 A
1+ 2+ 3+ ...4n 1
______ AN _T-

n-—»+ o

10. AokasaTb, 4TO
lim (n— lVn2—a2 =0,

X -+ X

lim (Km+ 2X+ 3— VX*+ 1)= 1,

lim {VXx2+ 2x+ 3—V XN\ 1) = — 1.

X [ee)

11. AokasaTb, 4TO

_1 )" —
I|m il r= «. lim (—r:r——t) ———XD— nx’1l1
ol o *—1 /=0

(34ecb X paccmaTpMBaeTCss KakK MocTosiHHas, a h— kak ne-
peMeHHas),

y2__C
iy SRk —6
*21
12. Ookas3aTb, 4To QyHKuUma -537 wnmeeT pa3pbiBbl He-

npepbIBHOCTU TOMbKO Mpu X——1 1 X=1, npuuem
lim = + 00, lim = — °°;
* * 1 () x 1 X=*-\+0 X
*
lim éznl 00, hm %"'1 =+'00.
X»1-0 m— 1 X=*|4+0 * 1

13. [okaszaTb, 4TO (YyHKLUSA XX 1) TepnuT pa3pbiBbl He—

npepbIBHOCTN TonbKo Mpu X= 0 n X= 1, npuuem

lim ., 1sry— + 00. nr
-

x-*[-0 V'~V I~ —00» x AT 0AK - g7 i oo
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14. TMouemy

sin 2*

lim—or-~I. i ——j—=|, ifimnsin —=17?
*-0 X 8] * n
15. [AdokasaTb, 4TO
Hwhr-2, H m ~ =m, o
X0 X X+o X *—+0 sin fix n
16. [JokasaTb, 4TO
. N
X—+0 * xll—*m04%nx n’
17. [JokasaTb, 4TO
lim 1~ cos x 1 i:~ ‘g*—Sin* |
N *x 3 S D __ _I_“.
*_*Q * x*— 0
18. [okasaTb, 4TO
. sin (X- — sin X
lim ———(——J—F) ——————— Cos X,
h-*o h
. cos (X+hI)—cos* .
————————————— 3—sin*
ﬂ—*o
19. AdokasaTb, 4TO
lim tg (z+ /) — 1 um Ctg (*+ /lI)-ctg™* 1
Ao h cos**' A —— —~[H17-
20. [oka3aTb CXOOMMOCTb psaa
B oW
Ftr— 4+ — + — + HRe

ona secex /o< 1

21. [oka3aTb CX04MMOCTb psga

1

npyu no6oM 3afgaHHOM X.

22. J[okasaTb CXO4MMOCTb pPALOB

b27~+1.2.3.4.5~"*

npn Jacl< 1

s N

1— T72+ MN5.374'

, «
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23. [okasaTb CXO04MMOCTb psada

- THT 1+



24. JokasaTb, 4TO, nosiaras

y" 1.2+1.2*3
oyAeM UMeETb

0< Rk< 12
25. TMouemy
Hm((i ++ y W , nm(|+|y/2 K e?
N-*Co \ “ M-+-CD \

26. [dokaszaTb, 4TO

lim (1 + m)lx= e
*-p 0

27. [OokasaTb, 4TO

lim nin (1 +—’\= 1
n- - « Y
28. [AokaszaTb, 4TO
||m(I+|)W. N. ( ~ f =e

n —mCD \ n ->rco \ * /

29. [loKa3aTb, 4YTO MpuM GECKOHEUYHO MasioM [

tg* 3KBUBaJIEHTEH X,
In(1 bjo 3KBUBaSIEHTEH X.

30. [oka3aTb, 4YTO ec/In a, O3KBUBAJIEHTHO pt; a2 3akBU-
BasleHTHO P2, ..., aK3kBMBasIeHTHO pJl To u a
buBaneHTHO pAa.-.p°

31. AdokasaTb, 4TO

1,_ sin @2—4a8+ x4 _, . In(1+2x) n

N o tg (A2+ 2x3+ 3x4) ~ jm™ sin (x+x*) ~

- «* 9«—

32. [okasaTb, 4TO

“m m» U

In (IH—sm,q:) In(l+*2+ *3)tg*2 _0
(L_ osX\2
x_>0 v' X tg x X~*0 Il cos x>x



naBa 2

MPON3BOOHbLIE N ANDPDPEPEHUUMATIbLI

§ 1. NponsBogHasa KakK YrsioBoMA KoahpuMuMeHT KacaTeslbHOM

a. OcHOBHas 3ajjaya, KOTOPYID Mbl Teriepb CTaBUM,— 3TO
vccrieapBaHVie Xoda M3MeEHeHNs (yHKLUMN

V= f(x)

C WM3MEHEHVEM (YBe/MyeHeM) aprymMmeHTa.

MocTaBuM cebe TakolA Bompoc! Kak y3HaTb, BoO3pacTaeT
M PyHKUMS, ybbiBaeT /M OHA, M C KakoA ObICTPOTOMA.

b. O6pawascb K rpaguky @yHKumn (puc. 8), nerko
YCMOTpeTb CBSI3b 3TOro BOMpoca C Yr/IoM a HakJioHa Ka-
caTeslbHOM K ocu abcymcc. Ha ydyacTKax Bo3pacTaHUs (YyHK-
uMn (Hanpumep, B Touke M X) yron a nosiokuTesieH, Ha

yyacTKax y6blBaHUA (QYHKLUN
(Hanpumep, B Touke M2 oH
oTpuuyaTteneH. [pu 3ToM Yem
O6bicTpee M3MeHseTca (QYyHKUUA
(Bo3pacTaeT wm  ybblBaeT),
Tem 6oniblie yron a. B Tou-
kax Mj, M,, /N4 pyHkuusa He
Bo3pacTaeT U He Yy6biBaeT; B
armx Toykax a = 0.
BBuAy YyKasaHHOIA  cBf3U
yrosia M MOXHO 6bl/10 6bl MpU-
HATb 3a Mepy CKOPOCTU W3MEHeHUs (YHKLUWUW, NpuYeM 3HakK
yrna a ykasbiBasl 6bl Torga cam xapakTep u3MeHeHusa (BO3-
pacTaHme wnn yb6biBaHMUE).

c. O4HaKo 3a TaKyl Mepy CKOpoCcTWU yao6GHee NpUHUMATb
He camM Yyros a, a ero TaHreHc, T. €. YIJIoBOM KO3(h(ULUNEHT
KacaTesiIbHOA.

3TOT Yr/iIoBOMA KO3PPUUMEHT KacaTesibHOA

a= tga

ana kaxaoid Toukm M 6ypeT cBobi— oH 6yaeT 3aBUCETb OT
MOJTIOXKEHUA TOUKM M Ha KpUBOLA U ByAeT MEHATbCA C nepe-
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MelleHneM Toukn M. A Tak Kak nosiokeHue Toukm M onpe-
nenseTca ee abCUUCCOMA X, TO BbIXOAUT, UT0O a—tga ecTb
HekoTopasa gyHKuma abcumccbl X.

3Ty (YHKUUIO Mbl Ha3biBaeM MPOM3BOAHOLA (yHKLIMELA PYHK-
umm y —f(x). O6o3Haunm ee ogHMM W3 CUMBOJIOB

y

T. e. TaK Xe, Kak W camy (PyHKLUWIO, HO CO 3HAYKOM BBEpXy
(unTaeTca: y wTpux wam f wrpux ot X).

NTak, Hapsay ¢ Kaxaoid gyHkumeid y = f(X) mbl BBOAUM
B pacCMOTpeHVe MpPoOU3BOAHYI (YHKLMIO

wm  f'(X),

a= tgx=yr= f (x),

Bblpaxkallly 06010 YrnoBoiA KOIPPULMEHT KacaTesNlibHOA K
rpaguky ¢yHkuum y= f(x).

Haweid 6nmkaliwei 3agadvein siBAseTcs pasbiCKaHMe maTe-
MaTWYeCKOro BbIpaXeHUs 3ToA PYHKLUUU.

§ 2. lMNpousBogHas KakK npegen

a. KacaTenbHyto B Touke M MOXHO paccmMaTpumBaTb Kak
npeaenibHoe TosIoKEHME CeKyLLEIA M T, npoxogsiieid  depes
Touky M 1 yepe3 6eCKOHEYHO 6/IM3KYH K HeMd TouKy T (Toud-
ka M ocTaeTcsi HemnogBUXHOM, a Touka T K HelA HeorpaHu-
YeHHo npubnmxkaeTca; puc. 9). CooTBETCTBEHHO 3TOMY Yros a
HaK/I0Ha KacaTeslbHOIA K ocu
abcumec MOXHO paccMaTpuBaTb
KaK npegesi NepeMeHHoro yrra
a Hak/oHa cekyweii MT K

i K
ocn a6beuyunce. N3 AMKT wnme- //()
em (MKAAX,  KT= Ay, A
/KMT=2a)) K

AX AX
— a 1
MoaTomy
tga = lim tgalS= lim (1
v [x-*-0 9 Tit0 AX @ Puc. 9

WM BBMAy Toro, uto tga=/'(*) un Ay= f(Xx + AX)—f(x)
(peticTtBuTtensHo, Ay = aT— AM, rge am= f(x+ Ax), AM=
= /(*)), vimeem

M*»-nyE- Vid 2
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b. 3Ta dopmyna n 6ygeT B Aa/ibHEMLWIEM CAYXUTb O
pasblCKaHUSi MaTeMaTUYECKOro BbIpaXeHUs  MPOU3BOAHOIA,
KOra M3BeCcTHO MaTeMaTU4ecKoe BbipaKeHue nepBoHavasibHOMA
dwyHkuum f(Xx). CnoBamn ee MOXHO cthopMy/siMpoBaTb Tak:

[Mpon3BoAHaA ecTb Mpeden OTHOWeEeHUA npupawleHus Ay
(PyHKUMN K BbBBaBLLEMY €ro GeCKOHEYHO MasioMy MpUpaLLEHUIO
AX aprymeHTa (npu cTpemMsieHUW Moc/fiefHero K HyJsito).

Mpu pasblicKaHUW 3TOro rnpegena crnenyet TBepAo MOMHUTD,
yTo X OCTaeTcss MOCTOsSHHbIM (Kak abcuucca HenoaBUMXKHOLA
Toukn M). TMepemeHHbIM ABMseTcs JIn (cTpemsilieeca K HyJIo
BBMAY HeOorpaHW4YeHHOro npuéGaMmxXeHns Toukn T kK M). Cne-
AyeT TakXe MOMHWUTb, YTO Mpedesli OO/DKeH 6bITb oAWMH WU TOT
Xe, He3aBMCMMO OT 3Haka AX, T. e..He3aBUCMMO OT TOro,
npuénuxaeTcs siM Todka T K M ¢ npaBoiA CTOpPOHbI WK Xe
C NeBOIA.

§ 3. TloAcHeHne o6weid Teopun Ha Mpumepe.
YpaBHEHUA KacaTeNlbHOA W HopMasiu

a. Ana nosAcHeHMs TOro, Kak Mpyv nomowim ¢opmynbl (2
NMyHKTa «a» § 2 MOXHO HalATM MaTeMaTu4yecKoe BblpaXeHue
NPoM3BOAHOM, PacCMOTPUM (PYHKLUIO

y = f(x) = \x\

MpomnsBogHasa Yy'—/' (*) aToiA PyHKUUW paBHa npeaeny

Y'= limA= lim /(*+A*W W
Ax-*0/0xu-0 A*
HO 34€ecCb

f(x) = IX\ f(x+AX) = I(x +AX)2

n, cnepnoBaTesibHO,

1 (X+b.x)2—\. x { x U 4-xX\x+(Nx)r—1
Y= Yrol— K— — = MT ——-- — A ~ =
IXNX+ (&X)r n
<=HT —— 7————- — lim I Tx4-Ax) =T x
Sx-*0 ax Jix-<-0 \.z 1 1
NTak,
y'=.1*
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b. B To Bpems KakK 3HadeHWe camMoia (PYyHKL MU

oTBevawllee KakoMy-/iM6o 3HadyeHU X, Kn3o6paxaeTcss opau-
HaTOlA COOTBETCTBYHLWEI TOYKM rpapuka (napabosnbl), C€OOT-
BETCTBYIOLlEe TOMY Y€ 3Ha4YeHW X 3HayeHue NpPoU3BOAHOA

Y'=bX

n3obpaxkaeTca YrsioBbIM KO3DPULMEHTOM KacaTeslbHOIA.
Ha npwunaraemoin Tabnuue

M 4M_, M_, M_, MO M M, M M.
* e. -4 -3 -2 -1 01 2 3 4 ~
y=*jX ... -4 -9/4 -1 - /4 0 /4 1 9/4 4
tga=y'=y x —2 39 1 720 /2 1 3/2 2

[aHbl opAMHaTbl N Yr/oBble KOIPPULMEHTbI KacaTesSlbHOLA Ha-
weid napa6onbl ona Todek ..., /MN_4 M_3 M_,, M_1I M,,
MIrM, M,, M, ... ¢
abcyuccamu —4,
-3, -2, -1, 0, 1, 2,
3, 4, ... (nepBaa cTpo-
Ka Tabnvubl yKasblBaeT
HavMeHOBaHWe To4YeK, BTO-
pas— abcymnccbl 3TUX TO-
yeK, TpeTbs — OpAUHATDI,
HakoHeL,, yeTBepTasd —
yrnoBble  Ko3hpuuneHTbl
KacaTesibHbIX).
Yuawmecs nerko npo-
BEPSAT, UYTO BbIYUC/IEH-
Hble  Hamu 3Ha4vYeHuns
y' = tga coBnagawT C Te-
MW, KOTOpble WMEKTCH Ha
puc. 10. (Hanpumep, B Touke M wumeem «'= tga = 0, u,
LeCTBUTE/NIbHO, 34eCb KacaTeslbHas coBnagaeT ¢ ocbio abce-
uucc. B Touke MTr nveem y'—tga=1, w©n, AeACTBUTENLHO,
puc. 10 nokasbiBaeT, YTO KacaTesibHas B TOuke HaKJ10-
HeHa K ocum abcuwmcc nog yrnom a = 45° n 1. 4.)
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c. 3HasdA yrnoBoii KoahpUUNEHT KacaTeslbHOM, HeTpyaAHO
HanucaTb YpaBHEHWE KacaTesIbHOM. Hanpumep, HalAgem ypas-
HeHWe KacaTesibHoiA B Touke M3 3peck (cm. Tabnuyy) X—b,
y—9/4, tga = 3/2. 3HauuT, ypaBHeHMe KacaTe/lbHOIA B TOY-
ke M3 Kak ypaBHeHWe npsMOiA, NpoxoAsieii vepes TOUKY
M,, (3; 9/4) n wnmelowEei yrnoeoia KoappuuueHT 3/2, 6yneT

9 3. 0. 9 3 9
y 4 2 Y a 2XxX 2
4y— 9= 6x— 18, 6n:— 4y —9= 0.

d. Haigem elle ypaBHeEHVEe HopMasii B Touke M 3 Hopmasbio
HasblBaeTcA Npsmas, rMpoxoAsuias 4yepe3 TOYKY KacaHuUa W
nepneHguKynsapHas KacaTesibHOM. Yr/ioBoA KoahgpuumeHT at
HOpMann HalAgeM M3 YC/0BUSA MeprneHAMKYNAapHOCTU ee K Ka-
caTesibHOIA:

roe a— yr/oBoiA KoapguUUEHT KacaTeslbHOIA B Touke Ma,
paBHbIA, KaK Mbl BuAenu Bbiwe, 3/2. CriegoBaTesibHO,

| 2
a*— 3/2 3"

MTak, ypaBHeHWEe HOpMasin, KaK ypaBHeHVe MpsMOoLA, mpo-
xXoOawei 4yepes Touky M 3(3; 9/4) u umvetolweid yrioBoiA Koad-
buuneHT aj = —2/3, bygeT

y 18 Ty 2 iy

Ny—27= —8n+ 24, 81+ \2y—51=0.

§ 4. MexaHu4ecKoe 3Ha4deHue MpPOM3BOAHOIA

a. PaccmoTpum npsMosiuHeliHoe ABUXEHWe MaTepuasibHoA
Toukn. MyTb S, MNPOMAAEHHbLIA 3TOLA TOUKOA 3a Bpems t, npo-
TeKllee OT Hauyana ABWXeHUs, 6yaeT 3aBuceTb oT t. OH 6y-
OeT HeKoTopoiA (yHkumeid ti

s= f(1).

YTo KacaeTcs CKOPOCTU V ABWXKEHUSs, TO OHa OGyAeT Toxe
MEHSATbCA C M3MeHeHMeM t u Toxe, Kak M S, 6yAeT HEKOoTo-
pota dyHKumein t. Mbl nocTapaemMcsi ceiiyac HalATU MaTemaTu-
Yeckoe BblpaXeHMe 3TOM (YHKLUW, npeanosiaras, 4To MaTe-
MaTuueckoe BblpaxkeHue (yHkumum s—TF(t) umsBecTHo.

b. Ons 31014 uenu BblbepeM KakoM-n116o onpeneneHHbIA
MOMEHT t U1 paccMOTpPUM [OBWXEHME TOUKM 3a OEeCcKOHeYHo
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Ma/IbIA  NpomMeXxyToK BpemMeHun 1, npotekwmia oT mMomeHTa t
[0 6ecKOHeYHo 6/1M3Koro K Hemy MomMeHTa t+ At. Tak Kak
CKOpPOCTb MOXHO paccmMaTpuBaTb KaK HEMPEpPbIBHYK PYHKLUIO
(BpemeHn), To BBUAY OGECKOHEYHOM MasiIocTU MpoMexyTKa Bpe-
MeHM At ee MOXHO NpPUHSATb B TeudeHMe 3TOro MpoMexyTKa
3a MOCTOAHHYK W, crfieAoBaTesibHO, caMO [ABUXEHWe— 3a paB-
HOMepHOe.

O603Ha4yasa 4epe3 As nyTb, MPOMAAEHHBLIIA TOYKOA 3a YyKa-
3aHHbIA 6ECKOHEYHO MasbliA NMPOMEXYTOK BpemMeHW, AN1A CKO-
pocTM B TeyeHMe 3TOr0 MpoMexyTkKa OyaemM WMeTb NpuGaun-
XXEHHO0e BblpaXeHne

L

(MoTOMy 4YTO CKOpPOCTb paBHOMEPHOro ABUMXEHUS BblpaxaeTcs
OTHOWEHMEM MNYTU K BPEMEHM, 3a KOTOpoe 3TOT NyTb MNpoiAaeH).
3ameyas ke, 4TOo K MOMeHTYy U nyTb 6bun

s= f(t),
a K MomeHTy t+ At oH cTan
s+ As= f (t + At),
uveeM Ans As cnegyloulee BblpaXeHue:

As= f(t+ At)-f(t).

CnepnoBaTesnibHO,  MPUG/INXKEHHOE  BbIpaXXeHMWEe  CKOpPOCTHU
oyneT

At~ bl : 11)

Hawwn paccyxgeHua 6yayT Tem 6/mKe K [OEMACTBUTE b-
HOCTW, 4YeM MeHble At. Mo3ToOMy 3a WCTUHHYK CKOPOCTb B
MoMeHT t npuHumMaem npeaen oTHoweHus (1) npy At—* 0,
TO ecTb

Hw £ -  lim JV+*“ >-IV>
11-.0 A0 ar

ANna nydwero yscHeEHWSs BOMpoca MOXHO paccyxaaTb Tak. CuuTas
04eBUAHbIM, YTO CKOPOCTb V €CTb HENpPepbiBHO MEHSAILWANACA BeNMYnHa,
MMelLasi B KaXObIA MOMEHT BPEMEHW CBOE OrpefesieHHoe YMC/ieHHoe 3Ha-
yeHue, AONYCTUM, YTO Hi— HauMeHbllas U V2— Hanbonbluas CKOpOCTb B
TeuyeHWe BCEro paccMaTpUBAEMOro MPoOMeXyTKa (Harnpumep, ANs ABWKEHUS
C BO3pacTatoWEei CKOPOCTbl Hi— CKOpoCTb K MOMEHTY t U V2— CKOpoCTb
K MomeHTy t+ht). Ecnu 6bl Touka ABUrasiacb paBHOMEPHO C HauMeHbLUelA
CKOPOCTbIO Vt, TO OHa, KOHE4YHO, npowsia 6bl U MeHbLMIA, Yem As, nyTb
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VXAt. HaobopoT, ABMrascb paBHOMEPHO C HambosbLUEIA CKOpPOCTbl V2
Touka npowa 6bl GonbwmMiA, dem As, nyTb 42[/. UNTak,
i/ < As < £af/,
oTKyfAa
As
a <ar7 <

B npegene, korga /+ [* conbeTca ¢/, To U V2conbeTcs ¢ npuyem

noslyumBLLAsCA B pe3ysibTaTe MX COBMafeHWsi CKOpoCcTb V GyAeT OTHOCUTb-

cA yXe K MOMeHTy t (c koTopbiM cnwnock /+ Q- W 3Ta npegenbHas
CKOpoCTb V 6yAeT, o4eBUAHO, paBHa Mpefdesly OTHOLLUEHWS

As
A?

TakK KaK, HaxogsCb MOCTOAHHO MeXay 0* N V2, 3TO OTHOLLUEHME, o4yeBnaHo,
OO0/DKHO MpubnmkaTbes K TOMy e npegeny V, K KOTOPOMY CTpemsiTcs
™M n £a

A 3710 (8 2) Kak pa3 coBnagaeT C MNPOM3BOAHOM (YHKLUMN

/(/). NTak, MOXHO HamnucaTb

«= lim 5/= s'= /7(0O-
A<-*0

CnepoBaTesibHO, CKOPOCTb €CTb MPOM3BOAHAA MyTu Mo
BpeMeHW, T. e. npomusBogHas ¢yHkumm f(t), koTopas Bbipa-
XaeT nyTb S uepe3 Bpems t.

c. [Ons nprmepa paccMOTPMM PaBHOYCKOPEHHOE ABWXeHue
MaTepuasibHOMA  TOUKM, CcuUMTas, uTO W3BECTEH MNyTb S Kak
(YHKLUUS BpEMEHMU:

s—Nat2= f(t)

(a— yckopeHune). CorslacHo W3/10)KEHHOMY CKOpOCTb V K MoO-
MeHTy t 6ygeT

nr * nry W -
0—0 A0 ‘
i.a(,+A)2 _ i.a a/A<+ia(Al)2
= lim - - o—- -= lim
,EI/—*O .q/—»o

= IT (a/ +4-apnJl = at.
,q<—>-o£ n lC"l a

Takum 06pa3oM, Mbl MOYUUSIM  W3BECTHOE BblpaXeHue
CKOPOCTU V PaBHOYCKOPEHHOro ABMXXKEHUA KaK (YHKLUU Bpe-
meHn U

v—at.
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34ecb, cnepoBaTesibHO,
s= f(t) = xat\
v—s'—f' () —at.

§ 5. lMNponsBoaHble Tpex MpPoCcTEMLWNX (YHKUMIA

a. Kak yBuaum panee, pasbiCKaHWe MPOU3BOAHbLIX MHOFMUX
(OYHKUUIA CBOAUTCA K pasbiCKaHMIO Mpou3BOAHbIX TaK Ha3sbl-
BaeMbIX MPOCTEMLINX (PYHKUUNIA

xn, ax, N sinjc, cosx, tgm ctg*, arcsinx, arccosx,
arctg*, arcctgx.

MaTemMaTMUYecKMe BbIpaXXeHUs 3TUX MPOM3BOAHbLIX BbIBO-
OATCA pas HaBCerga, M Ux ydauimecs [LO0/IKHbl MOMHUTb Ha-
N3yCThb.

b. MepBoiA1 BbIBEAEM MPOM3BOAHYIO (QYHKLINMK

y= f(x) —xn,

rge M— uenoe nonoxuTenbHoe. 3aecb (aHasoOrMyHo Oyaem
noctynatb W Janblie Ans 0603HayvYeHUA NPOU3BOAHLIX APYTruUX
DYHKUMIA) Hapsgy ¢ o06o03HadyeHUsMn Y' u /' (X) MOXHO Mosib-
30BaTbCA W TakMM 0603HaYeHVNEM MPOU3BOLHOLA:

</'=[*"7.
Vimeem
y'= lim lim N b M = lim n
—*-0 AX-*-0 Nar->0

xA+4-xn-10+ M| ~ 1)x'»a@r)a+ ... + (Ox)a—x"

S 1
O*-»0 ax

nxn-1Ax+” p Dx"-a(@x)2+ ... + (Ox)"

= lim
Ox-<-0 A x
— lim (nx"-1 +"r=K-"-Xm~rAax + ... + (A4x)"-1) = nxn—L
4x-*0\ w 1

NTak, vmeeM npu UesIoM MOA0KUTENIbHOM T
[x'= nx"-1
Hanpumep, [xr]'= 2x; [x3y = 3xr; [@10]'= 100x'B n T.A4.

B uacTHocTu, [X]'—I[XI'= 1ex1-1= x°= 1
NTak,

[x]'-1.
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3TOT pe3ysibTaT MOXHO 6bLI0 NMpeABUAETb U N3 FeoMeTpu-
YecKMX coobpaxeHniAa. [elAcTBUTENbHO, rpadhmnK QYyHKUUKN Y =X
ecTb npsimMasi NIMHUA. A TakK KakK KacaTesibHasi B J1060iA Touke
npsiMoiA JIMHMK, 0YEBUAHO, cCOBMajaeT C caMoMA nNpsamMoiA nu-
HUeiA, To Yr/oBolA KO3((ULLMEHT KacaTeslbHOM TOT >XXe, 4YTOo U
y npamoia y= X, T. e. 1

c. Halagem nponsBoaHyl (QyHKUUN

y —f(X) = \nx

Anpegnosiaras X Mo/IOXKMUTE bHbIM). 34eCb UMeeM

yr= lira i-#= lira
[Lx——0 "~ x L*—*0 A x
. . - n= .
= Ijm In(xdbM - 1Ini = lim lim
D0 Ax-t-0 AX Nnx-fo ApE
OTHoOLWEeHNE

AX
X

6ecKoOHeYHo Masio (BBUAOY OECKOHEYHO Masioro 4YucanTens) u
rnoToMy MOXeT ObITb MpeAcTaB/IeHO B BUAe Apo6u

JIx 1
T =1 (O

¢ 6eckoHe4yHOo 60/bWKMM 3HaMeHaTesieM . M3 (1) Haxoaum

n BblpaxxeHune AOnAa y' nepennuleTca TakK:

Infl-j——~ «In ( 1—" In( 14—
y'=lim ~» = lim-—U-—— =lim -A——,
n-f-x _ M-*oo X n-*cc X
n
oTkyga BBugy lim (1 = Ine= 1 (HaTypasibHbIA Jl0-

rapugm) nosiyuynm, HakoHeLl,

,_lne 1
Yy X X

NTak,
on*r=rt-
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d. Haligem npousBoAHYH (YyHKLNU
y=zf(x) —sin x.

30ecb, MpUMeHsiss opMysly pPasHOCTU CUHYCOB, WMEEM

I _ lim Wx + Ae)— NXx) lim sin (x-f-Ox) sin x __
Y x>0 \y Firvo Ar
n / . AXN\ , AX . AX
2cos(*+y Jsln- , Ax\ Sin“2
= lim -—— ——=s————= Jlimcos (X y j gr-=
A14-0 &X-+0 \ 1 _

2
= cos N-1- cos Xe
NTak,

[sinx]' = cosx.

§ 6. lMNpomsBogHass MOCTOAHHOIN0 U CyMMbl. BbiHeceHue
MOCTOAHHOIO MHOXWUTEsIS 3a 3HaK Mpov3BOAHOMA

a. MocTosAHHOe umcno C Takke MOXHO paccMaTpuBaTb
KaK (PYHKUMIO X. TOSIbKO 3Ta (YHKUUA, B OT/IN4Me OT rpo-
umnx, Ece Bpemsi coxpaHseT 04HO W TO e 3HayeHwe. [MosTomy
N yHKUUN

Y=1x)=C
nveem
f(x) = C, f(x+Ax)=C
n norTomy
y'rUm /(F+**>-2> = |im lim - = |Iim0= 0.
bx-+0 Ax-fo  N1x Ax-cO X Ax-*0
Nrak,

[CI'= 0,

T. e. Mpou3BoA4HasA MOCTOAHHOIO paBHa Hy/IO.
b. [eomeTpuyeckn 3TOT pe3ysibTaT cAaeslaeTca SACHbIM, ecm
BCMOMHUM, 4TO rpaukK QyHKUUN

y==C

ecTb Mpsimas, napasinenibHad ocn OX. A Tak KaK KacaTeslb-
Has B JIO0OA TOYKE MPAMOIA JIMHMM CcOBMagaeT C 3JTOA Mps-
MOIA JIMHVEIA W B paccMaTpuBaeMOM Crlyvae MapasisiesibHa ocu

abcumcc (puc. 11), To yrsioBolA KoaphmumeHT tga KacaTesb-
HOIA paBeH Hy/lio.
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c. MNMycTb y ABNSeTCAS CYMMOM [OBYX WIM HECKO/IbKUX
QYHKUUMIA XI

y=u+v+w Q)
(Hanpumep, Y= Xr4-Inx + sinx). EcnyM Mbl aprymeHTty X
JaouM  6ecKoHeYHOo Masloe npupalieHne AX, To W, V, W Mosy-
yaT cBom npupaweHus Ou, Oy, Ow n nepeiagyT Bu+ [n, v+ Ay,
w+Aw. V3meHeHne U, V, W BbI30-
BET M3MEHEHWEe W Y, KOTOpoe Mosly-
unT cBOE MpupawieHve [y wn nepeid-
[eT B Y+ Ay. Takum obpasom, noc-
fe 3aMeHbl X Ha X+ AX paBEHCTBO

(1) nepeiAgeT B Takoe:

Puc. 1 ~ y+Ay—u+ Au+ V+Av + w+Aw.

Bbluntas n3 Hero paBeHcTBO (1), nosyyum
Ay= [in+ fly + Aw,
0TKyda, Aens Ha AT, viveem
Ay _n . Av , Aw
AX ~ AX ' Ax "0
n, nepexoga K npegeny npu Ox—>0, nosny4vaem
y'—un'+Vv' +w'.
3ameHAs Yy ero BblpakeHnem (1), OKOHYATESIbHO MOXHO
HanucaTb
[u+v+w]'=u+v+w',
T. e. Npou3BogHasdA CyMMbl paBHa CyMMeE TMpPOU3BOAHBLIX Cia-

raembIx.
Hanpumep,

[x2+ Inx4-sinx]'= [Xq'+ [Inx]' + [sinx]'= 2x+ + cosXx.
d. MycTb

y= an, @
roe a— nocTosiHHoe M U— yHKUMA X. Paccyxgas nogobHo
npegbiayLwemMy, MMeem

y+ Ay= a(n+ An) = am + aAu.
BblunTaa otcioga (2), Haxoaum
Ay = aAw,
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0TKyAa, Aens Ha [Ix, mnony4vaem

an an
ar=anpp7

W, nepexoga K npegeny npn Ox—+0, nveem
y'—an'.
3aMeHss Yy ero BblpakeHuem (2), OKOHYaTesIbHO MOXHO
HanucaTb
[am]' = awn’,
T. €. MOCTOAHHBIA COMHOXWUTE/lb MOXHO BbIHOCUTb 3a 3HaK
MPON3BOAHOLA.
Hanpumep, [2sin x]' —2 [sin X]' = 2 cos X.

e. JlokaszaHHOe B MYHKTaX «a», «b», «C», «d» Mo3BosfiseT
HaxoauTb MPOM3BOAHbIe 60slee OBLLIMPHOrO Kracca (yHKLMIA.
Hanpumep,

[4x2- 8x—7]'= [4**]' +[- 8]'+ [- 7] =
=4 —8[xX]'+ [— 7] = 4-2x— 8w+ 0= 8x—38,
[16x3— 10x2+ 2x— 1]' = 48xr— 20x + 2;
[41nx+2sinx]'= -j+2 cosx
[(x— DX+ 2)Y = X2+ x—2] = 2x+ 1,
= | 6*'-2-5**+ |42 =

= 10 (xs— x4+ x3.

§ 7. MpomnsBogHaa CAOKHOM (QYyHKLMN

a. YTo6b1 ewe 6osiee paclmpuTb Kpyr (QYHKUUWEIA, MNpoun3-
BOAHbIE KOTOPbIX Mbl MOXEM OTbICKMBaTb, PaccCMOTPUM MpPOU3-
BOOHYIO CITIOKHOIA (DyHKLUMN

y= f(d(x)) @

(MyHKT «b» § 6 rn. 1). O6o3Hayass C/IOKHbLIA aprymeHTy o (X)
yepes W, VIMEEM

Y—f ), M= ¢ (x). ()]

Mpon3BOAHYIO C/IOKHOM (YHKLMWN J1erKO HAATW, ecrin N3BECTHbI
BbIPa)KEHNSA MPOM3BOAHbLIX 06enx GyHKUMiA (2).

[elAcTBUTENBHO,
y'= Huw = Huw ~ — lim - lim .
Ox-*0 Ox->0 An-*0 Oar-»0
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Beuay y —f (n) nonyvaem

MI_SI—X!FZF &

a BBMAay U—ag>(X) nostyyaem

p‘ L}
ATne = 0'()-
MTak, mMoxem HanucaTb
Y'=T (n)d'(x).

uto BBUAY (1) 1 (2) MOXHO rMepenucaTb B ABYX C/eayowmx
opmax (M = or(x)):

Ve NI'=/7"(eM)a'M 7), 04

/(1 = 7"(«) *. ()

3HauUMT, MPOM3BOAHAsS C/OXKHOIA (hYHKLUMM paBHa Mpov3Be-
JEHVI0 ABYX COMHOXUTeNeiA. MepBbliA ecTb

F(@)=/7"(«)= UT

an-cO Nwn
T. e. MPOM3BOAHAas Yy MO W; [/ ero CocTaBsieHnst 6epem Mnpo-
M3BOAHYIO Y, paccMaTpuBasl BCO (YHKLUMIO LX) = U KaK OAuH
aprymMmeHT.
BTOpoli COMHOXUTESb
P'*)=«'= UT
A*-*o ax

AB/IIETCA MPOM3BOAHOLA 3TOr0 MOCPeACTBYHOLLEro aprymeHTa
no X.

*) 30ecb BecbMa BaXKHO He 3anyTaTbcs B 0603HaYeHUsX. VIMeHHo,
yepe3s y' — [f (n))' o6o3HauaoT MNpon3BoAHble B MPEAMNOSIOKEHUN, YTO apry-
MEHTOM SIBNSieTcA X, TaK u4To

= '= N = i =] i .
= [/(«)] ,D,I:I:ro X AI’I*TOLI'A‘)% , 7] 'E"lil‘l'I_‘lc| Ax

>Kenas 310 0COGEHHO MNOAYEPKHYTb, 4acTo BMecTo Y' u W' nuuyT YK

n ux.
B oT/IMuMe OT 3TOro MNpovM3BOAHYH (YHKUUN

9= /(").
BbIYVC/IEHHYIO B MPEAMNONIOKEHUN, YTO apryMeHTOM fBfiseTcs W, 0603Ha-
yaloT 4yepes YW= f (1), Tak uTO

I w-



Hanpumep,
[In(sinx)]'=-" [sinx]'= " ecosx= ctg X,

[(4x2— 7x + 9)I»]' = 100 (4x2— 7x + 9)" [4x2— 7x + 9]' =
= 100 (4x2— 7x + 9)" (8x— 7),

[In sin (Bx3—4x+5)]'=sn(g"4F+5) tsin (8*3- 4*2+5)]'=

= Sin(8*3-4** + 5) «COS (8x° - 4X°+ 5) 4x2- 8x>=
= (24x2— 8x) ctg (8x3— 4x2+ 5).

b. Mpexpae yem BbIMMCNATL MNpou3BogHbIE Mo dopmyne (3),
MHOr4a rMepenucbiBaloT ee B COOTBETCTBUMM C BUAOM (YHK-
umm f(u).

Hanpumep,

[«"]'= nn"'1m",

[sin n]' —cos n-n'.

Cne,qyﬂ BTOpOI7I N3 HamnmcaHHbIX (*)opmyn, MO>XXHO cpasy
nucaTb
r, . [isin*]' cos* ,
l[_In Sin xi = §i7n — = s7|nx: ctgo X.

c. B Buge nNpusoXeHWs BbIBEAEM MPOU3BOAHYH (YHKLINK

Y = COS X.
Mmeem
[cosx]'= jAsin*-j—Xx)j =.cos(y— [y—x] =
=cos —Xje(— Y= —sinx.
NTakK,
[cosx]'= — sinx.

§ 8. Pa3bICKaHVe Mpou3BOAHbLIX MyTeEM S10rapnpMmnpoBaHns.
Mpon3BoAgHble QYHKUUM XN Npu sioboM N U PyHKUUN a X

a. NycTb TpebyeTcs HAATU MPOM3BOAHYIO (DYHKLMUN

(*-2)2 (*—3 ” 1
y ¢+2)10* >

Norapnmupys, nveem
Iny= 2In (x—2)+ 1n(x— 3)— In(x+ 2)— xIn 10.
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Bepem npom3BoaHbIe 06enx uYacTeni paBeHCTBa W, nMesa

B BUAY, YTO Y €cTb (YHKUMS X W, c/iefoBaTesibHo, Iny —
C/IOKHas (YHKUUS X, TaK 4To

rnosayynm
.2 S In 10,
y X-27" x—3 n+2
oTKyfAa Beuay (1) viveem
Yy T+2

HalAgem ewe npomsBoAHYH (YHKUUMK
t/= (sinxX)*\l

3pecb vmeeM (CM. MYHKT «a» § 9)i

In¥: X* In sin X, 7 = 2xInsin x + sinx

y' —(sin X)x1(2X In sin X+ X* ctg X).

Mopo6HBLILA MyTb pasbIiCKaHUA MPOU3BOAHbIX Ha3blBaeTCs
€cnoco6om sorapummpoBaHus.

Kpome Mosib3bl, KOTOPYK OH MOXET MPUHECTU MpWU Hemno-
CPeACTBEHHOM BbIUMC/IEHUM MNPOU3BOAHbLIX, OH TMOMOXET Ham
BbIBECTM HECKO/IbKO HOBbIX (hHOpMy/l.

b. Mpexnae Bcero npUMEHUM Croco6 JlorapuiMmnpoBaHus
K BbIBOAY MPOU3BOAHOMA (PYHKLMUK

@

npuyem M MoXeT ObITb Tenepb JIoObIM MOCTOAHHBLIM (OP0OHbLIM
N gaxe oTpuuaTesibHbIM). Viveem

NTak,
[xA]' *=nxn—,

T. €. "MeeT MeCTO Ta >e CaMas (popmyna, KaK “ rnpum uesiom
Nnos1I0KNTesibHOM T.
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Hanpumep,

2

[*-»]'= - 2X-»-1= - 2X-»= - "r,

= [-"]' = — nx~—n-1m

&ry nocrieiHiow (Gopmyny
1
BAr-iFT
He JIMLLIHE TOXe 3aMoMHUTb, TaK Kak el MPUXoAMTCs Mosib30-

BaTbCsl [0BOJIbHO 4acTo.
c. Haligem, HakoHell, MpPOU3BOAHYIO (PYHKLMMN

Yy —a*.
Vimeem
In? = jclna, y-=1na, y'= rflna=a*Ina..
NTak,
[@*] = a* Ina.

B yacTHocTH, ecima = e=2,7182818..., To Ina= Ine = 1,
M Mbl N0AYYUM

[e*] = e~
Hanpumep,

[10%4- 2*+ e*]' = 10* In 10+ 2* In 2 4-¢*.

d. BbiBegem elle ¢opmyny AN MNPOU3BOAHOLA

[log. x]".
Ecnn
y = \aBX,
TO
_ 1 _ _ In* r |
x—ay,1 Inx—Xi]'na, Y= T2 ¥ xira
NTak,
[09.T s -
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§ 9. MNpousBogHblEe MPOM3BEAEHMS U YaCTHOTO.
Mpon3BoaHble tg X U ctg X

a. NycTb y—npov3BeAeHNEe HECKONIbKUX (YHKUMIA X

Y= Uvw.
Vimeem
Iny—Inu4 Inu-f In m
[Iny] = [Inu]'+ [Inu]' + [Inw]’,
y' nl vl w’
y " v w *
/I (w %
MRS Nyl v I‘vv)) UVW 0= %—

= u'vw + uv'w + uvw'.
NTakK,
[uvw]' = u’'vw4- uv'w 4- uvw'.
B 4yacTHoOCTWY,
vy = u't»4 uv'.

Hanpumep,
[x2sinxcosA:]' =

= [xZ]' sin X cos X 4- xr[sin X]' cos x+ x2sin X [cos X]' =

= 2X5sin X cos X 4- X2€0s X €0S X 4- X2sin X (— sin X) =
= 2Xsin X €cos X 4- X2(cos2X— sin2x) = X sin 2X 4- X2cos 2X,

XxXIn*]' = [*] Inx4-x[Inx]'= 1-Inx + X ~ = Inx+ 1
b. MycTb
Y =5y
\%

— OTHOLWEHNE ABYX (DYHKUMIA X. Vmeem

Iny=Inu —Inu, })’/—:;—U————V i
thr _ u (v _ v’ N\__ u' uv' _ u'v—uv'
Yy V\n v)- V \2 y? *
NTaK,
r _uv—uv
Hanpumep,
fsini ] [sin x1' x2— sin x fx2]°
|-*2-] : ™ 4 —
COS X-X2— Sin x.2x X COS X— 2sin X
- X B8
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c. HailiaeHHyto opmyly Mpov3aBoAHOLA OTHOLLIEHUSI Mbl MpU-

MEHMM K pasbiCKaHWIO Mpou3BogHbIX tgx wn ctgx. KVwveem

r, y _Tsin*1'_  cosXx-00sX—sSin*(—sinx) _

Le J [cos*J cos*
Ccos2* + sin2* 1

cos2* cos2* '’
(— sin *) sin x—cos *s cos * _
[£!] 'm sin2*
_ —(sin2* + cos2*) _ 1
sin2* ™ sin**
NTakK,

§ 10. Mpown3BoAHblE 06pPaTHLIX TPUTOHOMETPUYECKNX
QyHKUNEA

a. MNycTtb
y = atcsin n.

3To 03HayaeT, u4To

s\y = X, )
0TKy4a, 6epsa npom3BoAdHble 06eMx 4YacTeli W 3amedasi, 4To
sSiny — c/10KHaA (QYHKUMA X, MNoSlyymm

Cosym =L Yy —mie .

OfHaK0 HalAdeHHBLIA pe3ynbTaT BbIpaXeH Yepe3 Y, Torga Kak
BCe MPOM3BOAHbIE Y HACc MPUHATO BblpaxaTb 4epe3 X. lNocnea-
Hee cOeflaTb HeTPYyAHO: COSY MOXHO BbIpasnTb 4epe3 siny,
a 9TOT noc/iedHNiA BBUAY paBeHcTBa (1) MOXXHO 3aMeHUTb Ha X.
Monyynm

= 1 = 1
Yy V 1—sin2y Y~1—xr

Mepen kopHeMm 6epem 3Hak + BBUAY TOro, 4To 3a Yy —
s=arcsinx Mbl TMpUHMMaeM T[/1aBHOE 3HayeHue apKCUHYyca,
T. €. Y €cTb yros, nexawmii B uHTepBasie (— n/2, a/2), n
notomy cosy > 0.

*) BbiBog, dopmyn nyTeM 10raputMmMpPoBaHuUs, KOTOPbIM Mbl C TakuM
YCMexoM Mosib30Ba/INCb, HEXOopoL, Korga npuxoauTca 6paTb sorapum
BbIPXKEHUS, CMOCOGHOI0 MPUHUMATb U OTpULATEsIbHbIE 3HaUYeHUs. OfAHaKo
M Toraa opMysibl TakKKe O0KasblBalOTCA BEPHbIMW. Mbl He MpUBOAUM
noapobHoro pasbopa WM 060CHOBaHUA TaKUX Crly4aeB.

235



NTak,

Earcsin xY= -1 .
J VI—x
b. MycTb
Yy = arccos X.
Vimeem
cosy= X, O0<yc< g,
—sinr/y=1 VY ——-ji-= —— 1 = -— 1
smy Y\ — cos*y | —x*
NTak,
[arccos XN = — y- -1-——.
c. lMycTtb
r/= arctg X.
Nveem
YHy= x,

FVARE 1 1 1
co 'y Yy 1/cos®y 1 tg®y *1 X2

NTakK,
[arctgxJN-jl-".
d. MNycTb
y = arcctg X.
Mimeem
ctgy = X,
1 > 1 1 1
sinay Y Ty 1/sin2y 1+ctg*y 1+ x2'
NTak,
[arcctg = — 4-ljj.

§ 11. CBoAKa OCHOBHbIX (hopMy/1

Cobepem Ternepb BMecTe BCe BbIBeAeHHble HaMu hopMYy/ibl;
L [*»]'=n*»-b [X]'=u1 [/rT-"r.

2. [1n*]'-1. PobXx T -~

M*]'= a*Ina, [e*]'=e*.
[sinx]' = cosx.

Eali o
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5. [cosx]'= — sin*.
6. [tg*]'— 3MN7-
7. [ctgjc]'= sink x¢
8. [arcsinx]'= y- i
9. [arccosx]' =
[ ] Y
10. [arctg *]' =
11. [arcctg*]' = yXjr
12. [C]'«0
13. U+V+ . . +UNI'=u +V + ... Ffw'.
14. au\ —af[u]', a= const.
15 uww]' = u'vw + uv'w + uvw', \W\= U'v + uv'.
jfl: u'v—uv'
16 Yy,
17. /(91 = I'(«)e<’, mm [/(® (*))]'= N (*))p'(*)-
§ 12. AunddepeHuman

a.

MoHaTHe I'IpOI/I3BO,£I|HOI7I AaeT BO3MOXHOCTb COCTaBUTb

0c060ro poga NpUGIMXKEHHOE BbIpaXeHre A/ MpupaleHuns
Ay (yHKUMK, 0TBEYAIOLEr0 GECKOHEYHO MasioMy MpUpaLleHuto

AX aprymeHTa. 4YT06bI cocTa-
BUTb Takoe MNpUBSIMKEHHOE Bbl-
pakeHne, onATb obpaTumca K
rpagmky ¢yHkumn y= f(x).

Ecim M n T — gBe 6ecKo-
He4yHo 6/7IM3KMe TOUKN rpapuka,
nepsas ¢ abcuuccoti X, BTOpas
¢ abcuymccoii X + Ax (puc. 12),
T0 MK —AXx1n KT = Ay cyTb
6eCKOHEYHO Masible mnpupatlle-
HUS, KOTOpble nosy4yalT ab-
cumcca M opguHaTa,  Korga
Touka M KpuBOA nMepemMecTuT-
CcA B TOYUKYy T.

MpnbAvKeHHOe BblpaxXeHne

Ay Mbl nonyyuuMm, ecnuv, BBUAY
Masnioctu ayrm M T, 3amMeHUM 3Ty Ayry oTpeskom ML Kkaca-
TesIbHOIA.

To

roa npupaweHna MK n KL, KoTopble Tenepb Mnosy-

yaT X Wy, cfiedya yXKe He Mo KpMBoiA, a Mo KacaTeslbHOIA,
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o0603HavatoTCcs Yepes dx n dy:
dx= MK, dy= KL
M HasblBatloTCA dx— auddepeHumasiom aprymeHTa, dy— amdg-
(hepeHLMasioM (yHKLIN.
Mbl Bugum, uTo dx= AX, T. e. auddepeHUnan aprymeHTa

B TOYHOCTW COBMadaeT € O6GeCKOHeYHO MasibIM MpupaLleHnem
aprymeHTa.

Uto e KacaeTcs guddepeHumana dy (QyHKUWKU, TO OH,
BooOLLe roBoOpsA, He coBMafaeT C WCTUHHbIM MpupalleHnem
hyHKUMM (paBHbIM KT), a ABNseTcs NUb MPUGIMKEHHBIM
BblpaXeHMeM Jly, TemM /yylwnMm, 4Yem MeHblue AX.

b. 13 O M /Cm wnveem

dy= tga «dx,
a Tak Kak
tga=t/'= /' (),
TO
dy = y'dx—f (x)dx,

T. e avddepeHUman GyHKUUW paBeH Mpou3BeaeHVIO ee Mpoun3-
BOAHOA Ha AudihepeHuman aprymeHTa.
C. BbIiCHUM Tenepb pa3HULY MeXAay WCTUHHBIM npupa-

weHveMm Ay dyHKUuMM 1 ee anddepeHuvanom dy. 13 onpeae-
JIeHVs NPOU3BOAHOIA MMeem

Huw =

CnepoBaTesibHO,

roe a — 6ecKoHeuyHo Manas,
y = (" +a) Ax, @
Ay —y'dx + adx (BBUAYy Ax= dx).

Mbl BUAVMM OTClOAa, YTO WUCTUHHOE MpupaleHue Ay (QyHK-
UMM COCTOMT M3 ABYX C/laraembiX. [lepBoe K3 HUX

y' dx
eCTb 6GEeCKOHeYHO Masias Toro e nopsgka, 4yto M dx (3a
WCK/IIOYEHVEM C/lyyaeB, kKorga y’'—0). OHO Kak pa3 W coB-

nagaet c dy.
BTopoe e cnaraemoe

a dx
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ecTb 6GeCcKOHeYHOo Masnasi rnopsiaka, Bbicllero yem dX, Tak Kak
paBHO npom3BefdeHUo dX Ha 6GeckoHeYHo Maslylo a. OHo
ABNSAETCS pa3HocTbio Mexay Ay n dy —y'dX. FeomeTpuyecku
OHO M306paXkaeTcs oTpeskom Lm.

VTak, UCTUHHOe npupaleHne yHKUMN paBHO AuddepeH-
uvasty (hyHKUUMW, C/TIOKEHHOMY C GECKOHEUHO Ma/oiA a dx no-
psaka, BbiLero 4dem dx.

d. B npunoxeHuax [y 4acTo MOXHO 3aMeHsiTb Ha dy.

e. MOXHO BbICKa3aTb YTBepXAeHue, [0 U3BECTHOIA CTeNneHU
obpaTHoe paBeHcTBY (1):

Ecnn ™Mbl KakMM—-M60 o6pa3oM Bbipasym [y depes Ax —dx
B hopme

Ay = ¢ (¢t)dx + a dx, )
rge a— 6ecKOHeYHO Masiasi, TO HerpemMeHHO
O *) = *, <p(X)dx= dy.

JevicTButensHo, n3 (2) unveem (dx= AX)
I==oM +%, HT-]] = d(x),
7= q(x), dy = y'dx = y(x)dx.
Hanpumep, ecm y —X\ To u3
Ay = (X + dX)2— x2= xr+ 2xdx + (dx)2— x2= 2xdx + (dx)2
Mbl MOXeM Terepb cpa3y 3aK/IluuUTb, YTO
y'= 2%, dy= 2xdx,
rnotomy 4to (dX)2 ecTb 6GECKOHEYHO Masiast MopsiaKa, BbICLLErO

yem dx.

§ 13. OcHoBHble GopmMynbl A9 AnddhepeHLmnanos

a. JOudepeHuman GyHKLUMN N0yYaeTcss YMHOXKEHNEM MpO-
M3BOAHOIA Ha AuvddepeHLMan aprymeHTa:

dy = y' dx.
OTcioga vmveem criegyrowye (Gopmysibl:

1 d(xn)—nxn—1dx, dVXx -,

2. d\Ix=—, X—="—

X a X Ina
3. dax= ax \radx, dex= exdx.
4. dsinx = cosxdx.
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5. dco$x = — sinxdx.

6-dtg "™ - x -
7- d ctg * - sv
8. darcsinx= - —dx
VN\— x*
9. darccosx= —-—-7dx
Y |—x*

10. darctgx=-r" F.

11. darcctg x= — .

12. dC= 0.

13. d(u + y+ t») = d« + dy + dty.
14. d(au) —adu.

15. d\uwv) = vdu + udv.

16 d—*=vdu—u

17. df(u)>=f'(u)du, wwm df (@)= f (b (*)) dip X).

BbiBog nocnegHux naTwv gopmyn (13) — (17) pocturaeTtces
TeM, 4YTO MOC/1e YMHOXEHUS COOTBETCTBYHLIVX MPOM3BOAHbIX
Ha dX MCMNoNb3ylTCs paBeHCTBA

u'dx=du, v'dx=dv, w'dx=dw, ¢ (X)dx= dp(X).

b. B uacTHocTW, nocnenHas gopmyrsa (17) nveet oco6eHHO
Ba)XXHOe 3HayeHve. OHa MoKasblBaeT, UYTo AuddepeHLan CroxX-
HOIA (DYHKUMWN BbIFISAUT TakK Xe, TK e 6bl u—a (X) 6bu1o
aprymeHTOM.

C. 3aMeTuM, 4YTO B C/IOXKHbIX CAy4yasax (rge B BbIpaXeHun
(OYHKLUNN Y4aCcTBYIOT C/I0KEHME, YMHOXEHVE W aerleHve) And-
thepeHuUmnan ypaobHee HaxoAUTb He MO BbIBeAEHHbIM 34ecb Gop-
My/laM, a HaxoAs CcHayasia MpoM3BOAHYHD W YMHOXas ee
3aTeM Ha dx.

dopmyna (17) npeacTaBnseT 3HaUMTESIbHbIE MpPaKTUYecKne
yao6cTBa.

Hanpumep, npumeHsa dopmyny (17), nosydum
d(l —x*)

d tg” = -
arctg”ra I+("I_xl‘)‘ ok

—2xdx — xdx
—~ 22—x*)VT=x* ~ (2-x2

d. U3 copmynbl
dy = y’dx
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Haxoganm HOBO€ BblpaXXeHne I'IpOVISBOAHOI7IZ

/ dy

y -as*

KOTOPbIM O4YeHb YacTOo MOsIb3YKTCA A/19 0603HAYEHUS MpPoU3-
BOAHOIA.
Hanpumep, MNpon3BOAHYI (YHKLUMN

y = f (X) =»sin x

MOXHO 0603HauyaTb O4HUM W3 CrledytolmX croco6os!

dx dx dx &3in*—cos*.

3T0oT crnocob6 0603HaYeHMsA MpUMEHseTcs, Korga QyHKuus,
MPOM3BOAHYIO KOTOPOIA Mbl BbIYMC/ISEM, UMEET O4YEeHb CJI0XK-
HOEe MaTeMaTM4ecKoe BblpaXKeHue.

e. BBuAay TOro, 4To Yalle BCero mMpMxoamMTCs MO/1b30BaTbCA
0603HaYeHNAMUN He MPou3BOAHbIX, a AnddepeHLnanos, pasgesn
MaTemMaTUKW, COAepKallMiA y4yeHue 0 MpPoM3BOAHbLIX W Andde-
peHuManax, a paBHbIM 06pa3oM pas3/inyHble MPUIOXKEHUSA MpO-
M3BOAHbLIX U AuddepeHLnanos, HOCUT HasBaHue AuddepeH-
La/IbHOI0  UICHUCTIEHUA.

f. Mo 7oA Xe npuunHe pasbiCKaHWEe MPON3BOAHOMA KN
anddepeHumana *) AaHHOIA (GYHKUMW HasblBaeTcs AuddepeH-
LMpOBaHNEM.

§ 14. BbIClUMEe NpPOU3BOAHbIE

a. MponseogHas y' = f'(x) ¢pyHkuum y = f(X) B cBOKO ouve-
peob ecTb ToXe (YHKUMA X. MOXHO Takke HaxoguTb ee
npon3BoAHYl0, KoTopas HOCUT Ha3BaHWe BTOPOLA MpOM3BOAHOIA
dyHKkumn 'y —TF(X) n ob6o3Ha4vaeTcs CMMBOJIOM

= (%)
(TeoMeTpMUeckM OHa MpeAcTaBUTCS YI/I0BbIM KO3(h(PULIMEHTOM
KacaTeslbHOIA K rpaduky nepsoiA npomsBogHoiA Y' = /' (X),
T. e. K rpaduky, rge opavHaToii siBnseTcs yxe He y = f(x),
ay'=r(x). 3 _ _

Mpon3BoAHas BTOPOIA . NPOM3BOAHOIA Ha3bIBAaeTCs TPEThEA
npoussogHoiA yHKumMm y = F(X) n o6osHauaeTca cumBofiom

Y= (x)

*) PasbickaHWe npou3BoAHOA W AnddepeHuMana— 3aayn, paBHO-
CUMbHbIE MO TPYAHOCTU, TaK Kak, 3Has ofHy BeSfIMUMHY, TOT4Yac Haxooum
1 Apyryto.
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M T. A TONbKO B OTHOLWEHWN MPOU3BOAHbLIX Bblle TPETLErO

nopsaka o6o3HadeHuna y """,y , ... denawnTcsa y)xe Heyaoo6-
HbIMM 1 MOTOMY YeTBepTYIo, U MATYI0... U Boo6LlEe M- Mpouns-
BOAHble 006bIKHOBEHHO 0603HaYalT Tak:

o4, = /(bl(*),

ybl) _ M)

Mpumep. Ona y= X4 meem

rl'= [x«]'= 4n3, r/'= [4n3]' = 12n2,
y = [12a2)'= 24n;, tfd= [24*]' = 24.
b. MponsBoaHbIe MnopsAaka M 6onblie 1 06bIKHOBEHHO MpV

XOANTCSH HaxoAuTb MocsledoBaTesibHo. CHadasia Haxoaum y',
satem y'—[y'], satem y'" = [«"T n T. a. (cM. npeabloylwmia
npumep). VN Tonbko B HEKOTOPbIX, CaMbIX MPOCTbIX, CAy4asax
M-10 NPOM3BOAHYIO MOXHO HanucaTb cpasdy. BoT aTm cryyam»
1. Y= xn,

y' <=nx"~1,

y"'= n(n — 1)xn,

y'" = n(n— 2 (n— 2) xm—3

N ecniM M— uesioe MoSIOKUTESIbHOE, TO
yf=n(n—1)....-3-2.1,

yw +1)= 0,
YbHI> 0,

2. j/= Inx, 3. y=ekx y—=e*,
t/'==1= jc-i, y' = kekx, = e*
[=» — *=*, y'= k&kx, [/ = <

/" = 1-2nl, y"' = k&kx, y"' = ex,
y“'= —1.2-3n:-%, v@ = fcVv*, 4= e*
4. y= sinn, 5. 7= cos X,
y’ = cosX, 2= — sinsm
"= — sin X, "= — cosxX,
y'" ——cos n, /™ = sin ,
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B cnydasx 4 n 6 BblpaXeHUs NpPoOU3BOAHbLIX Mepuoandve-
CKV MOBTOpPstOTCS uyepe3 4. Hanpumep, B criydae 5 uvmveem

y'= yiv—yM =,...= — sinx.
c. B HEKOTOpbIX CrlyyasiX BbIYUC/EHME BbICLUMX MPOU3BOL-
HbIX 06/1eryaeTcsi MPUMEHEHMEM Tpex 06LWUX (POpMYJI, KOTO-

pble Mbl cetAyac OTMETUM.
1 MycTb

Y= U\ N\ N\EW
MocriegoBaTenlbHO Haxo4UM
y'—un' +o0"' + ... +WwW,
nw=unm +v'+ ... +w"

1 BOOGLLE
y{n) _ wmuw y(m _j_ >t win)f

T. €. -4 Npor3BoaHasA CyMMbl paBHa CyMMe M-X Mpov3BOAHbIX
crnaraeMbIX.
Hanpumep,

X3+ e2]B= X3 + [e«]O = 0+ 252 = 32e2~.
2. TycTb
Y= an,

roe a— nocrosHHoe. [locnenoBaTesibHO Haxo4uMm

y' —an’,
y'=an’,
n BoOGLLE
yb) = an{i\

T. €. TMOCTOSHHBLIA MHOXWUTE/Ib MOXHO BbIHOCUTb 33 3HaK
A NpoV3BOAHOIA.
Hanpuwmep,

o\ = 4 [e¥](P= dex.

3. MycTb
Y —uv,
roe U n Vv— yHKuMmn X. Vimeem

y'—u'v + uv.



Janee Haxogum y':
y’= u'v4-u'v' -fu'v' -fuv",
if=u'v+ 2uv + uv',

UYTO MOX0Xe Ha
N+ N*= bF+ 21+,

Janee Haxogum
u"'v +2u'v' 4-u'v' 4-u"v' 4-2u'v"' +uv',
u™v4-3mvV 436V 4-uv', @

y =
y o
YTO OMNATb-TaKM T[10X0>XXe Ha

1 + n)8= n34- 31 4-3bm24-yA.
AHanorunyHasa dgopmyna
yM - (UV)w *=
«M (Ny4d-y +
rnoxoxas Ha ¢opmyny

(« 4Dn= vn4y bi'-lyd- —\"Du”'V 4

bf«-% "'4-... 4-uy(n),

4-u",

MOXeT ObITb YCTaHOB/IEHa U B c/ly4dae J1t060ro LEsioro roJsio-
XUTESIbHOIO $1; OHa Ha3sblBaeTcst (opMysioia JletibHuua. BbiBo-

OVUTb ee Mbl He Gyaem.
Mpumep. MycTb TpebyeTcA HalATU

X'eT]™.

MpumeHsas 3pecb dopmyny (1D, vmeem
[x22]" = DT ex+ 3 [*']" [e2] +
+ 3 [**]' — [e«]' 4-*2[e2*]"" =
- 0°erx4-3¢ 2+2em 4-3¢ 2x-4en + x*+8etx=
*=erx(12 + 24x + 8x).

§ 15. Bbicwine audhepeHymanbl

a. BBogum o0603HayeHus (YC/I0BHO)

dyy = y"dx’,
d3/ = y™'dx*, (@)
dng= r/<9)dxn,
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roe nog dxn noHumaem (dx)n, T. e. dX, BO3BeAeHHOe B M-t0
cTeneHb. 3TU BbIpaXXeHWs

HasblBaeM BTOPbIM, TPETbUM, ..., J+-M AuddepeHunanamn y.
X He Hado CMelVBaTb C

(dy)2, (dy)3......... (dy)".
Hanpumep, ecnn y= e2x, To

d2/ = 4e2xdx2
b. BBefeHHble HamMU BbiclUMe AUddepeHLManbl MOXHO pac-
cMaTpuBaTb Kak nocsiefoBaTesibHble AuddepeHumanbl QyHKLNN
dy —y'dx,

TONbKO MNpu AnddEPEHLMPOBaHMN YC/I0BMMCA cunTaTb dX ro-
CTOSiHHbIM. [leACcTBUTENbHO, Torga WUMeeMm

d3/=d(dy) = d(y' dx) = dxdy' = dx-y”dx = y"dx2
d3/= d(d%) = d (if dx? = dx2dy" = dx2-y"'dx = y""dxa,

c. M3 dopmyn (1) nmonydaem cnepywoume obuieynorpebu-
TesflbHble 0603HaYeHMs BbICLUMX MPOU3BOAHbIX!

§ 16. AvddepeHumpoBaHNe HeSBHbIX QYHKUMIA

a. OueHb 4YacTo NPUXOAUTCSH PasbICKMBaTb MNPOU3BOAHbIE
(YHKUMIA, 33[aHHbIX HEsIBHO.
MycTb, Hampumep, YHKUMUS 3afaHa HEesABHO YpaBHEHUEM

yr= 2x (1

30ecb y ecTb yHKUMSA X. Ecnuv pewmm ypaBHEHMe 0THO-
CUTEsIbHO Y, TO MOJIyYuM

@)
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3T0 0AVH M3 BO3MOXHbIX MyTeld pasbiCKaHUA MpPOn3BOA-
HoMi. OfHako STy MpPOM3BOAHYIO MOXHO HabATM M MHade
(cp. 88 3 wn 10).

VMIMeHHO, Tak KaK JsieBasd 4acTb paBeHcTBa (1) paBHa rnpa-
BOiA, TO Mpou3BOAHAas JIEBOIA 4YacTW paBHa MpOM3BOAHOIA Mpa-
BOIA yacTU. Ho neBasas u4acTb eCTb CcrioXHas QyHKums (y—
C/OKHBIMA aprymeHT), a npaBas 4acTb— MpocTas.

MoaTtomy

2yy'= 2, IIEI= 1,

»'= T

34ecb Mpou3BoAHasi BbIpaXEHa Yepe3 Y, HO €ee MOXHO
BbIpasuTb U 4epe3 X. BBuay paBeHcTBa (2) Haxoaum

Y'=7Tx

3TOT pe3y/sibTaT BrOJSIHE COBMAAAET C HalAAEHHbIM paHblue
MepBbIM MyTeM.
b. Bo3bMeM Jpyroii MNpuMep:

X2+ xy + y2= 0. (©))
MpupaBHMBas oNSTb MNPOM3BOAHbLIE 06EUX YacTelid paBeH-

cTBa (Hy/Nlb — MOCTOSIHHEE W, C/leA0BaTeNIbHO, MpPoM3BoAHAs
HY/IS— TOXe Hy/b), MO/yYnM

M'+ MUYLY I]'=0,
2xX+y + xy' + 2yy' = 0,
0

y' (2y+x) + 2x+y= 0, (@)
/ _ 2X+Y
y 2 \xX

c. MoAgobHbIM Xe MyTeM MOXHO HaxoAMTb W BbICLUME MPOU3<
BOoAHble (OYHKUWMIA, 33faHHbIX HesABHO. Hatdgewm, Hanpumep, BTO-
Pyl MpoOM3BOAHYIO PYHKLMU, 3a0aHHOIA ypaBHeHuem (3). MNep-
BYIO MPON3BOAHYIO YV' Mbl Y>XX€e Haln, OHa ornpeaeniseTcs paBeH-
cTBOM (4), n 4T0obbl HabATU Y", Mbl MpUpPaBHAEM MPON3BOAHbIE
0benx uacTelh paBeHcTBa (4). Monyumm

rom+yy @+y) @y+ *)-(2x +y)(2y'+1)
1 2y + X\ @y + x)r

OTciofa, 3aMeHsAs y' Ha OCHOBaHWUW paBeHCTB (4), uMeeMm

y=— @9+ *)«
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AHa/IOMNYHBLIM MyTEM MOXHO HalAtTu n y'", yfX\...

d. OdeHb 4YacTo AudepeHUMpoBaHNE HeSABHbIX (YyHKUMIA
BbIMONHAOT, 6epsa He npousBogHble, a AunddepeHumnanbl 06emnx
YacTeiq paBeHCTBa. JTO AaeT TO MNPEMMYLLECTBO, YTO PopMysibl
MoJslyyaloTC BePHbIMW HE3aBUCMMO OT TOro, Kakas rnepemMeHHas
Yy Hac CAyXuT aprymeHToM. [na MOosACHEHWS paccMOTpUM
OoNATb MpumMmep NyHKTa «b»

x2-f XN\« 2= 0.

MpupaBHUBas AuddepeHLMan fEBOIA YacTu audgepeHymany
npaBoiA 1 Monib3yacb opmMmynamu § 13 0THOCUTESIbHO BbIYMC-
NneHusa gugdepeHUnanos, MMeEeM

2xdx + ydx + xdy + 2ydy = 0. 5)

30ecb He crefyeT 3a60TUTbCS, Kakasi MepeMeHHast y Hac
cuMTaeTca aprymMeHToOM: BBWUAY TMyHKTa «b» § 13, Hanpumep,
nveem

d(y*) = 2ydy
He3aBMCUMO OT Toro, OGyAeT /i B BbIPXKEHUU YT MepeMeHHas y
aprymMeHToOM WM Xe GyHKUWEeLA ApYyroiA MNepeMeHHOMA X W
elle KakoiA-nmbo CcoBepLUeHHO HOBOM NepemeHHoMA t. Hapgo
TO/IbKO MOMHWUTbB, YTO 3TOT aprymMeHT [o/DKeH ObiTb 06Wmm
0719 BCEeX 4JIeHOB paBeHCTBa.
M3 paBeHcTBa (5) umeeM pasiee

_ 2 _ 2ty
d y— ——;_\}‘}E/{dx, nwm g){ = — 5

§ 17. OnddepeHumpoBaHne QYHKUMIA, 334aHHbIX
rnapaMmeTpM4yecKMmM crnoco6om

a. Nycrtb
x=0 (0, Yy=3$(t) 6

— napameTpuyeckoe 3agaHune GyHKUMU. KoHe4yHo, WCKYas
M3 3TUX YpaBHEHUIA t, MOXHO 6bl10 6bl NOMYUNTb U 06bIKHO-
BEHHOe YypaBHEHMe, CBs3blBalollee X M Y, WU, MNOSb3YysCb UM,
HalATN

OfHako TakoiA cnoco6 WMHOrAa O4YeHb 3aTpyAHUTesNeH (Ha-
npumep, ecnn ypaBHeHus (1) wn3obpaxawT uukionay), u
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noToMy Mbl MocTapaeMcs HatAU

= Nt ~ 2
/ pon @

HernocpeAcTBEHHO Ha OCHOBaHWUW YypaBHeHWA (1).

b. Myctb AOt, AX, Ay— 6eCKOHEYHO Masible TrpupaweHus
nepemMeHHbIX t, X, Yy (Hanpumep, ansa umknionabl At, AX, Ay
MOXHO paccMaTpuBaTb KaK GeCKOHEeYHO Masible MpupaleHus,
KoTopble rmony4vaT yron t w koopauHatbl (X; y) Touku M,
Korga sTa Touka nepemMecTUTcA B 6GECKOHEYHO 6/1M3Koe Mosio-
XeHne T). Ecnu t— Bpems 1 (X; Y)— KoopAMHaTbI HEKOTOPOIA
Toukn M, pgBmkywerica B nnockocTu X0y, T0 At, AX, Ay
0603HavaldT OeCKOHeYHO Maslble npupaweHus BpemeHn t un
3TUX KoopAMHaT, Korga Touka M nepemelyaeTcs B 6€CKOHEYHO
6/11M3Koe nonoxeHwe T. [ens umcamTenb U 3HaMeHaTeslb Ha
At, nveem n3 (2)

y'= lim A= . (3)

Ho npepenbi

Mbl JIEFKO HalAdEM, TaK KaK HaM W3BECTHbl BblpaxeHusa (1)
Yy nX uyepes t
Beuay ToOro, 4ro

nveem

A BBUYy paBeHCTBa
X= cp(t)
nveem

ALT_O!E = 0'(").

Torga dopmyna (3) nNpuUHUMaeT Bup,

4)
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c. Ewe pas HamnoMHUM, 4YTO B 3TOLA hopmysie Yy' 0603Ha-
YaeT MpPOM3BOAHYK Y MO X, T. €.

-nTth.
M Xenaa aTo 0CO6EHHO MOAYEpPKHYTb, Mbl MOXXeM 0603Ha4aTb

3Ty MPOM3BOAHYH CUMBOJIOM YX, TakK UTo Y' = y'X= Huw
AXx n
3Ty Npov3BOAHYIO HW B KOEM C/lyyae He crieflyeT CMeLuu-

BaTb C MpoM3BOAHOA Y Mo t, KOTOpyw MOXHO 0603HavyaTb

cMMBOsIOM Yt, Tak 4To Yt= Ilim =
'D'_

d. dopmyny (4) MOXHO nepenucaTb U B Opyroia opwme,
6onee yAOOHOMA ANa 3anOMUHaHUS. YMHOXasi uucaiTesls ”
3HameHaTeslb Ha dt, umeem

J oV Qdt

y ~ g (@dt-
Ho ty'(t)dt n ¢'(t)dt cyTb He uUTO WHoe, Kak AudpepeH-
umanbl GyHKUMIA Yy —y™Nt) n X= tp(t), BblUMC/NEHHbIE B Npes-
MoJSIOKEHUWN, YTO aprymMeHToM sBfisieTcs it

m (1) dt —dN)(t) = dy, @' (t)dt= dd (1) = dx,

W, cneposaTesibHO, Gopmynly (4) MOXHO 3anmcaTb elle n Tak|

Y dx dp(t) C
Mpom3BoagHasa (yHKUUW, 330aHHOA MapamMeTpUYecKUM Crio-
cobomMm (1), BblpaxaeTcs OTHOLWEHMEM AudhepeHUMarioB, Kak
M Npy 06bIMHOM 33[aHMM (YHKLUUMW, HO C TOK pasHULEIA, UTO
Tenepb, NpyY BbMUCTEHN anddepeHUpanoB dy u dx, obe nepe-
MeHHbE Y U X paccMaTpumBaloTCA KakK (DyHKUMM aprymeHTa t.

e. Ana npumepa HalAgeM Yr/oBoiA KoathhULUMeHT Kaca-
TesIbHOMA K UMK/Iomae

Xx=a(t—sint)= ¢p(t), y=a(l—-cos/)= p(t)

B Touke M (t) (puc. 13). 3aecb y' MOXHO HaxoAUTb WA O
thopmyne (4), wnm xe no popmyne (5). Monb3yacek, Hanpumep,
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topmyroin (5), nmveem
/_dy__ dla@—cos /)] __ asin tdt
Y ~dx~ d[aft—sin/)J — a@—cost)dt

B Touke M (0) nmeem

tga = «' = ctg0 = oo, a=y.

CnepoBaTesibHO, KacaTesfibHasd K UMK/IOMOe B Hadasie Koopau-
HaT nepneHAMKynspHa ocu abceuucc.
B Touke M (1) nmeem
y' = ctg (a/2) = 0O,

W, OelACTBUTENIbHO, B 3TOMA TOYKe KacaTesfibHas MapasifiefibHa
ocn  abeumcce.

f. B KauyecTBe ynpaxHeHWs pelunM criefytoLylo 3agady;
Ha UMKIONAE HAaATU TOYKY, B KOTOPOLA KacaTesibHasi HakJio-
HeHa K ocu ab6cuwmcc nof, yrsiom s/4.

MycTb t— Hen3BecTHoe 3HadeHWe MnapameTpa. Tak Kak Mo
YCMOBUIO [0/KHO ObITb

(a/4)= 1,

To, cnepoBaTesibHO, t HalAOeTcd M3 ypaBHEHUs
ctgl=1, y =4a/4, t—a/2.

3HauuT, uckomaa Toyka ectb M (1/2). Ee KoopauHaTamu
oyayT

n=a(-"—siny) =a(y — 1) «a-0,5709,

g. UT06bl BbIMUC/INTL BTOPYH MPOU3BOAHYIO Y' (yHKUUN
y no X, 3aMeTum, 4To Y" ecTb MnpousBogHas y' no X, T. e

n, cneanoBatesibHO, BBUAY pPaBEHCTB



BbIpaXalLux X u y' uepes t, ee MOXXHO NpeACTaBUTL B (hopMe
, B FrOe'(0-r])" ¢) o (0

dy" ' (O [¢* (Qla
y dx dep(t) o' (b)dt

V() & (t)-V (1) o"(M
[®" (NI

h. [Odanee, vMea BblpaXeHUA Y’ N X 4epe3 t, Mbl MOXeM
HalAM

df_
y dx

uT 4
i. Mpnmep. Ha ocHOBaHUU paBEHCTB

x= a(t—sin/), = a(1— cost)
Bbillle Mbl Hall/in

y'= ctg 4*
Tenepb Ha OCHOBaHWUM PaBEHCTB

x= a(t—sinf), y'=ctgy
NErko HatAgem
|
dctgy sin2y
Y —d(@E—sint)) ~ a@@—-cost) —
| |

ot ot ot
2sin2—ea-2sin8y 4a sindy
A Ha OCHOBaHMUM paBeHCTB

x=a(t—sin/), y'= ————- r
4a sindy

N1Ierko HalAgem



§ 18. lNpeobpasoBaHne AndiepeHUNanoB K HOBOLA
rnepeMeHHoIA

a. Becbma 4acTo 6OblBaeT, u4TO WM3BECTEH AuddepeHLuman
HekoTopoid dyHKumMn 'y —TF(x),
dy = /' (X) dx,
n TpebyeTca HalATu AudpepeHUMan TOIA Xe (PYyHKUUKW, Korga
aprymMeHToM SIBNISIETCA YXe He X, a HeKoTopas HoBas nepe-
MeHHas t. Tpu 3TOoM QpJaeTcAs ypaBHeHUe, cBsA3biBawowee X

C 3TOIA HOBOIA MEPEMEHHOIA.
b. Ecnu 3aBuvcMMOCTb MpeAcTaBsieHa B SBHOA (hopme

*= (0.
TO 3ajava pellaetca npocto (MyHKT b § 13). A  MMEHHO,
€Cc/IN 3aMeHUM X Ha ¢ (/), To PyHKUMS F(X) obpaTnUTCa B C/IOX-

Hyl GyHkumio /[p(0] nepemeHHod t. BHewHwutd Bug Avd-
thepeHUMana He WU3MeHUTCA, OH OyaeT

dy —f (X)dx,

HO Tenepb BMECTO X Hazo CTaBUTb ((<)|] T. e. Hago B Bblpa-
XeHun /' (X) 3amMeHMTb X Ha g>(t), a BMecTo dX HanucaTb
dog>(t) = 9 (t)dt, Tak uTO Tenepb OGyAeT
dy = f[<P(t)]d<f>(t).
Mpumep. lycTb
y=InXx
Mveem

N= 4 (n

MycTb Tenepb TpebyeTcAa HabATu pguddepeHUnan Hae
(OYHKLNK, cunTass aprymMeHTOM He X, a HOBYI MepeMeHHyto /,
G KOTOpPOIA X CBSI3aHO COOTHOLLEHUEM

X= tg-j (Tak uTo y=\n tg-j). (@)

Tenepb B thopmyse (1) X Heo6XoAMMO 3aMEHUTb ero Bblpa-
XeHnem (2). Monyyum HOBOe BblpaxXeHWe AuvddepeHLmana
B c/eayloweii gopme;

dt



Cc. O4yeHb BaXHO OTMETUTb, YTO A4/ pPELUEeHMS MOoCTaB/leH-
HOIA 33/a4K CoBepLIeHHO He TpebyeTcsa 3HaHUA CaMOA PYHKUNK,
BaXXHO 3HaTb TO/IbKO BblpakeHue ee AuddepeHuunana (cumTtas
aprymeHToM X). 3TO 06CTOATENLCTBO OyAeT BecbMa BaXXHO
B [a/IbHEALLEM.

Mpumep. MMycTb AuddepeHLMan HEKOTOPOLA (yHKUUN Y
aprymeHTa X paBeH

dy —————dx- (Tak ytO y'= ————
V~x+V* { V ~x+ VX)

HalATn gunddepeHuyman ToiA Xe camoid4 (yHKUMKW, cumnTas
aprymeHToM t, yepe3 KOTOpoe X BblpaXaeTcsi Tak:
X=1%*.
Viveem
d(e _ 6t&dt _ 6dt
y~ VI* +V—* ~ t3+ti ~ t+r

d. YacTo 3aBMCMMOCTb X OT t gaeTca B HesBHOMA opMe.
Mpumep 1 MNycTb

dy = (ax + b)ndx.

HatATn dy, cumTas aprymeHToM t, 0 KOTOpbIM X CBSI3aHO
ypaBHeHNeM

ax+b=t. 3

30ecb gaxe He HYXHO BblpaXaTb X 4epe3 t, Tak Kak
BBy (3) vmeem npsmo (cumTas aprymeHTom t)

(ax+ b)n= tn, adx —dt, dx=7,
W, crenoBaTesibHo, HOBOe BblpaxeHne ana dy OyAeT TakuM:
d\y: th— = Et"dt.
Mpumep 2. MNycTb
dy = x3(1 + 2x232dx, 4

npuyem
1+ 2= t. ®)
Vimeem (cumTasi aprymeHTom t)
Axdx —dt, dx= 4~*
4x
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CnepoBasio 6bl, KOHEYHO, MOACTaBUTH Clofa BbIpaXeHue X
yepes t, nNpepBapuTesibHO Hataga ero m3 (5), M MNOACTaBUTb
TO XXe BblpaXeHue B

X3(1 + 2x232

Ho ™Mbl caenaeM 3TO MoOKa TOSIbKO 4aCTUYHO, HarmucaB B Bbk
paxkeHnn dy Tosbko t BMecTo 14~ 2x2 [Mony4ymm

dy = x332--= 1 xH32dt.

3ameHum Tenepb X Ha t. N3 (5) nmeem

M MOTOMY HOBOE BblpaxkeHue Ana anddpepeHymana 6yaeT Takum!

e. BecbMa Ba)KHO OTMETUTb, YTO HOBOE BbIpaXeHue Aud-
thepeHuMana MOXeT Moay4MTbesa 6osiee MPOCTbIM, YeM cTapoe
(cm. pa3obpaHHble MpUMeEpbI).

§ 19. YnpaxHeHus

JokasaTb, 4TO:

L x2—y*7+ -Xe— —|/15] =8 (x7— Xe+ X6— X4).
2. X3+ 2x+2]'= 2(x+ 1.
M3—1
3.
4. (X— D(x*+x+ 1)]'= 3x2

6. Tx— N3'= 3(x— N2
7. (X2+ x4-3) (x24- N = 4x3+ 3x2+8x+ 1
8. [IncosA:]'= — tgx.

10. [im(0,25j4— 0,87n:3+ 0,1IX + 1,37)]' =
x3— 2.61x2+0,ll
0.25*4— 0,87x3+ 0,11x4- 1,37 '

11.
12. [(sin)" = sin 2T, [(cosXx)2]'= — sin 2.
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13, [(X*— 2x4+ 3x3— 4x2+ 5x—6)4]' =
4 (X5— 2x4+ 3x3— 4x2+ 5X— 6)3-(5x4— 8x3+ 9x2—8x+5).
14. [Incos(1,5m2— 12x+9)]' =
= — tg (1,5a2— 12a + 9) (3x— 12)
15. [In(pa«+1)-1n(x*-1)]'— p3p.

16. [In (a + bx+ cx2]' = .
17. [x4V x] =y x3K x.

18 [x Yx°]'=rYx*.

19. =
20. [Y X] = —=
[ } 3j/*2
21
XV xJ 2*23 X
*34 *¥2_fx_f 11° . 1
22. x* | Xa XA
23 *4__3x3+ 212+ Xy J 17 2 15 ,0] I\
T mm——— y=x——"—J ~ ' x\2 T x ~N~2x)"
CenlfN = i ! L
24. V—x  J fyxx—y;x—zr]rq(
[0.6j/*-H,5 j/* 4—42-fx3 .
25 I — = 1—x-T—x-bl

26. [r*(x3— 3x24-6x—6)]' = x3F*
57 ex(2>—1nl'

xeL

28. ~=~(Inx)2—1 Inx +”" j = x3(Inx)2
29. xInx—x]'= Inx.
30. [x2-2*sin 2x]' =
= 2*(2xsin 2x + x2In 2 sin 2x + 2x2cos 2X).

In*j" 1—In*
31. 0
14 4ntg x 1* Intg x
32. tg* J sin2*
33 sin*—*cos*|"' *2
[*sin*+cos*)J (*sin *+ cos *)* m

34. [tgx ctgX] = sin2- cos2X



35. [arcsin Vx]
2Y x-x* "
6 Y—3
Co2are < (TT)]  x—ttl
37. jBInx— 3 = 3x4nn;.
38. [4(sinx— 2 sin®X) cos *]' = 4 cos 4x.
39. H(m?m+-5F + se)]
40. Insinx— R_ ongx\l =xclg*x.
x7
41. Intg*]". sin x
42. i tg»x+Incosxj = tg3x
1 "I e
43. —yctg2*—Insinx = ctg3x.
. \%
44.  arcsin I+ x5 I+ x 2
45. i ?
arcsin Y fe ? ] V (*s_an) (b °
1
46. [In g+ V 1+ *9)]' =
[in T= it m
47 YV a2—*2+ -yarcsin -jj =V a3—x*~
48. A P —
1 int~+ Tarcr'(F=T147-
49.
ac« ] Y rpfll) .
50.
51. - = - ' arcsin j:
7EE4 navosE?lt (o -
52. d — t*~ax= (e*— e—a*)dx, d sin (/4x + B) =s
—/N cos (Ax + B)dx, dcos (Jix+ 5) = — A sin (Ax + B) dx,
d*(t+“h 7 Z "ry i(B- Axr~

Al B-A"MNY™*,

drarctS (“ + PO= I+ (@+p?e

256



53. Moa KakMM YrsioM HakJloHeHa K ocu abcumce Kaca-
TeNbHasA K CUHycomae B Hadasie koopauHaT? OTBeT-, a = 45°.

54. ToT e BOMPOC B OTHOLWEHUM TaHreHconabl. OTBET:
a = 45°.

55. HanwucaTb ypaBHEHWSA KacaTe/lbHOMA W HopMasin K
KpmBoiA Y —X3— 3xa+ 9 B Touke c abcuuccoth — 1. OTBeT:
9OX— «/+14 = 0, Xx+9y—44= 0.

56. Ha kpmBoiA *= —j HalATM TO4UKYy, TrAe KacaTesflbHas
Hak/lIoHeHa K ocu abcywucc mog yrnom a) —30° b) — 45°;

c) —60°. OTBeT: a) A 3'T171'I/I y13
b)(1;1)u(-1;-1);c)*"; ¥ 3*um(-yjl -Yys3

57. Ha «kpmBoA Y= X3—2X2+2X— 1 HaATN TOUKY:

a) B KOTOPOIA Yr/ioBOIA KO3(ULMEHT KacaTeslbHOIA paBeH 2
b) B KOTOPOIA KacaTesibHass Hak/loHeHa K ocu abcuucc nog
yrnom 45°. OTBeT: a) (0; — 1)

n (4/3; 13/27); b) (1/3; — 14/27)

Puc. 15

58. K To4 e KpUBOLA MPOBECTU KacaTesibHYy MnapasisiesibHo
’%3?} ny—bx—9.

59. K kpuBoA Yy —3X3 MNpoBecTM KacaTesibHyH Moz, Yrjiom
45° Kk ocm a6beymcc. OTBeT: 9Xx—9y— 2= 0.

60. K TOl4 >Xe KpMBOLA NPOBECTU KacaTesibHYK Tak, YToObl
OHa npowia 4epes Touky (2; 12). OTBeT: 9*—y—6= 0.

npsmoiA y = 6m:+3. OTBeT: y —6X +

61. K mapabone y= 1 X2npoBecTu HOpMaslb NapasisiesIbHO

npamoin y2—2n:+ 3. OTBeT: y= 2+ 9.
62. [lokasaTb, 4YTO KacaTesibHasa K napabosne y=ax2(puc. 14),
nposBedeHHad B Touke M c opguHaToo YO, oTcekaeT Ha OT-

9 3nemeHTbl BbICLUEV Maremarvki



pyuuatensHoi ocnm Oy 0TPe30K AOJINHOW, PaBHOIA  opaviHaTe
TOYKN KacaHuA.

63. [ paBHOG0O4YHOUA runep6osibl Y —k/X nokasaTb, 4TO
0TPEe30K KacaTesIbHOIA, 3ak/I0YEHHBbIA MeXAy 0ocAMW, AennTcs
TOYKOIA KacaHMA Ha [Be paBHble 4acTWw.

64. Touka M paBHOMEPHO ABWMXETCA MO OKPY>XHOCTU
pagnyca R (puc. 15). MonHbIA 060poT OHa Aenaet 3a T ce-
KyHA. HalATu 3akoH ABukeHus Touknm M r— npoekuun M Ha
ocb OX (HalATM X Kak GyHKUM t) u onpefnennTb CKOPOCTb V
OBUWXeHUs Toukn M it ecnn mM3BecTHO, YTO B Hadasne [ABUXe-
Hua (T. e. npn t= 0) Touka M Haxogunace B MO, npuuem

/_xOMO= a. Omeerm X=Rcos™™ + a”, vV—X —
2nR . [2nt \
S L Sln![ : j-
65. HalitTm y" remy—V |—x20TBeT: y'= — L, m
66. Hatitm  y'™, ecnu n= Wx. OtTBeT: n" —
2 cos2j; 3sin8x
cos4 X

67. HalAtn y’", ecnm y = xi \nx (no gopmyne JleiA6HNLa).
OtBeT\ y'" —Xx2(47 + 60 In X).

68. Hatitm yn), ecam y—e—ixsinx. OTBeT-. yw —
—e—~\c (7 sin ji— 40 cos X).

69. Hataitu ym, ecm  y= xcos*. OTBeT: yw=
= a:cosa:+ 8sin*.

70. Hatitm y' wn y", ecnun yr= 2px. OTBeT: Yy'= ply,
y'= —piy*. - -

71. HailATn yrnoBoiA KOIPPUUMEHT KacaTes/IbHOIA B TOUKe
¢ koopauvHaTamu (KN y): a) a8 annunca

X2 1R BX
b) ona runep6osbl —-p-=1. OTBeT: a) y'= —

72. Hathtm y' wn y", ecim Xy+Xx +y+ 2= 0. OTBeT".
>  Y+1. .n_ "~ y+)
y x+1’' vy (x+1)a
73. [okas3aTb, UYTO YypaBHeHMe KacaTeslbHOA K Mapab6osie

2= 2px B Touke (*; Y) MOXHO NpeAcTaBuUTb B opme
y\Y= p (X + X),

roe X U y— nocTosiHHbIe KOOpAMHATbl TOUKM KacaHus, a X

n Y — TeKkyline KoOpAMHaTbl KacaTesibHOIA (T. e. KoopAaMHaTbl

JH060IA TOUKWN KacaTesIbHOMA— TO0, YTO Mbl B OTHOLUEHUWN JIMHUW
06bI4HO 0603HayYaemM 6yKBaMWU XHY).
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74. [okasaTb, UYTO YypaBHEHMWE KacaTesIbHOM K 3naurcy

+ —p—= 1 B Touke (*; Y) MOXHO MNpeAcTaBUTbL B (opme

75|./Q,£|,0Ka3aTb, YTO ypaBHEHWe KacaTesibHoiA K runep6ose
gg— -p =1 B Touke (X\'Y) MOXHO MpeAcTaBUTbL B (hopme

a2 o

76. [oka3aTb, 4TO KacaTesibHasa K napabone y2= 2px,
nposegeHHas B Touke M, ob6pa3yeT paBHble OCTpble Yr/bl C
npsmoiAi MF (F—dokyc napa6onbl) n npamoian MT, napan-
7enibHOA ocmn  abeumcc.

77. Ooka3aTb, 4YTO AOJ/19 3/1IMnca paccTosHUA OT (POKYCOB
[0 KacaTeslbHOM MpomnopLMoHasibHbl PacCTOAHUAM OT (hOKYCOB
[0 Toukum KacaHumA. OTclofa BbIBECTW, YTO KacaTeslbHasd B
Touke M o06pa3yeT paBHble ocTpble Yr/bl ¢ npambimu MFX
n MF (Fi n F— dokycbl annvnca).

78. Ana rynepbonbl AoKa3aTb, YTO KacaTesibHas B Touke M
nermt nononam yron FtMF (Ft n F— doKycbl rmnep6onbi).

79. [okasaTb, 4YTO ypaBHEHME KacaTes/lbHOM K paBHOG0Y-
HOUA runepbone Xy —k B Touke (K\Yy) MOXHO MpeacTaBUTb
Tak!

yX + xY —2k.

80. [loka3aTb, UTO ypaBHEHWE KacaTeslbHOA K OKPY>XXHOCTU
(m—nr+ (y—ma= a2 B Touke (5, Y) MOXHO rMpeacTaBUTb
B hopme

X—T)(X—T1)+(y—n)(Y—n)= a2

81. HatAiTm ypaBHEHME KacaTesiIbHOIA K  OKPYXXHOCTU
{X— 2)a+ («¥— 3)a= 5 B Touke ¢ abcyuccoti x=4. OTBeET:
2X+y—12= 0, 2x—y 4-6= 0.

82. lNpoBecTn KacaTes/IbHYH K OKPYXHOCTU X2+ yr= 2
napasinenbHo  npamoiAa X—y—4. OTBeT: X—y—2= 0,
X—y+ 2= 0.

83. N3 Toukn (— 1; 3) nNpoBecTU KacaTesSIbHYI0 K OKPYX-
HocTn X*+y*= 2. OTBeT: X+y—2=0, 7x—y+10= 0.

84. HalATn y' wn y", ecnim X= acost, y= bs'mt. OTBeT:

—_ - anan-
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85. HaAimn yrnoBotA KoappuUMEHT KacaTesSlbHOM K KpUBOIA,
3a4aHHOMA MapameTpuUyecKMMN YpaBHEHUSMU

3at 3at4
X~ 1+r3°’ Y~ [+7T®
- , 61_ . 2t—t*
B TOYKe, OTBevYalolem 3HayeHuo T. BeT., y= t .

86. Hatatn r/', ecrin *= cost+ tsin/, y= sin/— tcost.
OTBeT: y'= tgt.
87. Halatny', ecnn X— Y= . OTBeT: y' —

(2-0» 4+ Q
~ 3/
88. HalAtn y', ecsim x= acos3l, y —bs\n3l OTBeT: y'—

89. Ha uuknonge HalATM TOYUKY, B KOTOPOLA KacaTeslb-
Has HakJloHeHa K ocu ab6bcuucc nog yrnom 30°. OTBeTa

MTUYUbO -"))-

90. CocTaBUTb 06L€E ypaBHEHME KacaTes/lbHOMA K LMKJI0-
noe X= a(t—sintf), y= a(l— cos*)b Touke, oTBevaroLEeiA

3HavyeHMto t napameTpa. OTBeT; Y—a(t—cos/)=ctgyX

X (X —a(t—sin/))*
91. AOunddepeHuman HEKOTOPOLA (PYHKLMW paBeH

, dx
Y ~~x\nx ’

Hatim anddepeHuman Toi e PyHKLUUN, cunTas apryMmeHTom t,
0 KOTOpbIM X CBfi3aHO ypaBHeHMeM X —e* OTBeT: dy="~.

92. faHo dy— e HailATn HoBOe BblpaxeHue dy, ecsin
1+ Xr—t+ X. YkKasaHugx cHadasnia BblpasnTb X 4epe3 t.
OTBeT: dy="~.

93. To e camoe, ecm
*-T7Tr$=*" n=*=r-*-n.

Omeemi dy — {
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94. To e camoe, ec/m

dy= Y T=kdx>

Oreer: dy= (_,Zil*lt

95. To e camoe, ec/nn

ex —e-x
dy— exMe-x dx,

OTBeT: dy= dt.

96. To e camoe, ecsn

. dx
Yy 2sin gc+3 cos n ’

OTBeT: dy= .



FnaBa 3

NMPUNOXEHUNA AUNSOEPEHLIMAJIBHOIO
MCUYNCNEHWNA

§ |. HenpepbIBHOCTb MepBoiA MpoU3BOAHOIA

a. Kak yxe 6bu10 ckaszaHo B rnaee 2 (§8 1), uccneposaHvie
xoAa W3MeHeHust yHKuunM y —F(X) TecHo cBA3aHO C u3yde-
HVEM 3HakKa W BeSfIMYMHbI MPOM3BOOHOM 3TOA PyHKUMK Y' —
= f (x).

b. 3Ty npousBogHYIO Mbl 6yfem cuMTaTb HernpepbIBHOIA
yHKumer X. Ho ecrim y' = /' (X) C U3MEHEHMEM X MeHseTcs

HernpepbIBHO, TO 3TO 3HAYUT, YTO HEMNPEPbIBHO M3MEHSETCA
YI/I0BOIA KO3(hUUMEHT tga KacaTeslbHO, a criefoBaTesibHo,
HEerpepbIBHO M3MEHSeTCA WM caM YroJl a Hak/l0Ha KacaTeslbHOMA
K ocu abcumce, T. e. MpU OBWXKEHMM Toukm M  no KpuBoiA
HanpaBJ/lIeHMe KacaTeflbHOA W3MeHsieTca  HenpepbiBHO. Ha
puc. 16 yrosn a nnaBHO YMEHbLUAETCA NPU ABMKEHUN TOUKU M
BMpaso.

TaknMm 06pa3oM, HernpepbIBHOMY W3MEHEHWO MepBOLA Mpo-
VBBOOHOIA OTBeYaeT HerpepbiBHOE W3MEHEeHVe HanpassieHus
KacaTesIbHOIA.

C. Mpumep paspbiBa MNepBoOiA MPOM3BOAHOM AaeT YHKLWS
rpauk KoTopoih mn3obpaxeH Ha puc. 17. 3pecb, Korpga
Touka ABWXeTcs Mo KpmBotkA AO, yron a HenpepbiBHO YMeHb-
waeTtca oT 0 go —45°. CneposaTesnibHo, U Yy'—tga Henpe-
pbIBHO yMeHblUaeTcd oT 0 go — 1. Korpga e Touka M npo-
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XOOUT 4epe3 Ha4yaslo KoopauHaT, Yrosl a [fenaet CKadok
Ha +90°, u3meHsasAcb cpa3sy oT —45° o 45°. 3HauuT, Yy' =
= tga penaeT ckadyok oT —1 pgo +1. Mpu panbHeriwem
OBkeHnn Toukm M no kpmBoth OB yron a HenpepbIBHO
yMeHbluaeTcsa oT 45° go 0. CneposaTesnibHo, YV '= tga Henpe-
pbIBHO yMeHbluaeTca oTr 1 go O.

Takum o06pasom, Mbl BUOMM, 4YTO npousBofdHaa z/'= tga
(OYHKUNU, UN300paXEHHOM Ha puc. 17, npym *= 0 TepnuT
pa3pbiB HENpPepbIBHOCTW, He uMesas A1 3TOro X HUKaKoro
onpefesieHHOro 3HayeHus, W, Kpome TOro, npegesi, K KOTO-
pomMy CcTpemMuTcs Y' ¢ npubavkeHneM X K Hynw, 6yaet pas-
Hoih (— 1 wm +1) B 3aBUCMMOCTW OT TOro, npuUbMKaeTca
JM X K HYJII0 CO CTOPOHbI OTPULATESNIbHBIX 3HAYEHUIA WM Xe
CO CTOPOHbI MOSIOKUTESIbHBIX 3HAYEHWIA.

d. pagmkK QyHKLNN

y=V 1— cos2*

MOXoXX Ha rpapukK (QYHKUMU, WN3006paKeHHOA Ha pwuc. 17
(nepen, KopHeM 3HaK nutoc). [JelACTBUTENIbHO, BBUAY Sin2* +
+ cos2* = | wumeem 1— cos2* = sin2*. 3Ta PyHKUMA no ab-
CO/MOTHOM BefiMuMHe coBnagaeT ¢ sin*. lMpu * nonoxmrenb-
Hom (0<*<In/2) sin* nonoxmtesneH W, crenoBaTesibHo,

V 1— cos2* = sin*.

Hao6opoT, npu * oTpuuaTtesibHoMm (— n/2.2* < 0) sin *
oTpuuaTenieH u

V 1— cos2* = —sin*,

§ 2. BospacTaHne n y6biBaHWE QYHKUWMIA.
MakcMyM 1 MUHUMYM

a. B 8§ 1 rn. 2 Havn Oblla BbISiCHEHa CBSi3b, KOTOpas
CYLLECTBYET MeXAy BoO3pacTaHMeM W Y6biBaHWEM (YHKLUU
Y m=/(*¥)
M 3HaKOM ee MepBOLMA MpoV3BOAHOIA
Y'=T1l o -
WMEHHO:
B MHTepBas/1axX BO3pacTaHUA (QyHKUUN
y'=1(*)> 0;
B MHTepBa/1ax ybbiBaHUA (yHKLUUN
y"\l‘ (*)<o.
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Hanpumep, ¢yHKUMA, rpapuK KOTOPOiA n306pakeH Ha
puc. 18, Bo3pacTaeT B MHTepBasiax (a, /%), (13, x4, (XB X,),

Puc. 18

B mepBbIx NATV MHTepBanax y' = tg a MosoXUTEsIEH, B UeTbE
pex nocriefHUX y'= tga oTpuUaTesieH.
b. Ocob6eHHO cr/liefyeT OTMETUTbH TOUKU

ANl» N2» ~8» ~N4» A5 Ap> AT» A8
Hawero rpaguka, oTBedalolme abecumccam
*11 *2> X3, XU 75> A

Bo Bcex 3TWX TOYKax KacaTesibHas MmapasifiesibHa ocu abeumco
W, c/efoBaTesibHO, €e YI/I0BOA KO3(D(ULUMEHT paBeH Hysio,
TO ecTb

tga=i/'=rW =0 npu X= XU XTI, X3, *4, X6, xt, *,, *8

Cc. B uacTHocTu, Korga X, Bo3pacTasi, MpoXoguUT 3HaveHue
X—Xi, tdyHkuma f(x) nepexoguT OT Bo3pacTaHUs K YOblBa-
Hu. Mpn X—Xi  f(X) nmeeT MakcMmyMm. HeTpyaHO BUAETH,
uyTo, KpoMme X = XIt Hawa yHKUMA VMeeT MaKCMMyMbl U Mpu
X = Xr,

d. Korga X, BoO3pacTas, MpoxoguUT 3HadyeHue X= X3
f (X) nepexoauT OT y6biBaHMA K Bo3pacTaHuto. [lpn x= X3
f(X) veeT MUHMMYM. HeTpyaHO BMAETb, YTO, Kpome X=X3,
Hawa (YHKUMA VMEET MUHUMYMbI U MpU X = Xb, XB

e. Korga X, Bo3pacTasi, MpoXoAUT 3HayYeHMe X = X2 (yHK-
uma f(X) nepexoguT OT YObIBaHUS K YO6bIBaHU. Mbl BUAMM,
YTo MNpU X= X, MPOUCXOAUT JIVWb HEKOTOPOe 3amensieHne
B YObIBaHUN (QYHKLNN.

f(X) nmeeT TOuKy 3amen/ieHUss NpU X —XxX (TOUKM 3amepn-
JIeHNSi— YaCTHbIA BWA TO4YeK nepervba, 0 KOTOPbIX OyAdeT
CKas3aHOo Mo3aHee).
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TouHo Tak e f(X) vMeeT Touky 3ameasieHuNa 1 nNpu X=Xxt,
TOoNnbKo Mpn X=X, f(X) nepexoguT oT BO3pacTaHUA K BO3-
pacTaHuio.

f. NMpumep. Ana dyHKUMN

y =*?
(puc. 19) nmveem
y'= 2x

MponsBogHas Yy’ oTpuuaTesibHa MNpU OTPULATESIBHBIX X W
MosIOKUTENIbHA MPU MOSIOKUTESNbHbIX X. 3HA4YUT, paccMaTpu-
BaemMas (yHKuUumsa (rpadpmk ee— napabona) ybbiBaeT, Korga X

npoberaeT oTpuuaTesibHble 3Ha4YeHWsA, W Bo3pacTaeT, Korga X
npo6eraeT MoNOXUTENbHbIE 3HAYEHUA.

Mpn x=0 wumeem y'=0, npuyem GYHKUNA nepexoguT
0T yb6biBaHWSA K BO3pacTaHuio, T. e. npy 1—0 Hawa @QyHK-
UMsa MMeeT MUHMYM.

g. Mpumep. Ona yHKUUN

Y =x*
VMeem
y' —3xs.

Mbl Bugum, 4TO Yy' BCe BpeMs MosiokuTenbHa (Kak npu
OTpULATESIbHBIX, TaK U MNPU MOSIOKNTESbHBIX 3HAYEHUAX X),
KpoMe 3HayeHua * = 0, Korga OHa paBHa Hyso. 3HauuT,
paccmaTpuBaemMas (YHKUWUA BCe Bpems BO3pacTaeT U TOSIbKO
npy X= 0 vMeeT Touky 3amegsieHus (puc. 20).

§ 3. lMpunoxeHne K MOCTPOEHUIO TpapuKoB

a. Ecnn TpebyeTcsa MocTpoUTb Fpagmk yHKummn y = f(x
Ha pgaHHoMm oTpeske [a, b], To 4NA yAcHeHUA ¢GopMbl rpaguka,
04YEBMOHO, A0CTATOYHO MOCTPOUTHL JiMWb TOYKMW, OTBevarLime
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3HaYeHUsIM X= a, X= b K, KpomMe Toro, TeM 3Ha4YeHUsIM X
13 mHTepBana (a, b), ANsS KoTopbIX
/ =n*)=0.
CnepoBaTesibHO, KpOMe Haya/ilbHOA U KOHEYHOUA TOYKM
rpatumka Hafio MNOCTPOUTD €Lle ee TOUKM MaKCUMyMa, MUHUMYMa
N 3aMefsieHuUsi, T. €. BCE TOYKM rpaduka, B KOTOPbIX Kaca-

TeNbHaa MapannesnbHa ocn abecuymce (cM. puc. 18).
b. 0219 NOACHEHMA NOCTPOUM FpadmK QYyHKUMN

y = 0,15xs— %3

Ha oTpe3ke [—3, 3]. 3gecb nepBas nNpou3BoAHas paBHa
y'—0,75m:4— 3e2= 0,75n:a(12— 4).

UT0Obl HalATM TOUKM MaKCMMyMa, MUHMMYyMa W 3amen/le-
HWS Hawero rpaguka, Hafo HalATM BCe Te 3Ha4dyeHus X, npu
KOTOpbIX

y'= 0,75nm:2(x2— 4) = 0.
310 O6yfeT npm st= 0, a Takxke npu
X2—4=0, Xx2= 4, x—=x2.
NTak, Bce 3HadyeHUs X U3 UHTepBasia (—3, 3), NpU KOTOPbIX
y’'—0, cyTb
X=—2; 0; 2

CornlacHO BbICKa3aHHOMY B MyHKTe «a» 0blemy npasuay

CTPOMM TOYKM rpauka, OoTBeYalLme 3HaAYEHUAM
X——3; —2; 0; 2; 3.

COOTBeTCTByIOLLI,VIe opanHaTbl TaKoBbl!

f(-3) = 0,15+(—3)5— (—3)s- -9,45, f(2)- -3,2,
/(-2) = 0,15-(-2)5 — (—2)3= 3,2, /(3) - 9,45,
/(0) =0.

Mbl MOXeM OCTPOUTb BCE WHTEpecyllMe Hac TO4YKU
rpamkKa COOTBETCTBEHHO C/IefylOLIEiA Tabnuue:

M M M, 0 M. M4
X =3 —2 0 2 3
y —945 3,2 0 -3,2 9,45
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B npomexyTKax Mexay KaxabiMu ABYMS COCEAHUMWU U3
9TUX TOYeK Hawa (QYHKUMA MOKET WM TOSIbKO BO3pacTaTb
WM TOSIbKO Y6biBaTb ((PYHKUMSA He MOXeT W3MEeHUTb BO3-
pacTaHune Ha yb6blBaHME WM 06paTHO, He [AOCTUIHYB Makcu-
MyMa WM MUHUMYMa, T. €. 6e3 Toro, 4ytobbl y' He obpaTu-
nacb B Hy/b, a Yy Hac cobpaHbl Bce
Toukn (Mr, O, M3, roe /= 0).

MoaTomy uyacTb rpaguka, coegu- Mh
HAlOWasA [Be cocefHMe W3 ToYeK

Mn M2 0, Mt, Mt,

OO/DKHAa wuOTW BCE BpemMs B O4HOM

Hanpae/leHUW: WM BCe BpeMs Modbl-

Masicb BBEpPX, WM Xe BCe BpeMs Onyc- -M,.

KasaCb BHU3.
VMives aTo B Buay W 3aboTAcb 0O

TOM, 4TOBbl KacaTesibHble B TOUukax MT,

0, M3 6bum napasifienibHbl ocn  ab-

cuuce, Mbl Nonyyuum rpaguk, msobpa- VMI

YKEHHbIIA Ha puc. 21. VT
Ko BceMy CKa3aHHOMY HYXHO elle

[06aBUTb, 4YTO JIMHWIO Haao cTapaTbhesA

BECTU BO3MOXHO 6osiee nnasHo. [pu

sTomM O19 6os1ee TOYHOrO MOCTPOEHMS,

KpomMe Touek Mwu Mit 0, M3 Mit

MOXHO CTpPOUTb W Apyrve TO4YKU rpa-

tnka (Hanpumep, MOXHO 6bUi0  6bl

nocTpouUTb ele TOoYKM ¢ abcumccamu Puc. 21
*= -2,5; -1; 1 2,5).

c. BbiBatlOT c/lydau, Korga oguH winm o6a KOHLA WHTep-
Bana (a, bl 6eckoHeyHo Benukn (a= —oo, wwm b—+ao,
win ogHoBpeMeHHo a ——o0, f?= -foo). B Takmx cnydaax

BaXXHO 3HaTb, YTO AenaeTca ¢ (yHKUMEIA Mpyv  NpubavmkeHUn
X K —00 wm K + 00.

Mbl OTMETVMM TO/IbKO [iBa IJ/1aBHbIX C/ly4as:

1) Korga nNpy HeorpaHWUYeHHOM BO3pacTaHUM X (X —* — 00
wm X —*%+ °0) yHKUMA /(*) TOXe HeorpaHMYeHHO BO3pa-
CTaeT;

2) Korga rpuv HeorpaHU4eHHOM BO3pacTaHUM X (QYHKLUUS
f(X) cTpemMnTcs K KOHEUYHOMY npegdeny.

3TN cny4yan Mbl pa3bepeM UL Ha MpuMepax, MpUYeM
nepBbliA C/lyydald TOSIbKO B OTHOWEHUU Uerobd yHKkumn T (X).

Mpumep 1 [MMocTpouTb rpauk yHKUUN

y = Xn— 1,5x2+ 1
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Ha BceM uHTepBasie (—oo, + 00). Vveem
y' —3x2— 3*.
MpupaBHMBaAsS X HYJIlO, HaxoAum
3I12—3x=0, x2—x=0, x(x—1= 0
Xf=0, x2=1.
[Ans nocTpoeHMs rpagmka Hafo MoCcTPOUTb TOYKWM, OTBevato-
wye abcuuccam

— 00, 0, 1, + oo.

(KoHe4Ho, Todek ¢ abcumccamm X——o00 U x=+ 00 Mbl MO-
CTPOUTb He MOXeM, HO Mbl MApocneguM, Kyga WAeT Kpusas
npy NpuGAMXEHUN X K —oo WM Xe K + 00.)

UTo6bl HalATM [/ (—oo), npeobpasyem Hawy QYyHKLUIO
Tak*

Mbl BUOMM, 4YTO NPW  HEOrpaHMYEeHHOM BO3pacTaHUM X
MHOXUTENb B CKOOKax mnpumbamkaeTca K 1. [epBbliA XXe MHO-
XUTEeSb HeorpaHM4YeHHO BoO3pacTaeT, MpMbAMXKasacb K + oo,
Korga X CTpeMUTCA K + oo, W Npubnmkasacb K —oo, Korga
X cTpemMuTca K —oo. OTcloda, 04eBUAHO,

/(+o00)= +00, T. e Wn /(*)= + oo;
X -* +
/(—o00)= —o00, T. e Ilim /(*)= —oo0.
X-m—O
Hanee, Haxogum
/©=1 /(1)=1—15+ 1= 05

M MoslydyaeM crefyiollyo Tabnvuy:

M M, M, M, M
X —Q0 0 1 + 0
y —Q0 1 1/2 + 00

Ha puc. 22 noctpoeHbl Toukn M2u M o6o3HaveHre M t
yKa3blBaeT TO/IbKO MpUbAN3NTesIbHOE HaripaBsfieHne, B KOTO-
pom nepemellaeTca Todka M npm X —~— 00 (B/fIEBO ” BHU3),
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a 0603HauveHue — HanpaB/ieHWe, B KOTOPOM repemMeLiaeTcs
Touka M npu X—*+o00 (BNpaBo U BBEPX).

Yuyactkm MXM2 n M3Vt nocTpoeHbl BecbMa KpyTbIMU.
JeiacTBrTenbHo, paBeHcTBO (1) MNoOKasblBaeT, 4TO Mpu 60/1b-
wnx X GYHKUMA BoO3pacTaeT MpubsMsMTesibHO Kak Xa (BBW-
Oy 65mM30cTU  BTOPOr0 MHOXMUTeNs K 1),

T. €. KaK 6eCKOHEYHOCTb TpeTbero nopsgka
Mo cpaBHeHWUO C X (Hanpumep, Korpga
x=100, T0 x3= 1003= 1000 000).

Mpumep 2. MocTponTb rpagnkK PyHK-

umn
1
y~ x24-1

Ha BCeM WHTepBasie (— oo, +o00). 3Ta
PYyHKUMA, 04YeBUAHO, HernpepbiBHa, Tak
KaK 3HameHaTeslb ee X24- 1 HuKorga He
obpalwtaeTca B Hysib. Haxogmm

2X
(x»+1)a »

3TO0 BbIpaXXeHMe paBHO HYJ/IO, JIMWb KOrja UUC/UTESNb paBeH
Hyno, T. e. Korga 2*= 0, oTkyga x= 0.

3aecb
/(-00)= (__’&3)5152—(15_:0 (X Mwe/M -0),
1 1 —
oo @ O (0= 0N

Hanee, Haxooum

no)=. 1

Mpadk Hawed (yHkumn (puc. 23) CTPOMM  COrJ1acHO
crefytoLein Tabnuue:

M M. M, M,
X —® 0 ©
y 0 1 0
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d. 3aMeTVM elle pas, 4YTO BCe CKasaHHOE HaMu OTHOCU-
JI0Cb UCKJIIUUTE/IBHO K C/ly4ald, Korga B pacCMaTpMBaeMoM
VMHTEpBa/IE KaK caMa (YHKUWS, TaKk W ee Mpou3BogHas siBfis-
I0TCS HenpepbIBHbIMU (QYHKUUAMU  X.

Bonee peTanbHoe uccriefoBaHWE KaK B OTHOLLIEHUW YTO4YHe-
HUA MOCTPOEHMS rpaprka, TaKk M B OTHOLIEHMM BO3MOXHOCTU
MocTPoeHUsS (PYHKUMIA, paspbIBHbIX WM C paspbIiBHbIMU  Mpo-
V3BOAHbIMK, GyAeT [AaHO [Aasiblue.

§ 4. Hambonbluee ¥ HavMeHblUee 3HauyeHUs (YyHKLUN

a. O6pawasacb cHoBa K puc. 18 (wwm K puc. 20, a pgns
cflyyass 6eCKOHeYyHoro wuHTepBala K puc. 21, 22, 23), Mbl
BUOVM, YTO /19 OTPE3KOB

[, xr], &', xr\ [xr, x3], [xX3 xt], [*« Xl
[x6, xa [x7, x8], [x8 6]

Hanbonblluee W HauMeHbllee 3HavyeHUs (QYHKUMW O0CTUralTcs
Ha WX rpaHuuax. Hanpumep, 419 NepBOro M3 YyKasaHHbIX
0TPE3KOB HambosIbLUMM 3HadYeHneM QyHKuun 6yget / (1), a
HaumeHbwuM f (). Tak KakK M3 3TUX OTPE3KOB COCTOUT WU
BeCb 0Tpe3oK [a, &), To Hambonbluee W HavMeHbllee 3Hauye-
HUS YHKUMM Ha BceM oTpe3ske [a, B\ go/mkHbl coBragatb
C HavboMbWMM N HaVMEHbLUMM W3 4ucen

f(a), f{xJ, fixj, f(x3, fix,), f(x,.), /(*.),
f(*ih f (). f(b).
OTcioga Moslydaem rpaBusIo:
YT06bl HAATU HaMbosibLLEE N HAMMEHBbLLIEE 3HAYEHNS KAKDLA-

o yHkuum f(X) Ha oTpe3ke [a, b], Hago, BoO-MePBbIX,
HalATN BCE TOYKU

X— X\, Xr, ..., Xn

3TOro 0Tpe3Ka, o6pallalolie B Hyflb MEPBYIO MPOM3BOAHYIO,
a 3aTeM BbMUC/IUTL OpAMHATbI

f@yp /(). /(). ceo [ (*«). TOY @
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Torpga Hambonbluee u3 uvcenn (1) 6yaeT HambosbLLMM, a
HaVMeHbLLee— HaMEHbLUMM  3HaYeHVEM Halleid (yHKUMW  Ha
oTpeske [a, b].

Mp nmep. HalAgem Hambosibllee U HaMMeHbLUee 3Haue-
HUA QYHKLUN

y= x*—0,5n:2—0,25
Ha oTpe3ske [0, 1].
MpupaBHMBasa y' Hy/o, UMeeM
y'= 4n3—* = 0, 4x(x2—0,25)=0, xt= 0, xx3= =+ 0,5.
M3 3Tmx 3HayeHUiA X Tosibko +0,5 nexuT Ha oTpeske
[0, 1] (KOHe4YHO, Ha 3TOM OTpe3Ke J1IEXUT WU HYJlb, HO OH Bce

paBHO 6yZeT NPUHAT BO BHMMaHVE KaK J/ieBbliA KOHEL, 0TPe3Ka).
3HAYNUT, COrslacHo 0o6LEeMy MpaBuU/ly Mbl AO/DKHbI  BbIMUC/IUTD

/(0), /(0,5), /(1).

Nveem
/(0) =-0,25,
/(0,5) = 0,0625—0,125— 0,25 = — 0,3125,
/(1) =1—0,5—0,25= 0,25.

Mbl BNANM, 4TO HaunbosibLuee U3 3TUX uucen
/(1) = 0,25,
a HaMMeHbLlee
/(0,5) = —0,3125.

370, cnepoBaTtesibHO, U 6yaAyT Hambosnbllee U HauMeHbLlee
3HaueHUs Hawel pyHKUMM Ha otpeske [0, 1]

b. B npunoXeHUsX O4YeHb YacTo BCTpeyaeTcs C/ydaiA,
Korga rnpomsBofHas y' obpawiaeTcsd B Hy/lb BHYTPU WHTEpP-
Bawia (a, b) ToNbkKOo Npyv HEKOTOPOM oO4HOM X = XI. Torga
Hanbosibllee 3HayeHVEe (PYHKLUUM eCcTb Haubosbllee U3 4uces
/(a), fix,), f(b), a HaumMeHblLUee — HaMMeHbLLEE U3 3TUX YMCeN.

B AByx Haubosiee pacrpocTpaHEHHbIX C/iyyasaX MOXHO
cpa3y cKaszaTb, 4YTo OTBETOM Ha Bonpoc sBnseTcs f (xt). 3To
cnepyowme cny4au:

1 Korpga pasbICKMBaeTCs Haumbosibluee 3HadeHVe QyHKUMN
f(X), OTHOCMTEsIbHO KOTOPOIA W3BECTHO, 4YTO Ha KOHL@AX
oTpe3kKa OHa 06pallaeTcs B Hy/lb:

I()=19)=0,
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a BHYTpU oTpe3ka nonoxumrtesibHa. (Torga cambiM 60/bLUNM
w3 umcen f(a), /(*,), f(b) 6ymer f(Xj), noTomMy 4TO OHO
nonoxutenbHo, a f (@) un f(b)— Hynn.)

2. Korpaa pasbICKMBaeTCs HaMMeHbLLee 3HadeHue (YHKLY
f(X), OTHOCUTEsIbHO KOTOPOIA W3BECTHO, YTO Ha KOHL@AX
oTpe3ka oHa obpauiaeTca B —{-00:

/(a) = /(E>) = + oo,

a BHYTpM oTpe3ka KoHeyHa. (Torga camMbiM MasibiM U3 Yumcen
/(a). fixi> f(b) 6yger /fo), noTOMy 4YTO OHO KOHEYHO, a
f(@ w f(b) paBHbl -fo0.)

Mpumep 1 HalAgem Hambonbllee 3HaYeHME (QYHKLMN

Y= X(X— N'= X— 2¢* + x*

Ha oTpe3ske [0, 1]
MpupaBHUBas Y' Hy/0, UMEEM

y'=>3x2— 4m:+ 1=0, n= 2+ XE1 =1+ 1;x=1.

BHyTpn otpeska [0, I] nexuT Tonbko X = 1/3. Ha KoHLax
oTpe3ka [0, 1] Hawa QyHKLMA obpaliaeTcd B HySibl

1) =/(1)=0;
BHYTPU 3TOr0 OTpe3Ka OHa MOSIOKUTESIbHA.
3HaunT, Mbl nMeem faeno co cnydaem 1. CneposaTesibHO,
HanboNbLWINM 3HadYeHVeM Hawelid QyHKumMn Ha oTpeske [0, 11
oypet f( 1/3) = 4/9.
Mpumep 2. HalAgem HavMeHblUee 3HayeHue QyHKLMN

y= Xr+x+ 1
Ha WHTepBasle (— oo, -foo).
34ecb, MpupaBHMBas Y' Hy/0, VIMEEM

y'—2x+ 1=0, n=—1.

BHyTpn wuHTepBasia (— 00, +00) y'= 0 To/nbko npu
= —1/2.

Mbl BUOMM, 4TO Ha rpaHUUAax WHTepBaia (—oo, -t-00j
Hawa QyHKLnA

d=*»+*+ 1=n:2(1+1 +.1))
obpalwiaeTca B
/(—o00)= /(+00)= +o00,
BHYTPU XXe WHTepBasnia (— 00, +00) OHa KOHeuHa.
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3HaunT, Mbl MMeeM feslo co cnydaem 2. CnepgoBaTesibHo,
SauMEHbLUMM  3HAYeHMeM Haweil QYHKUUM B UHTepBasle
(—oo0, +o00) 6yper /(— 1/2)= 3/4.

c. MHorga BecbMa MOJSIE3HbIM OKa3bIiBaeTCsA TOT OYEBUAHBLINA
thakT, 4To pyHKuma y—TF (X), npuHMMatowan Ha oTpeske [a, b]
TO/IbKO MOSIOKMUTESIbHbIE 3HaYeHWUs, [0CTUraeT HambosibLiero
3HayeHus Torga, Korga ero gocturaeT Y2 wav gpyras rosio-
XUTeNbHaa Bo3pacTarowan QyHKUma y (Hanpumep, tgy).

Mpumep. HalATM Hambonbluee 3HavyeHWE PYHKLUU

Y —XV RN XrI

Ha oTpeske [0, 1].

Vives B Buay, 4YTO Ha YyKasaHHOM oTpe3ke y”~O, Mbl
6ydeM pas3bICKMBaTb Hambosibluee 3Ha4yeHWe He camoro y, a
ero keagpata. Vmeem

y2= x2— X\
[/ = 2x—403—ax X — 2~

yTo obpawaeTcs B Hy/ib Npy X= 0, — y=, ;/42 e Tak Kak
r
M3 3TUX 3HaYeHWIA X BHyTpu oTpe3ka [0, 1] NeXUT TOSIbKO
-1
X~ y-2"

Ha KOHUAx oTpe3ka y2= 0, a BHyTpMm oTpe3ka y2> 0, TO
npu X= \/V2 Mbl n 6ygeM MMeTb Hambosbllee 3HayeHue Y2
a cfepgoBaTesibHO, U camoro y. WTak, Hanbosbluee 3HayeHne y
Ha oTpe3ke [0, 1] 6yper

§ 5. MpuknagHble 330aun Ha Hanbosibluee
M HauMeHbllee 3HauyeHus

a. Teopusi HaMboMbLUMX U HAUMEHBLLUMX 3HAYEHUIA LLUMPOKO
MPUMEHSIeTCA MpU peLleHnn pas/INYHbIX 3a4ad, BblABUMaeMbIX
MPaKTUKOIA.

Mpumep. W3 pepeBsaHHoro Lapa TpebyeTca BblIpe3aTbh
uMnHOpP Hambonbliero obvema (puc. 24).

PelleHve npoBoAMM Tak.

1 CHavana yc/oBUMCH, 4YT6 Mbl OyaemM cumTaTb apry-
MEHTOM. B pgaHHOM criyyae apryMeHTOM eCTeCTBEHHO CUMTaTb
paguyc X OCHOBaHWSA UWUAVHAPA.
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2. MocMoTpUM, B KakKoM WHTepBa/iIe MOXET WU3MEHATHLCS
3TOT aprymMeHT X COOTBETCTBEHHO CMbIC/ly HalleiA 3ajaun.
OTBeT Ha BOMPOC BeCcbMa MpPOCT, TaK KakK, BO-TMepBbIX,
X He MOXeT ObITb 0TpuUAaTe/IbHbIM, @ BO-BTOPbIX, X HE MOXeT
6bITb 60/1bLE paauyca R wapa. NTak,
BbIOpPaHHbIA apryMeHT X M3MeHseTcH
Ha oTpeske [O, A].
3. MNocTapaemca WUHTEPECYHIOLLYK
Hac nepemMeHHyt0 — 06beM V  UwWwInH-
Apa—BblpasnTb KaK (IyHKLWKO Bbb-
paHHOro aprymeHTa X. Vimeem (06b-
eM unnHapa)
V—nx2h.
Mo Teopeme T[ludgaropa (M3 nNpsmMo-
yrosibHoro TpeyrosibHnka ABC)

Puc. 24 N= V4R 1— 412,
BHaUNT, 06bEM UMIMHAOpA

V—nxrV 4R*— 412

4, NTak, 3agaya cBeslacb K pasbICKaHWIO HamBGOsIbLUETO
3HaYeHUs1 PYHKLUMK

V=nx*V 42— Axr

Ha oTpeske [0, R], T. e. K 3agadye, pelwaTb KOTOPYI Mbl YXY
yMeem.

CornacHo NYHKTY «C» § 4 Mbl MOXEM 3[eCb pa3bICKMBaTb
Hambosbluee 3HayeHWe He camoro V, a

12= 4n2(5 24— 3.

MpupaBHuBas [V2]' Hyso, nveem
4n2(49423—61)= 0, (2R2—3n19)x3=0, x= 0,
*=+ Y jR

M3 HalAgeHHbIX 3HadyeHWIA X BHyTpu oTpe3ka [O, R] nexut
TO/IbKO 0A4HO, MMeHHO 1= ]/"]-fA. A TaK Kak Ha KOHLax
oTpe3ka QPyHKUMA Y ~O “a BHYTpUM OTpe3Ka OHa MOJ10XU-
TenbHa, To Npyu X— Y J-R Mbl n 6ygem mmeTb Hambosibllee
3HadeHVe Y2 a cnepgosatesibHo, M camoro V. Camo Hambosib—
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uiee 3HadyeHue 6y,u,eT

i'— (/T«)*] /"

- T «

b. Pa3obpaHHy0 3aa4y MOXHO 6bU10 Obl pelaTb U UHaye
6eps 3a aprymeHT He X, a 4To-HUbyab Apyroe.
1 Hanpumep, Bo3bMeM 3a aprymeHT yron @ (puc. 24).
2. CoBeplIeHHO $ACHO, YTO Yros1 <p MOXET W3MEeHATbCA
oT O go n/2, T. e. Ha oTpe3ke [0, n/2].
3. Bbipazum V Kak yHKUuO . Vimeem
S=nx2i, 21= 27?cos, X= #co3p, h—2R singp,
V= 2nR3cos2¢ sin .
4. VTak, 3afaya cBeslaCb K pa3blCKaHU0 HanbosbLlero
3HayYeHnsa yHKUUN
V= 2nR3cos2dsinp =/ (o)
Ha oTpeske [0, a/21.
MpupaBHuBaa V Hyno (V"= VvV, Tak Kak Tenepb aprymeH-
TOM ABNAETCA ¢), UMEEM
V' —2nR3(—2cos ¢ aT2h + cos3¢) = O,
coah =0, —2sin”™ +co3p = 0.
PeweHure coad = O gaeT X —M/2, UTO NIeXUT Ha rpaHuLe

oTpe3ka [0, 5/2] w, crnepoBaTesibHO, [AO0/DKHO ObITb 0T6pO-
weHo. [danee, u3

— 2sin2¢ + cos2¢p= O
cnepyeT
—23720+1—sin*=0, 1—3sin2p=0, 3T} = i_\;\?
FoanTca TOMbKO MOMIOKUTESbHLIMA Yroa, T. e.
. 1
Singp = —,}l:r.
® 3
3ameyas, 4YTO Ha KOHUax oTpe3ka umeem V —O0, a BHyTpH
sToro otpe3ka V> 0, Mbl onATb yb6exaaemcs, YTO Hambosb-

lee 3HayeHVe HalleiAd (yHKUUW 6yAeT, ec/im yrosli ¢ TakoB,
yTo

3lng=yY T (cosp« | N —pm=17/T1).

275



3To Hambosibllee 3HaveHue paBHO

3 V3 3>73

Mpumep. TpebyeTca oropoAnTb 3a60pOM MPAMOYrOSib-
Hyl0 nnowaaky naowaaso 36 M2 (puc. 25).

Kakylo ®qopmMy [0/DKHa WMETb MJ10-
waaka, 4yTtobbl pacxon MaTepuasia 6bul
HaVMeHbLUNM?

1 3a aprymeHT 6epem 34ecb OCHOBa-
HVYe X MJIoWanKun.

2. X WU3MeHseTcd, odeBugHo, ot O g0
+ 00, T. e. B uHTepBaie (0, 00).

3. BblIpa3um gnvHy L 3a6opa (nepumeTp
NPAMOYTo/IbHNKA) KaK (YyHKUMO X. Mimeem

Puc. 25 L= 2(x+ h).
Ho xh= 36, 3HaunT, h= —, N Mbl Umeem
L=2 (l+ ?).
4, Takum 06pa3oM, Mbl O0/DKHbI HalATU HaMeHblUee 3Ha-

yeHue (yHKLNN

L= 2x+ #= f(X)

B uHTepBane (0, — 00).
MpupaBHUBaa L' Hyso, Haxo4um

L'=2—4k=0; **-36=0; J1= *£6.

N3 HalAgeHHbIX 3HaueHWiA X B uHTepBasle (0, oo) NexuT
To/bKO x = 6. 3ameuas e, 4TO Ha KoHuax uMHTepsBana (0, oo)
Hawa (YHKUUS paBHa ++ oo;

f(0)= oo; /(+ o00)= + oo,

a BHYTPM KOHeYHa, Mbl yb6exgaemcs, 4To MNpu X = 6 OHa
6ydeT gocTuraTb CBOEro HauMMeHbluero 3HadeHus. Criegosa-
TeslbHO, Hambosiee BbIFOAHOIA B CMbIC/ie 3aTpaTbl MaTepuasia
(mMeHble Bcero martepuasia) OKasblBaeTCs KsagpaTHas mJio-
wazaKa co CTOpoHow 6 (6a=s36).
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8§ 6. HanpaBneHue BbINYK/0CTW, TOYKU Neperunba

a. Ob6pawascb K npunaraemomy puo. 26, Mbl BUOUM, YTO
MU300paXkeHHasa Ha HeM KpuBas MOXeT ObITb pa3buTa Ha
y4acTKU ABYX TUMOB, a MMeHHO yyacTku AB un CD, BbIyK/be
BBepX (B CTOPOHY MOMIOXUTESIbHBIX opAauMHaT), u ydacTkn BC
n DE, BbIyKbe BHU3 (B CTOPOHY OTpuLaTesIbHbIX OpAMHAT).

b. Ecnn wmbl (HempepbiBHO yBenuumBas abecuuccy) 6yaem
nepemewatb Touky M o y4dacTky AB KpuBOM, BbINyK/IOMY

BBEPX, TO yros a O6yAeT YyMeHbLllaTbcs (Hanpumep, B Tou-
kax A, Mt, M2 M3 M4, B 3HaueHMs yrjia Ha Hawem
yepTexe 6yayT npubNM3NTenbHO Takue: 75°, 60°, 30°, 0°,
—45°, —75°). O4HOBpPEMEHHO C ybblBaHVEM a OyaeT ybbiBaTb
m tga, T.e Yy

MTak, Yy4yacTKM rpapuKa, BbIyKbE BBepX, OTBeYalT
MHTepBa/1aM ybbiBaHus y' = f'(X).

c. Ecnn mbl (HenpepblBHO yBenunumBas ab6cuucecy) Oyaem
nepemMewatb Touky M no yyactky BC kpumBoiA, BbINyk/ioMYy
BHM3, TO yron a 6yaer yBenunuuBaTbCA (Hanpumep, B Tou-
kax B, N1, Nt, V3 C 3HaueHus yrna a Ha puc. 26 6yayT
npnénmnanTenbHo Takue: —75°, —45° 0°, 30° 75°). OpgHo-
BPeEMEHHO C Bo3pacTaHvem a Oyaer Bo3pacTaTb M tga, T. e. y'.

MTaK, Yyu4yacTKM rpapuka, BbIYKIbE BHW3, OTBeYaloT
MHTepBas1laM Bo3pacTaHua y’ = f'(X)..

d. Toykn, OTAeNsloWMe y4yacTKW, BbIyKbE BBeEpX, OT
Y4YaCcTKOB, BbIMyK/bX BHM3, HOCAT Ha3BaHWe TO4eK repernba
(Ha puc. 26 3To 6yayT Toukum B, C un D).

HeTpyaHO BUAETb, 4TO ec/iM A0 TO4KM rnepernba 6bul
Yy4acToK, BbINyK/bIA BHWU3, @ MOTOM CTa/l y4yacTOK, BbIMyK/bIA
BBepx (Kak, Hampumep, Ans Toukm C), TO Takad Touka
COOTBETCTBYET MakcMMyMmy Y', MNOTOMy 4TO 34ecb Y' nepe-
X0OMUT OT BO3pacTaHMA K ybbiBaHWio. HaobopoT, ABe gpyrue
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Toukn nepermba B m D cooTBETCTBYIOT MUHMMYMaM Y ', NOTOMY
4YTO 34ecb Y' MepexoguT OT Y6bIBaHWS K BO3pacTaHWuio.

Takum 06pas3om, TOUKM nepermba MNpoMCXogsT OT TOro,
4yTo y' VMeeT MaKCUMyMbl W MWHUMYMbI. [10CMOTPUM, Kak
OyayT BNMATbL Ha BUA rpamka TOuKM 3ameqsieHus y'. Oue-
BWAHO, 0COBEHHOro0 BAMAHUA He 6ydeT, Tak KaK ec/n, Hanpu-
Mep, A0 TOYKWM 3amegsieHns y' aTa (yHKUMS Bo3pacTana, To
OHa OyfeT Bo3pacTaTb W nocne. Yron a OygeT B obliem Bce
Bpems BO3pacTaTb, /IMWb Ha 04HO MrHOBEHWE OCTaHaB/IMBasChb
B CBOEM pOCTE MpW 3Ha4YeHMN X, OTBeYalLlem TOouKe 3amen-
neHusa y'.

e. 3ameuvas, 4TO MpomM3BOAHOM Y' sABnsfeTca Y'

] | J— —
[y 1'=ya=I(x)
(Ha rpajuke, opAMHATOMA KOTOPOro ABMASETCA Y', YIJ/I0BbIM
KoahpunumeHTOM KacaTesibHoA 6yaeT cnyxutb tgfi ==«"), u3
nyHKTa «b» 3aksiloyaem, 4TO:
Ha y4yacTKax rpauka, BbINyK/bX BBEPX, VMEEM

y'<Q

Ha yu4acTKax rpaduka, BbIMyKbX BHU3, UMEEM
y'> 0.

B Toukax nepermba (To4ykax 3ameqsieHus y’)
Yy =0.

Mpumep. [Ana napabonbl y= axr umeem y'= 2a>0
(ecrim a > 0). TMoatomy napa6osia o6paweHa BbINYKI0CTbIO
BHW3.

§ 7. MpunoxeHne K MOCTPOEHMIO rpapuKoB

a. Bblwe Hamu 6bL1 yKasaH crnoco6 BbISICHEHUS OOLEIA
hopmMbl rpacmka MnyTemM MocTpoeHus Touek, rae y' —0. 3tumn
ToukaMn Mbl Jenvnm  Haw rpagk Ha Yy4yacTKW, B KaXaoMm
M3 KOTOPbIX Y WM TOMIbKO YBe/IMUMBAETCA, WM TOSIbKO
yMeHbLIaeTcsi (Kak FoBOPSIT, Y W3MEHSIeTCs MOHOTOHHO).

b. Terepb Mbl MOXeM BbISICHUTb (opMy rpaduka 6osiee
OeTa/lbHO, CTPOA Te ero TOYKW, ASI8 KOTOpbIX paBHa Hysio
BTOpas npousBoaHas

/ =I"o-

3TVMM TouKaMX Hawl rpapuK pa3fesiuTcsa Ha  yyacTKu,
KOTOpble yXKe€ He MOryT CoAepXaTb TodeK Mepervnba, v notomy
OHM 6yayT o6palleHbl BbIMYK/IOCTbIO WM TO/IBKO BHU3, W
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XXe TOoNIbKO BBepxX. [NA 39TUX Y4acTKOB, C/e[0BaTes1bHO,
y' wnm ToNbKo BO3pacTaeT, WIM TOSIbKO Y6bIBaeT, WU 4ToOObI
3HaTb, YTO VIMEHHO MPOUCXOAUT— BO3pacTaHne y' win yb6bl-
BaHWe,— Mbl, €CTECTBEHHO, [O/DKHbl BbIMMC/IUTL (M MOCTPOUTDL
TOXe) 3HayeHus Y' Ha rpaHuuax y4acTkoB (T. €. B Tex TOu-
Kax, rge y"= 0). [JelAcTBUTENIbHO, €C/IN Yy4acTOK WAET OT
60/bLIEr0 3HAYEHUs Y' K MeHbllemy, TO €ero, o04eBUAHO,
HY>XHO 4YepTUTb BbIMYK/IbIM BBEPX; €C/IN XKe OH WAET 0T MeHb-
Wwero 3HayeHus Yy' K 6ofiblieMy, TO ero crieqyeT 4YepTuTb
BbIMNYK/1bIM BHU3.

NTak, onsa 6osee OeTasibHOrO MOCTPOEHMS rpadmka Mbl
CTPOMM €elle Te ero TOYKWU, B KOTOpbIX

y'—G
KpoMe TOoro, CTpoumMm KacaTesibHble B 3TUX TOYKaxX N BTO4Y-

Kax, OTBeuYarmx Hadasly U KoHuy oTpeska [a, bl.
c. Ons npumepa MocTpouM rpaguk QyHKUMN

y=y xJ— —3x+ 1=/(X)

Ha oTpe3ske [—2, 4].
Vimeem

y'= Xr— 2x— 3, y"—2x— 2.

MpupaBHUBas Hy/0 Y', MOSy4MMm
X4—2x—3=0, x=—1 x= 3.
MpupaBHMBaAA >Xe Hy/MO Y", nMeemM
2X—2=0, x—1

CnepoBaTesibHO, Mbl O0/MDKHbI MOCTPOUTL OpAMHATbLI TO4YeK
¢ abcuymccamu

-2, -1, 1 3, 4

KpoMe TOro, BO BCeX 3TUX TOYKax Mbl [O/DKHbI MPOBECTU
KacaTesnibHble (Y'—O B Toukax ¢ a6bcymccamm —1 u 3, U
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MoToMy KacaTeslbHble MapasisiesibHbl 0cu abcumcc). Vimeem

/(-2)=|—4+6+1=1,

/(—nN=—A4—1+3+1=4*
/(1)=£-1-3 +1=-y,
/(3)=8§-9-9+ 1=-8,
/(4)="-16-12 + 1= - 1,

Fr(—2)= 4+ 4— 3= 5,
/'(1)= 1—2—3= —4,
/'(4)= 16— 8—3= 5.

Takvm 06pa3oM, VMeeM C/leflytollyt0 TabnuLy:

M MI M, M, M. M,
X -2 —1 1 3 4
y 1/3 2/3 8/3 —38 -17/3
y' 5 0 -4 0 5

B COOTBETCTBMM C KOTOPOIA W CTPOMM rpaiMK Haweti pyHKUun
(punc. 27). KacaTesibHble MN306paXKeHbI
MYHKTUPHBLIMW JIMHNAMN.

d. 3aMeTuUM, 4YTO ecsii 6bl Mbl XKesla-

JM MOCTPOUTHL BeCb TrpahmkK QYyHKUNU
MyHKTa «C», TO BbIYMC/IEHNA Mas10 Obl U3-
MeHWUIMCb. BmecTo Touvek ¢ abcuuyccamm
—2 1 4 npuwnocb 6bl UcCNeaoBaTb 3Ha-
yeHnss f(xX) m /' (X) npu x—=—00 u
X—*+ 00, U Mbl NOAYYUSIN Obl

/(— o00) = — oo, /(+00)=4-00;
/' (— o0) = + 00, /'(+00) = +o00.
I'Iocne,u,Hme ABa paBeHCTBa lMNoKa3bIiBakT,
4TO MNpun HeorpaHN4YeHHOM YBEJTMHEHNN
X yrosnn a HakKJ/10Ha KacaTes/lbHOI K ocu

abcumcc HeorpaHMYeHHO NPUBIMXKaeTcA
Puc. 27. K 90°.
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§ 8. lMocTpoeHne rpapmkKoB paspbiBHbIX (YHKUUNA

a. Ona nocTpoeHUs rpapmkKa paspbIBHOA YHKLIUW WA Xe
(YHKUMWN € pa3pbIiBHOLA MNepBOIA MPOM3BOAHOMA criefyeT Becb
MPOMEeXyTOK, Ha KOTOpPOM Mbl CTPOMM rpaduk, CcHadvasia
pa3buTb Ha OTAeslbHble OTPe3KW, 6eps rpaHULAMU  OereHWIA
KakK pa3 Te 3HaudeHus X, Aanisa kKotopbix f(X) wwm f'(X) Tepnut
paspblB HEMpepbIBHOCTU.

Korga Mbl MNpubnmkaem X K KOHLAM TaKuMX OTPe3KOoB,
HaZl0 TWATesNIbHO C/eauTb 3a TeM, 4TO AeslaeTcs ¢ GyHKumelA
N ee MpPo3BOLHOIA.

b. Mp nmep. TMMocTponm rpapuk QyHKUUN

Y~ —f x>
3pecb (YHKUMA TepnuT paspbiB, Korga X2— 1=0, T. e
npu X= —1un npu Xx— 1 [Mpn 3ToM, ecqim X npubnunxkaeTcs

K — 1 C0 CTOPOHbI 3Ha4YeHNIA, MeHbLMX — 1, Tom:2> 1um notomy
€— 1> 0.
MosTomy, 04eBUAHO,

/(—1—0)= + oo
To4yHO TaK e HalAgeM
/(— 1+ 0)= — oo,
/(1— 0)= — oo,
f(@ 0)= + oo.
[anee, uvccrnegyem Hawl rpagukK C TOYKUM 3pEHUS  MaKCu-
MYyMOB N MWHUMYMOB. Mveem
, —2X
Y -~ (*2—N2°
U Mbl BUOUM, 4to Y’ —O0 Tonbko npu n= 0, npuyem Torga
y=—1
Hanee,
0 (a— )2—x-2 (xa— 1)-2n. —2 (*2— D+ &2  6x2+ 2
Y r_ — (=1B —(x,1)3-

MpupaBHMBaA y" Hy/o, MNoOsyyYaem
6n2+ 2= 0.
3T0 ypaBHEHME He MMEET BELUECTBEHHbIX pPELIeHNIA. 3HauuT,
HMKaKMX TodeK repermnba HeT.
HakoHew,, mccregyem, 4To 6yaeT npy X—* — oo 1 X— oo.

Niveem
K— 00) —0, /(+ o00)= 0.
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MTak, ANa nNoCcTpoeHUs KPUBOM wMMeem Tabnuuy

1-0 -1+0 0 1-0 1+0 —®

KOTOpytO OJ14 60/IbLLEA OTYUET/IMBOCTU A0MNMo/IHNM TaKo :

K -2 2
Yy 1/3 1/3
y‘ 4/9 —4/9

MpahmkK yHKUMU Kn306pakeH Ha puc. 28.

§ 9. Mpu3HaK MaKCUMyMa U MUHUMYMa, OCHOBaHHbIA
Ha uccrefoBaHMM 3HaKa MEPBOLA MPOM3BOAHOIA

a. Mbl 3HaeM, 4TO ec/iM Mpy HEKOTOPOM X—  Mpou3:
BogHas y'—f (X) ¢yHkuum y= f(X) obGpawiaeTcs B Hy/b,
TO MpU X = Xi 3Ta YHKUMS AOCTUraeT MakCUMyMa, MUHMMYMa
WM XXe WMEeeT TOuKy 3amefsieHus. YacTo 6blBaeT Mosie3Ho
y3HaTb, KakOMi MMEHHO M3 3TUX Tpex CJlyyaeB MMeEeT MeCTo.
BoT cavbIiA MpocToiA MpuU3HaK.

Ecrmm npy x= Xxi gyHKuma f(X) gocturaet Makcumyma,
T0 f (X), 0bpawasicb B Hy/lb, MeHSeT 3HaK ¢ + Ha —.
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[eliAcTBUTENbHO, TOrAa X = XX OTAENSET WUHTepBasl Bo3pacTaHUs
dyHKumm f(X) oT nHTepBasia ybblBaHMS.

TOYHO TaK >Xe MOXHO0 ybeauTbcsa B BEpHOCTM ABYX Apy-
rmx rpasun.

Ecnn npyn x—xi yHkuma f(X) poctmraeT MUHUMYMa,
To f'(X), 0bpawasicb B Hy/lb, MEHSET 3HAaK C — Ha —+ .

Ecnn npu x= X1 gyHKUMA T (X) MMeeT TOuKy 3amen/ieHus,
T0 f (X), obpawascb B Hysibb, 3HaKa CBOEro He W3MEHsET.

b. B npumMeHeHWUM 3TUX MpaBW/1 0YEeHb YacTo McC/efoBaHMe
3HakKa npousBoAHOMA /' (X) OblBaeT 04YEBUAHLIM.

B uvacTHocTh, ecrim f (X)— MHorouneH, To nepes TeMm, Kak
uccnenoBaTb 3HaK MNpy X< XIr M npym X > XI, Hago /' (X)
pasnoXnUTb Ha MHOXUTESN.

Mpumep. TlycTb

y= X3—3T.
MpupaBHMBasA y' Hy/O, VMEEM
y'= 3x2—3=0, Xx2—1=0, x*=1 x—=*\
MycTb, Hanpumep, TpebyeTcA y3HaTb, UYTO UMEHHO OyaeT
npy x= + \ Paznaras y' Ha MHOXUTesSIN, UMEEM
y'= 3(x— 1 (x+ 1.
Mbl BUAUM, 4TO MNpUY X, HEMHOI0 MeHbLMX 1, 6yaeT
X— 1< 0, X+ 1> 0 w, cnepgoBaTesibHo, Y' < O.
Ecnn e X HemHoro 6osibwie 1, TO
X— 1> 0, X+ 1> 0 wu, cnegoBaTesibHo, Yy' > O.

Takum o6pasom, npy X= 1 npomsBogHaa /'(X) Hawemi
(PYHKUMN MEHSET 3HaK C — Ha + , T. e. (COrs1acHO MYHKTY «a»)
npy X= 1 Mbl UMEEM MWHUMYM Haeid yHKLMUN.

§ 10. lMNpu3HaK MakcMMyma U MUHUMYMA, OCHOBaHHbIIA
Ha uccnegoBaHUM 3HaKa BTOPOMA M BbICLUMX MPOU3BOAHBLIX

a. Ons pelweHns TolA e camMoOlA 3a[auu, KOTOpPYH Mbl
TO/IbKO YTO pa3o6pasiv, MOXHO YKa3aTb eLle ApYroiA, [0BOSIbHO
YOOGHBIMA Mpu3HaK. OTOT MpPM3HaK OCHOBaH Ha ucc/iefoBaHUN
3HaKa TeX YMC/IEHHbIX 3Ha4YeHNA, KOTopble NPUHUMAIOT BbICLUME
Mpon3BoAHbIe MpU X = XX

Myctb /' (XX = 0. PaccmoTpum /" (xX. Ecnn wn /" ()= 0,

TO paccMaTpuBaem (X,) m T.4. O0 Tex nop, MNoKa He
[OIANEM [0 HepaBHOrO Hyso unucna. VIMeHHo: nycTb NepBbIM
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HepaBHbIM HY/NH 4YUC/IOM B MOCNeA0BATE/NNIbHOCTU
0. /"(*X), ...

bynet /<) (X)).

MpumeM BO BHMMaHWe rpaguku Bcex GyHKumin f [Xx),
r{x), ..., /(M-2)(x). Tak Kak Kaxpjas W3 HUX, Hanpumep
/) (or), wmeeT cBOeli NPOW3BOALHON MNPOU3BOAHYH MOPsALKa
[(*+1>(x), Ha eguHuUy 60fblLIero, W, CcrefoBaTefibHo, o06pa-
WAWYCAs B HY/Mb NpU X=XU TO NPU X = Xi Kaxpas
M3 3TUX (YHKUUA MMeeT MakCMMyM, MWHUMYM WAN TOUKY
3amefneHuns.

b. MycTb cHayana n yetHoe n fw (xr) > 0. Torga rpagumk
hyHKUMKM [<«-2) (X) B paccMaTpyMBaeMoii TOUKe 06palleH BbIMyK-
noctblo BHU3 (Tak Kak /(M) () nonoxutenbHa npu x = Xxif T0O
B CW/Ty CBOE HenmpepbiBHOCTM /(M) (X) MOMOXWUTENbHa W Mpu
3HAYEeHUAX X, OMU3KMX K XX), W, 3HAUYUT, NpU X —Xxt (YHK-

umna f(n~2 (xj) UMeeT MUHMMYM, PaBHbIA Hyn0.1 (mp=o0.
Mpn 3HayeHMAX X, 61M3KMX K xIt mmeem
I(n-2(*) > 0.

Ho Torga Takum >e nytem y6efumcs, 4YTO MUHUMYM Mpu
X = Xi 6yfer umetb U yHKUMA [ (M~4) (%), n PyHKLMA 1bI~6)(X)
M T.4., NOKAa HakoHey He pfoingem pfo f(x) (Tonbko 3pech
yXe MWHUMYM, BOOOLLe roBOpS, HYNHO He paBeH). VTak, npu
x= xt QyHKuma f(x) MMeeT MUHUMYM.

c. MNycTb onATb nm YeTHoe, Ho /(M) (xj < 0. Torpa, npwu-
MeHAS Te >Ke CcaMble PaCCY>XAEHUA, 4YTO U B MNYHKTe «by,
MOXHO Yyb6eantbcsd, uto npu x= x{ QyHKuma f(x) wumeer
MaKCUMyM.

d. HakoHeu, paccmaTpuBas Cnydvaidi He4yeTHOro n u npeg-
nonaraa /(m(x)> 0, yb6eguMMmcs, 4YTO MWUHUMYM TMpPU X = X X
6yoyT WMeTb MpoM3BOAHble HeuyeTHoro nopsagka: f{n~2)(x),
[(n-4) (x), ..., f"'(xX) wn, HakoHey, /' (x), npuyem BBUAY
jf'(x) = 0 B6AM3N x = xx umeem /' (x) > 0 (KaK AN1A 3HAYEHWIA
X < Xi, Tak W Ana 3HauyeHwii [L> alj), 3HaumT, /' (X) npw
X=Xt 3Haka He MeHseT M notomy f(x) wmeeT npu x=xt
TOYKY 3amefneHus.

ToT Xe pe3ynbTaTt yuawimeca HadgyT, NPeanofiokus n He-
YyeTHeiM ¥ fin) (xj) < 0.

MTaK, umeem npasuno:

Ecnm f (X) = 0, nprvyem nepsas He obpawjarowiasica B Hy/b
npn X—Xi npous3BogHas B NoCnefoBaTeNbHOCTHU

m n*). r un ,...
ecTb (x), TO
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ecim n uvetHoe n f(I)(*i)>0. To dyHkumsa /(*) wnmeeT
MUHUMYM [pn X=X,

ecim n yeTHoe n /(N (*)) < 0, To dyHkuusa f(x) umeeT
MakCuMym npu [g=

€CIM N HeyeTHoe, TO nNpM *= *X yHkyna f(x) nmeeT
TOUKYy 3amef/ieHus.

Mpumep 1 Myctb f(x) = x3—3x2+ 3*—4. Vmeem

['(*)=3*2-6*+ 3, MN*)=6x—6;, '(x)=6.
3pech /'(*) paBHa Hyno npy *= 1, HO
ra=o0; /"'(1)> 0

3HaunT, N= 3 HEYETHO M Npu * = 1 nmeem TOYKY 3amef/IeHuns.
Mpumep 2. MNyctb / (X)= 4x3—6*2 Nmeem

['(*) = 12%2— 12% ["(*) = 24*— 12,

3pech f (*) paBHa Hynto npy *=0 mn *=1. Torga

no) = —12
n= 2 yeTHo, npuuem /"(0) < 0. 3Hauut, npu *= 0 uMeem
MaKCUMyM.
Oanee,

r(1)=12.

3pecb 1= 2 u4eTtHo, npuuem /"(1)>0. 3Hauut, npyn x—1
MMeeM MWHUMYM.

8§ 11. AcuMMNTOTHI

a. OueHb 4acTo BeTBb KPWBON, yAansificb B 6ECKOHEUYHOCTb,
HeorpaHW4YeHHO NPUBAMKAETCA K HEKOTOPOW MPAMOA NMHWK.
3Ty NpsMYyH0 Ha3bIBaKOT acuMn-

TOTO MO OTHOLIEHWIO K [AaH-
HON BeTBW.
b. MycTb

y —f(x)
— ypaBHEHWEe LaHHON KPYBOI 1
y=ax+ b
— ypaBHeHMe acuMnToThl (puc.
29). Torpa pasHOCTb
MIM = f(x)— (ax+ b) Puc. 29
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MeX/[y COOTBETCTBYHOLMMM OpAMHATaMW KPWUBOWA W aCUMMTOTI
[LO/MKHA 6blTb 6ECKOHEYHO Mana rnpu 6eCKOHeYHO 6OMbLUIOM X:
f(x)—ax—b= 1 rge T)—6ecko-

1y HeYHo Manas.
7T c. OTcloga HeTpygHO HaiTtw,
1 {V YyeMy paBHO a:
7 _ b7
A /{’ a—& L)
107/ Xy nepexoas K npegeny, noay4mm,
/ 4yTo
/1 a= lim  — lim — lim —=3
// X > 0
]
- lim —
\\
Puc. 30 Ntak,
a= lim —

X-+ a X

d. 3Haa a, Nerko Haitn b:
b= f(x)—ax—t),
b= lim [/ (c)—ax]—Ilim q = lim [f (x)—ax].

X->ao X-+cC

NTaK,
b—Iim [/ (x)—ax].

MpumMep. HaiiTm acMmnToTbl KPWBOIA

Nmeem

X-*X> L n-~T-1

b=\im[f(x)—ax]= lim [ — X] =
X-*-(a J
= lim — x—I xII*T: x“~h*1

CnepoBatensbHo, a=1, b——1, n ypaBHeHWe acUMNTOThbI
VMeeT BUf

y=x—1

e. 3Has acuMnTOTYy, MOXHO NOAy4MTb 60nee OTYETIUBOE
NpeACTaB/eHNEe O CamOil KPWBOIA.
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MocTpouB acvMnTOTy, OCTa/IbHOE MOCTPOEHWE fJefaeM Mo
obwmm npasunam. Ha puc. 30 npuBegeH rpapuk QyHKLMK

YF X+1

ACMNTOTbI 0603HAYEHDI NYHKTUPHBIMWA NTNHUAMN.

Jetann NOoCTpoeHNa npepnaraetca BbIMO/IHUTL CaMOCTOA-
TEJIbHO.

§ 12. OnddepeHuman ayru
a. Ecnu KpvBas 3afaHa ypaBHEHWEM

y —f(x)>
TO ANUHa s ayru MOM 3TO KpMBOW, OTCYMTbiBaemas OT
HEMOJBWMXHON TOYKM M, [0 mo-
[ABWXXHOM Toukn M (puc. 31), 3a- 1
BUCMT OT MONOXeHWs 3TOl nocnes- M
Heli TOUKW: OHa SIBNSETCS HEKOTO- ax
poii pyHKUMel abcumcebl X TOUKM
M, wm Xe yHKUME napameTpa
t, ONpefenstolero MoNoXeHne
TOYKM M, ecnu KpuBas 3afaHa
napameTpUYecKum Crocobom. ') X AX

Bo mHorux Bonpocax BecbMa
Ba)XXHO 3HaTb MPOM3BOAHYIO 1 Ang-
(hepeHUMan 3Toil yHKLMU.

Ons aton uenu gaaMm abcumcce X TOUKM M GECKOHEUHO
Masioe npupalieHume Ax. Torga Touyka M nepefBuHeTcs
B 6eCKOHeYyHO 61U3KOe MNOMOXKEeHWe T, a Ayra S noayuuT
6eCKOHEUYHO Manoe npupaweHne As= "MT. [Monyymm

"= lim s
_Q(A-OME

Tak Kak ayra MT 3KBMBaneHTHa xopge MT, TO

Puc. 31

S

an. xopgbl MT

AX

b. Uto 6bl Mbl HM Gpann 3a aprymeHT (X WM Kakoi-
nnbo napameTp t, ecAM  KpuBas 3afaHa napaMeTpuyecku),
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BCerga

lim %-= &.
dx &X-*0 &X dx

Moatomy wumeem (Bce aAudepeHumanbl LOMKHbI OblTb Bblpa-
XEHbl Yepe3 OAHY MNEPEMEHHYHO)

ds= j/" 1+ (If-)2dx =Vdx*-\-dy*.

Mpwumep 1 Ana napabonbl y = ax™ nmeem
ds >»]/1 + (2ax)rdx= V 1+ 4a*xrdx.
Mpumep 2. And uymknongbl
X = a(t—sint),
y=a(l—cos/)
VMeem

ds= ]/ [a (1—co0s t)dt]*— (a sin tdt)2=a
—aV 2—2costdt = 2asin-jdt.

§13. HanpaBnsoLme KOCKMHYCbl KacaTeslbHOM

a. BecbMa 4acTO MOME3HO 3HATb He YrnoBoW  Ko3ahu-
UMEeHT tga KacaTenbHONM, a HanpaBAAKLWNe KOCUHYC W CUHYC
(cosa m sina) KkacaTenbHOIA.

PaccmaTpmBasa Yron a Kak npegen yrna ax Hak/ioHa
cekyweid MT Kk ocu abcuucc, uveem (puc. 32)

288



cosa = limcosa* = lim ---—--- MK

B 1 An. xopgbl Mm
i * = ~ =
lim on. ha/Afm Hm As ds
sina = limsin = lim Km
an. xopabl M/n
-lim— . )(’ \|m ds
b. WTak,
d .
cosa= ¥, sina—H,
ds ds

Mpumep 1 [Ona napabonbl y = ax2 UMeeM

_ d* _ |
cosa = - — = ,
V 1+ 4a2*? dx Y 1+ 4a2x2

. 2axdx 2a*
sima — r— — 1

V1 + 4aVdx Y 1+ 4axi
Mpumep 2. Ans uyuknongsl
X = a(t—sin t),

y —a( 1—cos /)
nMeem
l—cost
cos a —f ------ ) sm'f’
2asin — dt
asint dt
Sin @ = s e = COS -k
2asiny dt

§ 14. Pagnyc KpPWBMW3HbI, LEHTP KPUBU3HBI

a. [lBe Hopmanu, npoBefieHHble B TOYKax M M T OKpyX-
HOCTW, BCerga nepecekyTca B LEHTPe K OKPY>XXHOCTU, NMpuUYem
4nvHa MK Hopmanu OT TOYKM KacaHua o UeHTpa K Oygert
paBHa paguycy OKPYXHOCTW.

Ecnn Mbl paccmMaTpuBaeM He OKPYXXHOCTb, a Kakyto-nn6o
OPYTYI0 KpUBYI, TO Manblii y4acTOK MT 3TOl KpuBOW J0
M3BECTHOM CTEMEHN TOXe MOXHO YNoAobuTb Lyre OKPYXHO-
CT¥ M Cc Tem 6ONbWKMM NPaBOM, YeM 3TOT Y4acTOK MeHbLUe.
(Mopgo6bHasa npubaneHHas 3aMeHa MasbiX Y4acTKOB fAyramu
OKPY>KHOCTE 4acTo [enaeTca Npu BblUepyMBaHUM PasUUHbIX
KPUBbIX.)
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Hopmanu, npoBefieHHble B Touykax M u T (puc. 33),
M 30eCb MNepeceKkyTcs B HEKOTOPOA Touke k, npuyem no Mmepe
npuénmxeHna K M Touka k He 6ydeT ocTaBaTbCA HemoABMXK-
HO (KaK Yy OKpY)XXHOCTW), a OyfeT nepemelaTbCsi MO AVHUW
MK. T[pegenbHoe nonoxeHne K, K KOTOpOMY NpubavxaeTca
npyv 3tom Touyka k, HasbiBaeT-
CA LEHTPOM KPWBW3HbI, OTBE-
yalowuM TouKe M.
OTpesok MK (MK =
= \\mMk) Ha3blBaeTCq paguy-
COM KPMBW3HbI, OTBEYaloLWnm
TOuke M.
b. BennunHy R = MK pagu-
yca KPWBU3HbI HaiTW HeTPyLHO.
[na atoli uenn OfHOBPEMEH-
HO ¢ pgyrolo hs—Mm 6ygem
paccmaTtpusaTb ayry Mh ok-
PY>XHOCTW pagmyca Mk C LEeHT-
pom k. 3JTta pfyra, 04YeBUAHO,
3KBMBANEHTHa MT.
[anee, Ham notpebyetcs
yron Mkm. 3T0T yron, ouye-
BMAHO, paBeH yrny [a Mexay KacaTe/bHbIMM B TOYKax T
n M (OJa—npupaleHne, KOTOpoe MoMy4vyaeT yrosa a npu
nepexoge TOYKM M B MOMIOXKEHUE T\ MMEHHO: Yr/ibl HAaKNOHa
KacaTesflbHbIX K OCM abcumcc B TOYKax M M T CyTb a U
a + [a).
Paguyc MK u4uCneHHO paBeH OTHOLIEHWIO AJIMHbI Ayru
K BennuymHe yrna!

an. ~Mh
nNa

MK-.

OTctofia, NepexoAs K npegeny, Momy4um

R= MK = lim Mk —lim #" - Mn
[a-*0 [Ja-"- Aa
=lim A "MT  _im ds
Ja>-0 Oa. Ja-x 0 Aa da

Ho Hamu 6blI0 NOKasaHo, 4TO
ds=V 1+ (y'Ydx
(cunTtaem aprymeHTOoM Xx). [anee,

da- Y v o

4* =y' a=arctgr, 1+ G/T 14(y")2
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MoaTomy
= ds Arl+ W)'ldx [1+(y")2)3/a
da /" dx
T+W

c. Ha puc. 33 KkpuBas BbiNykna BHWM3 K noTomy Jla
nonoxutensHo (yron a Bo3pactaet). OAHAKO MOXeT OKa-
3aTbCA, 4T0 [a oTpuuatenbHo (kKorga a Yy6biBaeT), n Torga
Mbl JO/MKHbI B3ATb

R

fa-o V. Odad da"'

MOTOMY 4TO R BCerfa CUMTaeTCs BEIMUYMHOK MONOXUTENbHON.
Mbl BMAMM, YTO Kak B TOM, TaK W B Lpyrom cnydae (Kak
ONA KPWBOW, BbIMYK/IOA BHW3,TaK W AN KPWBOW, BbINYK/IOWA
BBEPX) 3@ R Mbl MOXeM MpUHMMATb abCOMOTHOE 3HAauYeHue
ds ds ds "L+ («)28R2
da T. & da da y

Mpumep 1 Haigem pagnyc KpMBM3HbLI Napabosnbl y=ax™
Vimeem

y'—2ax, y"= 2a,

O-HaY)82  (1+4a2:282
2a 2a

Mpumep 2. Hailgem pagnyc KpPWMBU3HbI LUKIOUABI
X= a(t—sint),
y —a( 1—cos t).

34echb
dy__ asint  __ , t
Y dx a(l —cost) 0>
dt
dy" actg- 1
dx d[a(t —sin/)] a(l —cos t)dt 4a Sin4—tj
/ 1 A3/2

(1+ clér~2) 32 8lma T

R= 1 ( 1 ) ==4asin-2.
40 S|n442 4a sin44{

d. TlpoBogs HopManu B 61M3KUX Toukax M,,, Afit M2 ...
., Mn KpMBOIA, NONYYUM HEKOTOPYK fomMaHyto £0M a- o

291
10*



Toukm kO, ku kt, ... aBnATCA NPUBIMXEHUAMU K LeHTpam
KPpUBU3HbI TOYEeK MW, M+, Mr, ..., M n. ToaTomy B npegene
nomaHasa kki...kn obpartutcs
B HEKOTOPYI KpuUBYH, npes-
CTaBNAOLWLYIO CO60I0 He 4To
MHOE, KaK reOMeTpUYecKoe Mme-
CTO LLeHTPOB KPWUBU3HBI. Takylo
KPWBYIO HasblBalOT 3BONIOTOMN
[aHHOW KpWBOIA.
Cama e KpuBasg Mo OTHO-
LUEHWIO K CBOEi 3BONIOTE Hasbl-
BaeTCA 3BO/MbBEHTON. 3 Bcero
CKa3aHHOro Bbllle ACHO, u4TO
puc 34 HOpManb B KakKoW-nnmbo Touke
M K 3BOMbBEHTE ABMAeTCA
KacaTeflbHOW K 3BO/IOTE, MPUYEM ASIMHA yyacTKa HopMaau
OT TOYKM M [0 TOYKM KacaHWs C 3BONIOTOW ABAAeTCA paguy-
COM KpPWMBM3HbI B TOUYKe M (TOYKa KacaHWA C 3BOMHOTON —
LEeHTP KPUBU3HBI TOUKU M).

MpubnuxxeHHoe MpeAcTaBAeHWe 00 3BOSIIOTE MOXHO COCTa-
BUTb MO IOMaHO (puc. 34).

§ 15. AundpepeHuman Ayrn U HanpasfsOLWMe KOCUMHYCbI
KacaTeNlbHON NS KPWBOW B MPOCTPaHCTBE

a. PaccmaTtpuBas [Be 0eCKOHEYHO 6/M3KMe ToukM M
X y;z) m T(x+ Ax; y+ Ay, z+ Az) (puc. 35), MOXHO

z

Puc. 35

y6eauTbcs, 4TOo ANA MPOCTPaHCTBa CrpasejvBbl (hOPMY/b
ds = Kdx8-f dy* + dz*, cosoc= -~-, cosP= -"-, cosy="
(Ax, Ay, Az—npoekumn xopgbl Mm, As 3KBMBAJEHTHO
xopge Mm).
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§ 16. YnpaxXHeHun

1. Ooka3aTb, 4TO tg* MOCTOAHHO BO3pacTaeT, MnpUYeM
Yyrofl Hak/oHa KacaTefbHOW K ocu abcumcc npubnmxaercs
K NpsAMOMY MO Mepe npuonvmXeHus x K k —0,
+1,

2. fokasaTb, 4TO y — \/Xx MNOCTOSHHO YO6bIBaET, MpUYeM
C NPUOMXKEHMEM X K HY/0 Yrona a npubnumxkaetcs K nps-
MOMY, & NpU HeOrpaHNMYeHHOM BO3pacTaHUM X Yron a CTpe-
MUTCA K HYJIO.

3. MokasaTb, 4YTOo y = xr—3x+ 2 yO6bIBaeT B WHTepBase
(— o0, 3/2) n Bo3pacTaer B uHTepBane (3/2, + oo) (Tem
camMmblM WMMeeT MUHUMYM npu * = 3/2).

4. TokasaTb, 4YTO BepwwuHa napabonbl y —xr—6*+5
Haxogutcs B Touke (3; —4).

5. [lokasaTb, 4TO y, 3afjlaHHad Kak (QYyHKLMA X napame-
TPUYECKAMU YPaBHEHUAMM

Xx= a(t—sin t),

y —a( 1—cos/)
(unknounpa), BospacTaeT B uHTepsane (0, N) U ybbIBAET B UH-
Tepsane (a, 21).

6. JokasaTb, 410 y —x3— 31 BO3pactaer B WHTepBase
(— oo, —1), ybbiBaeT B uHTepBasne (—1, 1), HaKOHeL, CHOBa
BO3pacTaeT B uHTepBane (1, + o0o).

7. [OokasaTb, UTO (DYHKUMA y —Xx3+ X2+ X MPU U3MEHEHUU
X OT —o0 A0 + oo BCe BpPEMS BO3pacTaer.

Jokasatb, 4YTO0 npm x > 2 Bcerga

9. MocTpouTb rpauk QYHKUMN y — X 1—X2 B WHTEP-
Bane (— oo, -f 00).
10. TMocTpounTb rpamk QyHKLMK
y = x3—6*2+ 9n:+ 1
Ha oTpeske [0, 4].
11. TMocTpouTb rpauK QyHKLMK
y = 0,250;1—*? +0,25

Ha oTpeske [—1, 4].
12. MocTpontb rpauk yHKLUK
y = e-x4ur

B UHTepBase (— 00, + 00).
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13. MocTpouTb rpamk yHKLUUM
ri=y(e*/la+ <?-*") (a= 2)

B uHTepBane (— oo, + oo) (0TBeThl K 3agayam 9, 10, 11, 12
n 13 paHbl Ha puc. 48).
14. HainTn Hanbosnbliee N HaMMeHbLUee 3HaYeHUs DYHKUUN

y = 30:4—4x3= [ (x)

Ha oTpe3ke [—2, 1]. OTseT', HanbosnblLiee 3HAYEHME
/(— 2) = 80, HaMMmeHbLllee 3HayeHue /(1) = —1
15. To e camoe Ans (yHKUUU

r/= 1,215—4,5n0;4+ 4x3—0,9

Ha oTpe3ke [—1, 2]. OTeeT: Hambosbllee 3HauyeHue f(0) =
= —0,9, HaumeHbllee 3HauyeHue /(—1)= —10,6.
16. To xe camoe Ans (yHKUUU

y = 2x3—3xr

Ha oTpe3ke [—1 1,5]. OTeeT: Haubonbliee 3HauveHue/(0) =
—f(1,5) = 0, HauMmeHblUee 3HayeHue /(—1)= —5.
17. To e camoe Ana (yHKUUK

y = x3— 18*2+ 96n:

Ha oTpe3ke [3, 9]. OTBeT: Hanbonbluee 3HaveHne /(4)= 160,
HaMMeHbllee 3HauveHue /(8) = 128.
18. To Xe camoe Ana QyHKUUK

y = xX?+ 5x

Ha oTpeske [1, 2]. OTBeT: Hambonbluee 3HayeHue /(2) = 42,
HavMeHbLlee 3HadyeHue /(1) = 6.

19. TpebyeTcsi OropoguTb KaMeHHOW CTeHOW MpsAMOYrofb-
Hyt0 NoWagKy, MNpUYeM W3BECTHO, YTO MaTepuana XBaTuT
TONbKO B TOM C/ayvae, eciv o6wWas AnuHa cTeH Oyget He
6onbwe a M. Kak cpenaTb, 4TObGbl OropoXeHHas nowasib
6blna BO3MOXHO 60/blwe? OTBeT: nowagka [O/MHKHA WMETb
thopmy KBagpara.

20. WmeeTcs XecTAHOW NWCT, umMelowmiA opMmy KeagpaTa
CO CTOPOHOH a cM. M3 Hero Mo yrnam Bbipe3aHbl W yAaneHbl
Masible KBagpaTbl CO CTOPOHOK X. KakoBO [OMKHO 6biThb X,
4yTo6bl BMECTUMOCTb KOPOOKMW, KOTOPYH MOAYYUM, MEpPerHys
OCTaBLUIYHOCS 4aCTb NUCTA MO JIMHWAM, OTMEYEHHbIM MYHKTM-
pom, 6blna Hambonbweid (puc. 36)? OTeeTX X=a/6cm.
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21. Ta >Xe camad 3agada, HO And NKUCTa, WMEOLLEro
thopMy NpSAMOYrofibHUKa C OCHOBaHWeM 48 CM 1 BbICOTOK 18 cm
(puc. 37). OTBeT: X= 4CM.

22. To e camoe, ecnM oOcHoBaHuWe 8CM U BbicOTa 5CM.
OTBeT: jc= 1 cm.

23. TpebyeTcsi NOCTPOMTb MATUCTEHKY C HaubOnblUei mno-
Ne3Hon nnowagbto. pu 3TOM  M3BECTHO, YTO CyMMa A/VH

bl
Puc. 36 Puc. 37

CTEH 3TOM NATUCTEHKM [LO/KHA PaBHATbCA A M. HaiTu, KakoBbl
JO/MKHBI 6bITb ANUHBLI cTeH (puc. 38). OTBeT: A/IMHA MO
CTeHbl J1/6, AnvHa 60NbLWOWA cTeHbl J1/4.

24. Ty e, MO CyLWecTsy, 33ajayy MOXHO [MOCTaBuTb
nHave. TpebyeTca MOCTPOUTL MNATUCTEHKY C LAHHOW MONE3HOW

Puc. 39

nnowaabto K M2 Kakoi (opmbl A0/MKHA OblTb MATUCTEHKA,
4yTOObl KOMMYECTBO 3aTpayeHHOro Ha Hee Matepuana (CTeHbl)
6bl10 HaMMeHblIMM? OTBET: A/IMHA Manoli CTeHbl 2/3/C,
OnuHa 6onbwoli cteHbl K3/2/C (MO cyuwiecTBy, 370 NPeXHWI
OTBET, TaK KaK OTHOLWEeHWe fAWH 60MblUOA W Manoi CTeH
N 3fecb paBHO 3/2, Kak un B 3afjauve 23).

25. B cermeHT napa6onbl yr= 2px, rge OK = T, Bnucartb
NPAMOYTofbHUK Hambonbwen nnowagn (puc. 39). OTeeT'.
x=T/3.
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26. B annunc

BNWCaTb MPSIMOYTrONbHUK HauGosblueld naowagn (CTOPOHbI
napannefbHbl  KOOPAWMHATHBIM  0CsAM). OTBEeT: OCHOBaHWe

aV 2, BbicoTta bV 2.
217. M3 nnucta KecTu, umMerowero gopmy Kpyra paguyc
R, Bblpe3aTb TaKOW CEKTOp, 4TOObI, CBEPHYB, MNOMYYUTb

Puvo. 40 Puc. 41

BOPOHKY Haubonbweir Bmectumoctn  (puc. 40). OTBeT]j

®= 2aK2/3.

28. B Touke M Ha BepTUKaNbHOW CTeHe BWUCUT 3MeKTPI
yeckas flamnoyka, KOTopas MOXeT mnepefsuraTbCsa Mo CTeHe
BBepX W BHM3 (puc. 41). CnpalunBaeTcs, KaK Hafo MOABECUTb
3Ty NaMnoyKy, 4ToBbl MNOAYYUTb Haufydllee OCBeLleHue
B Touke N (Hanmpumep, N —MeCTO Ha Kpalo CTofa, rae NexuT
yepTeX wam KHura). OTeeTx h= alVv2.

YkasaHue. OCBeLEHHOCTb / BblpaXkaeTca hopmynoi

[ -sin®
r o’
rae c— rnocTofHHas.

29. M3 nyHkToB A K B, pacnonoxeHHbIX Ha 6epel
03epa, OLHOBPEMEHHO BbIXOAAT ABa cyfHa (puc. 42), KoTopble
MAbIBYT MO B3aUMHO MepneHAVKYNApPHbIM HanpasfeHuam AM
n BN. YKazaTb MOMEHT Hanbosnblieid 6a1130cTn 060MX CyAO0B,
eCNn  Un3BecTHo, Yyto AO— 110km, MN — 134Km un 4TO nep-
BOe CY[HO MNJIbIBET CO CKOPOCTbIO 8 KM/4, a BTOpPOe CO CKO-
poctbto 15KM/4. OTBe/T uepe3 104 nocne OTMNLITUSA.
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30. OKONO faHHOro uunuHApa onucatb KOHYC HauWMeHb-
wero obbema. OTBeT: pafuMyc OCHOBaHWA KoHyca B 3/2 pasa
6osblle paguMyca OCHOBaHWA LUWNUHApA.

31. N3 kpyrnoin 6anku Hago BbINUAUTb 6anky ¢opmbl,
YKa3aHHOW Ha puc. 43 nyHKTUpOM. [py KakuMx YCNoBUSX

aTa 6anka OyaeT WUMeTb HaubOnbluee MOMEPEYHOe CceveHne?
OTseT: tg<p= 2.

32. Touka nepemellaetca B cpefe | CO CKOPOCTbIO
n B cpege Il co ckopocTbio v2 (puc. 44). Kak 0Ha [O/MKHA

Hi

Puc. 44 Puc. 45

LBUraTbCs, 4Tobbl, UAA W3 TOYKM MUK JOCTUTHYTb TOUKMU
B Hamkpartyaiilumii cpok? OTBeT; = N-

33. VimeeTca BbicOKas 6allHA W HEKOTOPbIA MpeaMeT Anu-
HOWO a, Nexalwmii Ha 3emne B OAHOW MAOCKOCTW C 6GallHei
(pno. 45). Ha KaKyt BbICOTY HAA0 MOAHATLCHA, YTOObI BUAETH
npeaMeT noj HavbonbWuM  yrnom  3peHna? OTBeT: X —
—Vb(@a+ b)
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34. TpebyeTca chenatb >XeCTAHOe KOpbITO (hOpPMbI, YKa-
3aHHOI Ha puc. 46 (ocHOBaHWe— NOAYKPYr). Kakumu [O/mMKHbI
ObiTb pa3Mepbl 3TOr0 KOPbITa, 4TO6GbI MpPW O4HOM W TOM XKe
KONMYecTBe Martepuana BMECTUMOCTb €ero 6biia Hambonblueir?

Puc. 47

35. Kakmmun [Jo/mKHblI ObITb pasmepbl KacTptonu (puc. 47),
4yToObl NPU OAHOM W TOM Xe KO/IMYyecTBe Marepuana, 3aTpa-
YEHHOro Ha ee W3roTOB/IEHME, OHa MMena HaubosMblUy BMe-
CTMMOCTb? OTBeT-, paguyc I fHa JO/DKEH PaBHATHLCS BbICOTe h.

36; Jlokas3aTb, 4TO KpuBsas

y-=ax, a> O

BbIMYK/a BHU3.
37. [lokasaTb, 4TO KpuBsad

y —\n2

BbIMyK/ia BBEPX.
38. [okasaTb, 4TO KpuMBas

Y-

npn NONOXWTENbHbIX X BbiNyKna BHU3, a Npu oTpuuaTtenb-
HbIX X BbIMyK/ia BBepX.

39. [okasaTb, 4TO TaHreHcomja
Y=

npu oTpuLaTeNbHbIX X BbIMYK/a BBEPX, & NPU MNOMOXUTENb-
HbIX BbINyKna BHU3 (Tak yto npu = 0 WMeeTcqd TO4uKa ne-
pern6a).

40. [oka3aTb, 4TO cuHycomga B uHTepsane (0, N1) BbINyKna
BBEpX, a B WHTepBane (N, 21) BbiNyKna BHU3.

41. TlocTpouTb KpuByt y = x38 p[na BCero uHTepsana
(— c», U- 00).

42. TocTponTb KpuBylO y —x*116 pgna BCero uHTepsana
(— oo, 4- 00).
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43. [atb 6onee feTanbHOE NOCTPOEHME KpuBOW 3agauun 9.
44. To Xe pna 3agaym 10.

45. To xe anga 3agaunm 11

46. To e pgna 3agaun 12,

47. To »xe pgna sagaum 13

OtBeTbl K 3afjavyam 41—47 cm. Ha puc. 48.

48. Vccnegys 3Hak nepBoOli MNpPOWM3BOAHONM, HaliTW MakCu-
MYMbl W TOUKW 3aMe/ieHns PyHKUMM y ——x4—xr (3agaya 9).

49. To xe ana yHKumMmM y —x3—6x2+ 9m+ 1(3agava 10).

50. To xe ana gyHkumm y = 0,25x4—x3+ 0,25 (3apa-
ya 11).

51. To xe gns yHKuMM y = ex’2 (3agava 12).

52. To xe ond QyHKumm y ——(exa+ e*a) (3agava 13).

53. 3apgauy 48 pewnTb wuCCNef0BaHWEM 3HaKa BbICLUMX
NMPOU3BOAHbLIX.

54. To xe pna 3agaum 49.

55. To xe gna 3agaum 50.

56. To e ana 3agaum 51.

57. To e gns 3agaun 52.

58. TMojo6HbIM >Xe nyTeM MPOU3BECTM WCClefoBaHWe B 3a-

fave 41.

59. To e cpenatb Ana 3sagaumn 42.

60. MocTponTb rpaMk QyHKUUU y = e OTBET CM.
Ha pwuc. 49.
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61. MocTpouTb rpamk QyHKuunm y=1/xr. OTBeT CM.
Ha puc. 50.

62. Haitn gudepeHyman 4gyrv 1 HanpaBasoWme KOCUHYC
M CUHYC KacaTeNbHOW Ans anaunca

TOouke ¢ abcumccoo x. OreeT-, ds— I /1 4-~dx\ cosa=
2y sina = or
Y ad¥+ 64x2 * V ady2-{-b'x2
63. To Xe camoe ana acTpougbl x = acos3t, y = as\n3
OTBeT; ds= 3asintcostdt; cosa= —cost, sina= sin/.

64. HaliTn  BblpaxeHy

pagnyca KpWBU3HbI  3naumnca

Omeemi Rm

fay2+ bx2)azb2 '
65. To Xe camoe pAns af
Tponabl x —a cos3/, y = asin0/.

OTBeT: /?7= ysin2/.
66. Mpoekuun paguyca KpuBu3Hbl MK B TOouke M
OCW KOOpAWHAT MOXHO BbIpasuTb [fBYMA cnocobamu! uepes

KOOpAWHaTbl KOHLUa W Hadana, a TaKXe KakK MnpounsseaeHuA
OnHBI R pagnyca KpMBU3HbI Ha €ro HanpaBnsAloLWKne KOCUHYC

Puc. 50

M CUHYyC. BbiBeCTM O0TClOfa BbIPXEHUA AN  KOOpAuHaT
K (I; rj) ueHTpa KpVBW3HbI:
1+ )2,/
I=x- 77y,
1+ (yT
4=0- (y
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67. Bblpa)Kaf-I B 3TUX YpPaBHEHUAX TMpaBble 4YaCTU 4Yepes X

(v yepes napameTp t, Korga KpuBasa 3afaHa napameTpu*
Yyeckun) u 3ateMm wucknouas x (Mam /), nNonyuymm ypaBHeHwWe,
cBs3blBatoWlee 5 1 M, T.e. ypaBHEHWe 3BOMAOTLL. HaiiTu ypas-

/. 1\3 27
HeHVe 3BOoMOThI Napabosbl y = axr. OTeeT: (j—~

68. HaliTu nmapameTpuyeckue ypaBHEHUS 3BOMIOTHI LIMKIIO-

WAbl M TOKaszaTb, 4YTO, BBOASA BMECTO t HOBbIA mapameTp tt
ypaBHEHWEM

ti= n-\-t
N 3aTEM TMepeHocs Hayano KOoOpAWHAT B HOBYH TOUKY
(an; —2a),

Mbl MpUBELEM YpaBHEHME 3BOMKOTbI K BUAY
X = a(tx—sin tx),
y —a(l—cos/t)

(T. e. 3BONKOTA UMKIOUAbI—TOXE LMKIONAA).



FnaBa 4

ANOPEPEHLMPOBAHWVE ®YHKLMIA
MHOIMMX MEPEMEHHbIX

§ |. ®YHKUMM MHOrMX nepemeHHbIX. O6nacTb
onpegeneHna. HenpepbiBHOCTb

a. B npeablgylwmx rnaeax Mbl 3aHUMAa/IUCb WU3YYEHWEM
(hYHKUMIA TONMbKO OfHON nepemeHHOl. Mol yxe ycnenm ybe-
OMTbCA B TOM, 4TO Teopus 3TUX (YHKUMIA [aeT MOLLHOe
OpyAve TexXHUKe W eCTeCTBO3HaHWI0 A1 [LOCTUXKEeHWUs Tex
Lienieil, KoTopble Mepef coboli 3TM Hayku cTaBaT. Ho Temepb
Mbl AO/MKHbI HAaNMOMHWUTb, YTO GOMbLUMHCTBO BENWUYUH,-C KOTO-
PbIMU MPUXOAUTCA UMETb [0 eCTECTBOMCMBLITATENHD U UHXKe-
Hepy, 3aBMCAT He OT OfJHON NEepeMeHHOI, a u4aule BCEro of
OBYX WAM paxe 6OMblUero uucna nepeMeHHbiX. [puBegem
MpUMepsI.

1. O6bem V rasa 3aBMCWUT OT TemnepaTypbl t W AaBneHWs
p, TaKk 4TO

V= f(p, O

2. lNpeactaBum cebe cuCTeMy, COCTOSILLYIO M3 M BELLECTB
pasnUYHOro XMMWMYECKOro coctaBa. Kaxfoe BeLeCTBO, BXO-
JAlee B CUCTEMY, XVMUKU Ha3blBatOT KOMMOHEHTOW CUCTEMbI.
OueBUHO, COCTOSAHWE CUCTEMbI 3aBUCUT OT MacCc BCEX M KOM-
MOHEHT. HO o0Ka3sbiBaeTcs, 4YTO 34eCb MWMEIOT 3HayeHus He
abCoNOTHbIE BENMUYMHBI MACC, a OTHOLLEHWUS BCeX Macc K OfHOIA,
nocnegHUX’byaet Ha efuHMLY MeHblle, YeM KOMTMOHEHT, T. €.
nx 6yger n— 1 Tak KaK COCTOSIHWE CUCTEMbI 3aBUCUT eLle
OT AaBfieHMs W TemnepaTypbl CUCTEMbl, TO COCTOSHME CUCTEMbI
cnepyet paccmaTpuBaTb Kak (YHKUMO OT n+ 1 He3aBUCMMOW
nepemMeHHON. MOXHO NPUBECTW €lle MHOT0 NPUMEPOB, HO Mbl
OrpaHnumMMmcs ToNbKO 3TMU. Kak BMAHO, n3yyeHue (DYHKUWI
MHOTMX MEPEMEHHbIX €CTb BOMPOC, 4pe3BblYaliHO BaXKHbIA
418 eCTeCTBO3HAHWA W TeXHWKW. B panbHeiiwem wmbl 6ygem
BECTU PACCYX[eHWA TOMbKO ANA (PYHKUWUA ABYX MEPEMEHHbIX;
BCE CKasaHHOe O Hux OyaeT cnpaBegvMBo W Ana (yHKUMiA
MHOIMX MepeMeHHbIX.
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b. Kak w3BecTHo, yHKUMUA T [BYX He3aBUCHMMbIX MNepe-
MEHHBIX X H y 3anucbiBaeTcs Tak:

r=1/,(* Y- U)
WHorga ¢yHKUMsA T [Jaerca ypaBHeHuem
Fix, y. rn=0. 2

Torga Mbl HasbiBaeM €e HesBHOW. Ho ecnn pewmnTb 3TO ypas-
HeHVie OTHOCWUTENbBHO I, TO Mbl MPUBEAEM ee K fiBHOMY Bugy (1).
Hanpumep, ecnm vmeeM ypaBHeHWe

*24-yr+ z2—R* = Q, ®))
TO, OMpeAenss M3 Hero r, Haigem Takyl SBHYH (YHKLMIO:
r—+ Y R*—x2—y\ 4

€. HanomHum, 4yTto ecim X, y, I MPUHATL 33 KOOPAMHATLI
TOYKM B MpPOCTpaHCTBe, TO (YyHKuUusa (1) wam (2) aByx nepe-
MEHHbIX M306pa3nTCA HEKOTOPO MOBEPXHOCThLIO.

Hanpumep, dyHkumna (4) wam xe (3) m3obpaxaercs cde-
poil paguyca R C LEHTPOM B Hayane KOOPAMHAT.

d. OyeHb u4acTo [JO0OBONLCTBYIOTCA TeM, UTO W306paxaroT
rpaMyeck TOJIbKO HE3aBUCKMMbIE MEepeMeHHble X Wy, a camy
(OYHKUMIO T He wu306paxaloT. [lonyuymTca Takas KapTuHa:
ecnun Mbl 6yaem Kak-HUOYyAb MEHATb X W Yy, TO NOMYUYMM TOUKY,
[BWXYLLYIOCA B MIOCKOCTW; cama (PYHKUMA © HarfsagHo u13o-
OpaxkeHa He OyfeT, HO A/ KaXKAOro TMOMIOKEHUSA TOUYKU OHa
Oy[eT WMeTb OMpefefieHHOe YWC/0BOe 3HayeHuwe. Ana kpart-
KOCTM Mbl Oy[em roBOpUTb B TakuWX Cllyyadx, 4to I ecTb
(YHKLMA TOUKM (X\ y) NIOCKOCTM.

e. PaccmoTtpum 6onee BHUMaTeNbHO (yHKUMIO (4). Mbl Bu-
OWM, YTO XOTA X Wy ABMAKOTCA He3aBUCUMbIMW MEPEMEHHBLIMMU,
Mbl He MOXeM WM 337aBaTb COBEPLUEHHO MPOM3BO/bHbIE 3HA™
YyeHUs, TaK Kak Heobxogumo, uTobbl 6bino

R2—x2— /2 0.

B npoTMBHOM cnyyae Mbl MOAYYMM A5 Z MHMMOE 3HaueHue,
T. €. (yHKUMs He OygeT onpepeneHa. HeTpygHO NOHATb, YTO
Hawa (yHkuma (4) onpefeneHa [ANS KaXA0A TOUYKM BHYTPU
M Ha KOHTYpe OKpYXHoCTM pagmyca R (puc. 51) u He onpe-
JeneHa BHe 3TOW OKPY>HOCTM.

COBOKYNHOCTb TOYEK, AN KOTOPbIX PYHKUWUA OnpefeneHa,
Ha3blBaeTCA obnacTbio onpefeneHns (MNU CYLLECTBOBAHUSA).

Takum o6pasom, ana ¢yHkuuu (4) obnacteto onpegene-
HUA ABNAeTCS Kpyr paguyca R,
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Lna pa3nnuHbix (yHKUWA 06MacTb OMNpeAeneHns VMeeT
pasHblii BUA. VIHOrga 3Toii 06/1acTbio ABNSETCA BCA MAOCKOCTb.
Hanpumep, dyHKyua

r—ax+ by+c

onpefieneHa ANA Kaxfoi TOYKWM NIOCKOCTW.

f. Mepexogum Tenepb K BOMPOCY O HEMPEPbLIBHOCTU U pas-
pbiBe. BbISCHAM 3TW MNOHATUA Ha MNpuMepe.

PaccMOTpUM TaKylo (YyHKLUMIO:

2xy
Xr+y?2 (5)

Lna Kaxgoin Touku (X; y) nnockoctu, kpome Touku (0; 0),
Mbl MOXXEM BbIYUC/IUTbL OHO OMpefesieHHOe KOHEYHOE 3HaYeHue

yHkumn. Ong Toukm (0; 0) Mbl MOMYyYMM He UMeOLLee onpe-
[eNeHHOro Cmbicna 3HauveHue

r- 0.

Takum obpasom, yHKuuMsA 3agaHa ypaBHeHuem (5) Ana Bcex
TOYekK njockocTn, Kpome Toukm (0; 0). 310 nycrtoe MecTo
MOXHO 6bl0 6bl 3amonHWMTL, 3afgaBad B Touke (0; 0) Ans
(hYHKLMN KakKoe-HMOYAb XenaTesibHOE [ANA Hac 3HauveHwe.
OpfHako nocnefHee COBepLUEHHO 6ecnonesHo BBUAY TOrO,
yto fdaHHasa (yHkums B Touke (0; 0) MMeeT ewe OAHY OCO-
6eHHOCTb. [leicTBMTENbHO, MYCTb W3 Hayana KOOpAMHAT Bbl-
X0AUT KpwuBas nof yrnom a K ocu aéecumcc (puc. 52).
MpepctaBum Tenepb cebe, 4To Touka M (*; y) HeorpaHu-
YEHHO NpubAMXKaeTca K Havany KOOpPAWHAT MO 3TOR KPUBOIA.
Torga, ecnm 0603HaunTb tga —a, TO NpU HeOorpaHUYeHHOM

YMEHbLUEHUN X H y OTHOWeHWe -f- ByneT npubnmxatbecs K a,
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TakK 41O

lim ——a.
=3
OCHOBbIBasACb Ha 3TOM, Mbl MOXEM HaiTW npegen, K KOTOPOMY

CTPEMWTCS Halla (YHKLMS, KOrga X u y npubnmkaercs
K HY/M0 MO TOMY 3aKOHY, KOTOpbIA AaeT Bbl6paHHas KpuUBas:

OueBuAHO, TOukKa M (X; y) MOXET MOAXOAWUTb K Hauvany
KOOpPAWHAT MO CamblM pasHOOOpasHbIM KPUBLIM, MO3TOMY a
MOXeT MpuHMMaTb nboe 3HadeHue. Takum o06pa3oM, Hawa
(hYHKLUMA He MMeeT KaKoro-Hmbynb OnpeAeneHHOro npegena
Npyu HeorpaHMYeHHOM YMEHbLUEHUU X W y [0 HYNf, TaK Kak
3TOT npejen 3aBUCUT OT TOrO0 3akKOoHa, MO KOTOPOMY CTpe-
MATCA K HYMO X W y. Tenepb Mbl BWAUM, YTO Kakoe Obl
3HauyeHve gns gyHkuuu B Touke (0; O) Mbl HM 3afjanu, OHO
He MOXET pPaBHATLCA Npefeny, K KOTOPOMY CTpeMutcs (DyHK-
UMA MpuM HeorpaHWYeHHOM YMeHbLUEHUM X W y [0 Hynq,
MPOCTO MOTOMY, YTO B 3TOW TOYKe (DYHKUWA He WMMeeT onpe-
JeneHHoro npegena. HeTpyaHO BUAETb, UTO TOMLKO B Hauyane
KOOpPAMHAT Hawa (PyHKUMsA 06/1afgaeT TakuM CTPaHHbIM CBOWCT-
BOM. B0 BCSIKOl gpyroii TOYke Hawa (yHKUMSA MMeeT BMOJHe
orpefesieHHOe 3HayeHWe, NPUYEM OHO COBMAaZaeT C MpeAenom,
K KOTOPOMY CTPEMMUTCA (YHKUWSA, HE3aBUCMMO OT TOro, Kak
Mbl GygemM MOAXOAUTb K 3TOM To4yke. Mbl 6yaemM roBOpuTb,
YTO Hayano KOOPAMHAT ANa Hawel (hyHKUMU ABNAETCA TOUKOWA
paspbiBa. TOYHO TaK e 6ygem roBopuTb, 4YTO B APYrMx
TOUKax Hawa (YHKUMSA HenpepbiBHa.

Tenepb fagvM obLiee onpegesieHne HeNnpepbIBHOCTM U pas-
pbiBa (OYHKUMIA [BYX HE3aBUCKUMbIX MEPEMEHHbIX.

DyHKUnA f(x, y) Ha3blBaeTCA HenpepbiBHOW B 061acTn ee
onpefefieHNs, eCcnn BbINONHAKTCA CRefyolme [Ba YCN0oBUS:

1 Ans ka>kpon Toukn M (X; y) B 3TOW 06nacTu hyHKUUA
MMeeT OAHO OnpedeneHHOe KOHEYHOe 3HauyeHue.

2. Ans kaxkpoi Toukn M (X; y) B 3Toi obnacTu vmMeem

lim /(x + Ox, y + Ay) = f(x, y),

A*-»-0
Aar/-*-o

Mo KakoMy Obl 3aKOHY HU MpPUBAMdKANUCL K Hynto AX u Ay.
Ecnn mbl Tenepb MPUMNOMHWMM, YTO MEPEMEHHAs BENU4YMHA,
MMeroLLan npegen, OTAMYAeTCA OT CBOero npejena Ha 6ecko-
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HEYHO Manyr BENMYNHY, TO BTOPOE YyC/0BME MOXXHO npeAcTa-
BUTb B TaKOM BUAE:

loe+ Onc, y + by) = f(x, y) + a, (6)

rge a —6eckoHeYHo Manas BefiMuMHa, He3aBUCUMO OT TOro,
Mo KakoMy 3aKOHY MpubnmxawTca K Hymwo Ox n Ay.

Te TOYKKW, AN KOTOPbIX HE BbIMOAHANTCA Halln yCnoBus,
Mbl 6yfleM HasblBaTb To4ykamu paspbiBa. OYeBMAHO, B TOYKax
pa3pbiBa paBeHCTBO (6) HENMPUMEHWUMO.

§ 2. YacTHble Npov3BOAHbIE W MOMHBIA AWt hepeHLman

a. Hanbonee BaKHbIM BOMPOCOM B TEOPUU (PYHKLMIA ABNS
eTCs M3y4yeHMe XapakTepa MW3MEeHeHWs (yHKUuW.
3alimemca (DyHKLMeld ABYX MepemMeHHbIX

2= /(ac, y). 1)

MycTb MOBEPXHOCTb Ha puc. 53 nzobpaxaeT 3Ty yHKLMIO-
Ecnn Heobxogumo wuccnefoBaTb nosefeHve (yHKuun (1)
OKO/I0 KakoW-nmbo Touknm M (x\ y), TO HawIy4ywumMm u npo-
CcTeiilummM cnocobom ABnseTCs nepe-
CeYeHMe MOBEPXHOCTU  HECKOSlb-
KMMMW MAOCKOCTAMM, MPOXOAALLNMM
yepes 3Ty TOUKY.
PaccmatpuBaa BCe KpuBble,
MonyyMBLUMECA Ha TMOBEPXHOCTU
OT 3TUX CEeYEHWUW, Mbl MOXEM
M3YUYnNTb OKPECTHOCTb [AaHHON TOY-
KW W NPUTOM TeM TOYHee, YeMm
6onblue  CeyeHUid Mbl  cpenaem.
Bnpouem, And Hawux uenei fgo-
CTaTOYHO cfenatb TONbKO [Ba Cce-
YEHMA: MAOCKOCTAMM, MPOXOASA-
WM  Yepe3 [aHHYK TOYKY WU
napannenbHbIMU  BEPTUKANbHbIM
KoopAuHaTHbIM naockoctaM XOr u yOr. [lpu 3stom nony-
yaloTcAa KpmBas MA (HasoBeM ee nepsoil) M kpuBas MB
(HasoBem ee BTOpOIA).

Ecnu Touka 6yger gBuratbCs Mo NepBoOil KPUBOW, TO Y Hee
OyayT W3MEHATHCA TONMBKO X W T, ay O6yAeT MOCTOAHHbLIM
4yMcnoMm BBMAY TOFO, YTO BCA MEPBAas KPWBas NIEXWUT B MAOCKO-
CTW, nNapannenbHoi naockoctn xOr. [o3TOMy MOXHO nony-
YNTb YypaBHEHMWE NepBOi KPUBOM W3 ypaBHEHUS MOBEPXHOCTH,
€C/N, BbIXOAA W3 TOUKM M, OCTAHOBUTbL Y, & MEHSATb TONbKO X,
Tak 4to r OygeT (yHKUMeA TONbKO X.
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Tckum 06pas3om, ypaBHeHWe MNepBOA KpuBol 6yaeT
2=/(*. y) npu NOCTOAHHOM Y. 2

Janum Tenepb X npupaweHve [Ox. Torga ®QyHKUus r
nonyuuT npupalieHue, KOTOpoe Ha puc. 53 un306paxeHo
oTpeskom 0,74,

JTO0 npupaweHne Has3bIBAETCA 4YaCTHbIM npupaLleHnem
(YyHKLMM T No X K 0603Ha4aeTcs TakK:

Axe =1 (x+ Ax, y)—Ff(x, y). ©)

b. Haligem Tenepb npegen OTHOLIEHUS 3TOr0 MpUpaLLeHus
K Ox npu Ox—»O. Ecnu 3TtoT npegen CylecTByeT, TO OH Ha3sbl-
BAETCA YacTHON Npou3BOAHON (YHKLUMM T Mo X U 0603Hauva-

eTcs TaK:
+ 1 )

HeTpygHO BuAeTb, 4YTO YaCTHas MpoOM3BOAHAA T MO X
paBHa TaHreHCy Yyrfia Hak/lOHa KacaTesibHOl MepBOi KpUBOWA,
KOTOpbI/i 3Ta KacaTenbHas COCTaBfisieT ¢ ocblo OX.

COBEpLUEHHO TaK e YypaBHEHMe BTOPOW KpuBOW OygeT

z= f(x, ¥Y) [PW NOCTOAHHOM X. (5)

AHANOrMYHO MNpUAEM K MOHATUIO YacTHOrO MpupalleHuns
(OYHKUUKM T NOo y:
L= fix, y+ Ay) —f(x, y) (6)
M K MOHATUIO YaCTHOW MNPOM3BOAHOW I MO Yi
fXy+ray)y —1 (5 Y _ o
N0

fIcHO, 4TO nocnefHAs paBHa TaHTeHCYy Yrna p Hak/ioHa
KacaTenbHOW BTOpO/ KpuBOW K ocu Oy. [ins 4acTHbIX Npo-
M3BOAHLIX WMEKTCH elle Takne 0603HaYeHUS:

O ™2~ yl= panxl y)BxIax' y))
y)=ru(x> y

C. Ecnn Mbl YMHOXWM YacTHble MPOW3BOAHbIE HA Mpupa-
LEeHNA COOTBETCTBYHOLLMX MEPEMEHHbIX, TO MOMy4YMM Mpomn3Be-
[leHVs, Ha3blBaemble YaCTHbIMU AuddepeHumanamm GyHKUUU T
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N 0603Ha4Yaemble Tak:

dz d o
dxz = - % Ax = “fadx— uacTHblii AvdhdepeHuman r no x,

a ar 4 ar . ”
yr ~~ay Y ~~py Y—uUacTHbW AuddepeHyman r no y.

©)

Ecam x ny SBNAIOTCA HE3aBUCUMbIMU MepPeMeHHbIMK, pas-
nmuna mMexay Ax, Ay u dx, dy Mbl He [efiaem.

Ha pwuc. 53

OXT M306paxkaeTcs npupalieHMeM axa N0 KacaTenbHoW
K MEepBOii KPWBOW,

d,z n3obpaxaeTcs npupaweHrem bx No KacaTeNbHOW Ko
BTOPOI KPWBOWA.

FICHO, 4TO 4acTHble AugdepeHUManbl OTAMYAKOTCA OT COOT-
BETCTBYIOLLMX YACTHbIX NPMPaLLEHU YHKLUN I HA 6ECKOHEYHO
Masble BbICLUEr0 NOpsAAKa MO CPaBHEHUIO C AX U Ay.

d. BaxHyl0 posib B MaremaTMke W MPUKNafHbIX HaykKax
UrpaeT Cymma BCEX YaCTHbIX AudepeHunanos gyHKuuu. 3Ta
CyMMa Ha3sblBaeTCA MOMHbIM AuddepeHUmanom QyHKumMm u 06o-
3HavaeTcA TaK e, Kak guddepeHuman GyHKUMM OLHON nepe-

MEHHOIA:

dz=gxr+ gmrm

e. MonHblii gnddepeHumnan nmeet
NpoCTOe reoMeTpUYEecKoe WCTONKOBA-
HVe, KOTOPOE Mbl Cevac MOKaXeM.

JonycTum, 4To Mbl laeM nepemeH-
HbIM X 1y OJHOBPEMEHHO NpUpaLLeHns
Ox n Ay. Torpga pyHKUMA r noayuut
npupalleHne, KOTOpOe Ha3biBaeTCH
€e nosHbIM npupaleHneMm 1 0603Ha-
yaetca npocto [r 6e3 3HaKOB CHU3Y.
JT0 npupalieHne paBHO

Az = f(x + AX, y + Ay)—Tf(x, V).
("

Hwxe Ha puc. 54 noBepxHOCTb 0603HayYeHa 6yKBamu
MANB, Ttak yto MM =T, NiN —z+ Az n, cneposaTentHoO,
ctN = Ar. TllocTpoMM MJIOCKOCTb, MPOXOAALLYH 4epe3 Kaca-
TenbHble Ma M Mb K nepBoii 1 BTOPOW KPWBbIM.
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3Ta NMOCKOCTb Ha3blBaeTCA KacaTe/bHOW  MNI0CKOCTbHO
K MOBEPXHOCTU B Touke M.

MocnegHsas nepecekaeTcs C NPOAO/KEHMEM OOKOBOM Mo-
BEPXHOCTW napansienenunega ¢ peébpamu Ax, Ay 1 MMM Tak,
yTo obpasyeTcs napannenorpaMMm Macb. [Nposegem elwe nps-
Myl ak mMapanjieNbHo axx

TpeyrofibHUK kac paBeH TPEYronbHUKY bXMb BBuAY TOrO,
4yto bM 1 ac paBHbl W MapanyieNnbHbl Kak MPOTUBOMOMOXHbIE
CTOPOHbI napannenorpamma, bx napannenbHa kc n bXM na-
pannenbHa ka.

M3 paBeHCTBa TPeyronbHWKOB cnegyer, 4to ck= bxb un
ok —axa.

CnepoBaresibHo,

cxx—cxXk + kc= axa+ b= gxr 4- gyr = dz.

TakuMm 006pa3om, nosnHbii  anddepeHyman npeacrasnseT
co6oii npupalleHme YHKLUN T, HO B3ATOe He N0 MOBEPXHOCTH,
a Mo ee KacaTe/lbHOW MNIOCKOCTU.

f. O6o3Haunm 6ykBamn X,Y, Z KOOpPAMHATbl TOYKM C.

Torpa

dx=X—x, dy=Y—y, dz=2Z—z (12)

MoacTaBnss 3T pasHOCTM B MOSHbIA  AnddepeHyuan,
nony4nm

Z-z=£(X-x)+E£(Y-y). (13)

3T0 ypaBHeHMEe NPUIOAHO ANS  NHOObIX YMCNAEHHbIX 3Haue-
HWiA dx, dy, dz, WHbIMM CnOBamW, OHO OCTAaeTCs BEPHbIM,
rge Obl Ha KacaTenbHOW MNMOCKOCTM HU HaxoAwmnacb TOYKaA C.

Moatomy X, Y, Z MOXHO paccMaTpuBaTb KaK TeKyline
KoopAMHaTbl KacaTenbHOW nnockocTn. CrefoBaTensHo, ypas-
HeHne (13) eCTb ypaBHEHWEe KacaTeNbHOW MI0OCKOCTU, NpUYem
X, ¥, T CyTb KOOPAMHAaTbl TOYKM KacaHWs.

WTak, monHeln gnddepeHyman npegctasnseT coboi B 3a-
MaCKMpOBaHHOM BWAe YpaBHEHWe KacaTeNbHON MIOCKOCTU.

g. Obpatnmcsa onATb K 4epTexy. Mbl BUAMM, 4TO Mnpupa-
weHne yHkumMmM Az = cyN OTnu4yaeTcsa OT MOMHOro AugdepeH-
uMana dz=ck Ha BeAnunMHy cN. UpesBblYyailHO BaXKHbIM
ABNAETCA TO, YTO 3Ta PA3HOCTb MEXAY HUMW MpeLcTaBnseT
coboii 6eCKOHeYHO Manylo BbiCLIEro nopsgka. Jokasatb reo-
MEeTpUYeCKN 3TO Henb3s. [loaToMy ceilvac Mbl Oydem BecTu
UMCTO aHAUTMUYECKME PACCYXAEHWS.

h. Aonyctum, 4to (hyHKUUSA

*=[(*, V)
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HenpepbiBHa N MMEET HEMPEPbIBHbIE YaCTHbIE MNPOM3BOAHbIE

fx(x, ), fy(x y). (14

Echm  Mbl gagum  Kakol-nmb0 MepemMeHHOR, Hanpumep,
y 6ecKOHe4yHO Masioe npupaiieHue, TO BBUAY HEMPEPLIBHOCTU
KaXfas M3 YacTHbIX MPOU3BOAHbLIX MONMYYUT TakKe GeCKOHeu-
HO Manoe npupalieHue. Bmecto fx(x, y) bygem wumetb fx (X,
y + Ay), HO pasHOCTb MeXAy HuUMW OyfeT 6GecKOHeYHO Mana.

O603Ha4MM 3Ty pasHOCTb Yepe3 a. Torga nonyyum

fx(x, y+Ay) = fI(x, y) -fa. (15)
1 3alimemcs Tenepb mccnegoBaHMEM MOJTHOIO MpuUpaLleH :
(OYHKLMW T, KOTOPOE WMeeT BU[
Ar—f(x+ Ax, y+Ay) —f(x, y). (16)

Mpofenaem HUXKECNeAytoLLMe OYeBUAHbIE MPe06pasoBaHUS:

Ar=f(x+ Ax,y+ Ot/ —/ [x,y + Ay) + f(x,y + [y)—Tf (x,y),
Ar = N (x+*x>y+Ay) —/(*, y+Ay)] +

+ ,17)

M paccCMOTPUM Te BbIPAKEHWUS, KOTOPble HaxoAAaTcAa B CKOO-
Kax, OTheNbHO.

Bo3bmeM cHauvana BTOPYH Apo6b. Ecnm 6bl Mbl ycTpemunm
Oy Kk Hynto, To 3aTa Apobb vmena 6bl cBOUM npegenom L (x, y).
Ho Mbl 3HaeMm, 4YTO ecnn Kakasa-nnbo BennumHa UMeeT npegen,
TO OHa OT/IMBAETCA OT CBOEro npefena Ha GECKOHEYHO Manyto
BeNIMUYMHY. O603HaYNM 3Ty GECKOHEYHO Manyto pasHOCTb MeXAy
Haledn Opobbi0 U ee MpeAenoM Yepes aun Torga

(18)
ToO4HO TaK e Haingem, 4To
Xi y+Ay) + eu. (19)
Mopactasnsaa (18) u (19) B (17), nonyuum
Oz=[1;(*, y+ AY) + ailAx+[fu(x, y)+ ailAy. (20)

Monb3ysackb ewe paseHCTBOM (15), Hailgem, 4TO

fz«[K M)+ a+ad Ox+ [y(x, y)+ a]Ar/.
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O6o03Hauas a+ a2= ei, al—er M packpbiBas CKO6KM,
nony4mm

Lz —fx (x, y)Ax+f'y(x, y) Ay + e£Om + e2[r/
WIKn, WHaue,

Or=(-370*+ -7 Ar/) + (el4n:+e2Ar/). (21)

j. BblpaxeHue, Haxogsaweecs B MepBbiX CKOOKax, ecTb
HE 4YTO WHOe, KakK MOMHbIA AnddepeHuman dz, a cymma, CTos-
Wwas BO BTOPbIX CKOGKax, MO cpaBHeHWO Cc [x u [y ecTb
6eCKOHeYHO Manas BbiCLIEro nopsgka BBMAY TOro, 4to e*
N ea—06eCKOHeYHO Masble. O603Hauas

e*Ax + eaAy =y,
nonyyum
Az=dz+y. (22)

WTak, fOKa3aHo, 4TO MOMHOe npupaweHne GyHKUUWN OTaun-
YyaeTca OT ee MONHOro AgudpepeHumana Ha 6ECKOHEYHO Manyto
BbICLLEro NopsaKa.

K. OCHOBbIBaACb Ha 3TOM, MOXHO MPUGMXKEHHO 3aMEHSATb
npupaLleHne GyHKLMN ee NoMHbIM AUddepeHLnanom n obpatHo,
ecnu, pasymeetca, Ax U Ay 6yayT MaibiIMU BENUYMHAMMW: MPU
3TOM owmnbka 6yaer Mana faxe nNo cpaBHeHUO ¢ X un Ay.

1 AHanornyHble paccyXAeHus npuBeLyT Hac K MNOHATUIO
YaCTHbIX MPOU3BOAHLIX W MOMHOrO AuddpepeHumnana QyHKLUM
Tpex u 6onbllero 4mcna nepemMeHHbIX. HO HYXHO MOMHWTb,
4yTo ANA (YHKUWMW, 3aBucCALLeli OoT 6Gonee yem [BYX MepeMeH-
HbIX, YMECTHbl TO/IbKO aHa/IMTUYeCKne paccyXpjeHus, notomy
YTO Takme (QYHKUMM He MOryT OblTb TaK XOpOLWO W MpocTo,
Kak QPYHKLUMMN ABYX NepPeMeHHbIX, UCTONKOBAHbI FeOMETPUYECKN.

T. [Jagum onpefeneHvie YacTHbIX NPOM3BOAHbLIX W MOAHOTO
anddepeHunana gns QyHKUUA 1O60r0 4Ymcia MnepeMeHHBbIX.

MycTb umeetcs yHKUMA U N nepeMeHHbIX X1t xr, xa, ..., %1

U=f®i, X2 xa, c.., xn).

YacTHbIM npupalieHnem QyHKLUA MHOIMX MepeMeHHbIX Mo
KaKoli-nnmbo MepeMeHHO HasbiBaeTCSA TO MNpupalleHne, KoTo-
poe nonyuymT YHKUUA, ecnn Mbl JaguM  npupalleHue 3TOoM
HepeMEHHOﬁ, NMPpUHNMaa BCe OCTa/lbHble NepemMeHHble 3a MOoCTOo-
AHHbIE.

Hanpumep, yacTHoe npupawieHve ¢yHkumm U no xt 6yget

OX1 fOG1 A, xa Xj, eod X)) FOG,  xid .ee X,).
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YacTHON Mpou3BOAHON (DYHKLUUM MHOTUX MepeMeHHbIX Mo
KaKoii-nm6o nepeMeHHOI HasblBaeTcs npegen (ECAM OH CyLecT-
BYeT) OTHOLUEHWUS YaCTHOro npupalieHns (yHKLUKU Mo 3TOol
MepeMeHHOM K MpupalleHnio 3TOi MepeMeHHoW Mpu ycnosuu,
YTOo nocnefHee CTPEMUTCS K Hyno.

Hanpumep, yacTHas MpoM3BOAHAs V MO XX onpegensercs
Tak:

O X AV A
JiiLN ] Rkt fF XM . xn) =
~ X, (Xf, X2( .-, Xn).

YacTHbIM guddhepeHumnanom GyHKLUM MHOTMX NepeMeHHbIX
Nno Kakoli-nnbo NepeMeHHO HasblBaeTCSA NPou3BeieHNe YacTHOM
NPOW3BOAHON MO 3TOl MepeMeHHOW Ha 6ecKOHeYHO manoe npu-
palleHvie 3TOW MepemMeHHOW. IMocnefHee HasblBaeTCA AuddepeH-
L1anom 3TOWN He3aBUCUMOWN MNepeMeHHON.

Hanpumep, uYacTHbii guddepeHuman U no Xj onpege-
ndetca Tak!

axm—dxJ (Xy X2, .., X,)— Axj= dx~

3aMeTuM, 4YTO A/1F He3aBUCUMbIX NepeMeHHbIX Mbl CHUTAaeM
PaBHOCU/IbHbIMA 0603Ha4YeHuns

Axi =dxit Axa=sdx2 wu T. [

OueBMAHO, 4acTHbI AuddepeHLuman OTaMYaeTcs OT 4acT-
HOro MpupaweHns Ha OECKOHEYHO Manyl BbICLLErO MOPsAAKa.

MonHbIM npupaweHneM GYHKUMN MHOTUX MEpPeMEHHbIX Ha-
3blBaeTCA TO ee NpupalieHne, KOTOPOe OHa MOAyuMT, Korga
Mbl BCEM HE€3aBUCMMbIM TMEPEMEHHbIM AaguM npupauieHnda, T0
ecTb

An= f (xf+ AxIf x2+ Ox2 ..., xn+ AxJ—/ (x*,

MonHbIM AudchepeHUManom ¢GYHKLMM MHOTUX NepeMeHHbIX
Ha3blBaeTCA CyMMa BCEX e YaCTHbIX AndihepeHLManos, TO ecTb

du= " dxi+ Ik dx*+ - + | t dxn

Tak e Kak 18 (YyHKLUW ABYX NEPEMEHHbLIX, MOXHO [0-
KasaTb, UYTO MOJMHLIA AnddepeHUMan OTIMYAETCS OT MOSIHOMO
ee npupauleHuss Ha GEeCKOHEYHO ManyH BbICLUETO MOpPsifKa.

n. YacTHble NPOM3BOAHbIE W MOMHbIA AU(HEpeHLMan YacTo
BCTPEYaKOTCA B TEPMOAMHAMUKE, a TaK KaK COBPEMEHHas (-
3Myeckasi XMMUS OCHOBaHa r/flaBHbIM 06pa3oM Ha TepMOAWHa-
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MWUKe, TO ABNAETCA COBEPLUEHHO HEO6XO0AMMbIM, 4TOObI NMLa,
VMeloWye 4eno ¢ XMMWEeR, B YaCTHOCTU MeTaaypru, Morau
cBOOOAHO 0bpawaTbCqd € YaCTHbIMU NPOU3BOAHBLIMU.

0. TexHMKa HaxXOoXAEHUS YacTHbIX MNPOU3BOAHbLIX HUYEM
He OTaMYyaetTca OT O0O6bIYHOMO Au(epeHUUPOBaHUSs, HYXHO
TONbKO MOMHWUTbL, YTO NpU AnddepeHLUpoBaHNN PYHKLUKU 1O
KaKoW-nn60 nepeMeHHON BCe OCTaNbHble MEPEMEHHbIE MPUHU-
MaloTCa 3a MOCTOSIHHbIE.

MokaXkeM 37O Ha npumepax.

Mpumep 1 HaliTy yacTHyHO MPOU3BOAHYIO NO X (PYHKL MUK

r= x3+ 3ax + 3bxy2+ y3.
Vimeem
ml-1M +K + K M + <8 -

BBmay TOro, 4to y Mbl 3[€Cb CUMTaeM MOCTOAHHOW, ee TaK
Xe, Kak /o6yl Apyryt NOCTOSHHYH, MOXHO BbIHOCUTL 3a
3HaK YacTHOW MNpPOW3BOAHONM; MO TOW >K€ MPUYMHE YacTHas
npomnssofHas y3 no x OyfeT paBHa HYyNo.

CneposaTtesibHO,

mll= X + 3ayl [*»]+ 3by-1 [x]+ O.
OKOHYaTenbLHo
m)j —3x2+ 6ayx + 3by2

Mpumep 2. HaitTu nonHblii guddepeHuman Toii e QyHK-
uMn. Ham He XxBaTaeT eLle YacTHON Npom3BOAHON Mo y. MoaTomy
Haxo4uM ee:

l|=!'M +T y + Ty + Ty.n =
= 0+ 3ax2” [y] + 3bx”" [y + & [/ =
= 3ax2+ 6bxy + 3y2
Takum 06pa3om, MNOMHbIA guddepeHumnan byget
dz —[3gra+ 6axy + 3byZ dx + [3om: + 6bxy + 3yZ dy.

Mpumep 3. V3BeCTHO, 4YTO YypaBHEHWE COCTOSHUA WAe-
anbHOro rasa WMeeT BuUfA
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roe R—noctosHHas, Xx—abcontoTHas Temneparypa, V—o6bem,
p — [aBJieHue.

HaliTn yBennueHvue [aBneHuUs, eciu Temnepatypa W3MeHU-
Nnacb Ha HebGOMbLIY BENMUNHY dX, @ 06bEM yBennumncs Ha dv.

3necb p aBnseTca (PYyHKUMEN ABYX He3aBUCUMbIX NMEpeMeH-
HbIX X M V. CnefoBaTenbHO, HAM HYXXHO HalTW MOfIHOe npu-
palieHve (yHKLMK p.

Tak kKak npupaweHns dx v dV no ycnosuo masbl, TO
BMECTO MOJIHOFO MNPMpAaLLeHNs Mbl MOXEM UCKaTb MOJHbIA And-
thepeHuman dpi ownbka GygeT Manoil BbiCLLEro MOpsAAKa, T. €.
Nno cpaBHeHUIO € dx K dV et0 MOXHO npeHebpeyb. TakK, nmeem
NONHbIA AuddepeHynan, 4Aa Yero cHavana HaxoLUM YacTHble
MPOW3BOAHbIE

L T_ R
R TxIvi v

dP e £l _fx g M1 > dg-y._ RX

av | 'VI—K"dV [ VI= HX WIy\ =— ~yT-

Tak Kak nofHbIA guddepeHumnan UMeeT B LAHHOM Ciyyae
BblpaXKeHue

TO, MOACTaB/sAs Clofa HaifeHHble YacTHble MPOU3BOAHbIE, TMO-
Nyynm

dp = F d - Bl - Be T _avy

Ecnn Heobxogmmo, TO, NONb3ySACh HaYa/lbHbIM YPaBHEHMWEM,
Rx
Mbl MOXEM, 3aMeHsis Yy~  Ha p, YNpPOCTUTb BbipaXeHue A4S
nonHoro AuddepeHumana, Tak yto Oynem WUMeTb

Mpumep 4. VpeanbHblil raz uMeeT Temnepatypy T =
= 400K n obbem V= 30 M3 npn paBneHmm p — 10ella. Bbl-
YMNCNNTb, HACKO/bKO YBENIMUYMTCA [aBfieHWe, ecnu TemnepaTypa
yBenuuutca Ha 0,5 K, a 06beM ymeHblumtca Ha 0,15 m3. Oue-
BUAHO, 3gecb dx= 0,5 ndV = —0,15. (Mbl 6epem 3HaK MUHYC
BBUAY TOro, 4to 06beM He YBENYMACA, a YMEHbLIUNCS.)

MofcTaBnda BCe 3TUM 4mMC/la B BblpaXXeHWe A5 MOJIHOro
onddepeHymana, KOTOpoe Mbl YXXe MOAYYUAU B MpedblayLuieli

314



3afade, bygem uMeTb

0,5 —0,15

400 30 1=6,25-103Ma.

WTakK, yBennueHwe fasfeHnsa paBHO 6,25-103Ma.

p. O4yeHb yAO6HO MCMONL30BaTb MOMHBIA AuddepeHLman
B MPUBAKEHHbIX BbIYMCNEHNUAX [ OLEHKM MNOrpeLlHOCTeN,
YTO WUMeeT 60/bLIOe 3HAYeHWe [A/1A OMbITHLIX HayK. JonycTum,
4TO BENMYMHBI X WY Mbl U3MEPSEM HEMOCPELCTBEHHO B Pesy/ib-
TaTe 3KCMNepuMeHTa.

MyCcTb Ha OCHOBaHWMMW 3TUX BEIMYMH Mbl JOSIKHBI BbIYNCIUTD
BE/MYNHY T NO (hopmyse

Z=*f(*. W)

Mbl 3HaeM, 4YTO BCAKOE W3MEepeHMe COMPSHKEHO C TeMMU WK
VHbIMM MOTPELWHOCTAMU. [103TOMY U BbIYUC/IEHHAs BEAUYMHA T
TakKe 6yaeT HeTOo4HOW. TpeGyeTcs OLEHWTb MOTPEeLHOCT,
KoTopas TMoJsiydaeTcsi Npyu BblUMCIeHUN 1. KakK Mbl YXXe Bbille
CKa3anu, 3HaYeHUst X U y He ABASTCA TOYHbIMU. OBO3HAUUM
TOYHbIE 3HAYEHWUS 3TUX BENUUMH Yepe3

X+ Ax, y+Ay\

Torpa 2+ Az= f{x+ Ax, y+Ay) OyaeT TOYHbIM 3HAYeHWeM
BbIYNCMIEHHOW BENNYMHBI. MOrPeWwHOCTb MpY BbIYMCIEHUN T By-
[eT BblpaXxkaTbCA MOMHbIM MpupaleHneM QyHKUNN

Az = f(x+AXx, y+ Ay)—Tf(x, y).

Tak Kak Ax K Ay MpeacTaBastoT COO0W MOrpewwHoCTN U3-
MepeHus, a Mpu XOPOLUEM 3KCMEPUMEHTE OHW [O/MKHbI ObITb
Masibl, TO MOXHO MOIHOE NpupalleHne NPUBANXEHHO 3aMeHUTb
MOJSIHBIM ANMhepeHLMaOM:

(30eCb Mbl, KaK 4acTo AenalT 3IKCMepUMeHTaTopbl, npubau-
)KEHHOEe paBEHCTBO 0003HAYMM W30rHYTbIM 3HaKoM «.) Kak
BMAHO, ANA TOro ytobbl HaWTW T, HYXHO 3HaTb AX u Ay.
OfHaKO TOYHbIE BEAUUYMHbI MOTPELLHOCTEA W3BECTHbIMUA HaM
6bITb He MOryT. Kpome TOro, Mbl MOYTM HUKOrfa He 3Haem,
B KakKyl0 CTOPOHY Mbl OWMGAMCHL NPU U3IMEPEHUU, B CTOPOHY
YBEINYEHNA WA B CTOPOHY YMEHbLUEHWUSA, WHLIMA C/IOBaMW,
Ham HEW3BECTHbl HU BeNUYUHLI AX U Ay, HW KX 3HaK. Ham
MOXeT ObITb WM3BECTHO TO/IKO, YTO NPU TOM WAX WHOM W3Me-
PEHVUM Mbl AenaeM MOorpelHocTb, He GONbLIYIO W3BECTHON Be-
JINYUHBI, T. €. Mbl MOXEM TrapaHTUPOBaTb TO/IbKO BEPXHIOHO

315



rpaHuLy norpewHocT. Ho 3Toro BMosHe JOCTaTOYHO, TakK Kak
Mbl He CTaBUM Mepes COO0W LUenb HAWTM TOYHYH BENUYMHY
MOrPeLHOCT BEAUYMHBI T, a HaMepeHbl 3aHATLCS ee OLEHKOM,
T. €. HaxoXJeHVem ee BepxHeli rpaHuubl. [onycTum Temepb,
4yTo A w [y —KaK pa3 MakcuMMasibHble BO3MOXHble MOrpeLu-
HOCTW. TakK KakK HaM Heu3BecTeH 3HaK MOrpeliHOCTel, TO Mbl
LO/MKHbI  paccyMTbiBaTb Ha CamoOe XyALlee, a UMeHHO Oyaem

npeanonaraTe TakoW 3HaK, 4TOBbl BeNMUUHBI — [ u -~ AY

OblIM MONMOXWUTENbHbI. YTOObI He 3aAyMblBaTbCA Haj 3HaKOM
I'IOFpeLIJHOCTeIZ, Mbl BO3bMEM TMPOCTO abCoMOTHbIE BENUYUHBI

Ne 4 1S4

Takum 06pa3om, ANA BbIYUCAEHUS BEPXHEA rpaHuLbl No-
rPeLlHOCTM BefIMYUHbI T 6yaeM WUMETb (hopmyny

B 3KcnepuMeHTanbHbIX HayKax ObIBaeT BaXXHO 3HATb TaKXXe
OTHOCUTENbHYIO MOrPELIHOCTb.

OTHOCUTENbHOM’ norpelwiHOCTbO Ha3biBaeTCA OTHOLUEHUE
MOrPELUHOCTN KaKoi-N1nb0o BeIMYMHBLI K CaMOil BEIMYMHE.

MHorga OTHOCUTENbHYH MOFPELHOCTb BblipaXatoT B MpPo-
LeHTax. Torga, 04eBMAHO, OTHOCUTENbHYH) MOTPELLIHOCTb HYXKHO
YMHOXUTb Ha 100. B 3atom cnydyae 6yaem uMeTb (hopmyny

I ar 1.1 gr |
- 7 |< 1Pk )

TaknM >Ke CrocoboM HaxOAUTCA BEPXHAA rpaHuua mnorpeL-
HOCTW, ecnu WMeTb [eno ¢ (YHKUMAMU Tpex unm 60bLuero
ynucna nepemMeHHbIX.

Mpumep 1 HaliTu BepPXHIOW rpaHMLy MOrPeLHOCTH
anrebpanyeckon cymmel

n=x-{~y+ ... + 2
Tak KaK MNOfHbIA guddepeHunan 6yaet

du= Onp. Oy - Ar,
TO UMeeM
[An K [4n|+ |41+ ...+ |A4r ],

T. €. MOrPewHOCTb CYMMbl He 60MbLUE CYMMbl MOMPELLUHOCTEN
BCEX C/laraemblix.
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Mpumep 2. HailTu BEPXHIOK TpaHULY OTHOCUTENbHOIA
MOrPeLIHOCTU MPOU3BeeHNS

N—XYy...T.

Tak Kak MOMHbIA gudgepeHuman 6yget
du

TO
Cx b x 1+ +

T. €. OTHOCWTE/bHAs MOrPELIHOCTb MPOM3BeAeHNs He 6GonbLue
CYMMbl OTHOCUTE/IbHbIX MOTrPELUHOCTEN BCEX MHOXMUTENeN.

Mpumep 3. BblYUCNUTL BEPXHIOK FPaHMLY MOrPEeLIHOCTH,
KOTOpas Mosyvyaetcs Mpu BbIYUCAEHWUW NOWAAN TPeyrofbHuKa
no gopmyne

S —~db sina,

ecnm npu usMepeHum ctopoH a=10 cm, 6=15 cm norpew-
HOCTb He npesbiwaeT 0,5 MM, a npu usMepeHun yrna a = 45e
NnorpewwHocTs He npesbiwaeT 0,5°.

Tak Kak

dS=y sina fa+ y sina i+ y cosa [a,
T0
|AS |~ |y sinafla|+ 1y sinab|+ 1ly cos“ [da |*

[anee, Ja= 0,05 cm, Ab—0,05 cm, [Ja=w*0,5 (yron
HY>XHO BbIpas3uTb B paguaHHoil mepe). CrnepoBaTefibHO,

5 Y2005 +4 Y2 go54+ 0B Y2 145
|AS|<0,64K 2.
Mpumep 4. BbluMCANTb B MPOLEHTaX OTHOCUTE/bHYIO

MOrpeLHOCTb, COXpaHAs BCe [aHHble NpeAablgylieli 3afgaudu.
Tak Kak



TO OTHOCWUTE/IbHAs MOrpeLHocTb ByaeT

100 K o..06" '2-2

N
S j 75-V 2

100-|7|< 1,7%.

§ 3. YacTHble Mpou3BOAHbLIE W MOMHbIA AUddepeHLnan
C/TIOXKHON (PYHKLMU MHOTUX MepemMeHHbIX

a. NMycTb umeeTcs yHKLUS

* = [(*, }/) (1)

MpeactaBum cebe, 4TO MEPEMEHHbIE X W Yy He ABAAKOTCH
He3aBUCUMbIMW, a MNPEeACcTaBNAoT co60i (HYyHKLMU KaKoli-nm6o
TpeTbeil MepeMeHHON 1, KoTopas U SIBASETCS HEe3aBUCHMOIA:

*= P(bl), y=$(n). 2

Takum 06pa3om, hakTUUEeCKU I SBNSETCH PYHKLUMER TONbKO
OfHON MepeMeHHON W, HO 3aBWCMT OT M Yepe3 MNOCPEACTBO X
ny. Mbl Bygem roBopuTb, YTO I €CTb CMOXKHAsA (yHKUuA M.

Jagvm n npupawieHne Aun. Torga x vy noaydyar npupa-
weHnsa Ax un Ay.

MpeanonoXum, 4YTo (YHKUUA T VMEEeT HerpepbiBHble YacT-
Hble NPOU3BOAHbIE MO X WM No y. Torga, NOBTOPAs paccyxie-
HUA NyHKTa «/» npegbigywiero naparpada, Mbl BHOBb MOMYUYUM
thopmyny

Ar=-~-Ax+-|-Ar/ + ELOx+E24/1. 3
PasgenMm o6e uyacTW paBeHCTBa Ha [u:

ar _ oar Ox dz Ay ., Ox _ Ay
W ~~a7 K + A C"AA+bIAN+ b*AA 4)

M NPegnonoXum, 4to X U y WMET NPOU3BOLHbIE MO n. Torga
Mbl MOXeM MepeiTn K npegeny, 3actaBnas [u CTpeMUTbCS
K Hymo. Tak Kak B npefene Ex u Es obpataTcs B Hyfb, TO
Mbl MONYyYUM

JL = HL . ij?2i .dy
du dx du dy du’ tox

PaseHcTBO (5) HasbiBaeTCcs hopmynoii Ans MOMHOW MpouU3-
BOAHON CNOXKHOW (hyHKLUW.
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b. YMHOXMUM 06e yacTu paseHcTBa (5) Ha du, Torga no-
NYYUM MNOMHbIA JuddepeHunan CnoXxHon GyHKUNUK

(6)

VITaK, BHelWHWI A BMA MONHOrO AudihepeHumMana He 3aBUCUT
0T TOro, ABASATCSA M X Uy HEe3aBUCUMbIMU MEPEMEHHBIMU WK
>Ke ABAATCA (YHKUMSAMU KaKoh-nnmbo TpeTbeli NepeMeHHON.
3TO0 BadKHOe CBOWCTBO Ha3biBaeTCA 3aKOHOM WHBApPMaHTHOCTU
nonHoro gnddepeHymana.

C. 3aKOH WHBapMaHTHOCTM WMeeT MeCTO [aXe U B TOM
cnyyae, €CiM X Uy ABAAOTCA (DYHKUMAMMW He OfHON, a ABYX
UM 60nblUEro umcna nepemMeHHbIX. [okaxem 3T0.

MycTb X H y ABNAKOTCA (DYHKUMAMU [BYX HE3aBUCUMbIX
nepeMeHHbIX:

E=$(«, v), F=mm, n).

[agum nepemeHHoW w npupaweHue [w, a v ocTaBuM Mo-
CTOsSIHHOW. Torga [O* wn [y nonyyatr npupaweHns Ax u [y.
MoBTOpPSAA BCe pacCyXAeHWa NyHKTa «b» npefblgyllero napa-
rpadpa, mMbl onaTb nonyumm dopmyny (4). OfHaKo Tenepb, Korga
Mbl ycTpemunn [u K Hyno, B Mpefene Mbl JOMKHbI Oyaem
BCIOAY HanucaTb He npsmble d, a Kpyrnable g BBUAY TOrO,
YTO X,y W 2 3aBUCAT HE TONbKO OT W, HO TakXe eLe 1 OT W,
W, CnefoBaTeNlbHO, Mbl MOYYUM YacCTHble MPOWU3BOLHbIE.

Takum o6pasom, hopMyna Ans MOMHOM YacTHOM npowns-
BOAHOA MO M WMeeT BUf

Ar ?dz X AT A @
MM~ AX Autopy an

Ecnn Mbl fagum nepemeHHOM npupawieHve Ou, a u ocTa-
BMM MOCTOSHHOW, TO Mnofyyum Gopmyny A4S MOSHOW 4acTHOM
MpPOV3BOAHOA MO V.

®)

[anee, ymMHOXMUM paBeHCTBO (7) Ha du, a paBeHcTBO (8)
Ya dv U CNOXUM UX MOYNEHHO:

Tak Kak

(10)
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10, nogctasnsas (10) B (9), nonyyum

Ecnm x m y 3aBUCAT OT Tpex wam 60NbLUEro ymMcnia Hesa-
BUCKMbIX MepPeMeHHbIX, 3aKOH WHBapUaHTHOCTU [0Ka3blBaeTcs
TakK Xe.

d. 3aKOH WHBapMaHTHOCTM MOSIHOTO AuddepeHyana nmeet
OrPpOMHOE 3HauyeHWe Kak /g MaTeMaTuKu, Tak W ang npu-
KNafgHbIX Hayk.

Onupascb Ha HEro, Mbl MOXEM BbIYMCAATb MOMHbIA ANG-
thepeHUMan, He 3a4ymbiBascCb Hafh TeMm, ABAAKTCA N X Uy
He3aBUCUMbIMWU MepPeMEHHbIMU UAKN Xe PyHKUuMamu. YacTto 3to
BeCbMa BaXKHO, TaK KaK B MPUKNAfHbIX HayKaxX Hepeako Mol
He 3HaeM, SBMAKOTCA /NN MEepeMeHHble, OT KOTOPbIX 3aBUCUT
(hYHKLUMSA, He3aBUCUMbIMU.

e. [lokaXem HEKOTOpble CBOWCTBA MOMHOro AudpepeHuymna-
Na, OMNupascb Ha 3aKOH WHBAPWMAHTHOCTW.

MycTb u ABNseTCA (YHKUMEH N MepeMeHHbIX Xit X2
*8, eeel %t

U—f (Xi, x2, x3, ..., xn).

Boobpa3um BpeMeHHO, 4TO Xit xT, XM CYTb (PYHKLUN
Kakoli-nmbo HoBOW nepemeHHon t. Torga u u 6yget GyHKUMel
MepeMeHHON t.

N3 aToro cnefyet, 4TO MOMHBLIA guddepeHunan coBnagaet
C NpocTbiM AuddepeHLmanom, a NOToMy K MNOAHOMY Audde-
peHuMany MOXHO MPUMEHUTb BCE CBOMCTBa MNpoCTOro Andde-
peHumnana. MNpMmMeHMB Kakoe-nMbBO CBOWCTBO, Mbl MOXEM OMATb
3abblTb MPO t U cuMTaTb MNepeMeHHble Xit X2, . . XN Hesa-
BUCUMbIMKW. TakMM MyTem, Hanpumep, Haigem, 4to npasmna
auddepeHLMpoBaHNA CyMMbI, NPOU3BEAEHMs, Apobu u T. g
NPUMeEHVUMBbI U 415 MOMHOro AnddepeHLmana:

d[f(x, y) + F(x, )] = df{x, y) + dF(x, y),
dif (x, y) &= (x, y)I~F(x, y)df(x, y) + f(x, y)dF(x, ),

Py FXy) df(xoy) —f(x, y) dF (x, y)
Fxy [F x, V12 *

T L

f. MocneaHsas dopmyna cBMAETENLCTBYET O TOM, YTO fora-
putmMuyeckoe andepeHLMpoBaHNE MPUMEHNMO U K HaxoXie-
HUIO MONHOTO AutdepeHuUnana. Bce 3T0 MOXET 3HAYMTENbHO
0061erynTb HaxoXjeHwe MofiHOro AuvddepeHunana.
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MpusegeM npuMepbl.
Mpumep 1 HaiAtm nonHbii  anddepeHyman ¢GyHKUAN

U= -y
y mod it
Bocnonb3yemcs norapuipMuyecknm audgepeHumposaHmem!

Inu=InA—y In(*+ y*4-r2,

£ =dInA -xdIn(m+ ,f- r-)=- 4 =

_]._d (x*)+ d (]/34 d(r2) ___xdx4 ydy4-zdz
~ 2 X2+ y2+ - — X+ 12+ 12

0TKyza

N+ q2+ ' * W ! (*a+ |/2+ 7&)'/4
Mpumep 2. Haiitu nonHbii  guddepeHumnan QyHKLUUN
_ o\
h= @ rr? ]

Nmeem

-t/ xy \ (x2+ y2)d (xy) —xyd (n2-fy2)
V*2+ 2/ (*24-*/3)a
_" (XY O\ (*24-Y2) (*dy + Ydx) —*(/ (2n:dx + 2y dt/)
V*24 12/ (m24-12)2 -
_ /(0 oxy \(xy +y3—2x*y) dx + (x3+ xy2— 2xy'i) dy
7 U 2+</2y (*2+</22 n

= ¢ *jJEN(*dy-ydx).

§ 4. [unpdepeHunpoBaHne HeABHbIX (QYHKLMIA

a. Mbl 3Haem, 4TO 4acTo (YHKLMS OAHOW WM MHOIMUX
nepemMeHHbIX OblBaeT 3afaHa HesiBHO. Torga Ans TOro, 4To6bl
HaWTW NPOU3BOAHYHD WM YaCTHble NPOU3BOAHbIE (YHKLUN,
€e HYXXHO NPUMBECTM K SBHOMY BuAY. Mbl 3HAaeM TakXe, 4To
AN 3TOT0 HYXXHO PELUUTb OTHOCWUTENbHO JaHHOW (YHKLMM TO
ypaBHEHWE, KOTOpPOe ee onpegensieT. HO He BCAKOe ypaBHe-
HUWE NIErKO MoAJAeTCS PeLleHnto. MHOrMe ypaBHEHUS, HECMOTPS
Ha OFPOMHBbIV MPOrpecc MaTeMaTUKW 3a MOC/EAHEE BPEMS, Mbl
[0 CUX MOp peLlaTb He yMeeMm.

Ecnu He yfaeTcs pewmnTb ypaBfieHUe, onpegenstolyee QyHK-
UM, TO, Kasanocb Obl, BOMPOC HAXOXAEHWUS MPOM3BOAHON
HESIBHOM (DYHKLUM TakXe CTaHOBUTCA HepaspeLlnumbiM.

321

11 3nemeHTbl BbiCLIEH MaTeMaTUK



K cuacTblo, MMeeTca MPOCTON U NMErknii NyTb AN HaX0X-
[eHNA MPOU3BOAHbIX HEABHbIX (YHKUWI 6e3 peLueHWs ypas-
HeHWA. Mbl npuBegem ceivac 3TOT cnocob.

b. lMycTb nMMeeTca ypaBHeHue

f(x, y) —0. @)
PelwnB 370 ypaBHEHWE OTHOCWUTENLHO Y, MOAYYUM SBHYIO
hyHKuMo x. O603Haumm ee

y = d(x). )
Moactasum Tenepb (2) B (1). Monyyum TOXAECTBO
f(x, ®(*)= o. (3)
Hanpumep, ecnn
TO
+ VKr—x*

Ecnn wmbl nponssenemMm noAcTaHOBKY, TO ,D,EVICTBMTEHbHO no-
NiydyaemMm TOXXAECTBO

+ (£ VR*~x21- R*=0,
ma+ R2—xr—AdA2= 0,
0- O

Ho Mbl He 6ygem pelwaTb ypasHeHue (1), a TO/IbKO BOOG-
pasuM, YTO OHO PeLleHO W YTO pe3ynbTaT NoACTaB/eH 06paTHO
B ypaBHeHue (1). Torga ypaBHeHue

f(x,y)*~0 4)
MOXHO paccMaTpuBaTh KaK C/IOXHYI (YHKLUUIO X, TOXAECT-
BEHHO paBHYI Hynw. Ecnu B3ATb MPOM3BOAHYHO 3TOW (PYHK-
umnm no X, TO NONyynum TaKXKe TOXAECTBEHHO paBHYK HY/HO

npou3BoaHyto. MpumMeHss thopmyny A8 NOMHOW NPOU3BOAHONA
W MpUHMMAs X 3a t, NOAy4YUM

E5 —ilL O-A. X 1K\
dx ox tdx' gy "dx' 10°
T. €
0 K\
Toax o opy oy ()

0TKyAa



Mpumep. HaiiTu NpovBBOAHYK Yy MO X, €C/M
x84- y3—3axy = 0.

PelwaTb 370 ypaBHeHWe OTHOCWUTENbHO y OblN0 6bl 3aTpyfa-
HWUTENbHO, TaK KaK OHO TPEeTbei CTeneHW OTHOCUTENLHO Y.
Ho 3Toro u He HYXHO fenaTb BBUAY TOr0, YTO Y Hac UMeeTcs

thopmyna (7):
|IL = 3*2— 3ay, = 3yr—3ax,

dy X*— ay
dx yr—ax'

c. MycTb Temepb y Hac UMEETCA YpaBHEHMWE
f(x,y,z)=~0. (8)

MOoXHO TakXe B0O0OpasUTb, YTO ypaBHeHUe (8) pelleHo OTHO-
CUTENbHO T, Mofy4yeHa (PYHKUMSA ABYX HE3aBUCKUMbIX MepPeMeH-
HbIX X Wy W pe3ynbTaT MOACTaBleH o6paTHO. Torpa ypas-
HeHue (7) MOXHO paccMaTpuBaTb KaK TOXAECTBEHHO pPaBHYHO
HY/M0 CMOXHYK (YHKUMIO [BYX HE3aBUCUMbIX MNepPeEMEHHbIX
X WNYy.

MpumeHsem ¢opMyny Aas MOAHON 4YacTHOW MPOW3BOAHOW,
NMpuMHUMas X 3a U Uy 3a u;

a0__nl_ &x,
aX AX Yax gy Yax toar Yax”?
po__ df  pax . .odfoar

ay AX T Ay~~py YAy' Ar a4y’

OueBunaHo, 1, 1, kpome TOro, §*= 0, w, = 0 BBU-

Ly TOro, 4Yto X Hy ABAAKTCA HE3aBUCUMbIMU MEPEMEHHLIMN.
[MosTomy Mbl Nosy4nm
(\-n.n_X #
n* agx ~ ar ’ax’
n df . df ar
U=ar+-dI'Ty-

N3 3TUX ypaBHEHWUI HaxoAMM WCKOMbIE YacTHbIE MPOM3-
BOAHblE

JL n
Ar _ A AT __ ay &)
Ax af 7 ny o

ar ar

Takum xe NyTEM Mbl MOXXEM HaliTW YacTHble npon3sogHbIe
HesIBHOWA beHKLI,I/Il/I Mo6oro umcna Hes3aBUCUMbIX NepeMeHHbIX.

323

n*



d. B nyHkTe «f» BTOporo naparpaca 3Toil rnaebl Mbl HaLLAW
ypaBHEHWE KacaTefbHOW MI0CKOCTU.
OTO ypaBHeHVe VMeeT BuUfg

Z—r=[(X —)+ [(¥Y —0. ©)

OHo npurogHo TOJMIBKO AN1A TeX CNny4daeB, Korga ypaBHEHue
NOBEpPXHOCTM 3afaHO B ABHOM BUAE. ﬂ,OI'IyCTVIM Tenepb, 4To
MOBEPXHOCTb 3afiaHa HEABHbIM YpaBHEHUEM

f(x, y, 2)=0.

Monb3ysck opmynamm (8a), Mbl MOXeM, NofcTasnsas uUx B (9),
npesCcTaBUTb YpaBHeHWE KacaTeslbHON MI0CKOCTW B TaKOM BUAE;

il El
Z-z=-F(X-Xx)-% (Y -y).
Ar Ar

Cpenae o4yeBMAHOE ynpolleHue, Oyfem WUMETb
(X -*)[+ (Y -1)[+(r-n)|= o (t0)

e. B pasnnuHbiX BOMpocax MaTeMaTuKu, MeXaHuKu n qu-
3UKN 60MbLIOE 3HAYeHMEe WMeeT mnpsmas, MNpoxoaslias 4yepes
TOUKY KacaHuws nepneHAMKYNApHO K KacaTeslbHOW MNOCKOCTU.
OTa npamas Ha3blBaeTCA HOpPManbld K MOBEPXHOCTU B TOYKE
M (x; y, I). Hanuwem ee ypaBHeHMe.

M3 aHanuTUYeCKO reomMeTpuy W3BECTHO, UTO YypaBHeHWe
NpsMO, MPOXOAALEe 4yepe3 AaHHYH TOYKY, WMEET BUf

| T n e

3gecb I, T, m—npoeKkuMM HanpaBAAKOLWEro BekTopa nps-
moii (11). Bemgy TOro, 4to 3a HamnpaBASKOWMUIA BEKTOP HOp-
MaiM MOXHO MNPUHATL HanpaBAsAKOLWMIA BEKTOp KacaTe/lbHOiA
MAOCKOCTW, Mbl MOXEM MOMOXMWTb

Al al df
1~pax"' T~48Yy"' n~ar’

CnepoBatefibHO, YpaBHeHWA Hopmann 6yayT TakuMK:
X X Yy z 2. /to\
al ~ al -~ al (1
AxX Ay Ar
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f. Mpumep 1 HanucaTb ypaBHeHMe KacaTenbHOl Mo-
cKocTn B Touke M (1; 2; 3) K cepe

X2+ rfa+ 22— 14= 0.

Bbluncnsaem 4acTHble nponssogHblie ANA 3TOl TOYKM!
|-2*=2, | =2j,=2.2=4, | - 2r-2.3 = 6.

MoacTaBnas noflyyeHHble uucna B ypasHeHue (10), no-
Niy4ynm
(X—1)-1+(Y—2)-4+ (Z—3)-6=0
nm
X+ 4Y + 62—27= 0.

Mpumep 2. HanwucaTb ypaBHeHWe HOPManu B TOW e TOu-
Ke K TOW >xe nmoBepxHocTu. MoactaBnss B ypaBHeHue (12) Hai-
JEHHble Y)XXe YWCIOBble 3HAYEHUSA YaCTHbIX MPOWU3BOLHbIX, MO-
Nyumm
X—\ Y—2 z-—3

8 5. YacTHble npou3BOAHbIE U MOMHble AuddepeHLmans
BbICLLEr0 nopsgka

a. Mbl onsTb OyAeM TFOBOPWTb NUWb O PYHKUKAX ABYX
MepemMeHHbIX (HO PacCy>XAeHWs NPUToAHbl W A8 (hYHKUUIA
nMo6oro ymcna NepeMeHHbIX).

MycTb UmeeM (YHKLMIO

2—f(x,y)
m 1l n w—ee yacTHble Nnpon3BoHbIE. MocnegHue, o4eBUAHO,

TakxXe ABAAIOTCA PYHKUMAMM X My, @ MO3ITOMY TakXe MOXHO
HaxoguTb WX YaCTHble MPOW3BOAHbLIE MO JT U MO Y.

YacTHass Npou3BOfHAas MO X YaCTHOW NPOM3BOAHOM MO X
HasblBaeTCS YacTHOW MPOM3BOAHOW BTOpOro nopsgka no X
1 o6o3HauyaeTCs TakK:

a(ar)

AEAQX) ar p2 _
I 2 g2 T4y = Exx(xy). 1)
AHaNoOrnyHo onpependemM ” 4YaCTHyH nNpou3BOAHYK BTO-

poro nopsaaka no y:

ar



YacTHaa npou3BogHaa MO Yy 4YacTHOM Npom3BOAHOM MO X
HasblBaeTCS CMELLUaHHON BTOPOi 4YaCTHOMN MPOU3BOAHONW MO X
n no y:

*No B*T al i (3)

o T oy XY= LK),

AHA/IOTMYHO OMpejensieM BTOPYH YacTHYH MPOU3BOAHYIO,
B3ATYI0 CHauyana Mo y, a MoToM Mo x\

().
ox  —dfdx ~dy dxf N~ K* n

MOXHO foKa3aTb, UYTO 418 MHOrMX (OYHKUMI CMellaHHas

Npou3BoAHasa He 3aBUCUT OT nopsigka AuddhepeHLnpoBaHms,
TO €CTb 4TO

Axpy - py ax’

Mbl He 6yfeM npuBOAUTL (BBMAY CNOXHOCTW) AOKa3aTesb-
CTBa 3TOr0 B&XHOrO CBOWCTBA, & MNPOAEMOHCTPUPYEM €ero Ha
Kakom-mbo npumepe.

MycTb, Hanpumep, faHa (PyHKUWA
r=*  3ax*y + 3bxyr+ y3.

OngdepeHumpyem ee cHayana no x, a MoToM Mo yi

fr = 3xr+ (3axy+ 3byr,

Wwry= Fy + 6axY+ 3bY*l= 6ax+ 6blJ*

Tenepb npoaugdepeHuMpyemM 3Ty QYHKUMIO CHayana no vy,
a fnoTom no X,

w = 3ax2+ 6bxy+ 3r[

W K = Tx”"3agr*+ 6by+ 3y4Y = 6ax + 6bY*

Kak Mbl BUAMM, pe3y/nbTaT B 060MX C/ydyasx Moay4uscs
O/IVHAKOBbIM.

Ecnm mbl GyfeM 6paTb 4YacTHble MPOW3BOAHbIE MO X U MO
Y YaCTHbIX MPOWU3BOAHLIX BTOPOro Mopsgka, TO MOAYYMM YacT-
Hble MPOU3BOAHLIE TPETLEro Mopsaka

n3r o3r a3r o*r



AHaNOrMYyHO onpegenseM 4YacTHble MPOW3BOAHbIE YeTBep-
TOro, MATOrO NOPAAKOB U T. [

b. MogobHO TOMy Kak Mbl 6pann 4YacTHble MNPOWU3BOAHbIE
YaCTHbIX MPOM3BOAHBLIX, Mbl MOXeM 6OpaTb MOMHbIA AuddepeH-
uMan nosHoro augdgepeHumana. Pe3ynbTaT Ha3blBaeTCs BTO-
pbIM MOAHBbIM AudepeHLManom U 0603HaYaeTCA TaK e, Kak
BTOPOI guddepeHyman yHKLMN OHON MEPEMEHHON, T. €. TakK:

d(dz) = dz. (M

TpeTbUM MNOMHBIM AnddepeHLManoM Ha3blBAeTCS MOSHBbINA
AndhepeHUnan BTOPOro MofIHOro AuddepeHumnana u T. 4N

d(d2) = d%, d(d)= d*z

nT. A

c.p'I'IOKa»(eM Tenepb, KakK BbIpaXaeTCs BTOPO MOMHBbINA
andithepeHLMan Yepes YacTHble MPOM3BOAHbIE BTOPOrO MOpsAKa.
[na o6WwHOCTM Mbl SOMYCTWM, YTO X W Yy MOFYT 3aBUCETb OT
Kakux-nnbo Apyrux nepemeHHbiX. O603HaUYMM A8 KpPaTKOCTM

Torga
dz = pdx+ qdy.

YT06bl HaliT BTOPOI MOAHbIA AngdepeHLman, Mbl JOMKHbI
B3Tb MEPBbLIA MOJMHbLIA AuddepeHLMan Nepeoro NOAHOMO AWg-
(hepeHuMana. 3amevas Mpu 3TOM, YTO, KaK MOKa3aHO B MyHK-
Te «e» § 3 3TOi rnaebl, NpaBuno Ansa AundepeHLMpoBaHNs
CYMMbl U NPOW3BEAEHMS MNPUMEHUMO W K MOJHOMY AuddepeH-
uuMany, Mbl MOXeM Hanucatb

d"z —d[dz] —d\pdx + qdy] = d [pdx'] + d[qdy] =
—dpdx + pd [dx] + dqdy -fqd [dy] =
= dp dx+ dqdy + pd2x.+qd2.

Tak Kak p M g camu sABASIOTCA (DYHKUMAMM OBYX nepe-
MEHHBIX X WY, TO

dp”~dx + fydy, dg=gdx+2Zdy.
Moatomy

dz= (Txdx + % dy) + (XN + %) dJ+ pd*+ qdy*
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3aMeTuMm, 4Tto

dp _ d{di) _ a*r ap _A[TX) _ A
Ax Ax axr'oopy Ay ax oy’

dg _d{dy) _ a2r dq _a{ay) _ a4y
AX AX Ay ax' 4y ay ay2'

MopacTaBnss Mx B MOCAEAHIOW (oOpMyNy, MOC/e PacKpbi-
TUS CKOGOK OKOHYaTeNbHO MOMYYUM

n - + +£ W +S§ **+1*y- B>

Ecnm x Hy #ABMAIOTCA HE3aBUCUMbIMU MEPEMEHHBLIMU WK
NVHEWHBbIMA PYHKLMAMU LPYTUX KaKuX-Nn6o MnepeMeHHbIX, TO
nx BTOpble AuddepeHUMansl paBHbl HYMHO:

d*x—0, dx =0
n opmyna (8) ynpowaercs!

w "d«'- ,9>
Mbl BUOWM, YTO 33aKOH WHBApPUAHTHOCTM MNPUMEHUM KO
BTOpPOMY AuddepeHumany nnWb € OYeHb OOMbLUMMU OFpaHu-
YeHMAMU: OH OyJeT BEpeH TO/IbKO B TOM Cflyyae, ecii X H'Y
ABNSIOTCH NIMHEAHbIMU (DYHKUMAMW APYTUMX MEePeMEHHbIX, BO
BCEX OCTa/llbHbIX C/y4YasX OH HenpumeHuM. Paccmatpuas
topmyny (9), Mbl BMAMM, YTO OHa OYeHb HanoOMWHAaeT (op-
Myfny KBajpata CyMMbl [BYX uucen. 3Ta aHanorus Hasena
Ha MbIC/Ib 3anNUCbiBaTb BTOPO AuddepeHunan B HWXKecne-
OyHOLLein CMMBONMYECKOW (hopMe:

= * (10)

Ecnn Mbl «BO3BefieM B KBafgpar» CyMMY, CTOfLLYI B CKO6-
Kax, «yMHOXWM» pe3ynbTaT Ha [, MNPUNUCbIBAs €ro Bcerja
K 42, a 3atem Oydem cuuWTaTb MokasaTenu CTENeHW y Kpyr-
NbIX A He 3a HacToslMe CTeneHW, a 3a yKasaTenlu, 70 U
nonyunm gopmyny (9) 4ns BTOPOro nosiHoro AvddepeHumana.

AHaNOrMYyHO Mbl Haigem BbipaKeHWe [ANna TpeTber
NonHOro AudpepeHumana yepe3 TPeTbM YaCTHbIe MPOU3BOS-
Hble, 3aTeM HalfleM BbIpaXeHue ANA YeTBEPTOro, NATOro Aud-
(bepeHumanos u 1. 4. Mpy 3TOM ecnn X U y —He3aBUCUMble
MepemMeHHble WM JMHelHble (YHKUMW, TO MOAYYEHHble Bbl-
paxkeHUs ByfyT aHanornyHel KyOy CyMMbl, YeTBEPTON CTeMeHM
CYyMMbl [BYX CnaraeMblX W BOOOLE aHanornyHbl 6UHOMY
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HbloToHa. [puMeHAs CUMMBOSIMYECKYHD 3amnucb, Mbl MOXEM

BbIp@XXEHWE A8 N-T0 NOMHOro AutdepeHUana npeacTaBuUTb
B TaKOM BUfE:

dnz==(rxdx+Tydy)nz- (n>

Ecnn u aBnsietca yHKUMER NepeMeHHbIX XU XT,X3, ..., XT,
TO M- MOMHBLIA guddepeHUnan CMMBOINYECKN 3amULLETCS Kak
No/IMHOM HbIOTOHA:

dnu~ (w idxi+ £t dx*+ w ldx»+ eee + N d*¥*)”2-

3ameTM, 4TO MOCMefHee BbIPAXEHWE TaKXe npegnona-
raet, uyto x{, X2....... XT SBASOTCS HE3aBUCUMbIMU MNepe-
MEHHLIMU WA XKe JSIMHEWHBIMU (PYHKLUSAMU KaKNX-1M6o apy-
FMX TMEPeMEHHbIX, BBWAY TOFO, YTO 3aKOH WHBAPUAHTHOCTW
MMEET 3[eCb Te Xe OrpaHMyeHUs, Kakue yKasaHbl f/s BTOPOro
nonHoro gudiepeHunana GyHKUUM OBYX MEPEMEHHBIX.

§ 6. YnpaxHeHus

1. YkasaTb, A€ HaxOAMTCA Touka paspbiBa (YHKLUM

X2-2XxX-y + 4
X2+ y2—2x—4y+5”’

OTBeT: B Touke (1; 2).
2. YKasaTb, rfle Haxogutcs paspbiB (YyHKUUU

r==7 + X+ ¥-
OTBeT: (DYHKLUMS WMMeeT OCb OpAMHAT NMHWEN pa3pbiBa.

3. NmeeT nn dyHKUMA VI—X—yZ paspbiB? OTBeT: PYHK-

UMA WMeeT [Be J/MHWM paspbiBa: nNpsMble y= X, y = —X.
4. VimeeT nn yHKUMSA

, __ Ax-\-By+ C
X4—y*—2xr + 1

pa3pbiB? OTBeT: (BYHKUWUA UMeeT [Be AMHUU pa3pbiBa: Kpyr
Xr+ y2= 1 n paBHO60OYHYHO runep6ony xr—r2= 1
5. T'oe HaxoguTca paspbiB YHKLMK

_Jdxyz_1}
X+ y2+ 1

OTBeT: B Hayane KOOpAMHaT.
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6. 'me HaxoauTcA paspbiB PyHKUUK

I+*4- Y +1
“o- X2+ R+ 2+ 2x+2|/+22+3r

OTseT: B Touke (—1, —1, —1).
7. NmeeT nu ¢yHKLMA
A
n x2-\-y2-}-r2—a2

paspbiBbl?  OTBeT: (QYHKUMA UMeeT paspbiBbl Ha Llape
*F+oy*+ r2= a2
8. HaiTh 4yacTHble nNpon3BoAHble (YHKLMM

z= Ax2+ 2Bxy + Cy2+ 2Dx+ 2Ey + F.
OTeeT: = 2(Ax+ By+ D), —= 2{Bx+ Cy+ E).
9. Hawitm ppm ans  gyHkumm u = ;osin3(p. OTBeT:
N o= sin3d, -™ = 3p sin2¢ cos .
10. Haiitm ~ wn ~  pgnd  ¢yHkuum A —ab. OTBeT:
P bab~1, " = a6 lna.

11. HaVITI/I Ay gna yHkuMm 1= A, OTBeT:
ar _ _y. di__ 1

0X X2 ' py x "
12. BblUMCIUTL YaCTHble MPOU3BOLHBbIE (YHKUUM T =

=& H /B TOouke (0; _3)‘ 0TBeT: M= *§ =0-
13. BbIUMCANTE ~YaCTHble MPOM3BOAHbIE (YHKLAW T =
BToue ((4; 3)-0meeT: £=4,1=3,
14. TlyTeM 4acTHOro Au(depeHUMPOBaHUA MO X WM MOy
[l0Ka3aTb, 4T0 (pOpMYySibI
sin(x+ y)= sin/cosy+ cosxsiny, cos(Xx+ y)—
—COS X COsy —sinxsiny

nepexoasT Apyr B Apyra.
15. [okasaTb, 4TO AN (YHKUUU

N __Ax4- By 4-Cr
~Y x 2+ y2+ r2
MMeeT MeCTo COOTHOLUEHue
an o, gn . am



16. HaliTu  4acTHble Mpou3BOAHbIE  (YHKLMM U=
«=P(ma+ y*+ r*). OTBeT: N = @' (x2+ y*+ r2) 2x,

= @' (x2+ y*+ ™) 2y, § «P' (xX*+ >+ m)2r.

17. OokaszaTb, 4To (hyHKums T = r/¢p(x1—y2 yaoBneTBO-
PSET YPaBHEHUIO € YacTHbIMW MPOU3BOAHBLIMM

J_ gr ,J_ ar__r_
X b oy Hooy2'
18. [okas3aTb, u4TO (DYHKUUA Z—XYy+ XP j ypoBnet-
BOpPSieT ypaBHEHUIO

ar ar .
Xb* + n r xIJ+ z-

19. [okasaTb, 4TO0 (PYHKUMA = el ¢ (ye'»') ynoBneTBo-
PSET YPaBHEHUIO

(x"-y')‘?x+’ xy®™ = xyr.

20. lMpoBepuTbL paBeHCTBO

av.an an__ 3
fx~dy ar K+1+ 1’

raoe n= In (g*4-y24- 22— 3xyz).
21. HanucaTb nNofHbIA andihepeHUman yHKUUN

bl= Xy+ /*+ rx

OTBeT: du~*(y+ 2)dx+ (x+ x)dy + (x+ y)dz.

22. HanwucaTb nonHblii guddepeHumran QyHKUMU ro=bi®.
OTseT: da>*mvuv~ldu + uv\nudv.

23. BbluncanTb NOMHbIA guddepeHumnan @yHkKumm u ™ xyV

B Touke (1; 2; 0), ecnm =y, dy=-g-, dz**-~. OTBeT:

du—

24. lokasaTb, YTO NPV PaBHOMEPHOM HarpeBaHUM OLHOPOS-
HOr0 NPAMOYroNbHOr0 napannenenunega ero obbem yBenu-
UMBaETCA Ha BEIMYUHY, PaBHYK MPOU3BeAeHUI0 ob6bemMa [0
HarpeBaHWsi Ha CyMMY OTHOCUTeENbHbIX YA/IMHEHWIA ero pebep,
ecnn npeHebpeyb MasibIMK BbICLLIEr0 MOPSALKaA.

25. Bblumcnntb, Kak YBENUUUTCA 06bemM KOHYyca, Y KO-
Toporo paguyc ocHoBaHMA R -=3 M, a BbicoTa H= 1m, ecnu
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npu HarpesaHUM paguyc yBeNM4YMBaeTCA Ha 3 MM, a BbIiCOTa
Ha 1 mM. OTBeT: 06beM yBenuuutcs Ha 0,009n M3,
26. Tpu BblUMCNEHUW  BLICOTbI AepeBa No  hopmyse
a=btg<p (puc. 55) m3mepunn bun L 6= 10 m © tgg>= 0,8.
Kakylo  norpewHocts  cnegyet
oXugatb NpU  BbIYUCNEHUM MO
Halwen ¢opmyne, ecnm norpew-
HOCTb MpW  W3MepeHWn b He
npesbiwaeT 5 cM, a norpew-
HOCTb MNPU  W3MEPEHUU Yyrna He
npesbiwaer 0,5°. OTBeT: no-
rpewHocTs He npesbiwaetr 18,3
CM.
27. Haiitu nonHyt npowus-
BOJHYH CMIOXHON (yHKUUN T=
X, y), ecm x—acost, y=

=asin t. OTBeT: - |2. cos /| —"2.sin tj .
28. HailTu nonHylo NpOu3BOAHYH CMOXHOW (PYHKLUN
r=cp(x, y, r),
ecrm x= a(\ + at), y=b(\+ at), z=c(\+at) npum no-
CTOSAHHbLIX a, b, ¢, a. OTBeT: N = N+ + c~".
29. Haiitn t € I, ecnm x=ur+ b\ Y——>r1- muv.
OTBeT: L

ax
30. OCHOBbLIBasACb Ha 3aKOHe WHBApWaHTHOCTW, HalTu co-
KpalleHHbIM cnocoboM MOonHbIA guddepeHuman QPyHKUMKM Z =
= ®[xy + ®(xy)].OTBeT: dz= @' [xy+ P(xy)]*[1+ @' (xy)] m
m[(xdy + y dx)].
31. Tak >e HaliTu noHbIA guddepeHumnan GyHKLUN

=) @ + OTBeT:
du= u [(xdy + ydx)J + xdy~ ydx”™ + 2(xdx +ydy)”"j.

32. HainiTm BTOpble 4YacTHble MNPOWM3BOAHbIE  PYHKLMM
n=In (*2+ /9. OTBeT:

av_n o Y —x* a n2un 4xy

nx2 x2 122’ py* X2+ i)’ pxpy- X2+3/12V
< 3

33. Haiitn A"

Wysa* [ u==sXyre °LLET:
-*+ - =e*v*(XYz* + 3xyz+ 1)
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34. Haintm du, ecnm n= x2 OTeeT: d2u—2 (y2dx2+
+ 4xy dx dy + x2dy2).
35. Haintm d2u, ecnm n—exy. OTBeT: d2u—exy[y2dx2+
+ 2 (1+ xy) dxdy + x2dy2.
36. Hanitnm d3u, ecnim u= xyz. OTeeT: d3u—6dxdydz.
37. Hawtm d*u, echm w= sin (TH-Y+ r). OTBeT: d*u=
—u(dx + dy + dz)4
38. [lokas3aTb, 4YTO (PyHKUMA
z= (y + ax) + P(y—ax)
YAOB/IETBOPAET AuddepeHUnansHOMY YPABHEHUIO C YacCTHbIMU
NPOU3BOAHLIMX BTOPOro nopsgka Buaa Z_a2 2—O.
39. [dokasatb, 4TO (DYHKLMSA
Z=*p (x+y) + y$ (x+y)

YAO0BNETBOPSIET YPaBHEHUIO 2 ,\d’tzy+ Kz _ 0.

40. [okasaTb, 4TO (DYHKUMA

- (R)+ (%)
yA0BNeTBOPAET YpPaBHEHWUIO
»02r 0 p2r ., 42 n
X ax2 Xy axpy + Y ay2 —

41. Ecmm wn= ml.. —, TO p[OKasartb, 4TO WMeeT
V x2+y2+ r2

MEeCTO paBeHCTBO

a2 . np2n . agtn
ox1l  py- aor2

42. HaiiTM nNpou3BOAHYHD HeABHOW (YHKUMM ey = Xey.
Dreer: &= ¥

43. Bblumcnntb nNpou3BOLHYIO HEABHON (hyHKUUN X2-\-
+ 2xy+ y2—4x+ UYy—2=0 npu x=\, y= 1 OTseT:

44, Haiitu m N Ana HesBHOW yHKUMM x3+ y3--r3—
—3xyr= 0. OTBeT:

ar__ X2— yr, or__ y2— xr
ox r2—xy "' gy r2—xy"
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45. [okasaTb, 4TO (YHKUWUA T MNEPEMEHHbIX X HY, 3a-
JaHHad HeABHO YypaBHeHWeM X+ az = <p(y—br), y[A0BfeTBO-

psAeT ypaBHeHUIO a”™ + bp=\.
46. [okasaTb, 4YTO (DYHKLUMSA T MEPEMEHHBLIX X HY , 33af4aH-

Hass HesBHO YypaBHEHWeM r = x<p(—), YAOBNETBOPsET Yypas-

ro. r \Y 1
HEHWto y/’J‘ i xN =
47. HanucaTb ypaBHEHWe KacaTeslbHOW niockocTn K no-
BepXHOCTU © —xr—yl B Touke (5; 4; 9). OTeeT: 10*- 8y —
—r—9=0.
48. HanwucaTb ypaBHeHWe HOpManu K TOW XXe MOBepXHO-

CTM B TOi Xe Touke. OTBET: 4, _o 4

49. HanucaTb ypaBHeHWe KacaTe/lbHON NAOCKOCTU W HOop-
Mann K MOBEPXHOCTU X*+ yr+ 25—xy—yr—xr—7=0
B Touke (1; 2; —1). OTBeT: KacaTe/lbHas M0OCKOCTb

X+ 4y—5z—10= 0, Hopmanb =yN- =
50. [okasaTb, 4YTO ypaBHEHWE KacaTefbHOM MAOCKOCTM
K anauncongy -~ + AS+ ~r = 1 BTouke MX(BS yX zj annun-

conpa vmeeT Bug



UACTb TPETbHA

OCHOBbI TEOPUWN YNCEJ]

MnaBa 1

TEOPUA OETMMOCTN

8 1. OCHOBHbIE MOHATUA N TEOPEMBbI

a. Teopua uyucen 3aHMMaeTCs M3YYeHWEM CBOMCTB LefbIX
umcen. Uenbimn Mbl Gygem Has3blBaTb He TONbKO 4Yucna Ha-
TypanbHoro paga 1, 2, 3, ... (NONoXuTenbHble LeNble), HO
TaKXe Hyflb W oTpuuaTeNbHble uenble —1, —2, —3, ...
Tak 4TO, pacnosfioxXuB LeNMble 4ucna B BO3PacTarolleM Mo-
pagKe, NOAyYUM pAf, B KOTOPOM PasHOCTb MeXAay 60/bLunMm
M MeHbLNM COCefHUMW u4fleHamMu Be3fe OyAeT paBHa efuHULE.

Kak npaBwno, npu W3N0XKEHUM TeOpPeTUYEeCKOro Mare-
pvana Mbl 6ydem 0603HayaTb OGYKBamu TO/bKO Lefible yucna.
Cnyuau, korga 6ykBbl MOryT 0603HayaTb W He Lefble Yncna,
ecnn nocnegHee He 6ygeT fACHO camMo No cebe, Mbl Gyaem
0c060 oroBapmBaTh.

Cymma a+b, pasHocTb a—b 1 npoussefeHue ab ABYX

UuenbiXx a U b aBnsawTCA Takxe uenbiMu. Ho yacTtHoe -j oOT

feneHus a Ha b (ecnm b He paBHO HyNKO) MOXET OblTb Kak
LenbiM, Tak U He LefbIM.

b. B cnyuae, Korga 4actHoe ~ OT fefleHMA a Ha b—

uenoe, o6o3Hayad ero OykBOw ¢, MMeem a= bg, T. e. a npea-
cTaBnseTca npoussedeHMem b Ha uenoe. Mbl roBopuM TOrAa,
yto a jJenuTca Ha b wnauM, yto b pgenmT a. lpu 3Tom a
HasblBaeM KpaTHbIM 4ucna b, a b — gennTenem uywncna a.
To 06CTOATENLCTBO, UTO b ABNAETCA [eNUTeNneM uyucna a,
3anucblBaeTcs Tak: b\a.

Mpumepsbl. Vmeem

21=17-3, 0=9-0, —85= 17(—5).
Moatomy Moxem ckasatb: 21 penutca Ha 7, O penutca

Ha 9, —85 pgenutca Ha 17, wnu: 7 pgenut 21, 9 pgenut O,
17 penut —85.



VimeloT MecTo fABe crnefytoline Teopembl:

1. Ecim a KpaTHO T, T KpaTHO b, To a KpaTHO b

[LelictBuTenbHo, M3 a—Tau T = bmlit cnegyeTt a= baxrx
Takum o6pas3om, a npeacTaBnseTca npovsBedeHnem b Ha
Lesioe YMCNOo axTX U TeM caMbiM AeNnTcsa Ha b.

2. Ecnu B paBeHcTBe Buga K+ I-\-...-\-n=p+ q-\-...+s
OTHOCUTE/NLHO BCEX Y/EHOB, KPOMe KaKoro-nnmbéo OAHOro, M3-
BECTHO, YTO OHW KpaTHbl b, TO W 3TOT OA4UH UneH KpaTeH b.

[leAcTBNTENbHO, NYCTb TakKUM OAHMM 4feHOM 6ygaeT k.
Nmeem

| —bba......... n= bnx, p—bpi, g= bqlt ..., s= bsx
k=p+qgq+...+5s —l—...—n=
= b(pl+ gl+ ...+ s 1—

Takum o6pasom, Kk npegcTaBnsieTcs npousBeaeHMeM b Ha

uenoe umcno Pt+ gx+ ... +Si—h —mee—nx n Tem cambiM
Jenutca Ha b.
c. B 3ak/ouYeHVe Mbl [JOKaXeM elle O4HY Teopemy, KO

Topas Ham G6yfeT BecbMa HYy)XXHa B fanbHeliwem (Teopema
0 [eNeHUn c OCTaTKOM).

Bcsikoe Lenoe a npeacTaBnseTcs e4WHCTBEHHbLIM CMOCO60M
C MOMOLLbIO MOMOXKUTENBHOTO Lenoro b paBeHCTBOM BuAa

a= bq+ r; 0<r<b.

[eicTBNTENbHO, O4HO MpeAcTaB/IeHUe 4YuUC/ia a PaBEeHCTBOM
Takoro Bufja nonayymm, B3siB bg paBHbIM Hambonbllemy Kpat-
HOMY u4wucna b, He mnpeBocxofsuwiemy a. [lonycTUB Xe Cy-
LLecTBOBaHME MpeACTaBMeHUA 4uc/a a elle OAHUM pPaBeHCTBOM
Toro xe Bmpga: a= bgl+ rl\O<rt<6, 1 BbluATAA NOYSIEHHO
3TO MocrefHee PaBeEHCTBO M3 MPeAbIAYLLEr0, MOAYy4YUM

0=b(q—qd+ r—rl (D)

OTctoga ybegumcs (2, b), uTo pasHOCTb [ —TrX KpaTHa b.
C fopyroi CcTOpOHbI, /IerKO BWAeTb, 4YTO Ta >Xe pasHOCTb,
KaK pas3HOCTb [BYX HeoTpuuaTeflbHbIX YWCEN, MeHbLUNX b,
cama 0OyAeT YMCEHHO MeHblue b, 4YMCAOM e, KpaTHbIM b 1
YMCMEHHO MeHbWUM b, aABnseTca nuwb yucno 0. MoaTomy
r—rl= 0, a oTtcioga un n3 paseHctBa (1) 6yaeT cnegosatb,
yto 1 q—ql= 0. Takum o06pa3om, BTOpPOe NpeacTaBeHUe
yucna a TOX[JECTBEHHO MepBOMY.
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Uucno g HasbiBaeTcAd HEMOMHbIM YacTHbIM, & YMCN0 I —
ocTaTKOM OT fjeneHua a Ha b. OdyeBugHo, 4to npuy n= O
MOHATUA «HEMONTHOe 4YaCTHOe» U «4yacTHoe» COBMajalT.

Mpume pbl. MycTb b= 14. Nmeem

177=14-12 + 9, 0< 9< 14,
—64= 14-(—5)+ 6, 0< 6< 14,
154=14.11+0, 0=0< 14

§ 2. O6wnii HanbonbLINA LeNNTeNb

a. B panbHeliweM Mbl 6ygem paccMaTpMBaTb NWLLUb MOJ0-
XUTeNbHble AennTenn uwucen. BcsAkoe uenoe, Aensiiee ofHO-
BPEMEHHO Uenble a, b........ /, Ha3blBaeTCA WX 06WMM [enun-
Tenem. Haumbonbwnit 13 obWKMX fenuTeneid  HasblBaeTCH
06WMM HambonblIMM fenuTteneM 1 o603HayaeTcs CUMBOJSIOM

(a, b, ). Ecom (@, b, ...,0=1, T0 a, b..... |
Ha3bIBalOTCA B3aMMHO MpoCThbIMW. Ecnu Kaxpaoe W3 umcen
a, bu...... | B3aMMHO MNpPOCTO C KaXAbIM APYrUM W3 HUX,
To a, b, ..., | Ha3sbIBaOTCA MonapHO MpPocTbiMKU. OUYeBUAHO,

ynMcna NonapHo NpocTble BCerga M B3aMMHO NMpocThlie. B cnyuvae
e [ABYX uucen MOHATUS «MNOMApPHO MPOCTbie» U «B3aMMHO
npocTble» coBMajaloT.

Mpumepbl. Yucna 6, 10, 15, BBugy (6, 10, 15) = 1,—
B3aMMHO npocTble. Yncna 8, 13, 21, BBugy (8, 13) = (8, 21) =
= (13, 21)= 1,— nonapHoO npocCThle.

b. fanee 3aiimemcsa 06WUMK AeNUTeNsAMU [ABYX YUCEN.

1. Ecnm a KpaTHO b, TO COBOKYNMHOCTb 06WWX AennTe-
neii uncen a u b coBnagaeT C COBOKYMHOCTLIO JAennTenei
ofgHoro b\ B yacTHocTU (@, b)= b.

[elicTBUTeNbHO, BCAKWIA 06WKIA fennTenb 4dmucen a M b
ABNSAeTCA AenuTenem M ofHoro b. O6paTHO, pa3 a KpaTHO b,
10 (1, b, 8 1) BcAKkuiA genutenb uucna b ABNsSeTCA TaKXe
jenvTenem 4ucna a, T. e. ABAAeTCA 06WWUM JenuTenem 4yu-
cen b na Takum o6pa3omM, COBOKYMHOCTb 06WMUX genuTe-
nen umcen a u b coBnagaeT ¢ COBOKYMHOCTbI AennTenei
ofHOro b. A Tak Kak HanbonblUIWi fenuTenb uyucna b ectb
camo b, 10 (a, b)=b.

2. Ecnm

a=bg-\-c,
TO COBOKYMHOCTb 06WMX fennTeneli uicen aub cosnagaeT c co-
BOKYMHOCTbLI 06WMUX JenmTeneid uucen b m c; B yacTHOCTU
(@ b)= (b, c).
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[eicTBUTENbHO, HanMMCaHHOE PaBEHCTBO MOKa3biBaeT, UTO
BCAKUIA 0OWMIA genuTenb uncen a M b gennT Takxe M c
(2, b, § 1) un, cnegoBaTencHO, ABAAETCA 00WMM AeNUTENEM
yncen b n c. O6paTHO, TO >XXe PaBeHCTBO MOKa3blBaeT, 4TO
BCAKMIA 06OWMWIA genuTenb 4ynucen b n ¢ genuT a W, cnego.a-
TENbHO, fABAAETCA 00WWMM AenvTenem umcen a U b. Takum
obpaszom, o6wme genutenu uucen a U b cyTb Te Xe, 4UTO U
obwme pgenutenn umcen b u ¢; B 4aCTHOCTM, LO/DKHbI COBMA-
JaTb M Hambonblume M3 3aTUX AenuTenei, T. e. (a, b) = (b, c).

c. Ona pasbickaHua o06wero Haubonblero pfenntens,
a TakXe [/ BblBOAa €ro BaXKHEMLWUX CBOWCTB MPUMeEHseTCA
anropuT™ EBknmga. OH cocToUT B HWxXecnegywouwem. MycTb
a U b—nonoxutenbHble uUenble 1 a> ft CornacHo ¢, § 1
Haxo4UM psAfA paBeHCTB

+ 0<rr<b,
b= rx2+ r3, 0< r3< r2
re=rtge+ rt, 0< rd4< r3

r, 2= +r,, o<r,, </e, ,
rn-i = rngn,

3aKaHuMBalLWMiics, Korga mnonydvaetca HekoTopoe ru+l= 0.
MocnegHee Hem3bexHO, Tak Kak psAg b, r2 r3, ... Kak
pag yObbiBalOWMX LenbIX He MOXeT cofepXatb 60nee uyem b
MNONOXUTENbHbIX.

d. PaccmaTpuBasd paseHcTBa (1), Uas CBepXy BHU3, y6ex-
paemcsa (b), u4Tto 06wWme genuTenn 4Ynucen a M b OAMHAKOBbI
Cc obWuMU JenuTensMmu 4yucen b v r2, panee OAWHAKOBbI
C 00WMUMKN OeNUTENAMMU YUCen T2U 13, unmcen r3n rd, .. ., un-
cen rn_! ur,, HakoHel (a), ¢ AeNUTens MU OfHOro yucna r,,
ABNAKOLLEroca MnocnefHUM He paBHbIM HYNHO OCTaTKOM anro-
putma EBknupa. OAHOBPEMEHHO C 3TUM WMEEM

(@, by= (6, r))=(r,, 1= ... =(/*,,_,, TN = TN

Mbl npuxoAvM K crefylowWuUM pesynbTaTam.

1. CoBOKyNnHOCTb O06WMUX AennuTenein umcen a u b coena-
JaeT C COBOKYMHOCTbK fenvTeneid ux 06LLero HambosbLIero
denvrens.

2. 3TOoT 06WMA HambonbLWi AeNUTEeNb paBeH MOCNegHEMY
He paBHOMY HyM OCTaTKy anropuTma EBknnpa.
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Mpumep. TlMpumeHum anroputm EBKAMga K OTbICKa-
Huto (525, 231). Haxogum (BCcnomoraTesibHble BbIYMUCIEHUSA
npuBefeHbl C/eBa)

525 231 525= 23b2 + 63,

462 2 231= 63-3+ 42,
231 63 63= 42-1 +21,
189 3 42= 21-2.
63 42
42 1
42 2
42 2

3pecb nocnefHUiA MOMOXUTENbHbIA 0CTAaTOK ecTb 4= 21,
3HaunTt, (525, 231) —21.

e. 1. O6o3Havass GykBOW T /060e MOMOXKUTENBbHOE LENOE,
nmeem (am, bm)= (a, b)T.

2. O6os3Havasi Gyksotwo 6 no6oint obWwKin gennTenb uucen

a u b, umeem y Q) = ; B 4aCTHOCTM, MMeeM
\(f—“'l'l'", . b.\ =1 T. e yacTHble 0T fJefleHMa [BYX 4ucen
@ b ' (a b))

Ha uX O06WWiA HaubonblWWi JAeNUTeNb CyTb YMCAa B3aMMHO
npocThble.

LeicTBUTENbHO, YMHOXWB COOTHOLWeEHUA (1) NOYNeHHo
Ha T, MNO/ly4MM HOBble COOTHOLUEHWA, rhe BMeCTo a, b,
r, ..., 0 o6yayt ctoatb am, bm, rrr, ..., rar. Noatomy
(am, bm)= rnrm un, Takum o6pasom, BepHO yTBepXAeHue 1.

MpumeHAa yTBepXAeHue 1, Haxogum

OTcloga cnefyeT yTBepXpaeHue 2.

f. 1. Ecm (@, b)= 1, To (ac, b)= (c, b).

[enctButenbHo, (ac, b) genuTt ac m ke, 3HauuT, (1, d)
OHO genuT n (ac, bc) BBuay 1, e paBHoe c. Ho (ac\ b) pge-
Mt 1M b, NosTomy oHO aennTt u (c, b). O6bpaTtHo, (c, b) gennt
ac u b, nostomy OHO pfgenut wn (ac, b). Takum obpasom,
(ac, b) u (c, b) B3auMHO fenAaT ApYyr Apyra W, crefoBaTesibHO,
paBHbI MeXxay coboto.
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2. Ecnm (a, b)=\ un ac gennTcAa Hab, ToO c gennTcs Ha b.

[JeiicteutensHo (1, b), npu ac, genawemcs Ha b, umeem
(ac, b)=b n u3 1 nonyyaem b= (¢, b). A atum (1, b) n
[JoKa3blBaeTca [AenMmocTb ¢ Ha b

3. Ecnm Kaxkpoe ab a2, ..., aT B3aUMHO MPOCTO C KaXk-
abiMm bv B2, ..., bn, TO ¥ npousBefeHne axar..,aT B3aUMHO
npocTo C npoussegeHuemM bjjt...bn.

[elicTBMTENbHO, COrnacHo 1 Haxogum

(a&a,.. aa, b= (aZa3...aT, bk =
= (a3...aT, bk)— ... —(asa, bk = 1,

W fanee, nojarafd pagu KpatkocTu araa8...aT= A, TOUHO
TakuM >Xe MNyTeM BbIBOAUM

(bAba-m-bn, A) = (bth3...bn, A)=
= (ba...bn, A)=... = (bn, A)= 1.

§ 3. Ob6LLee HaMMeHbLLee KpaTHoe

a. Bcakoe uenoe, KpaTHOe BCeX [aHHbIX YMCeN, Hasbl-
BaeTcA WX 06WuUM KpaTHbIM. HauMMeHbllee MON0XUTENbHOE
obLLee KpaTHOE Ha3blBAETCA OO6LMM HaWMEHbLUMM KpaTHbIM.
3pecb Mbl 6ygem paccmaTtpuBatb TONbKO 06LWMe KpaTHble
LBYX MONOXWUTENbHbIX YuCen.

b. Mycte (a, b)—d, a= dalt b= dbx u, cnegosatencHo
(2, e, 8 2), (@ b~r—1. NMyctb M —kakoe-nnbo o6uiee
KpaTHoe umcen a U b. Tak Kak M KpaTHO a T0 M=ak,
roe k—uenoe. Ho M kpatHo u b. lMoatomy

M ak _  axk

b ~ b ~ bx

JOMKHO ObITb LenbiM W, cnegoBatensHo (2, f, 8 2), k go/mkHO

fenutbcad Ha bv [loatomy = rde t —uenoe, npuyem
ana M nonyyaetcsa Qopmyna
M= %t. Q)

O6paTHO, 04eBMAHO, 4TO M, npeacTaBnsemoe popmynoin (1)
npu nobom uenom t, 6yaeT o6WMM KpPaTHbIM a U b, U, TaKUM
obpasom, topmyna (1) gaeT obwumii BUA BCeX 00OWMX KpaT-
HbIX yucen a N b
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HavmeHbllee NOMOXUTENbHOE M3 3TUX O6LMX KPaTHbIX,
T. e. obWee HaumeHbllee KpaTHOe, nonyvaem npu t= 1
OHo Oyper

Tenepb dopmyny (1) MOXHO nepenucaTb Tak!
M = mt. (3)

®opmynbl (3) 1 (2) NpMBOAAT K Teopemam.
1. COBOKYMHOCTb 06 NX KpaTHbIX ABYX 4MCen cosnajaeT
C COBOKYMHOCTbLI KpaTHbIX UX OOLIEr0 HAMMEHbLUETO KpaTHOrO.
2. OTO0 obLlee HauMeHbllee KpaTHOE [BYX YMCEN PaBHO MX
NpOV3BeAEHNIO, AeNEHHOMY Ha UX 06WKIA HAMbOoAbLWINA AennTenb.

§ 4. MpocTble yncna

a. Yumcno 1 vmeeT TONbKO OAMH MONOXWUTENbHbIA Aenu-
Tenb, UMeHHO 1. B 3tom oOTHOWeHWW yucno 1 B paje Ha-
TYypanbHbIX YWUCeN CTOWUT COBEPLUEHHO 0C060.

Bcakoe uenoe, 6onbwee 1, umeeT He MeHee [BYX [efnu-
Tenein, MMeHHO 1 M caMoro cebs; ecnn 3TUMM AENUTENAMM
MCYEPNbLIBAOTCA BCE NMOMOXUTENIbHbIE AeNIUTeNN LeNoro yncna,
TO OHO HasblBaeTCA npocTbiM. Llenoe, 6onbwee 1, nmerouee
KpoMe 1 n camoro ce6a Apyrue nonoXuTenbHble AeIUTenu,
Ha3blBAETCA COCTAaBHbIM.

b. HaumeHbwnii OTNNYHBLIA OT eAWHUUbI OenuTenb Le-
noro, 60nblero eAuMHMUbl, eCTb YMCNO NPOCTOe.

[elicTBUTENbHO, NYCTb ? —HAaWMEHbWMWIA OTANYHBIA OT 1
genutens uenoro a, 6onbwero 1. Ecam 6bl U 6bI10 6bI CO-
CTaBHbIM, TO OHO MMeno 6bl HEKOTOPLIA fenutens gt ¢ ycno-
BMeM 1< gl< u, npuvyem 4ucno a, fAenfAcb Ha (, LO/HKHO
(1, b, 8 1) genntbea Ha qt. A 3TO MPOTUBOPEYUSIO Obl Ha-
LemMy MpeArnosioKEHN0 OTHOCUTENbHO 4ucna q.

c. HanmeHbWwwnii OTAUYHBIA OT e€4UHULbI AeIMTeNb COoCTas-
Horo uucna a (cornacHo b oH 6yaeT nNpPoCTbIM) He MNpeBOC-

xoanT V a..

[elicTBUTeNbHO, NyCcTb (—3TOT AeNnUTeNb, TOrga a= qait
a’q, OTKyfa, MepeMHOXas M cokpawas Ha dx, noayyum
a>q\

d. MpocTbIX uyucen GECKOHEYHO MHOrO.
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CnpaBeannBOCTb 3TOM TeopeMbl CrneayeT M3 TOro, u4TO
KakoBbl Obl HW 6bINMM  pa3fInyHble MPOCTble PU P2...... pK,
MOXHO MOAYYMTb HOBOE MPOCTOE, CPefuM HUX He Haxogs-
weeca. TakoBbiM OyaeT MpocToli genuTenb cymmbl ptpt. ..
...pkf 1, KoTopblli gensa BCHO CYMMY, He MOXET COBMajaTb
HA C OO4HUM M3 MPOCTbIX PU oo pK (2, b, § 1)

e. [na coctaBneHus Tabnuubl MPOCTbIX YUCeS, He npe-
BOCXOAAWMX [JaHHOro uenoro N, CywlecTByeT MpoCToil cno-
€06, HasbiBaeMblli peweToM 3paTocheHa. OH COCTOUT B Cre-
ayloLem.

BbinuceiBaeM 4yucna

1, 2 N. . @)

MepBoe 6Gonbwee 1 yucno 3toro psapa ectb 2. OHO fJe-
NMTCA TONMIBKO Ha 1 M Ha camoro ce6a W, cnefoBaTesbHO,
OHO MpOCTOe.

Bbluepkusaem u3 psaga (1) (Kak cocTaBHble) BCe u4umcna,
KpaTHble 2, Kpome camoro 2. [lepBoe cnegytwoulee 3a 2 He-
BblYEPKHYTOE 4ucno ectb 3. OHO He fennTcd Ha 2 (MHade
OHO OKa3anocb Obl BblYEpPKHYTbIM). CnegoBaTenbHo, 3 ge-
NNTCA TONbKO HAa 11 Hacamoro cebs, a NOTOMY OHO Takxe 6y-
[eT NpoCTbIM.

Bbluepkusaem wu3 paga (1) sce uucna, KpaTHble 3, Kpome
camoro 3. [epsoe cregytolee 3a 3 HEBbIYEPKHYTOE 4MCNO
ectb 5. OHO He pgenutTcAd HW Ha 2, HW Ha 3 (MHa4ye OHO
0Kasanocb Obl BblYepkHYTbIM). CnepoBaTefibHO, 5 gennTcs
TO/IbKO Ha 1 u Ha camoro ceb6s, a NOTOMY OHO TakXxe 6yget
MpoCTbIM.

nr p

Korga ykaszaHHbIM CNoco6oM Y>Ke BblYepKHYTbl BCE YKUCNa,
KpaTHble MPOCTbIX, MEeHbLMX MPOCTOro P, TO BCe HEBbIYEPK-
HyTble, MeHblune p\ OyayT npocTbie. [eicTBUTENBHO, BCAKOE
COCTaBHOE a, MEHbLUee Pr, HaMu YXe BbIYEPKHYTO, Kak

KpaTHOe €ro HauMeHbLUEro MpoCTOro [AeNuTeNs, KOTOPbIi

fa<p. OTtcioga cnegyert:

1. MpucTynasa K BbIYEPKMBAHMIO KPaTHbLIX MNPOCTOro p,
3TO BblYEPKMBAHWE CNnefyeT HauuMHaTb C pr.

2. CocTaBneHne Tabanubl NPOCThIX YKCEN, HE MPEBOCXO-
gawmx N, 3aKOHYeHO, KaK TO/bKO BblYEPKHYTbl BCE COCTas-

Hbl€ KpPaTHbIE MPOCTLIX, HE NPEeBOCXOAALLNX Y N.
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8 5. EANMHCTBEHHOCTb pPa3/oXeHus
Ha NPOCTbIE COMHOXMNTE/N

a. Bcakoe uenoe a uauM B3aMMHO NPOCTO C Aa@HHBIM  Mpo-
CTbIM P, WM >Ke AeIuTCsA Ha p.

[LelictButensHo, (a, p), 6yayunm penutenem p, MOXET
6bITb paBHO wam 1, uam p. B nepeBom cnyvae a B3avMHO
NpocTo C p, BO BTOPOM a [JenuTca Ha p.

b. Ecnn npow3BefeHvne HECKONbKMX COMHOXKMTeNen gennTces
Ha [JaHHOe MpocToe p, TO, MO KpaiiHei Mmepe, OAWH W3 CO-
MHO>KUTeNei fenuTcs Ha p.

[JecTBuTtenbHo (a), KaXAblli COMHOXWTENb WM B3aUMHO
NpocT C p, WAN Xe Jenutca Ha p. Ecnm 6bl BCe COMHOXM-
Tenn 6blAM B3aUMHO MpPOCTbl C P, TO U WX NPOU3BEAEHME
(3, f, 8 2) 66110 6bI B3aMMHO nNpocTo ¢ p. [1o3TOMYy XOTb
OfJMH COMHOXWTENb [EeNnTCA Ha p.

c. Bcakoe uenoe, 6Gonbluee efnHWUbI, pasnaraeTca Ha Npo-
N3BefeHNe MNpOCTbIX COMHOXKWTENEA W MPUTOM eANHCTBEHHbLIM
Cnocobom (ecnu OTBMeYbCA OT MNOpsfKa CnefoBaHUA COMHOMKU-
Tenei).

[JeiictBuTenbHo, nycTb a—uenoe, 6onbliee 1; o603Havas
O6YKBOK pPX €ro HavMeHbLWA NPOCTON [eNnTeNb, WMEEM
a=plal Ecnu at > 1, 10, 0603Hayas 6YKBOK p2ero Hau-
MEHbLUWI MPOCTON genutenb, uMeem at= p2a2 Ecin a2> 1,
TO MOJO6GHO 3TOMY HaxoguMMm a2= pA3 U T.4., MOKa He npu-
[eM K Kakomy-nu6o an, pasHomy 1. Torga nonyyum an_1= p,,.
MepeMHOXUB BCe HaiifeHHble paBEHCTBA M NPOM3BEAA COKpa-
WeHWe, NOMy4YMM Creaylollee pasfoXeHWe a Ha npocTble
COMHOXMUTENN:

a= P\PrP3- «-Pn-

JonycTum, 4TO ANs TOFO >Ke CaMoro a CyLiecTByeT K
BTOPOE Pa3NoXeHNe Ha NPOCTble COMHOXMNTENN a—g™g\g3. . .q~°

Toraga Haingem
PIP2ps—/>n= <—<F—

lMpaBas YacTb 3TOr0 paBeHCTBa fenntcsa Ha gx. Cneposa-
TenbHO (b), MO KpaiHeil Mepe OAWH W3 COMHOXWTenei ne-
BOM yacTW [O/MKeH penutbca Ha qv [lycTb, Hampumep, pXx
fenntca Ha gx (NopsfoK CnefoBaHWA COMHOXMWTeNeli B Ha-
LUeM pacnopsbkeHuun); Torga Hagem Px= gx (Pi kpome 1
fenntcs TonbKo Ha pt). CokpaTuB 06e 4yacTM paBeHCTBA Ha
Px—qi, nonyuum prp3.,,pnh= qs...qs. [loBTOpMB npexHue
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paccy>AeHUsi NMPUMEHUTENILHO K 3TOMY PaBEHCTBY, MOYy4YnM
ps...pn—q3...qs W T.A4., NOKa, HaKOHel, B OAHOW YacTw
paBeHCTBa, Hanpumep, B JIEBOW He COKpATATCS BCE COMHO-
Xntenu. Ho O0fHOBPEMEHHO [OMKHbI COKPaTUTbCS U BCe
COMHOXWTE/IN NPaBOoii YacTh, TaK Kak paBeHcTBo 1= 4,+1...q,
npu gn+l, ..., s, MPeBOCXOAAWMX 1, HEBO3MOXHO. Takum
06pa3omM, BTOPOE pas3/ioXeHWe Ha MpOCTble COMHOXUTENM
TOXJECTBEHHO MEpPBOMY.

d. B pasfoXeHUM uucna a Ha MpocTble COMHOXWUTENM
HEKOTOpblE M3 HWX MOTYT NOBTOPATbCA. O603Hauas GykBamu
Pk Pr< me PK pasnnyHble W3 HUX U GykBamu al(az2........ ak
KPaTHOCTW UX BXOXAEHWUS B a, MOJyYMM TaK HasblBaeMoe
KaHOHMYECKOE PA3NOXKEHME YWCfla & Ha COMHOXWTENU

a= pVpV mmsPikm
Mpumep. KaHoHM4yecKoe pasnoxeHue yucna 588 000
6ynet: 588 000 = 26¢3¢ 53+7*,
e. B 3aknoyeHue Mbl JOKaXeM HECKO/IbKO Teopem, Ka-
calolmnxca agenuteneid umcna, a Takxe 06Llero HanbonbLIero

penntena wn O6LI.I,€FO HaMMeHbLUEro KpaTHOro HeCKONbKUX
yucen.

1. NycTba—pVpV e+ +P*H—KaHOHNYECKOE pa3foXKeHune yu-
cna a. Torfga Bce [e/MTENM uucna CyTb BCe 4ucna Buia

d= p\'p\'...plb-, Q)
O<Pl<awnm 0<P,<a2 ..., 0<;|}*<a*.

[LeiictButensHo, nyctb d genut a. Torga (b, § 1) a= dq
W, CnefoBaTenbHO, BCe MPOCTble Aenutenu uyucna d BXOAAT
B KaHOHMYECKOe pasfioXeHWe yucna a C rnokasatensamu, He
MEHbLIUMW TeX, C KOTOPbIMWU OHW BXOLAT B KaHOHWYECKoe
pasnoxeHue uucna d. Moatomy d wumeer sug (M.

O6paTtHO, BcAkoe d Buga (1) penut a.

Mpumep. Bce genutenn uucna 720 = 24-3*-5 nonyumm,
€CNN B BblpaXKeHUU 2>3p*5p> 3acTtaBuM p,, p2, p3 HE3aBUCMMO
Apyr oT pgpyra npob6eratb 3HavyeHus px= 0, 1, 3, 4; =
=0, 1 2; p3= 0, 1 lNosTomy ykKasaHHble fenutenn 6yayTl
1, 2, 4, 8, 16, 3, 6, 12, 24, 48, 9, 18, 36, 72, 144, 5, 10, 20,
40, 80, 15, 30, 60, 120, 240, 45, 90, 180, 360, 720.

2. O6WMii HamboMblWKn [AEeNNTEeNb HECKONbKNX 4uCen sB-
nfeTca Npou3BefeHMEeM CTeneHeli Buga pa, rge p— o0Lwwii
NPOCTOW fenuTeNnb BCEX 3TUX uuCen, a a—HauMeHbWwuin n3
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I'IOKa3aTEI'IEI7I, C KOTOpbIMM P BXOANT B WX KaHOHWYeECKue
pas3no>KeHunA.

3. COBOKYNHOCTb 06WMX AenuTeneil HEeCKONbKMX 4umcen
cosnagaeT C COBOKYNMHOCTbLIO ,qel'lVITel'IeVl nx O6LLI,BFO Hanbonb-
wiero gennrTensa.

[LelicTBUTENbHO, NyCcTb d — 06WMIA gennTensb uncena, ..., /.
Torga WMEKOT MeCTO paBeHCTBa Buga a—dau ..., 1= dlt,
KOTOpble MOKa3blBalT, 4YTO: &) BCAKWIA MPOCTON AenuTenb p
yucna d AO/MKEH OblTb JenuTeneM U KaxAoro W3 yucen
a, ..., |, a Takxke 4to: b) 3TOT pgenuTenb p JO/MKEH BXO-
OWTb B KaHOHMYECKOEe pas3noXKeHue yucna d ¢ nokasaTenem,
He MpPeBOCXOAALWMM HaMMEHbLUEro W3 Tex, C KOTOPbIMU OH

BXOAMT B KaHOHMYECKUE Pas3foXeHus uyucen a, /; 06-
paTHo, Kaxpoe d, NoAYMHEHHOEe YCNOBMAM &) U b), 04eBUAHO,
ABNAETCA OOWMM [ennTeneM 4Yucen a......... /.

O6wmm HambonbWMM [AenuTeneMm, T. €. HanbonbWuM K3
obwwnx penutenein (a, § 2) ABnAeTCcA TOT U3 MOCNEAHUX,
B KaHOHWYECKOM Ppas3/fioXKeHMM KOTOpOro mnokasaTenu cTene-
Hel MpOCTbIX YMCEeNl TOYHO PpaBHbl HAUMEHbWWM W3  TeX,
C KakMMy 3TU NpOCTble 4uMcna BXOAAT B KAHOHW4YECKUe pas-
NoXeHusa uucen a, ..., L

A BCAKWIA 06WMWIA aenuTenb, Kak WMEHLMA B CBOEM Ka-
HOHMYECKOM PasNoXeHWW BCe MOKasaTeNn He MpeBOCXOAs-
WUMM COOTBETCTBYHOLLMX MNOKasaTeneil B KaHOHWYECKOM pas-
NOXeHUN 00uiero Hambonblwero genutens, Oyaetr AenuTenem
nocnegHero.

Mpumep. O6wWniA  HamboONMbWMIA  AenUTeNnb  Yucen
6791400 = 23-32-52-73-11, 178500 = 2*-3-53-7-17, 27720=
=23-3*-5-7-11 paBeH 2*-3-5-7 = 420.

4, 06u.|,ee HanMeHbLlee KpaTHO€e HECKOJ/IbKUX Yncen ABNAeTCA
npon3BeAeHNeM CTeMNeHeid Buaa pa, rge p —npocTol gennTenb
Mo MeHbLLEeNn Mepe O0AHOro M3 3TUX 4ucen, a a — HaMboNbLLNIA
n3 r|0Ka3aTene|7|, C KOTOpPbIMN P BXOAMT B NUX KaHOHWYeECKue
pas3no>KeHuns.

5. O6lliee HaMMeHblUee KpaTHOE HEeCKO/IbKMX MOMapHo npo-
CThbIX 4Yunucen paBHO UX NPOU3BEAEHUIO.

6. COBOKyI‘IHOCTb O6LLI,I/IX KpPpaTHbIX HECKOJ/IbKMX YWuces COoB-
nagaeT C COBOKYNMHOCTbH KpPaTHbIX NX O6LLI,EFO HanMeHbLUEero
KpaTHOro.

[JeiictButenbHo, nyctb M—obLlee kpaTHoe yncen a, ..., L
Torpga vMMelOT MeCTO paBeHcTBa Buga M=ad', ..., M= W,
KOTOpble MOKa3blBalT, YTO: &) BCAKWIA MPOCTON Aenutenb p
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KaXJoro u3 uucen a, ..., | fomxeH 6biTb genuTenem v yu-
cna M, a Takxe u4To: b) 3TOT fenuTenb p LOMKEH BXOAUTb
B KaHOHWYECKOe pasfioxeHue yucna M C nokasartenem, He
MEHbLINM Hanbosnbliero M3 Tex, C KOTOPbIMW OH BXOAUT
B KaHOHMYECKME PpasnoXeHus uucen a, o6patHo,
Kaxxgoe M, noAyMHeHHOe YCNoBuMAM a) U b), 04eBMAHO, AB-
ngeTcd o6WUM KpaTHbIM uywucen a, ..., |

O6WMM HaMMeHbLIMM KpaTHbIM, T. €. HaUMeHbLWM U3
obwmx kKpaTHbIX (a, § 3), fABnNfeTca TO W3 MNOCNESHUX,
B KaHOHMYECKOM pa3foXeHMM KOTOPOro nokasatenu cTene-
Heil MPOCTbIX 4MCeNn TOYHO paBHbl HaMbONbLWIMM U3  TexX,
C KakMMy 3TW NpOCTble 4uMcna BXOAAT B KAHOHWYECKME pa3-
NOXeHua uucen a, ..., .

B cnyuae, korga a, /—nonapHO npocTble K, cne-
[0BaTeNbHO, KaXAbli MHOXUTeNb BUAa pa KaHOHWYECKOro
pasnoxeHus O06LLero HaMMeHbLUIEero KpaTHOro BXOAMT B Ka-
HOHWYECKOe pa3NoXeHWe O4HOro W TONIbKO OAHOrO W3 uucen
a, ..., /, obliee HaMMeHbLUee KpaTHOe NOCNEAHUX, OYEBUAHO,
paBHO WX MNPOU3BEAEHUIO.

Bcskoe o6liee KpaTHOe, Kak WMeoLlee B CBOEM KaHOHMU-
YECKOM Pas3fnodXeHWW BCe MoKasaTeN He MeHbLIUMW COOTBET-
CTBYHOLLMX NoOKa3aTefeli B KAHOHNYECKOM pas3foXeHUn o6LLero
HaVMeHbLIEro KpaTHoOro, 6yAeT KpaTHbIM MOCNeAHero.

Mpumep. O6Wee HavMeHbllee KpaTHoe umcen 1800 =
= 23-32-52, 3780 = 2a33-5-7, 8910= 2-34-5-11 paBHO
23m84¢52¢7 11 = 1247 400.

§ 6. HenpepbiBHbIe apo6u
N UX CBSI3b C a/IropuTMOM EBKANga

a. MycTb a —nboe BewWecTBeHHoOe 4ucno. O603Ha4YMM
6yKBOIO HaubonbLlee Lenoe 4YUcno, He npesocxopasdLliee oc.

Mpn Heuenom a umeem a = q1-\-a\ a2>1- To4yHO Tak

Xe npun Heuenbix az2 as_1 nveem
«2= 7%+ N- «3>1,
-1 9%-1-ba_ | N
U-s

BBMAY YEro Trofiyyaem Cliefylollee pasfiodKeHue a B Hernpe-
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PbIBHYO ApO6b:

a=?i +

(O

b. Ecnn a —wuppaunoHanbHoe, T0 u BcAkKoe a! —wppa-

LMoHanbHoe (npu pauuoHanbHOM as BBuay (1) pauuoHanb-
HbIM OKa3anocb Obl Ma) M yKaszaHHbI nNpouecc MOXeT 6biTb

HeorpaHM4YeHHO NPOAOJ/IKEH.
Ecnn xe da —paunoHasibHOE U, CnenoBaTesibHO, MOXET

6bITb NpeAcTaB/iEHO pauWOHanbHOW HECOKPaTUMOWR Apobbio
a—~ C MONOXKUTENbHbIM 3HaMeHaTeNneM, TO YKa3aHHbIi

npouecc GyAeT KOHe4deH M MOXET 6bITb BbIMOAHEH C MOMOLLbO
anroputma EBknupaa. [JelWCTBUTENbHO, UMEEM:

a= bgl+ r2

b= r2:2+ ly,

rn-t=r,,-ign-i+ rn\

rmi = rm,\

S+ S+ A
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Uucna qlt git ..., ydyacTByloLlMe B pasnoXxeHUM yncna a
B HenpepbIBHYK ApP06b, Ha3bIBAKTCA HEMOMHbIMU  YaCTHbIMU
(B cnyyae pauunoHanbHoroa ato 6yAyT, corfiacHo b, HenosHble
YyacTHble MnocnefoBaTeNlbHbIX feneHuin anroputma EBknnga),
opobu xe

N —<b — + " A RARAR | 1 " =

HasbIBaTCA MNOAXOAALUMN APOBAMMU.

c. BecbmMa NpPOCTO 3aKOH BbIYUCNEHWS NOAXOAALLUX ApO6GEN
nonyymm, 3ameTmsB, 4Tto 6,(s> 1) nonyyaerca m3 6 ~ 3a-
MeHOli B 6YKBEHHOM BblpaXeHun pna br_r umcna gs_t uw-

cnom <7, x+ —  [eiicTBUTENbHO, MNofnaras pagu eanHoo6pa-

3ma PO0— 1, Q0= 0, Mbl MOXeMm nocfegoBaTe/lbHO MpeacTa-
BUTb MOAXOAsiUIMe ApobM B crnegyrowieM Buae (34ecb paBeH-

CTBO -g- = —® nuwem, Xenas 0603Ha4yuTb A cumsonom P,,

a B —cumBonom Qs)\

y
f) = 2 _ <M+ 1 <Pl+Pp_ "2
1 ?2-1+0  ?72Q1+Qo @’
M T. 4. un BooOWe nNpu s> 1
S —A A P*~2__ Ps
- (@)

5 4s Qs-1+Qs-2 Qs

Takum 06pasoM, UUCAUTENN U 3HAMeHaTenn MOoAXOAALLINX
Apo6eli Mbl MOXeM MOC/MefoBaTe/lbHO BbIYMCASATL MO op-
Mynam

Ps _—tf '1~bP f-2 Q)
= tfsQt-i  Qs-2

TN BblUUCNEHNS YAOOGHO AenaTb MO cnegytoulein cxeme (gBa
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nocnefgHUx cton6ua nuWeM NUWb B Clydae, Korga a — He-
COKpaTMMasi 4pobb C MOMOXNTE/IbHLIM 3HAMEHATeNeM: « =y ) :

s <i s gn-\"  9n
ps 1 92 @ .. Ps-2 P-x Ps Pn-X a
s 0 1 07 Qi-2 Qj-i Qs Qn-i b

Mpumep. PasnoXum B HenpepbiBHYI ApP06b HECOKpPATU-

s g
Myl0 Apobb (g-. 3AeCb UMeeMm

105 38 105 ) 1
7% 2 38~
38 29
29
29 12
27

[Mo3ToMy yKasaHHas Bbllle CXema [aeT:

o, 2 1 3 4 2
ps 1 2 3 1 47 105

Qs 0 1 1 4 17 38

d.l. Mpn s>0 wumeem PsQs-i~ Q sPs-i = (—I)*
(-1)*
QsQs

2. Mpun s> 1wnmeem 6*—
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[LelicTBuTenbHO, nNpuUHAB 0603HavyeHne ht= PsQs_|—
— Qsps-1» mbl npu s=1 noayusmm hi= q1-0—1I-\ = —I,
a npu s> 1 c nomowbto paBeHCTB (3) Haigem hs= —hs_v
OTctopga nonyuum hs= (—21)* [lonb3ydacb >Xe 3TUM paBeH-
CTBOM Npu s> 1, nerko Haigem

a_ Aa & Ps-i_ hs ([~
* Qs  Qs-i QsQs-i ~ QsQs-i’

e. MycTb 1< s, a ecnn a — paunoHanbHas HecokpaTuUMmas
Opobb @ —-j C MNONO>KUTENbHbIM 3HaMeHaTeNneM, TO NyCcTb
Take s<.n. Torga a ne>kuT mexxgy b5 1 u bs, npuyem
6nm>ke K 6S, He>Kenn K bs_x.

[elicTBNTENbHO, 3aMeHMB B paBeHCTBe (2) 4MCAO (S Ymc-

nom @s-\--"— , nonyumm

as+IPs~\-Ps-1
as+iQs+Qs-i ’

aasHG@+aQs|  as+ips--pi.: =0

OoTKyfa ybexgaemcs, 4TO nepBas W3 pasHOCTeN, CTOAWMUX
B CKOGKax, M No 3HaKy NpOTMBOMO/JOXHA BTOPOM M u4ucC-

neHHo (Beugy Qj>Q”_1) meHbwe nocnegHeir. A 3TUM © fo-
Ka3blBalOTCA HalWW YTBEPXAEHUS.

Bonpochk! K rnaee 1

1 MycTb a n b—uenble, He paBHble OAHOBPEMEHHO Hyn, U d=
= ax0-\-by0— HaumeHbLUee MOMOXNTENbHOE YUCNO0 BMAa ax-\-by (X ny —
uenble). [okasatb, uto d= (a, b). OTctoga BbiBECTM Teopemy 1, d, § 2
1 TeopeMmbl e, § 2. O606WNTL 3TW BbIBOABI, paccMaTpuBas uucna Bupaa
ox+ by+ ...+ fu.

2. MycTb p—npocToe 4ucno, a W b—HaTypanbHble uucna, p ge-
Tt ab. MeTogoM MaTemaTM4eckoln WHAYKUUM (MHAYKUMIO BecTM Mo p)
[oKa3aTb, 4TO p genuT nmbo a, nubo b. OTctoga BbiBecTM b), c) § 5.

3.a. Myctb (c, §6) 1<s, aecnm a=  —- HecokpaTumas Apobb,
TO MycTb Takxke s < n (gn=b). [okaszaTb, YTO a MOXET MpUGAMXKATLCA
HecokpaTumoi fpobblo — 6onee TOYHO, YeM [po6bI0 bs, MMwb B Cnydae

d>Qs.
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b. MycTb BeLleCTBEHHOE YMCMO @ Pa3fiOXEeHO B HENpepbiBHYH Apo0b,
N —uenoe nonoxurenbHoe, k—uncno ero JecATUYHbIX 3HAKOB, N— Hau-
6onbliee uenoe ¢ ycnosuem Q,,</V. [Jokasatb, 4to n<5£+1. [Ana
[0Ka3aTenbcTBa BblpaxeHus gns (72, Q3, Q4......... Qn cnefyeT CcpaBHUTH
C TeMW, KOTOpble OHM WMenu Obl, ecnn 6bl Bce (s OblAM paBHbl 1, 1 cpas-
HUTbL fpanee ¢ yicnammn |, £, £2> £7-1> rge £— NONOXMNTENbHbIN
KOpeHb ypaBHeHus £2= |+ 1.

4. Myctb T~1. PaAg pacrnofioXeHHbIX B MOPsAAKe  BO3pacTaHus
paLmnoHanbHbIX HECOKPATUMbIX APO6el C MONOXWUTENbHBIMU 3HAMEHATENAMMY,
He MPeBOCXOAALMMMN T, Ha3blBaeTcAd psgoMm dapes, OTBeyaloWym T.

a. [lokasatb, 4TO YacTb pafga dapes, OTBevalolero T, cofepxallas
opobu a c ycnosmem 0< a < 1, MOXeT O6blTb MOAyYeHA CNeAyoLnM

cnocoGom: nuwem Apo6u -y-, -J-. Ecnm 2<T, TO MeXay aTuMu pobsmu
0+1 1 0 11
BCTaBMM ewe ApoBb yo , 3aTeM B MOMy4YeHHOM psge —, y

MeXAY KaXAbIMU ABYMS COCEAHUMMW ApPO6AMMK o M «q c 6r+ dj< 7

+
BCTaBUM ApOélb al All/l T. A. [0 TeX nNnop, noka 3TO BO3MOXHO.

<?i+di
MpeaBapnTenbHO foOKasaTb, YTO ANs N060M napbl cocefgHUX Apobein -y

W -] paga, Nojy4yaemMoro ykasaHHbIM croco6om, umeem ad— be——1.

b. PaccmatpuBas pag dapes, fokasaTb TeopeMmy: nycTb T " 1, Torga
BCAKOE BELLECTBEHHOE & MOXHO NpeAcTaBuUTb B Buie

a=7r+|r 0<Q<T (P'Q) =1 lel< >

c. Teopemy Bonpoca b gokasatb, nonb3ysce 2, d, § 6.

5. a. [lokasaTb 6GECKOHEYHOCTb 4ucna MnpocTbiX yucen Buga 4T+ 3.

b. [loka3aTb 6€CKOHEYHOCTb 4uMcna MPOCTbIX uucen Buga 6T + 5.

6. [oka3aTb 6ECKOHEYHOCTb uucna MpOCTbIX YWUCeN, MOACYUTbIBAs
4yucno uucen, He npesBocxogawmx N, B KaHOHWYECKOE pasnoXXeHue KoTo-
pbIX He BXOAAT MPOCTble 4yucna, OT/WYHbIE OT pr, p2, ..., pN

7. Myctb K—uenoe nonoxutenoHoe. [lokasaTb, 4TO B psfe HaTy-
panbHbIX 4ucen UMeeTcs GeCUMCNEHHOe MHOXECTBO MNOCnefoBaTeNlbHOCTel
M, M+ 1, He CofepXKaliux MpocCTbIX 4uces.

8. [lokasaTb, 4TO CpeAu uucen, nPeAcTaBNsieMblX MHOrO4/IeHOM

a0, + V:',-1+ eeet+a«. rge n > 0, 00, aX......... an—auenble n a0> 0,
MMeeTcs BECYMCIEHHOE MHOXECTBO COCTaBHbIX.

9. a. [lokasaTb, YTO Heonpene/leHHOMY YpaBHEHUIO
X*-\-yr=r2, x>0, y>0, z>0, (x,y, r)=1 (@)

YAOBNETBOPAKOT T€ W TO/IbKO Teé CUCTEMbl vy, Yy, I, rae ogHO M3 4ucen x

Ny UMeeT BUA 2uv, Apyroe —Bug n5—wul, HaKoHel, I UMeeT Buf u2+ u2,
npu atom n > v >0, (n, = |, uv—uyeTHOe.

b. Monb3yscb Teopemoii BoMpoca a, [10KasaTb HepaspelMmMocTb B
UeNbIX MONOXUTENbHLIX X, Y, T ypaBHeHWs x4+ 4= r2.
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«0. [lokasaTb Teopemy: ecin ypaBHeHue xn-\-a\xn~1-{-... -fan= 0,
roe m> o0 una*.... an—uenble, UMeeT paLuOHanbHbI KOpeHb, TO 3TOT

KOpeHb—Le0e 4ncno.

*l,a Myctb S=y-fy-f a > 1 [lokasatb, 4t0 S —
He uenoe.
b. MycTs i — - . . n>0. [okasaTb, 4T0 S —
o o ZIl-j—1
He Lesoe.

12. Myctb n—uenoe, n > 0. [lokasaTb, 4TO BCE KO3M(ULMEHTHI
pasnoxeHus 6uHoma HbloToHa (a-\-b)n 6yayT HeYeTHbLIMKU TOrAa U TOMLKO
Torga, Korga n mmeet sug 2ft— 1.

YuncneHHble npumMepsl K rnase 1

*>a. [pumeHss anroputm EBkAupa, Haintm (6188, 4709).
b. Haiit (81 719, 52 003, 33 649, 30 107).

2, a. Pa3noxus B HemnpepbiBHYO Apo6b a =-4- W COCTaBUB TabnuLy

noAXoAsLWmx apobeit (c, § 6), HaiTu: a) 64, (3 NpeacTaBneHne a B BUAE,
yKaszaHHOM B Bonpoce 4, b, cumtaa 1= 20.

b. Pa3noxuB B HenpepbiBHYK Apobb a=:3"7g n cocTaBuB Tabnuyy

noaxoaawmx papobei, Haintu: a) 6,, P) npeactaBneHne a B BMAE, YKa-
3aHHOM B Bonpoce 4, b, cuutaa 17=1000.

*e CocCTaBuUTb psg gpobeii dapes (Bompoc 4) ot 0 go 1, ucknwouasa 1,
CO 3HaMeHaTeNiMW, He MPeBOCXOAAWMMHU 8.

4. CocTaBWTb Tabnuuy NPOCTbIX u4ucen, MeHblumx 100.

8»a. HallTu KaHOHMYecKoe pasnoXkeHue uymcna 82 798 848.

b. Haiitn KaHoHMueckoe pasfnoxerue uucna 81 057 226 635 000.



FnaBa 2

BAXHENWWE ®YHKLUMNN B TEOPUWN YNCEN

§ 1. dyHkumm [x] n {x}

a» B nepByl ouyepedb Mbl paccMOTPMM [Be CcreayloLue
(hyHKLUMW, onpeaenieHHble AN BCEX BELLECTBEHHbIX 3HAYeHMI X:

1. Uenyto uacTb OT X, o6b0o3Hayaemylw cumBonoM [x],
npescTaBnsOLWYO co600 Hanbosnbllee LeNoe YKCI0, He Mpe-
BOCX0AsllLiee X.

2. Opo6Hy0 YacTb OT X, o603Hauyaemyw cumBosiom {n},
npeAcTaBsloLLY0 co60l0 pasHocTb X— [X] Mexay X W uenoi
4acTblo OT X.

Mpumepsbl.
[71=7, [2,3]= 2, [—4,75] ——5,
{r}=0, {2,3}=0,3, {-4,75} = 0,25.
b. lNMokasaTenb, C KOTOPbIM [aHHOE TMPOCTOe P BXOAUT

B npoussefeHne Al, paseH

[TM N + bl+--- 0
LelicTBUTeNbHO, YMC/I0 COMHOXMUTeNe npoussegeHnsa n\,

KpaTHbIX P, pPaBHO , CPeAn HMX 4UCNO KpaTHbIX pa
paBHO jj”~j, cpe4u nocnefHMX YUCAO KpaTHbIX P8 paBHO

Jj™j, n 1.4. Cymma (1) u gacT WCKOMbIA MoKasaTenb, TakK

KaK KaXablli COMHOXWTENb Mpou3BefeHMs M\, KpaTHbli P,
HO He PT+l, HaMM cocuuTaH TOYHO T pas, KakK KpaTHbIA P,
pr, p3, ..., HakoHelu, PT.

Mpumep. T[llokasaTenb, C KOTOPbIM 4MUCNO 3 BXOAUT B
npousBedeHne 3671, paBeH

367] . 3671 . [3671 . I367] . [367]
i i+[—J+[2FJ+L8TJ+[m]:
= 122+ 40+13 + 4+1 = 180.

12 3neMeHTbI BbICLLEl MaTeMaTUKu
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§ 2. MynbTUNIMKaTUBHbIE (IYHKLMN

a. ®yHkuma 0(a) HasbiBaeTCA MynbTWUMAMKATUBHOW, eciu
OHa YyAoBNETBOPSeT ABYM C/eAyloLUM YCNO0BUAM:

1 3Ta (QyHKumMsa onpegeneHa AnsA BCEX LEMAbIX MOMOXKN-
TeNbHbIX @ WU He paBHa HYMAK MO MeHbLUEA Mepe MNpu OAHOM
Takom a.

2. Ana nobblX NONOXKWUTENbHLIX B3aMMHO MPOCTbIX ax u ar
nMeem:

Q(alai) = Q(anQ(ai).

Mpumep. HeTpyaHO BUAETb, YTO MYAbTUMNAUKATUBHOM
ABnAeTCcA (QYHKUMA a*, rAe s—/oboe BeLLEeCTBEHHOE WK
KOMMJ/IEKCHOE 4ucno.

b. Ana BcAko MynbTUNAMKATUBHOW yHKUum 0 (a) nmeem
0(1) = 1. [eiictBuTenbHo, nyctb 0(ag He paBHO HYynH.
Haxogum

9 (@ao)= 0 (aoil) =0 (a0 0 (1), 1=0(1).

c. CBOCTBO 2,a MynbTUNAUKATUBHON QyHKUun 0 (a)
pacnpocTpaHsAeTcs W Ha cay4vaid k> 2 monapHO MNpOCTbIX

yncen ab a2 a3 ..., ak. [1eACTBUTENIbHO, WMEEM:
0{a&a3...ak=0(ax 0(az3...aK =
=0(@X0@20(a,...a*)= ... =0()0(a20(a3... 0(aK.

B yacTHOCTM, HaxoAum

O(p?'N33«=0 O0@P™6(/>)«.0(pH ()
d. O6paTHO, Mbl Bcerga MOCTPOMM HEKOTOPYH MynbTH-
nnMkaTwueHy dyHkumio 0(a), ecnm nonodkme 0(1) = 1 m Ha-
3Ha4yMB nNpom3BonbHO 3HauveHus ans 0 (pa), oTBevawoLMX MOMo-

KUTENbHbIM CTEeneHsM MPOCThIX uYnucen, B 06WEeM  Crydae
onpefenum 3Ty (yHKuuMio paBeHcTBoM (1).

[elicTBUTENbHO, €cnn a= p“‘... p** NpefcTaBNeHO B BUE
npounssefeHns axar 4BYX B3aMMHO MNPOCTbIX YWUCen ax u a2,
TO CMpaBef/inBO TOXXAECTBO

0(a)= 0bl 0(a2.
nepad 4acCTb KOTOpPOro ABndaeTtca nNpPOU3BEAEHMEM 4YUCEN

0 (pfs), oTBevarLWMX BCEM COMHOXUTenam Buga pfs uucna a,
a npaBaf 4yacTb ABNAETCHA TeM Xe MNpou3BefeHMeM, HO pas-
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6WTbIM Ha fABa B3aMMHO MpPOCTbIX MPOW3BEAEHUS, OJHO U3
KoTopbix 0 (a) saBnsieTca npoussefeHuemM uvmucen 0 (pp), oTBe-
YaoLWNMX BCEM COMHOXUTensaM Buga pP uucna au gpyroe xe
0(a? sBnseTca npousBefeHuMeM uucen Q(pp), oTBevarLMX
BCEM COMHOXWUTenaM Buga pP uucna a2.

Mpumep. MynbTUNNMKATUBHYIO (QYHKLUUIO MOXHO Mo-
ctpouTtb, B3iB 0(1)= 1 n 0(p“)= 2, ecnm a > 0. Torga

npu & >0 6ygem wumeTb 0(/?“’.../?“*)= 2* B 4acTHOCTH,
Haingem:

0(1)= » 0(2)=2, 0(3)= 2,
0(4)=2, 0(5) =2, 0(6)= 4.
e. Mpoussepenne 0 (a) = 0X(a) 02(a) ABYX MYNbTUNNNKAT UB-

HbIX yHKUMiA 0j (@) n 02(a) Tak>Ke SBNSeTCA MyNbTUNANKA-
TWBHOW (yHKLMEN.

OelictButenbHo, mmeem 0(1) = 01(1)02(1) = 1
Kpome Toro, npu (alt ar)= 1 Haxogum
0 (fligi) — 0j (0]02 iaiai) = 0i (Oi) 0i (02 O, (flj) 02() =
= 0lbl 02KO 01(0,) 02 bl =0 KO 0 (a2.

[JokKaszaHHasi Teopema 00606LllaeTcs M Ha cnyyan no6oro
yncna kK > 2 MynbTUNAMKATUBHBLIX (YHKLMWIA

Ol(a), 0,(a), 03(a)...... 0*(a).

[JelicTBUTeNbHO, MOMb3ysACb el nocnejoBaTeNbHO, y6e-
AUMCS B MY/NbTUM/IMKATUBHOCTA MPOU3BELEHUIA:

(0) 0,(0) 0,(0) = (01 (0) 0,(C)) 0,(0),
0L (0) O, (&) O, (0) B<(a) = (01 (a) Oa) O, (a)) O(a),

0l (a) 02(a)...0/1! (1) 0* (a) = (0X(a) 02(a)... Kk _t (a)) 0* (a).

f. MycTb 0(a) —MynbTUNAMKATUBHAA QYHKUMA wna =

= p“‘...  —KaHOHWYeCKoe pasno>KeHue yucna a. Torga, 060-
3Ha4yas CMMBONOM 2 CYMMYy, pacnpoCTpaHeHHyl Ha Bce
d\a



penvtenn d uucna a, 6yfeMm UMeTb
O?\ae(4bl-1 +e(PR+e@EN+... +e(p?*)) -

(1 + 9(Pk)+ 6 (Pk) + «ee +0 (Pft*))

(B cnyyae a= 1 mpaBas 4yaCTb CuMTaeTCA paBHOW 1.)

UTo6bl AOKa3aTb 3TO TOXAECTBO, PACKPOEM CKOOGKU B ero
npaBoli 4yacTu. Torga nonyuymm cymmy Bcex (6e3 mponyckoBs
W NOBTOPEHWI) cnaraembiX BUja

B(PHeE»)...B(P'»)-B(PNe...p*»);

A ato (1, e, 85, rn. I) kKak pa3 n 6yger TO, 4TO CTOWUT
B /1eBOM 4acTu TOX[AECTBa.

§ 3. Uucno genuTeneii n cymma aenuteneii

a. 1. NMpn 0(a)=1 (npumep a, § 2) ToxgectBo f, §2
npumet BAg T(a) = (af-f 1).. .(aft+ 1), rge 1 (a) —uwncno ge-
nnTenein uucna a.

Mpumep. T(720) =7(24-3a-5)= (4-f1)(2+ 1)(1+ 1=
= 30.

2. x(a)—MynbTUnAMKaTuBHaA (QyHKUWA, LA KOTOpPON
npm a > 0 umeem T(pa)—a-J-1

310 cnegyeT u3 HalijeHHoW ana T(a) dopmynbl 1 Teo-
pembl d, § 2.

b. 1. Mpu 0(a) = a (Nnpumep a, 8§ 2) ToxgectBo d, §2
npumeT BUA

S(a) =
@) Pi—l m" Pk—1
rae S (a)—cymma genuTeneid uicna a.
Mpumep. S(720)= S(2*-3*-5)=" ji-|fi-— ~=

= 2418.
2, S (a)—wm NbTUNNNKATUNBHASA HKLU WA, N KOTOPOIi
(a)—my gheHas (hyHKL A p

npm a > 0 umeem S (p®) = - — .

3To cnepyeT U3 HalgeHHon gns S (@) opmynbl U Teo-
pewmbl d, § 2.
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§ 4. dyHKumA Mébuyca

a. DYyHKUMa MeEbnyca— MynbTUNANKATUBHAA (YHKLMS,
onpefenéHHaa paeseHcTBamu: L, (p) = —1, p,(pa)= 0, ecrma> 1L

M3 3toro onpegeneHns, B 4YacTHOCTW, CNeayeT, 4To:

a) Ecnn B KaHOHMYeckoM pasnoXxeHum a= p“‘...p“*

ynucna a Mo MeHbLUeid Mepe OAMH M3 MokasaTtenei alt ..., ak
npesocxoant 1 (ecnu a fenutcs Ha KBagpaT, OT/IMYHbIN
oT 1), To nmeem u(a) = 0.

P) B nNpoTUBHOM cfy4yae, T. €. B C/ly4yae, eCiM KaHOHMYe-
CKOEe pasnoXxeHue uyucna a mmeeT Bug a=pt...pk, umeem
lita) = (-1)*.

Mpumepsol.

r(1)=1,  *(5)-1 u(9) =0,
F@)= -1, [*(6)=1, u(10)= 1,

u@)=—1 Ji(7)= -1, 1*={l)----—--- 1
fi(4) = 0, u(8) = 0, A(12) —O.

b. 1. MycTb 0 (a)—MynbTUNAMKATUBHAA YHKUMSA N a =
= p“‘...p “* —KaHOHMYecKoe pasfnoXKeHue uucna a. Torga
nmeeM:

alb (d)o@)=(1—0(Pr))...(1—0(p»)

(B cnyuae a— 1 npaByld 4acTb cuMTaem pasHoli 1).

[JelictButenbHo, gyHkuma 070) = p.(a) 0(a), Kak npous-
BefleHNe MYNbTUNAWKATMBHLIX (yHKuuMiA u(a) u 0(a), cama
ABNAETCA MYNbTUNANKATUBHON (PYHKUMeR. TpuMeHsAs K Hel
Toxgectso f, 8§ 2 n umea B Bugy, uto 04(p) = — 0 (p) n uTo
Oi(pa)= O ecnm a> 1, Mbl 1 ybegumcsa B CrpaBeA/IMBOCTH
Hallero yTBEPXAEHWUS.

2. B yvactHocTu, nonarag 0(a)=1, u3 a) nonyyumm

echm a> 1,
ecrm a— 1.

3. Monaras xe 0(a) = —, nonyyum

, ecnn a> 1,

ecnm a—1J.
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c. MycTb uUenbiM NONOXKMTENbHbIM 6= 61( ..., 6, oTBe-
yalT ntobble BeLeCTBEHHbIE, MM KOMMekcHble f= f1( o
Torga, o0603Hayasi cMMBO/IOM S' cymMMy 3HadeHwid f, oTBevato-
Wnx 3HayeHMsaMm 6, paBHbIM 1, u cumBonom Sd cymmy 3Haude-
HuiA f, oTBevaloLmx 3HaYeHUsIM 6, KpaTHbIM d, 6ygeM UMeTb

s=2udd

roe d npoberaeT Uenble MOMOXKUTENbHbIE YUCNa, Aensume Xo-
Ts Obl 0AHO 3HayeHue 0.
[LelictButensHo (2, b), nmeem

v(d).
d\el d\én
Cobupas e BMECTe Y/eHbl C OAHUMUW U TEMU XKe 3HauYeHUsAMM d
n BbiHOcs npu 3tom fi(d) 3a ckob6KM, B CKOBKax MOMy4MMm
CYMMy Tex W TOMbKO TexX 3HayeHWii /, KOTOpble OTBeYawT
3Ha4yeHusAM 6, KpaTHbIM d, T. €. KaK pa3 1 nony4nMm cymmy Sd.

§ 5. ®dyHKuus dinepa

a. ®yHkuus iinepa (p(a) onpenensieTcs ANs BCEX LEbIX
MONO>KUTE/bHLIX a W MNpeAacTaBAseT CO60 YMC/IO uucen psga

o 1, a—1, @)
B3aMMHO MPOCThIX C a.
Mpumepsl.
®(1)=1, @@= 2
®(2)=1 @(5) =4
®(3)—2, D(6)= 2.
b. 1 MycTs

a-p?p?...& 2)

— KaHOHWYeCcKoe pasfiodkKeHue yucna a. Torga MMeem

N TakKe
®@- (pV—pf-)(;e—p r )mua(/  om-ii *“wl). (4)
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B uacTHoCcTM, GyaemMm VMETbH

p(P“)= P*—Pa~\ o®(p)=p—1L (5)
[elicTBuTenwHo, npuMeHum Teopemy ¢, 8 4. Tpu 3tom
yncna 6 w uucna / onpegenum Tak: NycTb X npoberaet
uncna paga (1); KaxAoMy 3HAUYeHWIO X MpUBELEM B COOTBET-
cTBMe uucno 6= (X, a) n ymcno /=1.

Torga S' obpatuTcs B 4MCNO 3HavyeHuin 6=(x, a), paB-
Heix 1, T. e. B p(a). A Sd 06paTMTCa B YMCNO 3HAYEHWIA
6= (X, a), KpatHbix d. Ho (X, a) MOXeT OblTb KpaTHbIM d
ANWb NpW ycnosumu, u4to d—pgenutens uucna a. lpu Hanm-
4ynm >Xe 3TOro ycnosus Sd 06paTMTCH B UYMCNO 3HAYEHUNA X,

KpaTHbIX d, T.e. B . MNoatomy

P@=2Z L@@-j,

oTKyfa (BBuay 3, b, 84) cnegyet hopmyna (3), a U3 nocnes-
Hein (BBMAY 2)) cnepyet gopmyna (4).
Mpumepsl.

g>60)=60(I—'m (I-y) (I1—j)-16,
o (81) = 81—27 = 54,
®() =5—1=4.

2. ® () —mynbTUNANKATUBHAA (YHKLUS, AN  KOTOPOW
npu a > 0 umeem @ (p“) = pa—pa-~L

310 cnepyeTr n3 Qopmynbl (4) n Teopembl d, § 2.

C. Nmeem

2 6= a
d\a

B cnpaBeanvMBocT 3TON hopmynbl ybeaumcs, MpUMeEHSAs
Toxgectso f, 8 2, koTopoe npu 0(a) = ¢ (a) faeT

R P@— A+ PP+ oot D (pif))eee
s (1D (PF) 4o+ (PFH)) -
Beugy (5) mpaBas 4acTb OKaXKETCS PaBHOI

(1+<n-o0+.

ser(1+ (p*—o0 ++ mm+(p?-p»*_1)).
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4YTO MOcne MPUBELEHMA B KaXAoi 60/blOA CKoOKe nofob-
HbIX YNEHOB 06paTMTCA B

p?‘...p “*= a.
Mpumep. T[llonarag a= 12, Haxogum

B(L) + 9(2) + d3) + d(4) + D (6) + d(12) =
= 1+ 142+ 2+ 2+ 4= 12

Bonpocbl K rnase Il

I, a. NMycTb B nHTepBane thyHkuua T (x) HenpepbiBHa K
HeoTpuuaTenbHa. [lokasaTb, 4YTO CymMMa

Q<2X< o ]

BbIP@XKaeT UMUCMO LeNblX ToYeK (TOYeK C LefbIMUM KOOpAMHaTamMu) Ma0CKoM
obnactm: Q < x< R ,0<y"f(x).

b. Myctb P n Q— NoONOXUTeNbHbIE HeYeTHble B3aMMHO MPOCThbIE.
[oka3atb, 4TO

20 -H +
0<*<-y "<y <T

c. Myctb r> 0 u [—uncno Uenbix Touek 06/1acTn X2+ y2< 12
[oka3aTb, uTO

d. Myctb n >0 1 T—uncno uenbix Touek obnactm x >0, y > O
Xy”™n. [lokasaTb, 4TO

r-2. V
O<x<Yn

e. PaccmMOTpvM MHOTOYro/IbHUK, BEPLUUHbI KOTOPOro —Lefible TOYKU
N KOHTYp KOTOporo cam cebs He nepecekaeT M He KacaeTcd. ycTb
S—nnowaas MHoroyronbHuka U T= 2 6 —1, rge cymmupoBaHue pac-
NMPOCTPAHAETCA Ha BCe Lefble TOUKW, nexauine BHYTPU MHOrOyrofibHuKa
N Ha ero KOHType, npuyem 6= 1 ang BHYTpeHHWX Toyek n 6=0,5 gng
TOYeK KOHTypa. [lokas3aTb, yto T = S.

2. Myctb N> 0, T—LUenoe, T > | n X npoberaeT Lenble MOA0X
Te/lbHbIE 4MUCMa, He [Aenswiunecs Ha T-t0 CTereHb Lenoro, npeBocxXofs-
wero 1. [lokasatb, 4TO
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3, nyCTb NONTIOXXUTENbHbLIE a N P TakKOBbI, 4YTO
[a]-, ac=1, 2, PI, 11-1, 2, ...,

06pa3yloT, BMecTe B3sTble, BCE 4WUCNA HATypanbHOro psga 6e3 nosTope-
HUA. [JoKasaTb, 4YTO 3TO MMeeT MecTo TOrga M TONbKO TOrua, Korga a
MppaLnoHanbHoe, npuyem

a+ P e
4, a. Nyctb [T]™ 1, /= [T] U XX, XToeruee. F,—vuucna 1,2, ...,/,
pacnofioXXeHHble B TaKOM MOpsiaKe, 4To6bl yucna
O {cui}, {axr}.... {ax.}, 1

W He y6biBas. [lokasaTb Teopemy Bompoca 4, b, rn. |, paccmaTpuBas
pasHOCTW COCeAHWX 4uMCeNn MNOC/efHero paga.

b. Myctb Tj, T2.......... TK— BELLECTBEHHbIE 4MUCNa, KaXK[oe M3 KOTo-
pbIX He MeHblle 1; ax, ar...... a* —BeLlecTBeHHble. [loka3aTb, 4TO Cylue-
CTBYIOT Liefble £ He paBHble OIHOBPEMEHHO HYMO, W Lenoe L,
YZ0B/IETBOPAIOLLME YC/IOBUAM:

I, <72, . . Hkj«T ft (glt I....... Ik, =1,

|aiSi+ asl8+..—+aASk-ri| < — =.
TIT2 *ee TS

5, MycTb a—BeulectBeHHoe, c—Ugroe, ¢ > 0. JokasaTtb, 4Tto

[ -[T\

6, a. Myctb a, P, X— BellecTBeHHble. [lokas3aTb, 4TO
[a+P+ m.+ X" [a]+ (P]+ ... + [4]
b. MycTtb a, b, Lenble NOMOXMUTENbHbIE, a+ A + .. .+ [ = «.
Mpumensis b, 8§ 1, gokasaTb, 4TO
n
al 6l ... /1

ecTb Lenoe 4mcno.
7, NMyctb Nl—uenoe, h > 0, p—npocToe n
pi+i—1
p- 1 -+
MpegctaBnss h B Buge h”p mum+pm-lum-i+ .. -+Pi«i+ PO. rge
WT— Hanbonbllee u,, He npeBocxofdllee h, pTUT— Hambonbluee KpaT-
HOoe MT, He npeBocxogswee h, PT- XT ,, x—Hanbonbluee KpaTHOe «,/1_b
He npeBocxogdwee h—pmum, pm_sum_2—Hanbonbliee KpaTHOe U,, 2.
He npesocxogaulee h—pmum-p m_xMT,, X, U T.4., [OKa3aTb, 4YTO 4uC-
Nna a C ycnoBuem, 4TO B KaHOHWYECKOe pasfnoxeHue al uucno p BXOAUT
C nokasatefnem A, CyuwecTBylOT Torga W TONbKO TOrAa, Korga Bce
P< Pm-i........ Pb Pa MeHble p, npuyem B 3TOM CAy4yae YyKasaHHble
a cyTb BCe uucna Buaa
a= pTp»+1+ PT_IP>+ ... + pxp*+ PoP+ p',

rge p' umeet 3HadeHus: 0, 1, p— 1L
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8, a. TycTb B uHTepBane Q < x</? dyHKumMs / (X) MMeeT BTOpyk
HenpepsiByIo N VBRI Tonaras Pywkuns /() by
n

pM=2~-{*}. o(x)=Jp (2)dz,

[O0Ka3aTb, 4TO

R
2 /M =C J(x)dx+p(R)F(R)-p{Q)f(Q).
)<A:<R
R
-0 R)r (M)+o0(Q/r @+ J a)r (¥dx
Q

b. MycTb yCﬂ((]JgVIe BOMPOCAa a BbIMOMHAETC MPU CKOMb YrOAHO 60/b-

wux R, npuyem N \f"(x)\dx cxogutcs. [okasaTb, 4TO

R 00

f(x) = ~i-"f{x)dx+p(R)f(R)-a(R)f'(R)-S a (x) f(x)dx,
Q<x<R J

roe E He 3aBUCKUT OQ R. *

c. Ecnu B np vHMMaeT Wb MOMIOXMUTE/IbHbIE 3HAYEHUSA U OTHOLLEHME

1A
—g— 0CTaeTca Orp>aHuW4eHHbIM cBepxy, To nuwem A=0(B), wm A<"B.

Myctb a—uyenoe, n > 1 [lokasaTb, 4TO
In(n)= a Inn—a-f-0O(In n).
9, a. Nyctb r~r*2, 0 (r, rO)= V Inp, rge p npoberaet npo-
r,<p<r
cTble unucna. Myctb _panee, 0 ()= 9 (r, 0) n npu x > 0.
M*>=0M-1-0 {¥Yx)+e(Yx)+...
[okasaTb, 4TO
a) 1n([n]f) = rda(n)-)- ~ "+ b
P) d(n) < 2n;
y) ©(n, 1) ~ 0~ , |)+ e (|, D+...=n1n 2+ 0 (/n).
b. Mpn n > 2 pokasaTtb, 4TO
EJjEE*Inn + 0(l),
P<n

rge p npoberaet mp ocTble yucna.

c. MycTb B—Npon3BOALHOE MOMOXUTENbHOE MOCTOSIHHOE. [loka3aThb,
uUTO B psde HaTyp albHbIX YMCEN CYLLeCTBYET 6GECYMCNEHHOE MHOXECTBO
nap pu, pn+l npoc-*.bix yucen ¢ ycnosuem pn+i < p,(1 + e).
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d. Myctb n > 2. [lokasaTb, 4TO

X-Uc+InlnM-0"),
pron
rge p npoberaet npoctble uucna u C He 3aBUCUT OT .
e. Myctb n > 2. [loka3aTb, 4TO

p<n

roe p npoberaeT npocTble uncna u CO He 3aBUCUT OT .
f. [lokasaTb CyLlecTBOBaHMWe MOCTOAHHOrO SO> 2 C YCNOBWEM, YTO

npu no6om uenom s > sO ansa s-ro npoctoro uucna p$ psga 2, 3, 5,
MMeeT MECTO HepaBeHCTBO

p, < 1,5slns.
g. [okasatb, 4TO
—£—=0(InIn a).
ECY

10. a. Myctb 0(a)—yHKUMA MynbTUNAMKATUBHAA. [lOKasaTb, 4TO
Ot@) = " 0 (d)—TaKxke QYHKUUS MYNbTUMNANKATUBHASA.
d\a
b. Myctb dyHkuma 0 (a) onpeaeneHa A8 BCEX LENbIX MOMOXUTENb-
HbIX @ U QYyHKUMa " («) = 2 ® (a) —MynbTUNAMKaTUBHas- [loKasaTb, YTO
d\a

yHKuma 0 (a) TakKe MyNbTUMAMKATUBHaS.
11. Nyctb npn T> 0 xT (8) 0603HA4aeT YMCNO peLeHnii Heonpe-

[eNeHHOro ypaBHeHUs ... XxT=a (x\, 4,, ..., XT He3aBUCUMO ApYyr
0T Apyra npo6erawT Uenble MONOXUTENbHbIE YMCNA); B YaCTHOCTU, Oue-
BugHo, ti(a) = I, Ts(a)=T(a). [Jokas3aTb, 4TO

t. 7. (a)—(yHKYMA MynbTUNANKaTUBHAS.
b. Myctb p—npoctoe, a~ O un T > 1. Torga
(o+1(0+2)... (0+17—12)
D 1-2...(m-1) ’

c. Ecnm e—npoun3BosibHOE MONOXUTENIbHOE MOCTOSAHHOE, TO

Ur 1“M =o.
&

a-+

d* 21 T»  BbIpaXaeT YNC/IO PELIEHNI  HepaBeHCTBA MXXS...X M< N
o<a<n

B LefbIX MONOXMTeNbHbIX X\, A, ..., XT.
12. MycTb R (S) 0603HaYaeT BELIECTBEHHYIO YacTb uucna s.
>
Mpn R(s)> 1 nonaraem £(§= ~JJJ- Myctb T > 0, T— uenoe.
AS1
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[okaszatb, 4TO

€9)» =" £
/1=
13, a. Mpu R (s) > 1 gokasaTb, 4TO
1

roe p npo6eraeT BCe NPOCTble 4ucna.

b. [loKa3aTb 6GECKOHEUYHOCTb 4MCNa MPOCThbIX YMCes, UCX0As W3 TOro,
UTO rapMOHUYECKNIA Psf— pacxoasuimniics.

c. [0Ka3aATb GECKOHEYHOCTb uKMCNa NPOCTLIX YWUCEN, WCXOAs M3 TOro,

yto £(2) = g — 4MCN0 MppaynoHabHoe.
14. Nyctb N(a) = 1np ana a=pl, rge p—npoctoe n /—uenoe

nonoxutensHoe; J1(a)=0 Ans ApYrux UenbiX MonoxutensHolx a. [py
R (s) > 1 pokasatb, 4TO

C () ViA(@®n
S(s) 2.1 n*
n=\

15. Myctb R (s) > 1 [okasatb, 4TO

p n=1
rae p npob6eraeT NpocTble ymcna.
16, a. Myctb n ™ 1. MpumeHsas ¢, § 4, gokasaTtb, 4TO

b. Nycte M (r, r= J 11 M (x)= M (x, 0). [JokasaTb, 4TO
r,,<a<2

a) AnN)+ Af(i)+ A(]) +...=1 n~I,
» *(«. + + »J.

c. Nyctb n ~ 1, I—uenoe, /> 1, Ti n—uuncno uenblix X € ycno-
Bem 0 < X £, He fendwmxca Ha |-10 cTeneHb LENOro, NpeBoCXoAslue-
ro 1. MpumeHsas c, 8§ 4, gokasaTb, 4TO



17, a. Mycte a—uenoe, a> 0, ¥ ANA UEMbIX Xb X*........ X,, OQHO-
3HayHO onpegeneHa QyHkumsa / (x). LokasaTb, 4TO

5'= Sd,
d\a
raoe S' 0603HayaeT CyMMy 3HayeHuWid / (X), pacnpoCTpaHeHHYH Ha 3Hade-
HUS X, B3aMMHO MpPOCTble C a, ” CyMMy 3HadeHuin / (x), pacnpocTtpa-

HEHHYIO Ha 3HauyeHua X, KpaTHble d.
b. Myctb k > ! 1 3agaHbl CUCTEMbI

Xi, Xz, oom Xkt X, X&, ..» Xk, ees PR ),

KaXjas M3 KOTOPbIX COCTOWUT U3 LENbIX 4WCen, He paBHbIX OAHOBPEMEHHO
Hynto. [ycTb fJanee s 3TUX CUCTEM OLHO3HA4YHO OnNpegeneHa (yHKUWS
/(x1, X]|, XK). [lokasaTb, 4TO

raoe S' o603HavaeT cymmy 3HaudeHuid /(xIt x9........ xk), pacnpocTpaHeH-
HYIO Ha CMCTEMbl B3aWMHO MPOCTbIX uucen, u 0603Ha4YaeT CymMMy 3Ha-
yeHnii  f(xIt Xj, XK), PpacnpoCcTpaHeHHYK Ha CUCTEMbl YuMCen, OAHO-

BPEMEHHO KpaTHbiXx d. Mpu 3ToM d npob6eraeT Lenble NONOXWTENbHbIE
uucna.

c. MycTb o—uenoe, a > 0, u ans penuteneid 6 Yncna a 0fHO3HAYHO
onpefaeneHa ¢yHkums F (6). Monaras

G(6)= JIf W)
d\6
[l0Ka3aTb, 4TO (3aKOH 06palLeHMs YUCNOBbLIX (PYHKLMIA)

MMa)= £ (<*)0(!) .
d\a v
d. nyCTb UenbiM MNON0XXNTENbHbLIM
Si. 6i, ..., 6,
0TBEYatoT N0bble BeLIECTBEHHbIE NN KOMMNMEKCHbIE, HE pPaBHble HY/IO:

[okasaTb, 4TO
P' = MP% (<\

roe P' o6o3HayaeT npov3BefeHMe 3HayeHuli /, OTBevalomnx 3HayeHusM 6,
paBHbiM 1, P 0603HayaeT Npou3BeAeHWe 3HaYeHWin /, OTBeYaloLMX 3Ha-
YyeHuaM 6, kpaTHbIM d, npuyem d npoberaeT BCe Lefble MONOXKUTENbHbIE
uncna, genawme xota 6bl 0AHO 6.

18. MycTb a—uenoe, a > 1, a9 (N)= 1" 4-2a+ ...+ /Va, dm(a)-
CymmMa m-X cTeneHed uucen psga 1, 2, ..., @, B3aMMHO MPOCTbIX C &;
Pi, pt, pk—Bce npocTble genutenn uucna a.

a. lpumeHas Teopemy Bonpoca 17, a, AoKasaTb, 4TO

«= £, (4) -
d\a 4 -
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b. OokasaTb, uTO
(@)=j<p(a).

c. JokasaTb, 4TO

b (8= (-3-4 ('?* PiPt---Pk

19. Myctb r > 1, a—uenoe, a > O, Tr—uuncno yucen x ¢ ycnoBuamu
O< x<r, (X, a)= 1, e—npon3Bo/ibHOE MNONOXUTENbHOE MOCTOSHHOE,
a. [lokasaTtb, 4TO

b. [lokasaTb, 4TO
r=|¢ (a) + 0(a*).

c. Myctb > 1, 1 (r)—u4nCNO NPOCTbIX YNCEN, He MPEBOCXOAALLUX T
a— npousBefieHne NPOCTbIX YWUCEN, He MpeBOCXOAAWMX V-~i.
[okasaTb, 4TO

O\o

20. Myctb R (s) > 1, a—uenoe, a > 0. [jokasaTb, 4TO

rie B eBOW yacTW n npo6eraeT Lenble NOMOXWTE/bHbIE YMCAA, B3aUMHO
npocTble € a, a B MpaBOiW 4acTu p npoberaeT BCe MPOCTble AeNUTENN
yucna a.
21, a. BeposTHocTb P TOro, uto k UenbiX MOMOXWUTENbHbIX YUCE

xIt xt, ..., Xk 6yAyT B3aMMHO NPOCTbIMW, ONpefenuM Kak npegen npu

N —mco BeposiTHocTu Py TOro, uto 6yAyT B3auMHO MpoOCTbiMM k uucen
xIt xt, ..., XK, Ka&X[AOMy W3 KOTOPbIX HE3aBMCUMO OT OCTaNbHbIX NpU-
CBOEHO OfHO W3 3HaueHuid 1, 2, .... N, MpUHMMaeMbIX 3a PaBHOBO3MOX-
Hble. MpumeHss Teopemy Bonpoca 17, b, gokasaTb, 4to P = (E (J1))-1.

b. Onpegenss BeposTHOCTb P HECOKPaTUMOCTU Apo6yM — aHanornuHo

TOMY, KakK B BOMpoce a npu k—2, AoKa3aTb, 4YTO

22, a. Myctb r"B2 M T—umncno uenbix ToyekK (K, [) C B3aMMH
NpocTbiIMW KOOpAMHATaMK, fexawmx B obnactu g + <r?. JokasaTb,



b. Myctb r™*2 un F—uncno uenbix Touek (X, y, r) C B3aMMHO Mpo-
CTbIMM KOOpAMHaTamu, nexawmx B obnactn g2-(-y2-j-z2< r2. [lokasatb,
4yTo

- 43 "-on.

3£ (3)

23. a. Teopemy 2, b, 8 4 gokasatb, cuutas fenuTenu uucna a, He
fenduwimeca Ha KBagpaTt Lenoro, npesocxogawero 1, n nmetowme 1, 2,
NPOCTbIX AeNUTENEN.

b. MycTb a—uenoe, a > 1, d npoberaeT fgennTenn yucna a, UMeroLme
He 6ofiee uYeM T MpPOCTbIX AenuTeneil. [lokasaTb, 4TO NPU T YETHOM

a npu T HeYyeTHOM
c. Mpu ycnosusax Teopembl ¢, § 4, cumTas Bce f HeoTpuuaTesbHLIMM

n 3actasnas d npoﬁeraTb b 4yncna, nMetoLine He 6onee yem T NPOCTbIX
,D'GI'II/ITGI'IGI‘/‘I, fNoKa3aTb, 4TO

S'< A IVi(d)Sd,

B 3aBMCMMOCTM OT TOr0, 6YAeT AW T UYEeTHbIM WM HEYETHbIM.
d. Takme e, Kak B BOMpOCe C, HEPABEHCTBA [0KA3aTb MPU YCIOBUAX
Bonpoca 17, a, cumMTas Bce 3HaueHus / (X) HeoTpuuaTeNbHbIMU, a TaKxXe

npu ycnosusx 17, b, cuntas Bce 3HaueHus f (Xly xr, ..., XK) HeoTpu-
LaTeNbHbIMK.

24. MycTb e—ntob60e NOCTOAHHOE ¢ ycnoBuamun 0< e < -, J1I»8,

r=\nN, 0< N1-*, 0< I<q, (q, =1, n(N, g, I)—uucno
npocTtbix uucen ¢ ycnosusmu: P<N, p=qt+ I, rge t— uenoe. [oka-
3aTh, 4TO

n(N, q, /)= 0(4);

[Ana pokasatenbcTBa, nonaras J1= /'1-°.6e, NpocTble yncna € yKasaH-
HbIMW YCNOBMSIMW CledyeT paccMmaTpuBaTb KakK YacTHbIA cnyyali Bcex
yucen € 3TUMM YCNOBMAMW B3aUMHO MPOCTbIX C @, rAe a— npou3BefeHue
BCEX MPOCTbIX, He npeBocxofdawmx eh n He genswmx ¢. Cnegyet npume-
HUTb Teopemy Bonpoca 23, d (ycnoeus Bonpoca 17, @) C yKasaHHbIM a
T=2[2Inr-f 1]

25. NMyctb ft—ueTHoe; K > 0, KaHOHWYECKOe pas3foXeHWe uucna a
nmeeT Bug a= p{pr..,pK n d npoberaeT AennTenn uyucna a c YcroBuMeM

O< &< yT1. [loKas3aTb, 4T0

2>Ne =o0.
d

26. MycTtb ft—uenoe, k > 0, d npoberaeT gennTenn ymucna c ycnoBmem
@ (d) = k. [lokazaTb, 4TO

2>(<0=o0
d

27. TMonb3yscb BblpaXeHnem Aans ¢ (a), fAOKasaTb 6GECKOHEUYHOCTb
yucna NpocTbIX 4ucen.
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28, a. Teopemy ¢, § 5 gokasaTb, YCTaHOBMB, YTO 4MC/IO0 ymcen psga
1, 2, ..., a, MMewWMUX C a OAMH W TOT e 0OWMIA HambonbLUWiA fenu-

Tenb 6, paBHO (46r

b. BbiBecTv BbipaxkeHue gna < (a):

a) nonb3ysAcb Teopemoi Bompoca 10, b;
P) nonb3ysacb Teopemoit Bonpoca 17, c.
29. Myctb R (s) > 2. [okasaTb, 4TO

Y (" SE-D

** ns £(s)
30. Myctb n—uenoe, n”™ 2. [lokasaTb, 4TO

X oW = O-«2+ 0(nln n).

UucneHHble NPUMeEPbI K rnase 2

1. a. HaiiTn nokasaTenb, C KOTOpPbIM 5 BXOAMT B KaHOHWYeCKoe pas-
noxexme 5258! (cm. Bonpoc 6)

b. HailTu kaHOHMueckoe pa3noxeHue umcna 125!

2. a. Haittm 1 (5600) n S (5600).

b. Haintm 17 (116 424) n S (116 424).

3.1(600TaBMTb Tabnuyy 3HadeHuin yHkumm U () gns Bcexc= 1,2, ...

4. Haintu: a) 9 (5040), P) 9 (1294 700).

5. CocTaBuTb Tabnuuy 3HauyeHuii yHKumMn <p(a) ans Bcex a= 1,2, ...
..., 50, nonb3ysacb TOMbKO hopmynoii (5), § 5 U MynbTUNANKATUBHOCTHIO
dyHKUMM ¢ (a).



MhaBa 3

CPABHEHWNA

8§ 1. OCHOBHbIe MOHATUSA

a. Mbl 6ygem paccmatpuBaTb LUenble 4ucna B CBA3U
C OCTaTKaMW OT [eNeHuUA WX Ha JaHHOe Liesioe MooXUTENb-
HOe T, KOTOpPOe Ha30BEM MOAY/NeM.

Kaxgomy uenomy umciy oTsevaeT OnpefesieHHbI 0CTaTok
oT feneHusa ero Ha T (¢, 8 1, rn. 1); ecnn AByM UenbiM a
M b 0TBEYAET OAMH W TOT >Ke O0CTATOK I, TO OHW Ha3blBaKTCA
paBHOOCTATO4YHbIMKN NO MOAY/NKO T WAN CpaBHUMbIMW MO MO-
ayno T.

b. CpaBHMMOCTbL u4ucen a v b no moayno T 3anucbiBaeTcs
Tak:

ar=&(modrT),

YTO 4YMTaeTcA: a CpaBHMMO C b no mopyno T.
C. CpaBHMMOCTb uucen a M b no mMogynto T paBHOCKIbHA-.
1. Bo3MOXKHOCTW npeAcTaBnTb a B Buae a= b-\-mt, rge
t —uenoe.
2. OenumocTunm a—b Ha T.
[JelictButensHo, un3 aH=& (mod T) cnegyet

a”“mq +r, b= mqgl-\-r\ 0< r<.m,
0TKyfa
a—b—T (q—qi), a= b+ mt, t= qg—gx
O6patHo, 13 a= b+ mt, npeacrtasnss b B BUAe
b= mqi+ r, O<r<m,
BbIBOAUM

a=mg+r, g=qt+t,
aeeb (mod T).

[Mo3aTomMy BepHO yTBepxAeHue 1.
M3 1 HenocpefCTBEHHO CfiedyeT YTBepXxjeHue 2,
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§ 2. CBolicTBa CpaBHeHWIA,
Nnofo6HbIe CBOMCTBAM PaBEHCTB

a. [Ba umucna, cpaBHMMble C TPeTbUM, CpPaBHUMbI MeXKAy
coboto.

Cnegyet u3 a, § 1
b. CpaBHeHI/IFI MO>XHO TMOY/IEHHO CKMaAablBaThb.
[OelicTBMTEeNLHO, MNYCTb

al= bl(modm), a2s=b2(modm), ..., ak= bk(modm). (1)

Torpga (i, ¢, § 1)

al= bl+ mtl, a2= b2-\-mt2 ..., ak= bk+ mtk, )]
0TKypga
al+ aa+ eee = bt -\- eee-\-pk-\-m ot M)

win (l£c, § 1)

fli+ aa+ eee+ak= bl+ b2+ ... +bk(modm).

Cnaraemoe, CTOsLLEe B KAKOW-MBO YacTW CpaBHEHMS, MOXKHO
MepeHoCUTb B APYryl 4acTb, MepeMeHWB 3HAK Ha 06paTHbIN.

[LelicTBUTenbHO, cknagbiBasd cpaBHeHue a+fts=c(mod T)
C 0YeBUAHBbIM cpaBHeHuMeM — fc==—b (modm), nonyuyum a =3
= ¢c—b (modm).

K Ka>k[oil uyacTu cpaBHEHUS MOXKHO MpubaBuTb /t06oe
umcno, KpaTHOe MOAyns.

[elicTBMTENbHO, CKNagbiBas CpaBHeHMe a= b (modm)
C 04YeBUAHbIM cpaBHeHMeMm & =0 (modT), nonyuynma + TEr=

b (modm).

C. CpaBHEHUS MOXXHO MOY/IEHHO MEepeMHOXKaTb.

[eiicTBUTENbHO, paccMOTPUM CHOBa cpaBHeHus (1) u Bbl-
TeKawlune un3 HuUX paseHcTBa (2). MNepeMHOXas MNOYEHHO
paBeHcTBa (2), nonyuum

ajoj. . .ak= bb2. . .bk+ mN,

roe N —uenoe. CnegosatensHo (1, ¢, § 1),
... ak= btbt... bk (mod T).
O6e 4yacTW cpaBHEHWS MOXKHO BO3BECTU B OfHY U Ty >Ke
CTEeneHb.
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310 crefyeT W3 MNpefblayLiero yTBepXAeHus.
O6e 4YacTU CPaBHEHUS MOXKHO YMHOXKUTb Ha OAHO U TO
>Ke Lenoe.

[elicTBUTENbHO, MEPEMHOXMB CcpaBHeHME a= b(modm)
C 0YeBUAHbIM cpaBHeHMeM k= k (modm), nonyuum ak =
~s-bk (modm).

d. CeoiictBa b n ¢ (cnoxeHne 1 YMHOXEHUE CPaBHEHUIA)
0606Wal0TCA CnegytoLein Teopemoli.

Ecnn B BbIpa>KeHMM MHOroufieHa C LenbiMyu KoaduumeH-

Tamm 5 =2 N “.... “a* 11 eexlkBMeEHUM Aa,...... ak, xIt ..., xkK
uncnamm Bal....ak, YA, eee, Y cpaBHUMbIMU C MPEXKHUMU

no MOAynt T, TO HOBOE Bblpa>keHue S 6yfeT CpaBHMMO
C NPeXXHUM Mo MOAyNw T.
[eicTButensHo, ”3

X, .. a* = 4a,..... ak (mod 1),

xi= YA (mod T)...c....e. XK= yk(mod T)

Haxoaum (c)

xI'MyV (modm), ..., (modm),
Aat....akXV... Xkk= Ba,.....a" ‘... (“*(mod m),
0TKyAa, CyMMuUpys, Noayyum
2 *kxV eem = 2 Ba,....akyV mmey &k (mod m).

Ecnn

a= b(modm), al=sbl(mod m),
jc= "~ (mod m),

.., an= bn(mod m),

TO

axn+ alxn~l+ ... +an=sbx'l + bX'l~1+ ... +bn(modm).

310 yTBEpPXAEHUe 'eCTb YacTHbI cnyyai npegbigyLero.

e. O6e 4yaCcTM CpaBHEHMS MOXKHO pas3fenTb Ha UX 06LLKniA
AennTenb, ecnu NocfiefHWin B3aUMHO NPOCT C MOZYNEM.

[OelictButensHo, wu3 a==b(modm), a= axd, b= bx,
(d, m)— 1 cnegyet, 4yto pa3HoOCTb a—b, paBHaa (a™—b~d,
penntcad Ha m. Moatomy (2, f, 8 2, rn. 1) at—bt genutcs
Ha*T, t.e. at=bt (mod m).
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§ 3. JanbHeiilLve cBolicTBa CpaBHeHUIA

a. O6e yacTu cpaBHEHUA M MOAYNb MOXXHO YMHOXXWUTb Ha
OLHO U TO >Ke Lenoe.
[JeiictButenbHo, M3 a= b(mod T) cnegyet

a=*b-\-mt, ak= bk-\-mkt

n, cneposatefnbHo, ak = bk (mod mk).

b. O6e uyacTwn cpaBHeHMA U MOAYIb MOXXHO pasfennTb Ha
no6oin nX 06K aennTens.

[LelicTBUTENbHO, MYCTb

a= b(modT), a=ad, b=bM, T=mtd

Nmeem
a—b+ mt, aid= bld-\-mlIdi, al= bl-\-mj

W, cnefoBaTenbHO, (mod mx. /

c. Ecnm CpaBHEHME a = b MmMeeT MecTO MO HECKONMbKUM
MOAYNAM, TO OHO MMeeT MeCTO W Mo MOLYN0, paBHOMY 06-
LemMy HauMeHblLUeMY KpaTHOMY 3TWUX MOAynew.

B camom pene, u3 a= ft(modm!), a= &(modm32,

.., a™b (modmK) cnegyet, 4To pasHOCTb a—b AenuTca Ha
BCE Mogynu mtmt, ..., Tk [loatomy (6,e, 8 5 rn. I) oHa
LOMKHA [LeNnUTbCA M Ha 0o6Llee HaMMeHbllee KpaTHOe T 3TUX
mogynei, 1. e. a= b (modm).

d. Ecnun CpaBHEHME MMeeT MECTO no mMmoAynk T, TO OHO
MMeeT MecTO M Mo mogynio d, paBHOMY n06OMY AennTento
yucna; T.

B camom pene, n3 a= b(modm) cnegyet, 4To pasHOCTb
a—b gomkHa pgenutbcs Ha T; noatomy (1, b, 8 1, rn. I)
OHa [AO0/HKHa [AenuTbCAa W Ha NO6OW genutens d 4ucna T,
T. e. a==b (modd).

e. Ecnn ofHa 4YacTb CpaBHEHMA W MOAYNb AenATCcA Ha
Kakoe-nmbo u4mcno, TO W Apyras 4acTb CpaBHEHUA [OMKHA
[NENNTBCA Ha TO >Ke 4ucno.

[LevictButensHo, u3 a”b (mod T) cnegyeT a= b+ mt;
eCMM a W T KpaTHbl d, T0 (2, b, § 1, rn. 1) n b gonxHO
ObITb KpaTHbIM d, 4TO M YTBEPXAANoCh.

f. Ecom a= b(mod 1), 10 (@, T)= ¢, T).

[JeictButensHo, BBMAY 2, b, § 2, rn. | 3To0 paBeHCTBO
HernocpeACcTBeHHO cnefgyetr uM3 a= b-\-mt.
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8 4. NonHada cnuctema BblYETOB

a. UYucna paBHOOCTaTOYHbIE, WKW, 4YTO TO XKE€ camoe,
CpaBHUMble MO MOAYNw T, 06pasyldT knacc ymcen no Mo-
ayno T.

N3 Takoro onpegeneHus cnegyet, 4TOo BCEM uumciam
Knacca OTBeYaeT OAWH W TOT XKe O0CTaToK I, U Mbl NOMYYUM
BCE uucna knacca, ecnu B ¢opmMe mg-\-r 3acTaBuMm ¢ MNpo-
6eraTb BCe Lieble yucna.

COOTBETCTBEHHO T pPa3NUYHbIM 3HAYEHUAM T WMeeM T
KNaccoB 4uMcen no Mogynwo T.

b. ltoboe umucno Knacca Ha3blBAeTCA BbIYETOM MO MO-
ZyNo T N0 OTHOLUEHUIO KO BCEM YuUcnam TOro Xe knacca. Bbl-
yeT, nony4vaembli npu q—0, paBHbIA CcamMOMy OCTaTKy T,
Ha3blBa€TCA HaMMeHbLUMM HeOTpPuUuUaTe/lbHbIM Bbl4eTOM.

BblyeT p, camblii manblii M0 abCONOTHON BenMyMHe, Ha-
3blBaeTCA abCOMOTHO HaMMEHbLLUMM BblYeTOM.

OueBMAHO, MpU F<-y UMeeM P=r; npu r > MMeeM

T
p= r—rv; HaKOHeu, ecnn T 4YeTHoe N r= -, TO 3a P

T T T

MOXHO MNPUHATbL N1l060e M3 ABYX umcen -y 1 — T = — N e

B34B OT Kax4oro kfiacca no OAHOMY BbIYETY, MOMYUYUM
MOMIHYIO CUCTEMY BblYeTOB MO Moaynw T. Yalie BCero B Ka-
yecTBe MOSHOW CMCTeMbl BblYETOB yNnoTPe6aAOT HaUMeHbLUMne
HeoTpuuaTeNbHble BblyeTbl 0, 1, 1 unn Takxe ab6-
COJIIOTHO HauWMeHbLUWe BbIYETHI; NOCMELHME, KaK 3TO cnegyeT
M3 BbILWEN3NOXKEHHOrO, B C/lyyae HeyeTHOro T MpeAcTas-
naTCA pALom

a B C/llyyae 4eTHOro T KakKuM-nn6o u3 ABYX pAnoBs

— 9 H1ly eeey —10 E>eees> — 9
_ B eeey _ 1o a:» CTTIN _2'_1

c. Jio6ble T uucen, NONapHO HecpaBHMMbIE MO MOAYMO T,
06pasyloT MOMHYK CUMCTEMY BblYeTOB MO 3TOMY MOAY/IO.
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[elicTBUTeNbHO, Oygy4M HeCcpaBHMMbI, 3TW 4ucia Tem
camblM NpUHagNeXxaT K pas/IMyHbIM KjlaccaM, a TakK Kak
MX T, T. €. CTONbKO XXe, CKOJIbKO W K1acCoB, TO B KaXK/bli
Knacc HaBepHO nonajet no OAHOMY 4wuchy.

d. Ecnm (a, T)— 1 nx npoberaeT MNOMHYH CUCTEMY
YeTOB MO MoAgynt T, To ax+ b, rge b—nwboe uUenoe, To>XKe
npoberaeT MOMHYI0 CMCTEMY BbI4ETOB MO MOAYNO T.

[LelicTBUTENbHO, Yncen ax-\-b 6yfeT CTO/IbKO e, CKOMbKO
M ynucen x, T.e. T. CornacHo c ocTaeTcs, CNefoBaTeNbHo,
TONbKO MNOKasaTb, YTO fobble gBa uucna axt-j-b u ax.,-j-b,
O0TBeYalLMe HecpaBHUMbIM XX W XT, OyAyT caMu HeCpaBHUMbI
no Mogynwo T.

Ho ponycTtuB, 4to axx-\-b = axr-\-b (mod T), Mbl npugem
K CcpaBHeHuMt0O axx™axr(mod T), OTKyga, BCNejcTeue
(a2, T)= 1, nonyunm xx=x2(mod T), 4TO MNPOTUBOPEUUT
NPeanofioXKeHNI0 O HECPABHMMOCTM YUCENT XX U XT.

8 5. lNpuBeaeHHas CUCTEMA BbIYETOB

a. CornacHo f, § 3 uucna ofHOro M TOro >e Knacca no
MOAYN0 T WMEKT C MOAY/NeM OfAMH W TOT e 06WMiA Hau-
6onbwmnii genutensb. OCO6EHHO BaXKHbl Kflacchl, 45 KOTOPbIX
3TOT [eNnTeNb paBeH efMHMLE, T. €. KnacChl, Cogepxalyue
yucna, B3aMMHO TMPOCTbIE C MOAY/EM.

B3AB OT KaXAoro Takoro kfacca No O4HOMY BblYeTy,
noayymMm npuBeAeHHYH CUCTEMY BblYETOB MO MOAYIO T.
MpvBeAeHHYIO CUCTEMY BbIYETOB, C/iefloBaTe/IbHO, MOXHO CO-
CTaBMTb W3 4MCEN MOJSIHOW CUCTEMbI, B3aUMHO MPOCTbIX C MO-
oynem. OGbIKHOBEHHO MPUBEAEHHYIO CUCTEMY BbIYETOB Bblfe-
NAKT N3 CUCTEMbI HAMMEHbLUNX HeoTPULATENbHbLIX Bbl4eToB: O,
1, ..., T— 1 Tak Kak cpeam 3TUX Ymcen 4YnUCNO B3aAUMHO
NPOCTbIX C T ecTb ¢ (T), TO YMCNO 4YWCeN NPUBEAEHHOW Cu-
CTeMbl, PaBHO KaK W YUC/MO KNaccoB, COAepXaliux vucna,
B3aMMHO NpocTble C Mofynem, ecTb Cp(T).

Mpumep. lNpuBeaeHHasa cucTema BblYETOB MO MOAY/IO 42
bygnet

1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 37, 41.
b. Mo6ble ¢ (T) uucen, nonapHoO HecpaBHMMbIE MO MOAYND T

M B3aMMHO MpOCTble C MoAynem, 06pasyloT MNPUBEAEHHYIO CU-
CTeMy BblMETOB MO MOAYNO T.

374



[LelicTButensHo, 6ygyun HecpaBHUMbIMW WM B3aUMHO MpoO-
CTbIMU C MOAYNIeM, 3TW 4ucCla TEM cambIM MpUHagnexar
K pasnuyYHbIM Knaccam, COAepXalium 4ucna, B3avMHO Npo-
CTble C MoAayneMm, a TakK Kak ux ¢(T), T. e. CTONbKO Xe,
CKOMbKO W KNaCcCOB YKa3aHHOr0 BuAa, TO B KaXAbll Knacc
HaBepHO nonageT MO OLHOMY u4uchy.

C. Ecnm (a, T) = 1 n x npoberaeT NPMBELEHHYIO CUCTEMY
BbI4ETOB MO MOAYIO T, TO ax TOXKe npoberaeT NPUBEAEHHYIO
CUCTEMY BblUeTOB MO MOAyNlT.

[LelicTBUTENbHO, uYncen ax OyfgeT CTOMbKO >Xe, CKOMbKO
n uuncen o, 7. e. (7). CornacHo b ocTtaeTcs, cnefoBaTesbHO,
TONbKO MOKasaTb, YTO 4YMCAa ax MO MOAY/0 T HecpaBHUMbI
M B3aMMHO MpoCTbl C mMogynem. Ho nepBoe fokas3aHO B d,
8 4 ana uyucen 6onee obulero BuMAa ax+ b, BTOpoe e cne-
ayet u3 (a, =1 (@ m=1

§ 6. Teopembl Jiinepa n depma

a. Mpn T >\ 1 (@, T)= 1 umeem (Teopema Iinepa):
A <m) == j (mocj Ty

[eicTBNTENbHO, ecnn X MpoGeraeT NPUBEAEHHYH CUCTEMY
BbIYETOB

X=rlt ... rc\  c= (1),
COCTaB/IEHHYIO W3 HaWMeHbLIUX HEOTPULATENbHbIX BbIYETOB,
TO HauMMeHblUWe HEeOoTPULATENbHBLIE BbIYETHI PX, ... . p.

umcen ax 6yayT npoberaTb Ty XK€ CUCTEMY, HO pacnono-
)KEHHyt0, BOOOLie rOBOpsA, B MHOM nopsagke (c, § 5).
MepeMHOXasn MOYNEHHO CpaBHEHWA

arj=3 (mod m)t ara= p2(modm).......... arc =pc (mod m),
nony4mm
acrlri...~sspipj...pc(modm),

0TKyfa, Aensd 06e 4yacTu Ha npom3segeHue riri...rc= p”~j. -pc,
nony4mm
ac= 1(mod T).
b. Mpu p npocTtom wu a, He penswemMca Ha p, UMeeM
(Teopema depma):
aF~l = 1(mod p). (1)
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3T1a Teopema ABNAETCA CMEACTBMEM TeOpembl a Mpu T = p.
MocnegHell Teopeme MOXHO npuAaTb 6onee yaobHyto gopmy.
VIMeHHO, yMHOXas 06e 4yacTM cpaBHeHusa (1) Ha a, nony4mm
CpaBHeHue

a,P==a (mod p),

CMpaBef/IMBOE YXE€ MpU BCEX UEMbIX a, TaK KaK OHO BEPHO
W Npu a, KpaTHOM p.

Bonpocekl K rnase 3

1, a. MNpeactaBnsas Lenoe 4yucino B 06bIYHOM [AeCATUYHON cucTeme
VUCYNCNEHMNSA, BbIBECTM MPU3HAKU fenumoctn Ha 3, 9, 11.

b. MpeacTasnsas Lenoe 4ncno B CUCTEME NCUUCIEHNS C OCHOBaHMeM 100,
BbIBECTU MpU3HaK genvmoctn Ha 101.

c. MpeacTaBnas Lenoe YWUCNO B CUCTEME WCYMCNEHUA C OCHOBaHWEM
1000, BblBeCTM Mpu3Haku genumoctu Ha 37, 7, 11, 13.

2. Myctb T > 1, (3, m)= 1, b—uenoe, x npoberaeT MosHyt, a £—
NpVYBEAEHHYI0 CUCTEMY BblY4ETOB MO MOAynt T. [lokasaTb, 4TO

3, a. Myctb T >0, (& m=1, A0, c—BeLWeCcTBEHHOE,

rge \) (X) 4NA paccmaTpuBaemblX 3HAYEHW X MPUHUMAET 3HAYEHUA C yc-
nosmem c<i|)(x)<c-|~A. [oka3aTb, 4TO

b. Myctb M —uenoe, T >0, (a, m)= 1, A n A—BeLWeCcTBEHHbIE,
M+m-1

XT™M

[okasaTb, 4TO

376



c. Myctb M —uenoe, T > O, (3, m)= 1,
A+T -1

X vw >,
w=Af

roe B nHtepane Al<pg;< Af+m —1 dyHkuma / (X) umeeT HenpepbiB-
Hble Npon3BofHble /' (X) n /' (X), Npu4eM BbIMOMHAOTCA YCMOBUS

I'M)=x+A; ((@T1)=1 10|<1 |<1T Mk {,
rae

l1<t<71, T=A3, Nik*2, £3*1

[dokasaTb, 4TO
S—im < k+3
4. MycTb B pasnoXeHWW MppaLuoHaNbHOro ynucna /4 B HeNpPepbIBHYIO

[po6b BCe HEMOJHbIE YacTHble OrpaHuyeHsl, M —uenoe, T —uenoe, T > O,
B — BewecTBeHHoe. [loKa3aTb, UTO

M 4-m-1 1
X B] —-AT + O(InT).
x=M

6, a. Myctb A >2 k"\ un B uHTepBane Q < x< R yHKuua

/ (X) wMmeeT BTOPYI HeMpepbIBHYO MNPOU3BOAHYIO, YAOBNETBOPAIOLLYIO
YCNoBUAM

IT (*)1<-E-e

[okaszatb, 4TO

L (K}=4 Ne-Q)+0A Is| < I,

<3<x<N

0= @QhAa(«-C)>n»+8M)/N1_3.

b. Myctb 0<a<1l, Q u R—uenble. I'Ipm YyCNoBUAX BOMpPOCa 3
[l0Ka3aTb, 4To umcno ¢ (a) ,qpoﬁem {/(*)}; x= Q-f-1,..., R c ycnosuem
0< {/ (X)} < o BblpaxaeTtca hopmynoii

®(a)=a (R—Q)+ 0'-2A; [0"]<1-

B, a. MycTb ' —umncno uenbix Touek (X, 4) obnactn X’ + g*~, r* (r'>2).
[okasaTb, uTO

"=nr*-\-0 (r 3Inr)
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b. Myctb n—uenoe, n > 2, E—nocTtosHHaa 3Jiinepa. [okasaTb,
4To

rQ)+t(2)+ ...+7(n)=n(lnn+ 2£—0+ 0 U 3 (Inn)2
c. Mpn JVA2 1 uenom nonoXuTenbHOM / [0Ka3aTb, 4TO

£ + ] 0)
O< a<N

And  [okasaTenbCTBa BOCMO/b30BaTbCA OYEBUAHBIM HEPaBEHCTBOM:
TU)< TWMT (0).
d. Mpu N~ 2 n uenom nonoxuTensHom | gokasaTb, 4TO

£ (1(a))*<Nr(nnoz- 1. ©
O<a< N

7. CucTeMy §i LeNbIX MOMOXWTENbHLIX UWUCEN, KaX4oe W3 KOTOpbIX
NpeAcTaBNeHO B CUCTEMe MCUWCNEHUS C OCHOBaHWEM 2, Ha30BEM NpPaBU/b-
HOW, eciM Npu BCAKOM LEIOM HEOTpULATENbHOM S YMCNO 4ucen, B Mpea-
CTaBNeHWE KOTOPbIX BXOAWUT 2S, OYAeT YeTHbIM, W HemnpaBuIbHOW, ecnu
X0TSi Obl MPU OJHOM S 3TO UWUCNO OGYAET HEYETHbIM.

[lokasaTb, UYTO HEMpaBU/IbHYIO CUCTEMY MyTEM YMEHbLUEHWUS UKW MNon-
HOr0 M3bATUA HEKOTOPOro OAHOrO €e Y/feHa MOXHO cAenaTb NpaBUNLHOIN,
a npaBu/ibHas CUCTEMA OT YMEHbLUEHUSI WA MOSIHOTO M3bATUSA NO6Oro ee
uneHa [Jenaetcs HenpaBUIbHON.

8. a. [lokasatb, 4TO CymMma

3mxn+ 3n -lm_ 1-[- . «+3x1-)-x0,

rae X, *e, I X0 He3aBMCMMO Apyr OT fApyra npoberatoT 3Haue-
Hus—1, 0, 1 npejacTaBfiseT BCe yucna

W+l 1
N -1, 0 L. H H= —®,

NpUYeM Kaxjoe YMcno—euHCTBEHHbIM CrMOcoGOM.

b. Myctb mi, T2, ..., — MONOXNTENbHbIE NOMNAPHO NpocTbie. Mosb
3yscb C, 8 4, [0OKasaTb, YTO MOMHYK CUCTEMY BbIYETOb MO  MOAY/NIO
TXT% ... TK NOAYyYMM, 3aCTaBNss B CyMMe

1+ 9% *2+ TXT*X3-F ... + TIT, ... mk. Ixk

umcna *i, X, ... XK npob6eratb MOJIHble CUCTEMbl BbIYETOB MO MOAYNAM
ITil) fflji ooy fufim
9. MycTb Ny, T2, m*—nonapHo MpocTbie U

TXTX ... TK= AMT* = Mtm}= ... = MKTK.

a. MpumeHsasa c, § 4, AOoKa3aTb, YTO NOJHYK CUCTEMY BbIYETOB
MOAYNK T XT a..,TK nonay4yum, 3actaBnaa B CymMme

A*1+ M,x,+ ... + MKXK

yucna Xj, X|, ..., XK npoberatb MNOMHblE CUCTEMbI BbIYETOB MO MOAYNAM
A 11 R .
L, w, TK
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b. Mpumensas b 85, rn. Il n b, § 5 fokasaTb, 4YTO NpPUBEAEHHYHO
CMUCTEMY BbIYETOB MO Mogynto TAT/...TK nonyyum, 3actaBfisis B CymMMe

M IXI + Mjjc2 M KX K
UUCNA XDb  -evrene , XK Mpob6eratb MpUBEAEHHbIE CUCTEMbl BbIYETOB MO MO-
OYNAM Tb Tweeeenes TK.
c. [loka3aTenbCcTBO TeOpembl BOrpoca b npoBecTV HE3aBUCUMO OT TEO-
pembl b, 8 5, rn. Il n Torga yxe BbIBECTU MOCMEAHIOD Teopemy, Kak

cnescTBMe MepBOIA.
d. HaiiTn anemeHTapHbIM MyTem BblpaxeHue ans ¢ (p“) u, Nonb3yacb
MYNbTUNANKATUBHOCTBIO (H(51), BbIBECTW W3BECTHOE BbIpaXkeHue ana ¢ (a).

10. Mycts T,, Tr, ..., TK—MONapHO NpocTble, npesocxogaime 1,
T=TITr..,TK,

a. Myctb xIt x2......... XK, X npoberatT nonHele, a £i, £3, ..., |ft, £—
npuBedeHHbIe cUCTeMbI BblueToB No mogynsm mit mi} ..., Tk, T. [Joka-

3aTb, 4TO Apo6M
j x1,X2 j_oxk\

mi
coBMnagatT ¢ ApobsiMu cafP°bn j - f - + . _IV_IK coB-
nagawoT ¢ Apobamu
b. MycTb 3agaH MHorouneH / (X......... tiy) ¢ uenbiMm KoathuymeHTaMm

OT T MEPEMEHHBIX [T.......... w(rrl):

[(*,...%)= 2

( ! ) a, .. 6
M nycTb

a= Mlal+ ...+ M Kak,

XS, ws npoberaioT MNofHble, a ..., cof—npuBeaeHHbIE CUCTEMbI
BbIYETOB MO MOAYMO mMS; X, ..., W npoberawT nonHble, a5, ..., W—npu-

BEfleHHble CMCTEMbl BbIYETOB NO Moaynto T. JloKasaTb, uTO /pobu

coBnagjawT ¢ 065MK
% T TK 5 A Ap
COBMajalnT C Apobsamun A (o6o6uieHne Teopem Bompoca a).
11, a. MNyctb T—uenoe, T > 0, a—uenoe, X MpoberaeT MOMHYLO

CMUCTEMY BbIYETOB MO MoAynto T. JlokasaTb, 4TO

_ 2ar— __/ ot> ecnm a kKPaTHO + >
2he T |0 B NpPOTMBHOM cryd4ae.
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b. MycTb a —BewecTBeHHoe, M —uenoe, P—uenoe P >0. O603Hauas
CUMBONIOM (@) YMCNEHHOE 3Ha4yeHWe PasHOCTU Mexay a W 6avmkaikwunm
K a LenbiM ynucnom (pacctosHue a [0 6avxaillero Lenoro), foKasaTb, YTo

M+P-1 2 Bcerga,
L K A
3 nmpn (@)< ~
M pu ()
c. Myctb T—uenoe, T > 1 u pyHkyum M (@) n P (a) gns 3Haue-
HUA a= 1, 2. T— 1 NpUHUMAOT LUeAble 3HAYeHWUs C  YCNOBUEM

P (@ > 0. Aoka3aTb, 4TO
MW +PW-1 2w £
<0
e R
ThT,
T
6= TInT —A PUTI* =2,

TInT—T npu 60.

12, a. Myctb T—uenoe, T > 0, | npoberaeT NpUBELEHHYHD CUCTe-
My BbIYETOB MO Mogyno T. [lokasaTb, uTo

. v 2ni—
P(T)=2ue T
|

b. Monb3ysacb Teopemoii Bompoca a, A0Kas3aTb MEPBYI U3 TeopeMm C,
8 4, rn. Il (cm. peweHne Bonpoca 28, a, ra. Il).

c. Teopemy Bonpoca a BbIBECTW, MONb3ysAcb Teopemoii Bonpoca 17,
a, rn. Il

d. MycTb

fFiX o w)= 2 Clunns

— MHOro4seH C uenbiMu KOS(*)(*)I/ILU/IEHT&MI/I OT I MNEepPeMEHHbIX X,

oow (r™ 1, a—uenoe, T—uenoe, T > 0, X, w npob6eraloT non-
Hble, a ..., M-—TnpuBefeHHble CUCTEMbl BbIYETOB MO MOAY/O T.
Beoaym 0603HaueHuns
iaf(x..... W) opjaf (S e
S«,,=2---2¢ m §;..=2-2¢
X w £ ®

MycTb fanee m= mx..mXk rge m i , m k— nonapHo- npocTble, npe-
pocxogdawme I, n nyctb m=*Msms. [loka3aTb, 4TO

aT"O7 =5 + ...+ Mrar
» T Wi’ TK a, to. as, T
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e. Mpu o6o3HaueHnsx Bonpoca d monaraem

A(T)—T-r2 bos». A'(M=T1~ryY SarT,
a a

rae a npo6eraet NpPUBEAEHHYHD CUCTEMY BbIYETOB MO MOAYMO T.
JlokasaTb, 4TO
A {mi)..A (TK)—A (w), A’ (T{...A" (TK)—A" (T).

13, a. [okasaTb, uTO

a- 1 / p-1 , NX
(h<«>=EM(*-in P
H=0 P X=0

rae p npoberaeT MpocTble AenMTeNN yucna a.
b. /3 ToXaecTBa BOMpoca a BbIBECTW W3BECTHOE BblpaXkeHWe ana <p(a).
14, loka3aTb, 4TO

V1 1Vi tni—
T@)=2 21 _7 X e *+67
O<x<v a A=o0

roe 6=1 wam 6= 0, B 3aBUCUMOCTW OT TOro, ABMSETCS NN a KBaApaToM

LIeNIoro umcna Wam Her.
15, a. Myctb p— npoctoe wu hlt Jir, ..., ha— uenbie. [okasaTb, 4TO

(P+ht+ ...+ ha)P- JI?+ Al+... + Ag(mod p).

b. M3 Teopembl BOMpoca a BbiBeCTW Teopemy ®epma.
c. /3 Teopembl ®epma BbIBECTM Teopemy 3itnepa.

UncneHHble npuMepsbl K rnase 3

1, a. Halitn ocTtaTok oTAENEHNA
(123711 + 34)28 Ha 111

b. Aenutca nn Ha 10932 umcno 21093—27?

2, a. MpumeHas npusHaku AenMMOCTM Bompoca 1, HaliTu KaHOHWMYec-
Koe pasnoxeHue unucna 244943325.

b. HaliTu kaHOHMYecKoe pasnoXKeHue umcna 282321246671737.



FnaBa 4

CPABHEHNA C OJHVM HEM3BECTHbLIM

8§ 1. OCHOBHbIe NOHATUA

Hawei 6numxaiwein 3agavein Oyger usyuveHne CpPaBHEHWI
Takoro obuwero Buga:

/()= 0(mod T); f(*)=axn+ akn-1+ ... +an (1)

Ecnv a He fgenutca Ha T, TO N HasblBaeTCA CTeMeHbio
CpaBHeHMS.

PellnTb cpaBHeHWe—3HAYUT HANTU BCE 3HAYEHUSA X, eMYy
yAoBfeTsopatowme. [jsa cpaBHeHMs, KOTOPbIM YAOBNETBOPAIOT
OOHW W Te e 3HayeHWA X, Has3blBATCA PaBHOCWUJIbHBIMMW.

Ecnu cpaBHeHunto (1) yposneteBopseT Kakoe-nnb6o x —xlt
T0 (d, 8 2, rn. Ill) TOMYy >e cpaBHeHUO OyayT YyAOBMeT-
BOPATb W BCE 4uWCNa, CPaBHMMbIE C XX MO MOAYNIO T:
x = Xx(modm). Becb 3TOT Knacc 4yuCes CUYUTaeTCAa 3a OfHO
peweHune. Mpu Takom cornaweHuu cpasHeHme (1) bygeT nMeTb
CTONMbKO PpeLIeHnii, CKOMbKO BbIYETOB MOMHOW CUCTEMbI €My
YAOBNETBOPSET.

Mpnumep. CpaBHEHUIO

Xs+ x+ 1= 0 (mod 7)
cpegn umcen 0, 1,2, 3, 4, 5, 6 MOMHON CWUCTEMbI BbIYETOB

no Moaynto 7 YAOBMETBOPAKT ABa u4ucna: x= 2 N x= 4,
lMoaToMy yKa3aHHOEe CpaBHEHWEe WMeeT ABa peLleHus:

x==2(mod7), x= 4(mod7).

§ 2. CpaBHEHUS MepBOii CTeneHu

a. CpaBHeHMWe MepBOli CTEMEHU MepeHeceHMeM CBOGOAHOTO
uneHa (C 0OpaTHbIM 3HAaKOM) B MpPaBYl 4YacTb MOXHO Mpw-
BECTM K BUAY

ax = b(modm). 1)
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b. MpucTtynasd K wuccnefoBaHMIO BOMpoca O 4uCfe peLle-
HWIA, Mbl CHavana OrpaHM4YuMm cpaBHeHue ycnosuem (a, T)= 1L
CornacHo § 1 Hawe cpaBHeHME WMeeT CTO/IbKO peLleHnid,
CKO/IbKO BbIYETOB MNOJIHOM CUCTEMbI €MY YAOBMETBOPSET.
Ho korga x npoberaet MONMHYK CUCTEMY BbIYETOB MO MO-
aymo T, TO ax npoberaeT TMOMHY CUCTEMY BblYETOB
(d, § 4, rn. Ill). CnepoBatenbHo, npyv OAHOM U TONbKO
OAHOM 3Ha4YeHUM X, B3ATOM W3 MOMAHON cucTeMbl, ax OygeTt
cpaBHUMO C b. NTak, npu (a, T) = 1 cpaBHeHne (1) umeet
0fHO peLleHue.

c. MycTtb Tenepb (a, m)=d> 1 Torga, 4TobbLI CpaBHe-
Hve (1) wvmeno peweHns, Heobxogumo (e, § 3, rn. IlI),
ytobbl b genunocb Ha d, MHaye cpaBHeHWe (1) HEBO3MOXHO
HW Mpu Kakom uenoMm x. [lpegnonarasg nostomy b Kpart-
HbiM d, nonoxum a—afl b= bxd, m= mld. Torga cpasHe-
Hue (1) 6yfZeT paBHOCM/ILHO TakoMy (MO COKpaweHun Ha d):
axx N b x(modmj), B KoTOpoM Yyxe (alr T~ =\, u noTomy
OHO 6yAeT MMEeTb OAHO pelleHWe Mo Mogymo TX. [lycTb xx—
HaVMEHbLUMIA HeoTpuLaTe/bHbI/ BblYeT 3TOr0 peLleHus Mo
MOAYNH0 TX, TOrja BCe yucnia x, obpasylolime 310 peLleHue,
HangyTca B BuAe

x = xx(mod mx. )

Mo mogynto e T yucna (2) obpasyoT He O4HO peLleHune, a
6onblle, MMEHHO CTONbKO PELUeHMUA, CKOMbKO uucen (2) Haii-
petcs B page 0, 1, 2, 1 HaMMeHbWWX HeoTpuLa-
TeNbHbIX BbIYETOB MO Mogynio T. Ho ciopa nonagyT cne-
aywouwme yucna (2):

*i, + XX+ 2TX ..., X1 (d—1)Twn

T. e. Bcero d uucen (2); cneposartefibHO, cpaBHeHue (1) ume-
eT d peLueHmi.

d. Cobupas Bce foKa3aHHOe, MOJYyYaeM Teopemy:

MycTb (a,m)=d. CpaBHeHne ax”b (mod T) HeBO3MOXK-
Ho, ecm b He gennTcs Ha d. Mpu b, KpaTHOM d, cpaBHeHue
nmeeT d peLUeHuni.

e. Ob6pawasncb K pasbiCKaHWIO pelleHWin cpaBHeHuMs (1),
Mbl YKaXXeM TO/bKO CMoco6, OCHOBaHHbI/i Ha Teopuwu Henpe-
PbIBHbIX Ap06eli, npuyeM [OCTaTOMHO OFPaHMUYMTLCS NWLWb
cnyyaem (a, T)—\.
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Pasnaras B HenpepbiBHY ApP06b OTHOLUEHWE T:a,

= <7i+-
Dy-
[o2 ?»+ LI
“$h
M paccmaTpuBas fABe MNocnegHWe MOAXOAAWMe Apobu:
Pui-1 T
Qn-i" On a

COT/IaCHO CBOWCTBAM HenpepbiBHbIX Apobeit (d, § 6, ra. 1) umeem
aP,_i= (—1)",
aPn-1= (—0O"-1(mod 1),
a- (—N"-1Pn_1b= b(mod m).
NTaK, Halle CpaBHEHWE WUMeEeT peLleHune
x= (—1)"-1Pn-ib (mod tri),

ONA  pa3blCKaHMA KOTOPOro [J0CTaTOYHO BbIYMCIUTL
corflacHo crnocoby, ykasaHHoMmy B c, § 6, rn. I.
Mpumep. Pewunm cpaBHEHUE

11\x = 75 (mod 321). 3)

3pecb (111, 321) —3, npuyem 75 KpaTtHo 3. MMoaTomy cpas-
HEHVME WMEET TPU peLUeHus.

[ens obe vacTu cpaBHeEHMS W MOAYAb Ha 3, NOAYyYUM
CpaBHeHMe

37* = 25 (mod 107), 4
KOTOpOe HaM CriegyeTt CHada/la PewunTb. Nmeem
107 37
74 2
37 38
33 1 9 2 18 4
33 4
32 s P, 1 2 3 26 107
1
4
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3HaunT, B gaHHom cnyyae n= 4, Pn_1= 26, 6= 25, n
Mbl MMEEM pelleHue cpaBHeHUs (4) B Buie

x =m—26+25 = 99 (mod 107).

OTclofla peLleHus cpaBHeHuUs (3) NpefcTaBAflOTCS Tak:
*= 99; 99+107; 99+ 2-107 (mod 321),

x= 99; 206; 313(mod321).

§ 3. Cuctema cpaBHeHWI NepBO CTENeHN

a. Mbl paccMOTpUM INLLb NPOCTEWLLY CUCTEMY CPABHEHMIA
x = bi (mod T.),
xs=bt (mod m2),

........................ )

xB=bk(mod tnk)

C OAHVWM HEeW3BeCTHbIM, HO C pa3HbIMW W NPUTOM MONapHO
NPoCTbIMU MOAYNAMU.
b. Pewwutb cuctemy (1), T. €. HaTM BCe 3HAYEHUS X, €N
yA0BNETBOPAOLNE, MOXHO, NPUMEHAA CNeAyIOWYH0 TEOopeMy:
MycTb uncna Ms u M'3 onpefeneHbl U3 YCNOBUIA

TXT2...mk—M,ms, MSMS= 1(mod ms)

M NycTb
x0= MxM'px + M2M'p2+ ... + MKM'K.

Torga COBOKYMHOCTb 3HaueHWidi X, YA0BNeTBOPSAIOLIUX CUCTe-
Me (1), onpeaensieTCcA CpaBHEHUEM

x = x0(mod Txrr... TK). 2

[elicTBMTeNbHO, BBMAY [AEIMMOCTM Ha ms Bcex JIl- oOT-

NMYHBIX OT M$, npu nobom s= 1, 2, k nmeem

X,, — MsMsbs= bs (mod ms),
W, cnepgosaTenbHo, cuctema (1) paBHOCWUNbHA CUCTEME
xA=x0(modmj), = .r0(mod/n?, ..., x= x0(mod TK (3)
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(r. e. cuctemam (1) u (3) YyLOBNETBOPAKT OOMH U Te Xe
3HauveHus x). Cucrteme xe (3), seBugy Teopem cu d 8 3

rn. I, yaoBnetBoOpsAlOT Te M TONbLKO Te 3Ha4YeHUA X, KOTO-
pble Y40BNETBOPAKOT CpPaBHEHUI (2).

c. Ecam bit br, ..., bk He3aBMcMMO pApyr oT Agpyra npo-
6eratloT MO/HbIE CUCTEMbI BbI4ETOB N0 Mogynam T4 Tr, ..., TK,

Tox0npoberaeT MOMHYIO CUCTEMY BbIYETOB MO MOAYNO T1T2,.. T K.
[JelictBntenbHo, x0npoberaer T Xr 2...T K 3Ha4YEeHNA, BBU-

gy d, 8 3, rn. Ill, HecpaBHUMbLIX MO MoAyn0 TIT2...TK
d. Mpumep. Pewum cucremy

x= 61(mod4), *= 62(mod5), x= fr3(mod7).
3pecb 4-5-7 = 35-4 = 28-5 = 20-7, npuyem
35-3= 1(mod4), 28+2= 1(mod5), 20-6= 1(mod?7).
Moatomy

x0= 35 mBbx+ 28 «2b2+ 20+663= 105b, + 56bt + 120b,

n, cneposaTtenbHO, COBOKYMNHOCTb 3HAUYeHUn X, yAo0BNEeTBO-
pARWNUX CUCTEME, MOXXET ObITb npeactaBneHa B Buae

x — 105&! + 56br+ 120fr3(mod 140).

Tak, Hanpumep, COBOKYMHOCTb 3HAYeHWi X, Y[OBNETBO-
PAOLWMX CUCTEME

x=l(mod4), je= 3(mod5), x= 2(mod7),
oypet
* = 105-1 +56-3 + 120-2 = 93 (mod 140),

a COBOKYMHOCTb 3HAYEHWIA X, Y[OBMETBOPSAIOWMX CUCTEME
jc= 3(mod4), *= 2(mod5), *==6 (mod 7),

6ynet
*= 105-3+ 56-2+ 120-6 = 27(140).

§ 4. CpaBHeHus 6ol CTeneHW MO MPOCTOMY MOAYNHO

a. Myctb p—npocToe. [okaxem 00Line TeOPeMbl, OTHO-
cAlWMecs K cpaBHeHUIO Buga

f(x)= 0(modp); f(x)= axn+ akn~1+ ...-\-an. (1)

b. CpaBHeHue Buga (1) paBHOCU/IBHO CpaBHEHWUK CTeEMeHU
He Bbile p— 1
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[LelicTBuTensHo, gens ¢ (X) Ha xp — x, MMeEeM
f(x) = (xP-x)Q(x) + R(x),

rge cteneHb R (x) He Bbiwe p— 1. A Tak Kak xp—x = 0 (mod p),
T0 f(x)= R (X) (modp), oOTKyga U cnegyet yKasaHHasd
Teopema.

c. Ecnn cpaBHeHue (1) umeeT 6onee 4YeM N peLleHWUR, TO
Bce KO3(h(MuMeHTbl / (X) KpaTHbI p.

[elicTBuTeNbHO, NyCTb cpaBHeHue (1) vmeeT, MO Kpaii-
Heil mepe, n+1 peweHne. O603HaYasa 6ykBamm xu x2, ..., Xn,
XM+l BblYeTbl 3TUX peLlleHuin, mMbl Moxem f (X) npeacTaBuThb
B Buie

f(x)—a(x X)(x x3 ... (x xn_2 (x—xnj) (x—xn)
+ b(X—XD)(Xx—xr) ... X—xn_2{x—xn_J+
+ c(X—XD(x—xr) ... (X—eX,,_+

-4-6 (X—m) (Xx—X2 —+
4* 1 (x—xr) +
+ T. ()]

[LelicTBuTenbHO, npeobpa3oBaB packpbiTeM CKOGOK npo-
n3BefeHNA NpaBoOii 4YacTW B MHOTOUY/MEHbl, Mbl b BO3bMeEM paB-
HbIM KO3((uuueHTy npu xn~1 pasHoctu mexay f (x) v nep-
BbIM MHOFQY/IEHOM, 3aTeM C BO3bMEM PaBHbIM KO3(NMULMEHTY
npn xn~% pasHoctu mexpgy f (X) n ABYyMA NepBbIMA MHOIO-
yneHamum u T. fA.

Monaras B (2) nocnefoBaTeflbHO X = Xit XTI, ..., XM, XN+b
ybexgaemcs B TOM, uTo BCe T, I, k, ..., ¢, b, a KpaTHbl p.
3HauuT, u BCe a, ax an KpaTHbl p (KakK CyMMbl yucern,
KpaTHbIX p).

d. Mpwn npocToM p cnpaBe/MBo cpaBHeHWe (Teopema Bunb-
CoHa)
1-2 ... (p— 1)4-1 = 0(modp). (3

[elicTBMTeNnbHO, ecnu p = 2, TO Teopema o4yeBuaHa. Ecnu
Xe p > 2, TO pacCMOTPUM CpaBHeHue

(x—D(ac—2) ... x—(p—D)_(**»-»—1) = 0 (mod p);

OHO CTEMNneHn He Bbille p—2 n NMEeT p— 1 peweHne, UMEHHO
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peweHns c BblyeTamun 1, 2, p— 1 CnepoBaTenbHo, Mo
TeopemMe C BCe ero KO3aP(MLMEHTbl KpaTHbl P; B YacTHOCTH,
Ha p [LenuTcA W cBOOGOAHbIA YNMeH, paBHbIi Kak pa3 fieBoi
yactn cpasHeHUs (3).

Mpumep. Vimeem 1-2-3-4-5-6+1=721 =0(mod7).

§ 5. CpaBHeHuVs1 Nt060I cTeneHu
Mo COCTaBHOMY MOZY/HO

a. Echm Tw Tr, ..., TKNOMapHO NpPocThbie, TO CpaBHeHUe

f(X)=30(mod mtmt ... TK Q)

PaBHOCWU/IbLHO CUCTEME
/ (x) =-0 (mod 7",
fa=0(modT 2, ..., f(x)~0 (modT*).

Mpn 3ToMm, o60o3Hayvasa uvepes TIt T2 ..., Tk uuncna pewieHuni
0T [eNbHbIX CPaBHEHWA 3TON CUCTEMbl MO COOTBETCTBEHHbLIM
Moaynam U uepes T —uucno peweHUin cpaBHeHus (1), 6ynem
NMeTb

T=TtT, ... Tk
[elicTBUTENbHO, nNepBas 4yacTb TeOpembl ChnegyeTr u3 ¢
md, 83, rn. IlIl. BTopas 4acTb c/iefyeT U3 TOro, YTo Kax-
[loe cpaBHeHue
/ (x) s= 0 (mod ms) 2

BbIMONHAETCA TOrga M TONbKO TOrfga, KOrja BbIMOMHSAETCs
0AHO U3 Ts cCpaBHEHMWIl BuAa

X = bs (mod ms),
raoe bs npoberaeT BblYeTbl pPELIEHWA cpaBHeHUs (2), Mpuyem
BO3MOXHO BCero TX 2... TK pasuyHbiX KOMOuHaumii Buga
x =b\ (mod m?), x = b2(modm32, ..., x= bft(modm®,
npusogsawmx (c, § 3) K pasNyHbIM Knaccam No MOAYHO
tn,m2 ... mk.
Mpumep. CpasHeHue
Ox) ==0(mod 35), TI(x)= x*+ 2x*+ 8x+ 9 3)
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pPaBHOCWU/IBHO CUCTEME
f(x)==0(mod 5), /(x)= 0 (mod?7).

Nerko yb6egumcsa (8 1), yTo nepBOe cpaBHeHUe 3TOW CUCTEMbI

umeeT 2 peweHusa: x3l, 4(mod5), BTOpoe Xe cpaBHeHue

nmeer 3 peweHud: x= 3\ 5; 6(mod7). lNosTomy cpaBHe-

Hue (3) umeeT 2-3 = 6 pelweHnii. YTobbl HailTu 3Tu 6 pelue-
HWIA, Hafo' pewnTb 6 cucTem Bupa

xsfc*modS), x= 62(mod7), 4)
KOTOpble NOMy4ymM, 3acTaBnas  npoberatb 3HayeHns bx= 1; 4,
a b2 npob6eratb 3HauyeHus b2= 3; 5; 6. Ho, BBUAY

3H=7-5=5-7, 7-3=1 (mod5), 5-3=1 (mod7),
COBOKYMHOCTb 3HAYeHWn X, YAOB/ETBOPAOWMX cucTeme (4),
npeactasutca B Buge (b, § 3)
x = 2lbi + 1582 (mod 35).
MoaToMy peweHnsa cpaBHeHus (3) 6yayt
x==31; 26; 6; 24; 19; 34 (mod 35).

b. BBuay Teopembl a WMCCNEAOBaHWE W peLleHMe CpaBHe-
HUS
f(x)= 0 (mod p?'p“ ... p“%*
CBOAATCA K WCCMEefOBaHUID U pELUEHWHD CPaBHEHUI BuAaa
f(x) = 0(mod p®); ©)

3TO XK€ nocnegHee CpaBHEHWE CBOAUTCA BOOOLLE, KaK Mbl
ceiivac BbISICHUM, K CpaBHEHUIO

/(+*) — 0 (mod p). (6)

[JeiicTBMTENbHO, BCAKOE X, YAOBNETBOPSIOLLEE CpaBHe-
HUto (5), HEO6XOAMMO JONKHO YA0BNETBOPATH U CpaBHEHUIO (6).
MycTb

x =Xj (mod p)

— Kakoe-nnbo peweHne cpaBHeHns (6). Torga x = x1-\-ptiy
roe /1—uenoe. BcTaBnds 3T0 3HauyeHWEe X B CpaBHeHWe

f (x) = 0 (mod p*)
W pasnaras neeyt 4YacTb no dqopmyne Teiinopa, Haligem
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(NnpyuHMMas BO BHUMaHMWe, 4TO (*X)—uenoe, uoTbpa-
CbiBas uYNeHbl, KpaTHble pa)
f(*i)+ ptj* bl = 0 (mod p2), +tj" (x9= 0(modp).
OrpaHuumuBasch 3fecb Ccnydaem, Korga /'(xt) He penuTcs
Ha p, WMEEM OfHO peLleHue:

t\ = t[ (mod p); tl= tl+ pt2
BbipaxeHue fns X NpuMHUMaeT BUj

X= X-+pt[+ pHI= X2+ p*t2,
BCTaB/sAA ero B CpaBHeHWe

f(x)= 0(mod p3,
noayyum

[ (x9+ p4J’{x2= 0(modp3,
+ (x2= 0(mod p).

3pece f (X2 He gennTca Ha p, Tak Kak
xr= xr(mod p),
r{x%= f (*i) (mod p),
M NOTOMY MNOCNefHEe CPaBHEHMWE WMEET OJHO peLUeHKeE:
t2= t2(mod p);

BblpaxXeHue Ans X MPUHUMAET BUS
*= %4 P+ PA3= X3+ paad\

M T. A TakuMm MyTeM MO JAHHOMY peLleHuto cpaBHeHusa (6)

MOCTEMEHHO HalijeM CpaBHMMOE C HUM pelleHue CcpaBHe-

Husa (5). WNTak, Bcsakoe peweHue x = xt (mod p) cpaBHeHuns (6)

npu ycnosun, 4To /' (Xj He AenuTcCA Ha p, facT OAHO peLle-
Hve cpasHeHusa (5):

XN Xa + p/Ma,
(mod pa).
Mpumep. Pewwnm cpaBHeHue
f (x) = 0 (mod 27);
f(x) = x“+ 7x+ 4.
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CpaBHeHue/(*) = 0 (mod3) umeet ofHO peweHre x=1 (mod3);
npu atom f (1) = 2 (mod 3) u, cnepoBatenbHO, He AENMTCA
a ?—iaxo,qmm:
x—]+3"Y
/(1)+ 3/ ()= 0(mod9); 3+ 37-2s 0(mod9),
2"+ 1= 0(mod3), /x;=1(mod 3), /1=1+3"2
A= 4+ 9/2
[ (4 +9/2" (4 ==0(mod27), 18+ 9/2-2= 0 (mod27),
202+ 2= 0(mod 3), f2= 2(mod3), f2= 2+ 3/,
x= 22+ 27/,
Takmm o06pa3om cpaBHeHue (7) UMeeT OLHO peLleHue
x = 22 (mod 27).

Bonpochk! K rnase 4

1, a. Myctb T—uenoe, T > 0, / (X, ..., W)— Lenas paynoHanbHa
(YHKUMS C UenbiMM KO3h(ULUMEHTaMWU OT T MEePeMeHHbIX X, ..., W (r”™ 1.
Ecnu cpaBHeHUO

f( ..., wy= 0(modT) (1)

yAO0BNETBOPSIET cucTemMa X = XO......... w= w0, To (06o6uieHVe onpeaene-
HUS § 1) CMCTeMy K/IaccoB uucen No Mogyno T:

x3= (modT), ..., w= wO(mod tr)

6yneM cumTaThb 3a OAHO pelueHue cpaBHeHus (1).
MycTb T—uNCNO pelleHnii cpaBHeHns (1). [okasaTb, 4TO

T-1 7-1 T-1 a<<t..“»
TT= 2 2 2 *
=0 »=0 w=0
b. Mpu o6o3HayeHnsx Bonpoca a u sonpoca 12, e, rn. Il goka-

3aTb, 4TO
Tr=71r 2 A(TOom

c. PaBeHCTBO Bompoca a MNPUMEHUTb K [0Ka3aTe/lbCTBY TeopeMbl
0 uncne pelleHWidi cpaBHEHUs MepBoOli CTeneHu.

d. Myctb T—uenoe, T > 0; a, f, g—uenble, NX 4nCNO paBHO
r+ 1(r > 0): d=(a, ..., /, m); [ —umncno peleHnin CpaBHEHUA

ax+ ... +fw+g= 0 (mod T).
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Monb3yacb paBeHCTBOM BOMpoca &, f0Kas3aTb, 4To

y._ | mr~ld, ecnn g KpaTHo d,
(o0 B NPOTMBHOM Clyuae.

e. Teopemy Bonpoca d fokas3aTb, MCXOAS U3 TEOpPEMbl O uucnie po
LUeHWA cpaBHeHMs ax = b (mod T).

a. Mycte 7> 1, (a, m)= 1. [lokasaTb, 4YTO CPaBHEHMe ax
B 6 (mod T) UMeeT pelleHMe X 3=3 bap<n»>-i (Mo(j m).

b. Mycte p—npoctoe, 0 < a < p. [lokasaTb, YTO CpPaBHEHME axra
6 (mod p) umeeT pelueHune

xe= N — 08" 1 (P~ 1)(P7-2)---"~-a+1) (modp).

c, a) YkaszaTb BO3MOXHO 60/ee MpOCTOi Cnocob pelleHUs CpaBH
HUs Buaa

2*x= b(mod T\ (2, m)= (2, fi)y= L.
P) ¥YKkasaTb BO3MOXHO 60/see MPOCTOM CMOCO6 peLleHns CpaBHeHUs
3*j:si(modm); (3, m= (3 b= 1
Y) Nyctb (8, T)=1 1< a< T. Pa3BmBaa cnocobbl, yKasaHHble
B BoMpocax a) W P), AokasaTb, YTO pasbiCKaHWe pELLeHUs CPaBHEHMS
ax 3a 6 (mod T) MOXeT ObITb MPUBEAEHO K Pa3blCKaHWIO PeLleHnin cpaBHe-
HuiA Bupa b-\-mt30O (modp), rae p—npocToii AenuTenb uucna a.

3. Myctb T—uenoe, T> 1, 1<7 <m, (a T)= 1 TMonb3ysacb
Teopueil CpaBHEHWI, [OKa3aTb CYLLECTBOBaHME LEMbIX X W Y C YCNOBUAMU

axe=y (modT), 0<x<;7, 0<|y]

4, a. Npu (a, T) = 16ygem paccmaTpmBaTb CUMBONNYECKYIO APOObL

no wmoayno T, 0603HavaloLyto /060 BblUeT peLLUeHns CpaBHEHMUS
ax=b(modm). [oka3aTb, 4TO (CpaBHeHWs 6epyTca MO MOAY/MO T):

a) MNpun a3e,, b= b, uveem —r=—.
a ax

P) Uucnutenb b CUMBONUYECKOW APO6GM  MOXKHO 3aMeHWUTb CpaBHM-
mbiM 60, kpaTHbIM & Torga cuMBonMYecKas ApoGb — CPaBHUMA C LE/bIM

4yncnom, NpeacTaBnseMbiM 06bIYHOW Apobbo A

bc-\-ad

Dee—d s

a ¢ ac'
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b, a) Myctb p— npoctoe, p > 2, a—uenoe, 0 < a< p—\. [oka-
3aTb, 4TO

= (—D«(mod p).

P) Myctb p— npocToe, p > 2. [loka3aTb, 4TO
=2 3413 --...—’\-](m’odp)’.
5, a. NMyctb d—pennTens uncna a, He [densAWMica Ha Keajpat Le-

N0r0, MPEeBOCXOAALEro 1, U Ha NPOCTble, MEHbLIME M, U Y.—UWUCNO pas-
NIMYHBLIX MPOCTbIX fAenuTeneit uucna d. [okasaTb, 4TO B psje

1-2. .9, 2-3...(n+1)....... a(a+1l)...(a+a9—17 @

uucen, KpatHbix d, 6yger -j -

b. MycTb pv p2, ..., pK—pasnuyHble MPOCTble AENUTENN YWCNA a,
npyuyeM HW OfMH W3 HWUX He MeHblle 4YeM M. [lokaszaTb, YTO YWCNO YWcen
paga (1), B3auMHO MpocTbiX C a, bygeT

6. MycTb  Tuww. k—o6lige  HaMMeHbllee  KpaTHOe  uucen

a. Nyctb d= (mi,mt). [lokasaTb, 4TO cucTema
X 3* 6, (mod mi), x= ft2(mod ma)
paspewvma Torfa W TOMbKo TorAa, korga br—ft, kpaTHo d, mpuyem B
Clyyae paspeLiMMoCcTV COBOKYMHOCTb 3HA4YeHUW X, Y/ OBMETBOPAIOLLNX
3TOl CcuCTeme, OMpefenseTcs CpaBHEHWEM BUAa
. T
x= Xi r(modT, 2); TUI= —|é—’
b. [lokasaTb, 4YTO B CAy4ae PaspeLuvmMoCcTu CUCTEMbI
x = bx(mod mi), x= b2(modTr)..... XA b K (mod TK)

COBOKYMHOCTb 3HAYeHWid X, el y[oBNeTBOPAIOLMX, OMNpefenseTcs cpaBHe-

HVEM BUAa

7. Myctb T—uenoe, T > |, a n b—uenble,

X

roe X npo6eraeT NpuBEAEHHYIO CMCTEMY BbIYETOB MO MOAYMO T, MpUyem
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x'B — (rnodm) (B cmbicne Bonpoca 4, a). [okasaTb Crefyloline CBOWA-

CTBa cMmBOna | ------
T

— BELLECTBEHHOE.

7) Npn (h,m) = 1 umeem

6) Mpn mlt m2, ..., m* nonapHo NpPOCTbIX, nofaras FnxTr. . =
m—Msms, nmeem

[fli, 1\ /1N Jae®\ _ ( Mxflj-f- AfaQj-f-. mmj-M k Q 1

Umx / \ m*) "\ W) \ T
8. lMycTb cpaBHEHMe
axn-\-alxn~'1-\- ... -f 0 (mod p)
MUMEeT N peleHnidi X = XTI, Xr, X,,(modp).

[okasatb, 4To
n~ —al0S1(mod p),
a2=  c0Sj (mod p),
«3= —«0s * (mod p),

an” ( —I1)naoSn (mod p),

rge 5XecTb cymma BCex XS, S2—cymma npousBefeHuii no fea, S3—
CymMMa Mpou3BefeHWin mo Tpu n T. f.

9, a. [lokasatb Teopemy BunbcoHa, paccmartpuBas napbl X, X' uwucen
paga 2, 3. p—2, yaoBneTeopstowme ycnosuio xx' a 1 (mod p).

b. Myctb P—uenoe, P > 1, 1-2...(P—1)+ 1= 0 (mod P). [oka-
3aTb, 4TO P —npocToe.

10, a. Myctb (a0, T) = 1 YKas3aTb CpaBHEHMe M- CTeMeHW CO cTap-
UMM KO3(ULMEHTOM 1, paBHOCW/IbHOE CPaBHEHWIO

axn-{-axn~1-{-.. ,-fa,= 0 (mod T).

b. Aoka3aTb, 4TO HeoOX0AWMOe W [AOCTaTOYHOE YCMOBWE TOrO, YTO
cpaBHeHne f (X)=0 (mod p)\ / {x) = x"-|-alxn~1+ ... -\-an\ n*p, umeeT
N pelleHnit, ecTb AeNMMOCTb Ha P BCEX KO3((ULMEHTOB ocTaTka OT Aene-
HMA XP—x Ha f {x).

c. Myctb n—penutens p—1, n > 1, (A, p)= 1. [lokasaTb, 4TO He-
06X0AMMOE 1 JOCTATOYHOE YCNOBME Pa3peLlnMoCcTy cpaBHeHns XB=<4(mod p)

p-i
ectb J " sal (modp), npuyem B cnyyae pa3peliMMOCTM YyKa3aHHOe

CpaBHEHME UMEET M peLLeHWiA.

11, NycTtb N—uenoe, N> 0 (J1, T) = 1, 1 U3BECTHO OAHO peLLeHne
x= x0(mod T) cpaBHeHus x» = /4 (modm). [loKka3aTb, 4YTO BCE PeLIeHNs
3TOr0 CpaBHeHMsi MpeAcTaBATCA npoussefeHMeM X0 Ha BblYETbl peLLeHUid

cpaBHeHUs yn3a 1(mod T).
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UucneHHble NpyMepsbl K rnase 4

1, a. PewnTb cpaBHeHne 256xa 179 (mod 337).
b. Pewwutb cpasHenne 1215* = 560 (mod 2755).
2, a. CpaBHeHusa npumepoB 1, a u 1, b pewntb no cnocoby Bonpo-

ca 2, cC.
b. CpaBHeHne 1296x = 1105 (mod 2413) pewuTb N0 crnocoby Bonpo-

ca 2, C.

3, Haiitn Bce napbl X, Y, YAOBNETBOPAIOLWME HeONPeeneHHOMY ypaB-
HeHuto 47x— 111y = 89.

4, a. YKasaTb obLlee pelleHVe Ans CUCTEMbI

x ss b\ (mod 13), x33 bt (mod 17).
Monb3ysacb 3TUM O6LMM pELUEHWEM, fanee HaliTU TpW u4ucna, KOTo-

pble nNpu geneHun Ha 13 n 17 gaBanm Obl COOTBETCTBEHHO OCTaTkM 1 u

12, 6 1 8, 11 n 4.
b. YKasaTb 06Llee pelleHne Ans CUCTEMbI

X a (mod 25), xBa bt (mod 27), xa b3(mod 59).
6, a. PelwmTb cucTeMy cpaBHeHMWiA (Bonpoc B, a)
xa3(mod8), xa 11 (mod20), xa](modl5).

b. PewnTb cuctemy cpaBHeHWiA

xal(mod3), xa4(mod5), xa2(mod7),
X£s9(modll), x a 3 (mod 13).

B. PewuTb cucTeMy cpaBHeHWiA
3x+4y—293&0 (mod 143), 2x—9</-f84a0 (mod 143).

7, a. KakoMy CpaBHEHWIO CTereHW HwxKe 5 paBHOCW/bHO CpaBHEHWe
Ax*1+ 4 x1a+ 3xIr+ 2x11+X»4-2X8+ 4X7T+X« + 3x* + X3 + 4x* + 2Xa
mm0 (mod 5)?

Kakomy cpaBHEHWIO CTeneHW HMXe 7 paBHOCUIbHO CpaBHeHUE
2x17-4—6x« + X144+ 5x12+3x 11+ 2x10+ X8+ bx«+ 2X7+ 3X*+ 4X*+6X» +
+ 4x*+x+4 = 0(mod7)?

8, KakoMmy cpaBHEHMIO CO CTapWnM KoadpuumeHToM 1 paBHOCMIILHO

cpaBHeHune (Borpoc 10, a)

70x6+ 78x5+ 25x*+ 68x3+ 52x2+ 4x+ 3= 0 (mod 101)?

9, a. PewnTb cpaBHeHUe
/(x)a 0(mod27), /(x)= Tx«+ 19x+25,
Haiiga cHayana c MoMOLbH0 MPo6 BCe pelleHUst CPaBHeHUs
/ (x)a 0 (mod 3).

b. Pewntb cpaBHeHue 9xa-+29x+62 a 0 (mod 64).

10, a. Pewntb cpaBHeHue x3+2x-f-2a0(mod 125).

b. PewnTb cpaBHeHMe x4+ H®+ 2x*+ 2x+12 a 0 (mod 625).
11, a. PewwuTtb cpaBHeHue 6x3-|-27x2+ 17X+20 = (mod 30).
b. Pewntb cpaBHeHme 31x1+ 57x3+ 96x-f-191s 0 (mod 225).



naBa 5

CPABHEHWA BTOPOW CTEMEHMN

§ 1. O6wue Teopembl

a. W3 cpaBHeHui cTteneHn n > 1 B pJanbHeilwem 6yayT
paccMaTtpuBaTbCA NULWbL NPOCTeLlINe, a UMEHHO —/BYY/IEHHbIE
CpaBHEHUSA:

xn= a(modm); (@, my=1. Q)

Ecnu cpaBHeHue (1) uMmeeT peweHus, TO a Ha3blBaeTcH
BblYeTOM CTeneHW N Mo mogyno T. B npoTuBHOM cnyuvae a
Ha3blBAETCA HEBbIMETOM CTENeHW N Mo Mogyno T. B uacT-
HOCTW, MpPU N = 2 BblYeTbl WAN HEBbIYETbl HA3bIBAOTCA KBaA-
paTuyHbIMK, NpU N = 3 —kKybuyeckumn, npu rc= 4 —o6unkKeam-
paTUYHbIMU.

b. B aToii rnaeBe Mbl MOLPOGHO paccMOTpUM cayyai n= 2
W B MepBYH O4epedb PacCMOTPUM [ABYUNeHHble CpaBHEHWS
BTOPO/ CTEMEeHU MO MPOCTOMY HEYETHOMY MOAY/0 p:

x2= a (mod p), (a, p)= L 2

c. Ecnm a —kBagpaTUuHbIA BblMeT MO MOAY/O p, TO Cpas-
HeHne (2) vMeeT [ABa peLUeHWs.

[LelicTBUTeNnbHO, €CnM a —KBafgpaTUYHbIl BbIYET, TO Cpas-
HeHue (2) umeeT, N0 KpaliHeln mepe, 0GHO peLleHne XA x~modp).
Ho Torga, BBuAy (—XxDa= Xi, TO >Xe CpaBHEHWE UMeeT U
BTOpOe pelweHne x= —xr(modp) 3TO0 BTOPOe peLUeHue
OT/IMYHO OT MNepBOro, TakK KakK u3 xx==-—xt (modp) Mbl
umenu 6ol 2*1== O(modp), 4TO HEBO3MOXHO, BBMAY (2, p)=
=(*, p)= 1

YKazaHHbIMW ABYMS peLleHWAMU W WUCYEPMbIBAKOTCSA BCE
peweHns cpaBHeHMs (2), TaK Kak nocnegHee, 6ygyum cpas-
HEHMeM BTOpOl cTeneHn, 6onee [BYX PELIEHUA UMeTb He
MoXeT (c, 8 4, rn. 1V).
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d. MpuBeAeHHass CUCTEMa BblUeTOB MO MOAYIO P COCTOUT

n3 KBagpaTW4YHbIX Bbl4ETOB, CpPpaBHUMbIX C 4YMUClaMU
1% 2 (" 1)\ 3)
n KBaapaTWNYHbIX HEBbIYETOB.

ﬂ,eﬁCTBMTEHbHO, cpean  BbIYETOB HpMBe,ﬂ,eHHOVI CUCTEMBI
no moAaynw p KBagpatuyHbIMU BblHETAMU ABNAKOTCA Te U
M TOJIbKO Te, KOTOpPble CPpaBHMMbI C KBagpaTtaMu 4ucen (I'Ipl/l-
BefleHHaa Cucrtema Bbl‘-IETOB)

2 112 p—1 an

T. e. ¢ yacnammu (3). Mpu 3atom yucna (3) No MOAYNMO p He
CpaBHUMbI, TaK Kak un3 &= /[2(modp), ,

cneposano 6Obl, YTO CpaBHEHUIO x*ss I2(modp), BOMpeku c,
cpean umucen (4) ynosnetBopatroT uyeTbipe: x = —I, —k, k, L.

§ 2. CumBon flexaHpgpa

a. BBegem B paccmoTpeHue cumBon JledkaHzapa (umn-

TaeTcda: CMMBOZT a NO pP; a Ha3biBaeTCA YNC/TUTENEM, P —3Ha-
MeHaTenem CI/IMBOI'Ia). OTOT CMMBO/ OMpefensercs ANa BCeEX a,

He pgenauwiuxcd Ha p. OH 3apaetcd paseHcTBoM (y) = L
€CNM a —KBAAPATUYHbIA BblYET MO MOAY/MO P, W PaBEHCTBOM
—1, ecnn a— KBaApaTUUHbIA HEBbIYET MO MOAY/O P.

b. Bblumcnuts cumMBon  j (M TakUM MyTeM OMpeaenuTh,

ABMIAETCA a KBAApPaTUYHLIM BbIYETOM WU X KBaApaTUYHbIM
HEBLIYETOM MO MOAY/K P) MNO3BOSAET clefyrouias Teopema
(KpuTepuii diinepa).

Mpy a, He AensiLemMcst Ha p, UMeeM

a~  —(j) (modp).

[LelictBuTensHo, no teopeme Pepma

a?-*=3 1(modp), (a. 2 —*)(@ 2 + I)a 0(mod p).
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OOVH 1 TOMbKO OOVH W3 COMHOXMTENEA SIeBOA YacTu nocnes-
HEero cpaBHeHus gerMTcs Ha p (06a COMHOXUTENS He MOryT
O0OHOBPEMEHHO OeNNTbCA Ha p, B MNPOTUBHOM C/lydae WX pas-
HOCTb 2 Ao/hKHa 6buia 6bl AeNUTbCA Ha p). oaToMy umeeT
MECTO OA4HO W TO/IbKO OAHO W3 CpaBHEHWUIA

p-i
a 2 = 1(mod p), @

a pé? ==—1(mod p). (3]

Ho BCAKMIA KBafpaTWYHbLIA BbMET a YA0B/ETBOPSET Npu
HEKOTOPOM X CpaBHeHUuIo a= x*(modp) Wu, crfiegoBaTesibHo,
Takke rMosly4aeMoMy M3 Hero rouieHHbIM BO3BeAeHVEM B

cTeneHb cpaBHeHMo (1). Mpu 3ToM KBadpaTUUHbLIMA
BblMETAMM U MCUEprbIBAIOTCA BCe pelleHust cpaBHeHus (1),

TaK Kak, Oyay4yn CpaBHEHMEM CTerneHUn ?~ 1, OHO He MOXeT

UVETL Gosiee Yem p~ 1 peLleHuiA.

MosToMy KBagpaTW4YHbIE HEBLIYETLI YAO0BJSIETBOPAIOT CPaB-
HeHuno (2).
Mpumep 1 Vimeem

5= 1(mod 29).

MoaTomy = 1 n 5— KBaOPaTUYHbIA BbIMET 0 MOAY/IO

29 (cpaBHeHMe x8=5(mod 29) mnmveeT aBa peLueHus).
Mpumep 2. Vimeem

34= —1(mod 29).

MosTomy = —1 1 3— KBaZPaTMUUHbIIA HEBLIMET MO MOAY-

o 29 (cpaBHeHne xr= 3(mod 29) He WMMEET peLleHUIA).
[anee Mbl BbBEOAEM BaXHEMLLVIE CBOVACTBA CMMBO/IA .

c. Ecom asa”modp), To ("\ = »
3T0 CBOPACTBO CrieflyeT M3 TOro, 4TO umc/ia 0AHOr0 M TOro

e Knacca GyAyT 0[HOBPEMEHHO KBafpaTUUHbIMA BbHMETaMU
WM HeBbIUeTaMMU.
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“o(TH -
JetAacTBuTtesibHo, 1= 1a u, cnepoBaTesibHO, 1— KBagpaTuu-
HbEA BbMET.

3T0 CcBOVACTBO crieayeT M3 b mpy a= — 1.

Tak Kak-"-J— u4eTHoe, ecsin p Buga AT +1, U HeyeT-

Hoe, ecsmm p Buda 4/n+ 3, To oTcloga cregyet, yto — 1
ABMISIETCA KBagpaTU4YHbIM BbIMETOM MO MOAY/IO P, ECAN P BU-
fa 4T+ D n aBnseTca KBagpaTUYHBLIM HEBbLIMETOM MO MOAY/IHO
p, ecqm p Buoa 4T+ 3.

«{ " H T -il)-
[elAcTBUTENBHO, VIMEEM

- (f) (y) wmm(j ) (modp)

0TKy[a W BbITEKAET Halle yTBepkaeHue. OTcioga crieacTBue:

T. €. B u/c/mMTesie CMMBO/Ia MOXHO OT6pOCUTL JHOGOIA KBag-
PaTUUHBIEA MHOXUTESTb.

g. UTo6bl BbIBECTU [a/ibHEALLME CBOVACTBA CUMBO/Ia Jle-
»KaHapa, Mbl CHavas1a AOKaKeM HEKOTOPYH BCMOMOraTesibHYyHo

topmyny. Monaras px= mN PaccMOTPMM CpPaBHEHUS

aml=6""! (mod p),
a-2= e, (mod p),

................................. ®)

a-plserp rl(mod p),

re BXIrX— abCo/IIOTHO HaMMEHBLLUMEA BbMET ax, IX—ero Mo-
Oynb, TakK 4YTo ex==*1.
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Umcna a-1, —a-1, a-2, —a-2, ... a-pIr —a px obpa-
3ylOT MNPMBEOEHHYKD CUCTEMY BbIMETOB MO MOAy/l0 P
(c, 85, rn. Ill); mx abCco/IIOTHO HaMMEHbLLUME BbMETHLI CYyTb

*Vi. urx, ex2 —ex2 ..., e€PirPi, —ePirPi. Monoxunresnb-
Hble U3 nocnegHux, T. €. I, IT, ..., TP], AO/PKHbI COBNaaaThb
c ymcnamm 1,2......... px(b, 8 4, rn. I1ll).

MNepemMHOXass Tenepb cpaBHeHWA (3) U coKpalias Ha
1-2...p1l=rir2...r A,

p-i
nonyum a 2 =e»x2... ePi(modp), oTkyaa (b) vmeem

(f) = ele2...enp,. (4)

Janee Haxoanm

yTo OyJeT YeTHbIM WM HeYeTHbIM, B 3aBUCUMOCTWU OT TOrO,
OYAET /M HaMEeHbLUMIA HEeOTPULIATESTbHBIEA BbMET 4unc/la ax

MeHblle W Gosiblie y p, T. e. BydeT /m rx— Lwm rx= — 1

OTcropga, 04YeBUAHO,

M notomy u3 (4) Haxoaum

(TH-'T

Mpegnosaras a HeyeTHbIM, Mpeobpasyem rocsiegHee pa-
BEHCTBO. Mmeem (a + p — 4YeTHOe)
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0TKyAa

®)

®opmyna (5) U ecTb Ta, KOTOPYH Mbl UMe/M B BUAOY A0Ka-
3aTb. OHa MO3BO/IMT HaM BbIBECTU elle [Ba BaXKHEMLLMX
CBOMACTBA CUMBO/Ia JlexaHapa.

Cneayet u3 ¢opmysbl (5) npn a=1.
Ho p MOXHO NpeAcTaBUTbL B BUAe p~ 8mJr s, rae s— 0AHo

m3 uncen 1, 3, 5 7. lNpn atom — L = 8m*-f2ms +

J
—T— , uTo 6ymeT YeTHbIM Npu s=1 u npns= 7 wnbygeT

HeyeTHbIM Npu s= 3 1 s= 5. MNoaTtoMmy 2 6yaeT KBaapaTuy-
HbIM BbIMETOM MO Moay/0 p, ecrm p Bugda 8T -f 1w Buaa
8T+ 7, n 6ygeT KBagpaTWUYHbIM HEBbIMETOM MO MOAY/IO P,
ecsim p Byuga 8T+ 3 wm Buga 8T+ 5.

I. EciM p N q— NpocTble HeyeTHble, TO (3aKOH B3auM-
HOCTW KBaApaTUYHbIX BblYeTOB)"

Tak Kak — g2 6ydeT HedyeTHbIM /NUWb B C/ydae,

Korga oba uucna p wu q 6ygyTt Buga 4T+ 3, N YETHbIM,
€C/IN X0Tb 0AHO M3 3TUX uucen b6yaeT Bumaa 4m -f 1, To yka-
3aHHOE CBOMCTBO MOXHO (hOpMYJ/IMpoBaTb Tak:

Ecnun o6a umucna p v ? Buga 4T+ 3, TO

€C/IN e XO0Tb OAHO M3 HMX Buaa 4m+1, TO



Ansa gokasaTenibCTBa 3amMeTuMm, 4To BBUAY h dopmyna (5)
NpUHUMaEeT BUA,

©)

Monaraa Tenepb "—— = glt paccmoTpmm pyqt nap uwmcen,

rnoslyyaeMblIx, KOrAa B BbIPOKEHUSX OX, Py uucia X Uy
He3aBUCMMO ApYyr OT Apyra rpo6eralwT CUCTEMbI 3HaueHUIA

*= 1 2...... pn y=1 2, ... <.
Hukorga He MOXeT 6bITb gX—py, MOTOMY 4YTO U3 3TOro
paBeHCTBa CfefoBasio Obl, YTO Py KpaTHO Q, 4TO BBUAY
P. Q= (Y, 9)—1 (tTak Kak 0 < y < () HEBO3MOXHO. [103To-

MYy Mbl MOXeEM NoMoKUTb plgi= S1+ S2 rge S1—unucno
nap ¢ gx< py u S2—uucno nap ¢ py < gx.

OueBMOHO, Sj ecTb TakKke 4Mmc/iI0 Mmap ¢ X< y y (3tomy

He MPOTUBOPEUNT HEepaBeHCTBO X Lpu Tak Kak m3?<</<-§

cienyer YN [y] =/>)° Mostomy

)_
AHa/IOMMYHBLIM MyTeM y6eauMcs, YTo

Ho Torpga paBeHcTBO (6) OaeT Ham

rnoaTomy

0TKyZa N crieflyeT 0TMeueHHoe CBOPACTEO.
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§ 3. CumBon1 AKobu

a. MonesHbIM 0606LLeHVEM cuMBOIa JlexaHapa SABAseTcs
cumBon A”06u. MycTb P —HeuveTHoe, 6onbluee eavHULbI, N
p = plpa ... pr—pas/ioXXeHVe ero Ha NpocTble COMHOXUTENN
(cpegn HUX MoOryT 6bITb M paBHbIe). MNycTb, ganee, (a, P)= 1

Torpa cumBon Akobwu onpeaeniseTca paBeHCTBOM

M3BecTHble CBOMACTBA CMMBOJIA JlexaHapa AaloT BO3MOXHOCTb
YCTaHOBUTb aHaslorMyHble CBOMACTBA W A/ cCuMBO/Ma KOG,

b. Echm assa”modP), 1o (Tr) — (7)) '
JelcTBUTE bHO,

rnoToMy 4TO a, OyAy4n CpaBHMMO C axmo Mogysito P, Gynet
CpaBHMMO C ax W Mo MoAy/sissM pu pr, ..., Pr, KOTopble
ABNAOTCA AenmTensMn P.

B camom perne,

p-i

UT0o6bl y6eauTbCAa B STOM, 3aMETUM, YTO

HO

P—1 .PiPfe-Pr—1I _
2 2

— 2 =
e £lzd +£*pL+ .. ,+£rzd + 2N,
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BBMAY 4Yero u3 ¢opmysbl (1) BbIBOAUM

[elAcTBUTENBHO,

co6upasi CMMBO/Ibl C OAMHAKOBBLIMW YUC/TUTENISIMU, Mbl W MO-
NyuiM yTBepkagaemoe cBolAcTBo. OTcloda CcrieacTBue:

(T ™M 'T)-

JeltAcTBuTESbHO,
pf-1 —p—lr_' +. +—p-J-_-I—
@
HO
P2—1 pipl..pr-1
8 8
(I1+ 8 ") (1+8”~Vi)-..(1+8"e-Dh-1
8 —_
safzL +A NMNI+"'"" + fIr+ +2Nt
BBMAOY 4Yero u3 gopmysibl (2) BbIBOAUM
p*-1
(T)-(-0O°
. Echm P n Q—nMonokuTtesibHble HeYeTHble B3auMt
npocTble, TO
P-1 Q-1
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AetactBuTtenbHo, nNycTb Q= fF2-+ -9* ecTb pasnoxeHune Q
Ha MpocTble COMHOXUTeNU (cpeau HUX OnATb—TakM MOryT
6bMb paBHbIe). Meem

(A - (W )-(£EK 48 (£)-
Sr VS P“—I.Fh~1

N 2 a r s /

= (-Damp=1 LS

r P-I\N/ s W~
(1)

Ho, momo6bHo ToMy, Kak B d, Haxoaum

N= v+ . o« =1 = £ 17N + 21,
a=|I p:l
BBUy 4ero nocsiedHss dopmysia naeT
P-1 0-1
h. PaccmaTpuBas cvMBOJ1 JlexaHpa Kak YacTHbIA cryyaid

cumBosia Ko6U 1 Nosib3yscb CBOMACTBaMM Moc/ieAHero, MoXHo
BbIUUC/IUTL CUMMBOM JlexxaHapa 6bicTpee, YeM C  MOMOLLbHO

Teopembl b, § 2.
Mpumep. Y3HaeM, CKOJIbKO peLLEHNIA UMeET cpaBHeHMue

x2= 219 (mod 383).

VimeeMm (npymeHss nocriefoBaTesibHO cBobACTBa g, b, cnepn-
ctBue e, g, b, e f, g, b, d).

/2r9O\ _ _/383\ _ AN
V383y \219y V219y \219j
— U)— (V)—

cnepoBaTesibHO, PacCMOTPEHHOe CpaBHEHWE WMeeT [fBa pe-
LLIEHWUS.
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§ 4. Cny4yai/i coCTaBHOI0 MoAy/1s

a. OByuneHHble cpaBHEHWSI BTOPOIA CTereHu Mo CcocTaB-
HOMY MOZY/I0 MCC/IEAYHOTCA W peLlatloTCsi COrslacHoO  06LyM
yKasaHuam 8 5, rn. IV.

b. CHayasia pacCMOTPMM CpaBHeHUe

jccb=a(modpa); a> 0O {a p)= 1 (@))]

roe p— npocToe HeyeTHoe.
Monaras f (X) = x2—a, 6ygem umetb /'(*) = 2*, n ecsm
X = ATi(modp) ecTb peLleHVe CpaBHEHUS

X233 a (mod p), ()]

T0 BBMAY (@, p)=1 Takke (@Y p)= 1, a TaK Kak p— He-
yeTHoe, TO (2xu p)= 1, T.e. /' (id He penutca Ha p. lMo-
3TOMY K pa3bICKaHWI0 pelleHnNiA cpaBHeHUs (1) MOXHO mpu-
MEHUTb paccyxaeHus b, 8 5, rn. IV, npuyem Kaxpaoe
pelleHvie cpaBHeHUs (2) OacT O04HO pelueHve cpaBHeHus (1).
M3 cka3aHHOro BbIBOAUM, 4TO

CpaBHeHVe (1) nMeeT [ABa peLUeHUS WM XK€ HW OOHOro,
B 3aBMCMMOCTM OT TOro, OyAeT /M uic/i0 @ KBaapaTUYHbLIM
BbIYETOM WM XK€ HEBbIMETOM M0 MOAY/IHO p.

c. Janee paccMOTpUM CpaBHEHWE

x2= a(mod 2a); a> 0, (a, 2= 1 (©)]

3pecb /' (X)) = 2xx genvTea Ha 2, U NoTOMYy paccyXgeHus b,
§ 5, rn. IV HenpuMeHNMbI; OHW A0/PKHbI ObITb BUAOU3MEHEHbI
cnenyrowymM 06pa3om:

d. Ecnun cpaBHeHue (3) paspewmmo, To BBuay (a, 2)=1
mveeMm (*, 2)= 1; cneposatenbHo (h, § 2), x1— 1 penuTcs
Ha 8. lMoaTomy, NpuBoAs cpaBHeHMe (3) K Buay

(*»— 1D+ 1=a(mod 2v),

y6exgaemcs, UYTo A1 pa3peliMoOCcCTU 3TOro CpaBHEHMS He-
06xo0ANMo

a= 1(mod4) npn a=2;, a*l(mod8) npu a”3.(4)
e. B cnyuyasx, korga ycnoBus (4) He HapyllueHbl, pac-
CMOTPUM BOMPOC O pasbICKaHUU pelieHNIA N NX Yuncse.

Ans cnyvaeB a A 3 BBUAY d CpaBHEHMIO YA0BIETBOPSOT
BCE He4YeTHble 4ucna. [losTomy cpaBHeHMe X*= a (mod 2)
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MMEET 04HO pelleHme: x = 1(mod 2), cpaBHeHMe x* = a (mod 4)
MMEET ABa peweHns: X = 1; 3 (mod 4), cpaBHeHMe x2=a (mod 8)
MMeeT YeTblpe peweHus: n=1; 3; 5; 7 (mod 8).

Ana paccmoTpeHUsa cnydaeB a = 4, 5, ... BCe HeyeTHble
yurcna NosesHo 06 bEAVHNTL BABE apuUMeTUYECKME MPOrPeccun:
x= =+ (14-4/3 5)

@+ 4/3= 1(mod 4); — 1—4/3= — 1= 3(mod4)).

MocmoTpuMm, Kakue wm3 umcen (5) yOoBMETBOPSIOT CPaBHEHMIO
x*= a(modl6). Haxogum
1+ 4/32= a(mod 16), /3= fA(mod2),
ti = t;+2ti,
XxX==+x 1+4/,+8/9)= %+ (x4+ 8/4).

MocMOTpMM, Kakue W3 TMOoc/IeAHUX Yucesl  yA0B/1IeTBOPSIOT
cpaBHeHMIO x1= a (mod 32). Haxogaum

x4+ 8/492= a(mod32), /4= [;4-2/,, Xx= £ (x, + 16/)),
T A Takum nyTtem ybeaumcs, 4Tto npu Jiobom a > 3
3HaYeHUs X, YA0B/ETBOPSAKOLLME cpaBHEHMIO (3), NpeacTaBaTCcs

B Buae
X ==+ (xa+ 2a-Ya).

3TN 3HauyeHUs K 00pa3yloT UeTblpe Ppas/INYHbIX pPeLLeHus
cpaBHeHUA (3)

X = xa; xa+2a I\— xa; — x0— 2“-1(mod2*)
(no mogynio 4 gBa MepBbIX CpaBHUMbI C 1, a ABa Moc/iegHnX

cpaBHUMbI ¢ — 1).
Mp'nmep. CpaBHeHue

x2= 57 (mod 64) 6
BBMay 57 = 1(mod 8) nmeeT 4eTblpe pelleHus. MNpeactasnsns
X B BUge x== (1+ 4/a, Haxogum
(1+4*)* = 57 (mod 16), 8/,= 56 (mod 16),
/,ss1(mod 2), /,= 1+2/4 x=+(5 + 8/4,
(5+ 8/4*= 57 (mod 32), 5-16/4= 32 (mod 32),
/4= 0(mod2), t,=2/,, x= =x (5+16/),
5+ 16/,)2= 57 (mod 64), 5+32/,= 32 (mod 64),
/,= 1(mod?2), /,= 1+2/,, *=%x(21+32/)).
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MosToMy pewleHuss cpaBHeHUs (6) GyayT:
*= £21; %53 (mod 64).

f. N3 ¢, d n e crnenyeT:
[Ana cpaBHeHUA

x2= a(mod2“); (o, 2)=1
HEOO6X0ANMbIMW YCIOBUSIMM paspeummocTn 6yayT:a= 1(mod 4)
npm a= 2, a= 1(mod 8) mpm a” 3. £c/ibl 3TN YC/0BUS He
HapyLleHbl, 4YuC/I0 pelleHviA 6yaeT: lnpma= 1, 2npua = 2;
4 npn <£N3.
g 3 b, fuwnusa 8§85 rn IV cnegyet:
[Ana cpaBHeHMA o6LLero BUaa

xr= a(mod m); m= 2“p?p?° ... p“* (a m)=I
HEoOX0AUMbIMW  YC/IOBUSAIMU  pa3peLimmocTu 6yayT:
a=l(mod4) npm a=2, as 1(mod8 npu a”™ 3,

*)—mme (*)-=".. (£) =
£CN HN OOHO M3 3TUX YUIOBUIA He HapyLleHo, uuC/I0 peLue-
HIA 6yaeT: 2* mpn a—=0 ”n npn a=1; 2*H apn a = 2;
2*4a npyn a ™ 3.

Bonpocbkl K rnaee 5

BykBOWO P 34ech Bcerga 0603Hay4aem rpocToe HEeuyeTHOEe YMCIIO.
1. [okasaTb, YTO pa3biCKaHWE pELUeHUIA CpaBHEHUs BUAa

B*3+ &nNT-4-¢c=0 (mod T), (2a,T)=\

CBOAMUTCSA K pasbICKaHWIO pelleHniA cpaBHeHUs Buaa X2a ( (mod T).
2, a. NMonb3ysicb b, § 2, HalATW pelweHUs cpaBHeHUs (B c/ny4ae ero
BO3MOXHOCTN)

*2=a(modp); p= iMm-\=3
b. Monbaysce b n N, § 2, ykasaTe cnoco6 pasbicKaHWs peLeHNiA
CpaBHEHMIA BuAa
*27 a(mod p); /?= 8/n+ 5.
C. YKasaTb BO3MOXHO 60slee MpPocTOMA cnoco6 pasbiCKaHUS peLleHUiA

cpaBHeHUIA Buaa
ma a(mod P\ p= &N\

B C/lyyae, Korga W3BECTEH HEKOTOPbIA KBaApaTUYHbILA HeBblueT N no mo-
Aynio p.



d. Monb3yscb TeopeMoiA BunbcoHa, AokasaTb,

UTO pelleHus cpas-
HeHus

*2-1-1= O(modp); p= 4m-fl
GynyT

X *1-2... 2T (mod p).
3. a. [lokasaTb, 4YTO cpaBHeHwUe
*2+1 =a0O(modp) (1)
paspewnmo Torga W To/bKo Torpga, kKorga p wmeeT Bug 4m-f |; cpaBHeHue
m+ 23a 0 (mod p) 2

paspewnMo Torga W TONbKO Torpa, Korpga P umeer Bug &T-f 1 wam
8T + 3; cpaBHeHue

x24-3 = 0 (mod p) 3

paspewnmMo Torga v TOJSIbKO Torga, Korga p wmeeT Bupg 6/n-fl.

b. [okaszaTb 6eCKOHEYHOCTb 4Yucna MpocTbiX yucen Buga 4m +1.

c. JokasaTb 6eCKOHeYHOCTb 4ucsia NpocTbiX uyucen suga 6/n-f 1.

4. MycTb, pasbusaa uucna 1, 2, ..., p— 1 Ha ABe COBOKYMHOCTM,
BTOpas M3 KOTOPbIX COAEPXWUT He MeHee O[HOro 4ucsa, MMeeMm: npousse-
AeHVe ABYX 4ucesl OfHOMA COBOKYMHOCTM CpPaBHMMO MO MOAY/IlO P C 4wuc-
JI0OM MepBoii COBOKYMHOCTWU, a Mpou3BeAeHUe ABYX 4Yucesl pa3/iIMUHbIX CO-
BOKYMHOCTEA CPpaBHUMO MO MOAY/0 P C YUCNOM BTOPOIA COBOKYMHOCTW.
JlokasaTb, YTo 3TOo 6yAeT Torga M TOJ/IbKO Torpga, Korga nepsas COBOKYM-

HOCTb COCTOMUT M3 KBagpaTU4YHbIX BblI4YEeTOB, a BTOpad — M3 KBaApaTUYHbIX
HEeBbI4YETOB MO MoAayto P.

5. a. BbIiBeCTW Teoputo cpaBHeHUIA BuAa
x53=a(mod/?a); (a, p)= 1

npeacTtaBnsAs a U X B CUCTEME WCHUC/IEHUA C OCHOBaHUEM .
b. BbIBECTM Teoputlo cpa HeHWA Buaa

X2~ a(mod 2“); (a, 2)= 1,

npeAcTasasAs a M X B CUCTEME WUCYUC/IEHUS C OCHOBaHWeM 2.
6. [okasaTb, 4YTO pelleHUs cpaBHEHUSA

x2h=a (mod pa); (a, p)= 1
6yayt = =+ PQ' (mod pa), rge
" (r+y-p«+ (r-y-a)«
2
(2+}b)a-(r-y-aa
Q 2\la
z2= a(modp), QQ's 1(modp*“).

7. YKasaTb Cnoco6 peweHusi cpaBHeHus X2e3 1(mod T), oCHOBaH-
HblA Ha TOM 06CTOATENbCTBE, 4YTO YyKasaHHOe CpaBHEHWEe PaBHOCUJ/IbHO
Takomy: (*— 1) (x+ 1) = 0 (mod m).

8. Myctb (— )=0 npu (a, p)= p.
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a. Npun (K, p) —1 pokasaTb, 4TO
p-i
p

b. MycTb Kaxaoe M3 uncesl e U T) UMeeT OAHO W3 3HaYeHUIA =+ 1,

T— uncno nap X, X1, rge *=1,2, ..., p— 2, c yc/ioBuem

-A=r]. [Aoka3aTb, 4TO

c. Nyctb (K, p)= 1,

* Yy

roe X vy npoberaioT Bo3pacTallme Moc/ef0BaTesIbHOCTU, COCTaB/IEHHbIE
COOTBETCTBEHHO M3 X ” K BbIYETOB MOSHOM CUCTEMbI Mo Moaynto P. [Joka-
3aTb, 4TO

I51</Xpp.

Ans pokasaTenbCTBa cnefdyeT BOCMO/Ib30BaThbCA HEPaBEHCTBOM

d. Myctb Q—uence, 1< Q < p,
p-1 <3-1

a) [JokasaTb, uto S= (p— Q) Q.
P) MycTb X— nocTosiHHoe; 0 < X < 1. [oka3aTb, 4To uncno T uucen

paga x=0, 1, ..., p— 1, ANA KOTOPbIX He BbIMNOJIHAETCA YC/0BUE
S *< (B6+°.6X yposneTsopsieT ycnosuw Tc pQ—~V
y) Myctb M —uenoe, Q =[j/"p], 0 < M, + JAokaszaTb,

uyTo B psge
M, M+ 1..... M+20Q0—1

MMeeTCs KBafpaTUYHbLIIA HEBbIYET M0 MOoAY/Io p.
9, a. [okasaTb, YTO 4YMC/O MpeAcTaB/ieHUEA uenoro M > 1 B Buge

T=x2\, (X, ¥y)=1 pg;>0, y>0 (D

paBHO u4UC/Y PELEHNIA CpaBHEHUS

r2+ 1= 0 (mod T). %)
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Onsa ,qOKaiaTerleTBa, MnofoXmMB X = Y~T, BOCMO/1b30BaThCs MpeacTas—
neHveMm a = = corslacHo Teopeme Bonpoca 4, b, rn. |, u paccmMoTpeTb

cpaBHeHWe, MNOoSTyYaemoe MoYsIeHHbIM YMHoXeHneM (2) Ha Q2
b. MycTb a— o0AHO 13 uucen 2 n 3. [lokasaTb, 4YTO YMUC/O0 MNpeacTas-
NeHVIA npocToro p c ycsoBuem P > a B Buge

p=x2-\&2 X>0, y>0 ®3)
paBHO MOJZIOBUHE 4UC/la PELUEHUIA cpaBHEHUS
z2+ a= 0 (mod p). 4)

c. Nyctb p umeet Bug 4m-f 1, (K, p)= 1,

sw_2(*J4tiL).

Xx—Q ' " '
[lokasaTb, 4TO
a) S (K— ueTHoe uucno.
P)S(«3=")S(A).
y) Mpwu = 1m j = — * nveem
10. MycTe D — uenoe nonoxutesnibHoe, He sBAsOWEECS KBagpaToM

uenoro ymcna. JflokasaTb, 4TO:
a. Ecnn npn paHHOM UenioM K ypaBHEHWUto

x2— Dy2= k
YA0BMETBOPSAIOT ABe Napbl UeMblX X= XV Y= YNu X= X2,y= yr, Toypas-
HeHUIo

X1—DY2= k2

yfoBneTBopsaloT uUenble X, Y, onpedensieMble paBeHCTBOM (3HaK =+ Bbl-
6upaeTcs MPovn3BOJSIbHO)

X+KI'D =(*1+</1/5) (*, £4/S).

b. YpaBHeHue (ypaBHeHue [llenns)
x2— Dy2= | n
paspewnmo B LesbIX MOMOKUTENbHBLIX X, VY.
c. Ecnu X0, yO— napa nonoxumTenbHbIX_X, Y ¢ HauMeHbwWUM X (1w,

4YTO paBHOCUMIbHO, ¢ HaumeHbwum X-\-YYD), yaoBneTBopsitolias ypas-
HeHuo (1), To Bce Mapbl MOMIOKUTENbHbIX X, Y, YA0BMETBOpsiOLME 3TOMY
ypaBHEHWIO, oMNpesensoTcs paBeHCTBOM

*+<//0= (*,,+(/./5)"; r=1,2,.. @
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M. Myctb T > 2, (8, T)= 1,
m-1

5T — 2 6
x=0

20< -

a. [lokasaTb, 4TO
a,m\— yrtn, ecim m=I(mod2),
1"e, ml= 0, ecim m= 2(mod4),
15a,,,1= Y 2m, ecnim m= 0(mod4).

b. Mycte (A, p)= 1L, M u Q—uenvle, 0< M < M+ Q" p.
a) MNpn nwbom uenom a AokasaTb, 4TO

p—i *El4+«'
2 * P =Vp.
®) Mpu p > 60, Nonb3ysicb Teopemoli Bompoca a), AoKasaTb,
M+A~1 «v/—
<Vp Inp.
x=M
Hoer iAo Rindss EXE 0z ~Lﬁ0| F %0 < M- -)-Q— 1, CpaBI—;II/II\(/?EB(?’Hr?O_
Moy p ¢ uucnamu paga MG yI/I0+1, .... MO+Q — 1. [OokasaTb,

yTto npn p > 60 vmeem

T=91 +&-p @ p)2)]0|< K

6) Myctb (5, p) — \/[oka3aTb, 4To

p-1
E.(.%
e) N3 Teopembl Bompoca 11, a cnegyeT, 4to |Se>p |= Y p. To xe

camoe fokasaTb, ucnosib3ys npeactasneHue SOi p paseHcTBOM Bonpoca 6).
rj) Nycts (a, p)= 1 J[okasaTb, 4YTO rMpu’ HekoTopoM O C ycC/I0BUMEM
|0 1= 1, He 3aBucAwemMm OT a, UMeeMm

(a\__ BSa,pP

\7j- 0y-P'

K) Monb3ysicb TeopemoiA Borpoca 6), AoKasaTb, 4TO
M+Q- 1

|2M (j) <Ypinp.

X) MycTtb R — uncno kBagpaTuUHbIX BblyeToB, a N — uucno kBagpa-
TUYHBLIX HeBblueToB B psage M, M-\-1, .... M + Q— 1 [okasaTb, 4TO

*=yQ +y Kplnp, N=y Q- Y pinp, o< 1
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(X BbiBecTu opmysnibl Bonpoca f), paccmaTpuBas CymMmy

p-1p-1m+Q-1mM+ Q-\ a(x-au)
E Ll 1 ()"
a=0 a=1 *=M y=M Yy p

v) Monb3ysick TeopemoiA Bonpoca 6), npu p > 60, Q= [6f/"p]

[okasaTb, uto B page M, MN\-\...... M + Q — lumeeTcsa KBaApaTUUHbIA
HEBbIUET M0 MoAy/o P.

UuncneHHble Npumepbl K rnaee 5

1,a. CpeAn BbIYETOB MPUBEAEHHOUA CUCTeMbl Mo Mogy/o 23 yKasaTb
KBagpaTUUYHbIe BbIYETHI.

b. Cpean BblUYeTOB MpUBEAEHHOIA cuUCTeMbl Mo moaynw 37 yKasaTb
KBagpaTUYHble HeBblYeTbI.

2, a. MpumeHsAs b, § 2 ykasaTb YMC/0 peLUeHUIA CcpaBHeHWUA

a) X2e=3 (mod 31); P) Xx2= 2 (mod 31).

b. YKaszaTb 4MC/0 peleHNiA cpaBHEHUIA:

a) /2= 5 (mod 73); ) x2= 3 (mod 73).

3, a. Bbluncnsas cumBon FAKO6WM, yKasaTb YUCMO peLleHUIA CpaBHEHUIA

a) a2= 226 (mod 563); P) X233 429 (mod 563).

b. YKasaTb 4YMC/0 pelleHniA cpaBHeHWUIA:

a) x233 3766 (mod 5987); P) *2= 3149 (mod 5987).

4, a. NMpumeHss cnocobbl BONpocoB 2, a; 2, b; 2, ¢, pelwunTb cpaBHeHUA

a) x2e=5 (mod 19); P) x2s=5 (mod 29); Yy) X2= 2 (mod 97).

b. PewnTb cpaBHEHUA:

a) *2= 2 (mod 311)] P) x2" 3 (mod 277); Yy) X2= 11 (mod 353).

5, a. PewnTb cpaBHeHue X2e3 59 (mod 125) cnoco6amu a) b, § 4;
P) Bonpoca 5, a; Yy) Bonpoca 6.

b. PewnTb cpaBHeHue x23=91 (mod 243).

6, a. PewnTb cpaBHeHne x2= 41 (mod 64) cnocobamu:

a) d, § 4; P) sonpoca 5, b.

b. PewnTb cpaBHeHue X2= 145 (mod 256).



Fnasa 6

MEPBOOBPA3HBLIE KOPHN U MHAOEKCHI

§ 1. O6Wue Teopembl

a. Mpn {a, T) = 1lcywecTBYOT NOMOKUTESIbHbLIE Y C YC/10-
Bem a? = 1(mod T), Hanpumep (TeopemMa diAnepa) y= @(T).
HavmeHbllee M3 HUX Ha3blBaeTCA: MoKasaTeslb, KOTOPOMY
a MpuUHag/IeXnT Mo Moay/io T.

b. Ecm a nmo mogymtio T MpUHAA/IeXUT MoKasaTesno 0,

TOo umcna 1—a0, al, ..., a6-1 no mMoaoy/0 T HeCpaBHUMBI.
HAetactButenbHo, U3 al= a*(mod 1), 0< £< /< 6 cne-
AoBasio 6Gbl 1(modm); 0</—/< 6, YTO MNpPOTUBO-

peunT onpeaesieHno 6.
c. Ecnv a nmo mMogyso T MpUHAANEXUT rokKasaTesio 6,

To ay= a¥ (modT) Torga W TO/IbKO TOrga, Korda
Y= y' (mod 6); B yacTtHocTh (npm y'= 0), av=I(modm)
TOrga U TOMbKO TOrAda, Korga y OenvTcsa Ha 6.

JelAcTBuTENbHO, NYCTb I U MX— HaMMEHbLUME HeoTpuLa-
TeNlbHble BbMETbI uucesn y M y' no Moay/no 6; Torga npu
HEKOTOpbIX g U gX UveeM y= 6g+r, y'= 6™ + rx OTcoga
n n3 aé= 1(mod T) crenyet

a¥= (apdyar= a' (modT),
ay' = (a4 a’>==aJ*(mod T).

MoaTomy a?= a¥ (mod T) TOrga W TO/IbKO TOrga, Korga
ar= arr(modT), T. e. (b), Korga r= rx

d. MycTb a No moAayso T MNpUHaAIeXUT nokasaTtento 6.
Torga ms c (y'=0 mn m3 ar(nk= 1(mod T) cnegyer, 4TO
® (T) permTca Ha 6. Takum o6pa3om, MokasaTesim, KOTopbIM
yyc/la NpUHag/exar Mo MoAy/to T, cyTb Aenvrtenm g>(m).
Hanbonbwmnin u3 atnx pgermreniein ectb camo ¢ (T). Ywucna,
npuyHagiexawme nokasatesnto ¢ (T) (ecsim Takme CyLLeCTBYIOT),
Ha3blBAlOTCA MNepBO0OPasHbIMY KOPHAMW M0 MOAY/ 0 T.
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§ 2. lNepBoobpasHble KOpHW M0 MOAy/ISM Pan 2px

a. lNycTb p—npocToe HedeTHoe M a>1. [lokaxkem cy-
LLlecTBOBaHVE MepBo06pasHbIX KOPHELA MO MoAysissM pa u 2pa.

b. Ecm x mo mogy/no T MpuUHag/1eXuT MoKasaTeso ab,
TO Xa MNpUHaO/IeXUT roKasaTesio b.

[elAcTBUTENbHO, MYCTb Xa MNPUHAAIeXUT MnokasaTesito 6.
Torpa (je)e= 1(mod T), oTkyga aB= 1(modm); cnepno-
BaTesibHO (c, § 1), a6 gesmTca Ha ab, T. e. 6 genmTca Ha b.
C Opyroia cTopoHbl, xab® 1 (mod T), oTkyga (xa)8* 1(mod m);
cneposatesnibHo (¢, § 1), b genntca Ha 6. lMosTomy 6= 6.

c. Ecrm x mo mogymio T MNpUHAAIeXWT MoKasaTesiio a,
a y—nokasaTesito b, npyuem (a, b)—1, To Xy NpuHagnexumT
nokasatesnto ab.

JelAcTBATENbHO, NYCTb XY MNPUHALIEXUT rokasaTeso 6.
Torpa (xy)6= 1 (mod T). OTcroga xByb= 1(mod T) n (¢, § I
Xm = 1(modm). Moatomy (¢, § 1) bb gennTca Ha a, 1 BBUAY
(b, a)= 16 pgennTtca Ha a. Tak >ke Haxogum, 4To 6 gennTcd
Ha b. [lensacb Xe Ha a U Ha b, BBMay (a, b)= 16 genutcA
M Ha ab. C gpyroii cTopoHbl, U3 (X//)ob= 1 (modm) creayert
(c, 8 1), uto ab menuTca Ha 6. MMoaTomy 6= ab.

md. CyulecTBYIOT MepBoobpasHble KOPHW M0 MOAY/IHO p.

[elAcTBUTENBHO, MYCTb

br, 62........ 6, 1)

— BCE pa3/IyHble MOKasaTesiM, KOTOpbIM M0 MOAY/ 0 p Mpu-
Hagexart uicna 1, 2......... (p— 1. MNMycTb T— obLlee Han-
MeHbLLee KpaTHoe 3TUX roKasaTesieii u

X= qVQg¥---q&k

— ero KaHOHMYecKoe pasfiokeHue. Kaxaplii MHOKUTEeNb gas

3TOr0 pas/fioKeHUsi Ae/MT M0 MeHbLLELA Mepe OA4HO 4Yucsio 6,
psga (1), KoTopoe, criegoBaTesibHO, MOXET ObiTb MNpeacTas-

neHo B Buge: 6 = ag*s. lMycTb 1,—o0gHO M3 4ucen psga
1, 2, p— 1, npuHagnexawmx rnokasareno 6y. Co-
rnacHo b umcno /= £/ nNpyHagnexmT nokasaTento g“s, co-
rylacHo c npousBedeHve g= TH)!.. MNPUHAONEXNT MNOKa-
3atesto <?£r*--- =T [oatomy (d, § 1) T— pmenmrenb
p—1
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Ho nockonbky uucna (1) genat T, Bce 1, 2, p—1
ABNAOTCA pelleHnaMn (¢, § 1) cpaBHeHMa XT==1 (modp);
noaTomy, corslacHo ¢, § 4, rn. IV, 6ygem nmetb p— 1°T.
CnepoBatenibHo, T= p— 1 ” g— NepBoobpa3HbIiAi  KOPEHb.

e. MycTb g — NepBoobpasHbli/A KopeHb Mo Moaysito p. MOXKHO
yKasaTb t C YycroBMeEM, 4YTO W, onpedesisiemMoe paBeHCTBOM
(g+pty-~l+pu, He gesmTca Ha p. CooTBeTCTBYyHLLEE
g+ pt 6yaeT nepBooOpa3HbIM KOPHEM MO MOAYy/ 0 pa npu
obom a > 1.

JelcTBUTENTbHO, MMEEM

gP-1= j+pTO,
(g+pty-1= 1+ P (To~gp~*t+pT)=\+punu, ()

roe, OAHOBPEMEHHO C t, M npoberaeT MoSIHY0 CUCTEMY Bbk
yeToB Mo MoAy/Ho p. [M03TOMY MOXHO yKas3aTb t ¢ ycsio-
BMEM, YTO U He AenuTca Ha p. Mpn Takom t 13 (2) BbIBOAUM

(g+ pty'p~—»= (L+pu)P= 1+ p 22,
(E+PY)p'(\"1)=1+PM.

te + P*)pO0~1(p-I1>= |+ P aUa,

roe Bce H2 u3, va Takke He pgenATca Ha p. lMycTb
g + pt nNpyHagexuT nokasaTesito 6 no mogyso p*“. Torda
mveem (g+ p/)e= 1(mod pa), 0TKyAa, B HaCTHOCTU, Haxogum
g”ssl*modp). MMostomy (c, § 1) 6 pesmTea Ha p— 1 n,
oyayun (d, 8 1) genmtenem vuncna p(p“) = pa 1l (p— 1), A0/TKHO
mveTb Bug 6 —pr—-1(p— 1), roe r—ogHo m3 umcen 1........ a.
A Tak KakK paBeHcTBa (2) 1 (3) NokasblBalwT, YTO CpaBHeEHUE

9+ pt)pr=1{p~)= 1(mod pa)

BEPHO MpM r=a ”n HeBepHO Npu r<a, 170 (d, §1)6 —
= p“-i(p— D= p(p”“) n g+ pt— nepBoobpa3HbILA KOpeHb
no moay/sio p“.

f. MycTb a > | u g— nepBooGpasHbIiA KOpeHb MO MOAys1o
p“. HeueTHoe g0 un3 unucen g u g + pa 6ygeT nepBoobpasHbIM
KOpPHEM M0 MOAy/ 1o 2p*.

HeictButenbHo, ¢ (p“) 1 ¢ (2p“) paBHblI MexXay coboto
(nveem (2p“)= P(2)P(p“)= b (p“)); X obLee 3HaYeHUe
0603Ha4YMmM OykKBoOK c. [asnee snerko yb6egumcs, 4To cpaBs-
HeHna gf£=I(modpa) mn gSjs 1(mod 2p“) m™MoryT BbIMNOS-

416



HATbCA NNWb oAHOBpeMeHHO (gb— 1 genuvtea Ha 2). A Tak
KaK go— repBoobpasHbIiA  KOpeHb MO0 MOAy/o p“ U nepsoe
CpaBHEHMEe BEpHO Mpu F—C W HEeBEPHO Npu r< c, TO TeEM
caMbIM W BTOpPOE CPpaBHEHWE BEPHO MPWU I'= C N HEBEPHO MNpu
r<c un g0— nepBoobpa3HbIiA KOpeHb MO MoAysito 2pa.

§ 3. PasbickaHMe nepBoo6pasHbIX KopHeA
no mogynaMmpawv pa

MNepBoobpasHble KOpHU MO MoAy/IIM pa W 2pa, roe p —
rnpocToe HeyeTHoe ma N 1, MOXHO pa3bICKMUBaTb, MO/Ib3YACb
crefytolei obLLeiAi TeOpeMOLA:

MycTb ¢c= ¢(T) u qlt qt, gk— pa3/inyHble NpocTbie
denuTtenv uicia ¢. Ona Toro 4tobbl 4Mcsio g, B3aMMHO Mpo-
cToe ¢ T, ObVi0 MepBoo6pa3HbIM KOPHEM MO MOAY /0 T, Heob-
XOOVMO W A0CTaTOYHO, YT0OGbl 3TO g He YAOB/ETBOPS/I0 HU
04HOMY W3 CpaBHEHUIA

g0= 1(modm), g@= I(modm)........ g™ = 1 (mod m).

(M

JelAcTBUTENBbHO, €C/IN g — MePBO0OPasHbIA  KOpPeHb, TO

TEM CaMbIM OHO MPUHaA/IEXUT MoKasaTesllo ¢ W, criefoBa-

TeslbHO, HU 0AHOMY W3 cpaBHeHUEA (1) y[AoBNETBOPSTb He
MOXET.

O6paTHO, A0NYCTUM, UYTO g He YJO0B/IETBOPSIET HU OAHOMY

n3 cpaBHeHniA (1). Ecnn 6bl nokasatenb 6, KOTOpoMy npw-

HaA/IeXUT g, OKasasicd MeHblle ¢, To, 0603Ha4vYas GYKBOH

0AVH M3 NpOCTbIX AenuTeniein , Mbl umerm 6bl -*—qu,
C
—=6un, gq= 1(modp), 4TO NPOTUBOPEUUT HalLeEMYy [0My-

WEeHM0. 3HauUnT, 6= C N g— NepBoobpasHbIA KOpPEHb.
Mpumep 1 Myctb T = 41. Vimeem o (41) =40 = 23-5,

%: 8, 4—2: 20. CniepoBaTtenbHo, A/ TOro 4TOBbI UMCo g,

He Aensuleecs Ha 41, 6bUI0 MepBOO6GPa3HbIM KOPHEM MO MO-
ayntio 41, HeobxoguMo WM A0CTaTOYHO, YTOoObl 3TO g He yAoB-
NeTBOPSASI0 HU OAHOMY W3 CPaBHEHWIA

g*= 1(mod 4l), gdD= 1(mod 41). ()
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Ho, ucnbiTbiBas uncna 2, 3, 4, . . Haxogmm (no moayso 41)
2*=10, 3»=1, 4*= 18 5« 18, 6*= 10,
20= 1, 4,0= 1, 5»°=1, 6% = 40.

OTciopga Bugum, 4to uucna 2, 3, 4, 5— He nepBoobpasHble
KOPHN, TakK KaK Kaxaoe M3 HUX YA0BJIeTBOPSET, MO Kpaii-
HelA Mepe, 0QHOMY W3 cpaBHeHMIA (2). Yucno 6— nepBoo6-
pa3HbIiA KOPEHb, TaK KaK OHO He Y[0B/1IeTBOPSET HW 0OHOMY
13 cpaBHeHNA (2).

Mpumep 2. Myctb m=1681=41J. [llepBoo6pa3HbIiA
KOpPeHb M 30eCb MOXXHO OblUI0 Obl HALATW, MNOSIb3YACb OOLLEIA
TeopeMoiA. HO Mbl HalAEM ero npowle, NpUMeEHss Teopemy e,
§ 2. 3Hasa yxe (npumep 1), 4TOo NepBo0b6Pa3HbIA KOpPeHb MO
moay/mo 41 ectb 6, Haxoaum

6*°= 1+41 (3+ 41/),
6+ 41/)°= 1+41 (3+ 41/—6*4 + 417) = 1+41bl.

UT0o6bl M He genwnocb Ha 41, pgoctaToyHo B3sTb /= 0. lMo-
3TOMY B KadecTBe MepBoo6pa3HOro KopHA no mogysto 1681
MOXHO B3ATb uyucsio 6+ 41-0= 6.

Mpumep 3. MNyctb T = 3362 = 2-1681. MNMepB0o0bGpa3HbLIA
KOpPeHb W 30eCb MOXHO Obl/I0 Obl HAaATY, MO/1b3YSACb OOLLEIA
TeopeMoin. HOo Mbl HalAoeM ero npoile, nNpumeHss Teopemy f,
§ 2. 3Has yxe (npumep 2), 4YTo MepBoo6pa3HbILA KOpeHb [0
Moaynto 1681 ecTb 6, B KayecTBe MepBO0OGpasHOro KOpHSA Mo
moayo 3362 MOXKHO B3ATb HeyeTHoe u3 yucen 6, 6+ 1681,
T. e. yncno 1687.

§ 4. VIHaeKcbl Mo Moaynsm pa v 2pa

a. NycTtb p—npocToe HeyeTHoe, a”™1; T —o4HO U3
umcen pa u 2pa\c= (p(/n), g— NepBoobpasHbILA KOpPeHb Mo
MOy 0 T.

b. Ecim y npoberaeT HavMeHbLUVIE HEOTPULATE IbHbIE Bbk
yeTbl v=0, 1, ..., ¢c— 1 no moaysto ¢, To gy npoberaer
NPUBEOEHHYIO CUCTEMY BbIMETOB MO MOAY/ IO T.

JelAcTBuTENbHO, gy NpoberaeT ¢ 4ymcesi, B3aMMHO MPOCTbIX
c T, vusesnagy b, § 1, He cpaBHUMbIX MO0 MOAYSIO T.

c. Ana uncen a, B3aMMHO MpPOCTbIX C T, BBeAEM MOHS-
TVie 06 MHAEKce, NPeACTaBsIsOLEe aHa/IONMK MOHATUIO O J10-
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rapume; Npy 3TOM NepPBO0OOPa3HbIA KOpPEHb WIPaeT posib,
aHasIOrMYHY0 POJSIN OCHOBAHMSA J1I0rapugMoB.
Ecnn
a= gy (modT)

(cuntaem y~0), TO y HasblBaeTCAa WHOEKCOM 4ucria a Mo
MOAy/H0 T rMpU OCHOBaHMM B M 0603HaYaeTCs CUMBOJSIOM Y —
= inda (TouHee, v=ind?a).

Beuay b Bcsikoe a, B3aMMHO MpocToe C T, UMEET HEKO-
TOpPbIA eOMHCTBEHHbIA MHAOEKC Y' cpean unicen psga

3Haa y', Mbl MOXeM yKa3aTb W BCe WHAEKCbI yucna a;
corslacHo ¢, § 1 3To 6yAyT BCce HeoTpuULaTe lbHble uJnc/ia
KJlacca

y = y' (mode).

HenocpeaACcTBEHHO M3 AaHHOI0 34eCb oNpeaesieHns NHAeKca
crnenyeT, yYTo yucra ¢ AaHHbIM MHAEKCOM Yy 06pasytoT KJsiacc
yucen Mo Moayso T.

d. Vveem

indab.. .1= inda4-indb+ ... 4-ind | (mod c)

W, B 4YaCTHOCTW,
inda" =3 nind a (modc).

JetAacTBuTesIbHO,
a= ginda (modm), b= gldb(mod m), ..., /=g Ind" (mod m),

0TKyda, nepemMHoXad, Haxogum

db. ..1= g,nd °+Ind *+... +ind | (mo(J

CnepoBsaTtesnbHo, inda+indfc+... 4-ind/— oguH "3 NMHAOEK-
coB npousBeAeHus ab...l.

e. BBnay npakTun4yeckoi Mosb3bl MHAEKCOB OJ11 KaXKA0ro
npoctoro moayns p (pasymeeTcsi, He C/INWIKOM 6O/1bLLOrO)
cocTaB/leHbl Tab/nubl MHAOEKCOB. 3TO ABe’ Tabnuubl, oaHa —
0N HaxOXAeHUs MHAeKca Mo yucay, apyras— Asis Haxox-
OeHsi yucna Mo mHAekcy. Tabnvubl cogepXaT HavMeHbLUVe
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HeoTpMUaTeslbHble BbMETbI uuncesl (NpUBEAEHHas CUCTEMA)
M X HaMMeHbLUMX WHAEKcoB (MosiHas cucTema) COOTBET-
CTBEHHO Mo moaynsm p nc= o (p)=p— 1L
Mpumep. MocTpouM yKasaHHble Tabnuubl A8 Moay s
p = 41. Bblwe 6bUI0 MokasaHo (Npumep 1, § 3), UTOo MepBo-
06pa3HbIM KOpHeM Mo Moaysto 41 6yneT g=6;ero Mbl Npu-
MEM 3a OCHOBaHME WHAEKCOB. Haxoaum (cpaBHeHUsi GepyTcs
no moaymo 41):
6°== j 6e =10 61B= 18 624= 16 63# 33 37
6las 6 6» = 19 617= 26 6= 14 68 H= 17
6l = 36 610= 32 618= 33 6HD= 2 63 = 20
6*= LI 6ti= 28 61B= 34 6*7= 12 6&= 38
6' =25 6R2= 4 6XD= 40 6288= 31 68*= 23
6’=27 618= 24 62l= 35 62*= 22 63r= 15
6*=39 64= 21 6&= 5 630e= 9 688= 8
= 29 615= 3 68B= 30 6*»= 13 63,= 7

MosToMy YKaszaHHble Tabnmupl 6yayT

/=41, p— 1= 285 g=6

N o 12 3 456 7 8329 Il 0123 4567829

0 026 15 1222 139 3830 0 1 636 11 252739 2P 10 19
1 8 32731 25372433 16 9 13228 42421 318263334
2 34 142936 13 4 17 511 7 24035 530 1614 2 1231 22
3 232810181921 23235 6 3 9 1337 17 203823 15 8 7
4 20

30ecb HOMEp CTPOKM YKasblBaeT 4UMC/I0 AECATKOB, HOMEp
CTON6La— uncno eanHUL, vmncna (MHAekca). B rpade, oblieta
yKasaHHbIM CTpPOKE W CTO/MIOLY, MOMELIaeTCsd COOTBETCTBY-
OWWIA UHOEKC (Yncso).

Hanpumep, ind 25 HatAgem B rpage nepeoia Tabnuvupbl,
00LIEA CTPOKE C HOMEPOM 2 W CTON6LY C HOMepoMm 5, T. e.
ind 25= 4. Yucno, mHAekc KoToporo 33, HaiAoeM B rpade
BTOPOIA Tab/nubl, 0OLIEIA CTPOKE C HOoMepoM 3 U cTonbuy
¢ Homepom 3, T.e. 33=ind 17.
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§ 5. CneacrBus npeabiayuietds Teopun

a. lycTb p—npocToe HeyeTHoe;, a1, T —oOAHO U3
uncen pa, 2pa, HakoHel, c= <p(/m).

b. MycTte (N, ¢)—d; Toraa:

1. CpaBHeHve

xn*a (mod T); (3 T)=1 @

paspewmmo (U TeM cambiM a eCTb BblMET CTerneHW N o Mo-
Oynmo T) Torga n To/bko Torga, korga ind a kpateH d.
B criydae paspewMocTu cpaBHeHVE UMeeT d peLleHUEA.
2. B npvBeOgHHOIA cucCTeMe BbIMETOB MO MOAY/IO T UMC/IO

BbIMETOB CTENEHU I eCTb a

JeiAcTBuTeNnbHO, cpaBHeHWe (1) paBHOCU/IbHO TaKoMy:
nind x ==ind a (mod c), ()]

KOTOpOe paspewwmmo Torga M To/IbKO Torgda, Korga ind a
KpaTeH d (d, § 2, rn. V).

B cny4ae paspewmmocTu cpaBHeHus (2) HalAgem d He-
CpaBHUMbIX M0 MOAY/ 0 C 3HaYeHUA ans ind X; M oTBevaeT d
HecpaBHMMbIX MO MOAY/0 T 3Ha4YeHWiA NS X.

Takum 06pa3omM, BepHO yTBepxaeHve 1.

Cpegn umcen O, 1, ..., c— 1, gaBnsooWUXcad HaUMeEHb-
WM MHOEKCAMW  BbIHETOB MPUBEAEHHOA CUCTEMbI MO MO-

Oynio T, UMeeTcs -fm KpaTHbIX d. [M03TOMYy BepHO YTBepX-
[eHve 2.
Mpumep 1. Ana cpaBHeHUA

Xs= 23 (mod 41) ©)

mveem (8, 40)= 8, npuyem ind23= 36 He pgenmTca Ha 8.
MoaTomy cpaBHeHue (3) HepaspeLuumo.
Mp'nmep 2. OnA cpaBHeHUA

xI*= 37 (mod 41) 4
mveem (12, 40) = 4, npuyem ind 37= 32 pgenutca Ha 4. Mo-
3TOMy cpaBHeHue (4) paspewMmo, MpuyeM 3TO CPaBHEHUE

VMeeT 4 pelleHMns. YKasaHHble pelleHus HalAdEM CrieyoLpM
obpasom.
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CpaBHeHMe (4) paBHOCUJIbHO TaKUM:
12ind x = 32 (mod 40), ind x =6 (mod 10).
OTcioga gnsa indx HailAgem 4 HecpaBHUMbIX Mo mMoay o 40

3HaYeHUs:
indx= 6, 16, 26, 36,

COOTBETCTBEHHO 4eMy HalAdeM 4 pelleHusi cpaBHeHus (4)
x= 39; 18; 2; 23 (mod 41).
Mpumep 3. Uucna
1, 4, 10, 16, 18, 23, 25, 31, 37, 40, 5)

MHAOEKCbl KOTOPbIX KpaTHbl 4, CyTb BCce OMKBaapaTUYHbIE
BbMETLI (WM TaKXXe BCEe BbMETbLI J/HOO0A cTerneHn n= 4, 12,
28......... roe (n, 40) = 4), nmeowpmecs cpegyu HaMeHbLUNX

MosI0KUTESIbHBIX BbIMETOB Mo Moay o 41. Yucno uncen psaga (5)

40
ecTb 10= -

c. C yTBepkaeHveM b, 1 TecHO CBSi3aHO CriefyloLLgee.
Uncno a ecTb BbIUET CTEMeHW M Mo mody/to T Torga
M TOMbKO TOrAda, Korga
C

al= 1(mod'm). 6)
HeticTBuTenbHo, ycnosme inda= 0(modd) paBHOCM/IbHO
TakoMy: -"-inda==0 (mode). [locnegHee >e paBHOCUJIbHO

ycnosuio (6).

Mpumep. B Teopeme 8§ 3 HEBO3MOXHOCTb CpaBHEHUS
C

g«==I(modm) paBHOCWU/IbHA YC/I0BMIO, 4YTO g— HEBbIYET

cTeneHn (q Mo MoAy/Mo T. B 4acTHOCTW, HEBO3MOXHOCTb
C

cpaBHeHUA g* =1 (modm) paBHOCWUJ/IbHA YC/I0BUIO, UTO# —

KB3[paTWYHbIIA HeBbMeT Mo moayn' T (cp. b, § 2, rn. V).

d.l. loka3aTenb 6, KOTOpOMY ’'a MPUHAOJ/IEXUT MO MO-

N C
Oynio T, onpefensieTca paBeHcTBOM (inda, ¢) = -g~ B 4acT-

HOCTW, MPUHAO/IEXHOCTb a K 4MC/Ty MepBoobpasHbIX KOpHelA
no modys/it0o T onpegensercsa paBeHcTBom (inda, c)= 1.

2. B npvBedeHHOA cucTeMe BbIMETOB MO MOAY /0 T UMC/IO
yucen, NpuUHagnexawmx nokasaTento 6, ecTb g>(6); B 4acT-
HOCTU, 4MC/I0 MEPBO06Pa3HbIX KOpPHELA eCcTb <p(c).
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JeAcTBUTENBHO, 6 €CTb HaVMEHbLUWEA OenNTesb C C YClo-
Bem ae= | (modm). 3To ycnoBme paBHOCU/ILHO

6 inda = 0 (mode),

inda=0 mod-y)
3HaunT, 6— HaMMeHbLUMIA AenuTesb ¢, NMpyU KOTOPOM 4— AenvuT
inda, oTcoga y — HambosbLUMEA aenuTenb ¢, aenawpii ind a,

T.e. y = (inda, c). lNMosTomy BepHO yTBepxaeHue 1

Cpegnn umcen 0O, 1......... c— 1, aBngalOWnUXca HaVMeHb-
WMMX  UHOEKCaMW  BbIMETOB MNpUBEAEHHOMA CUCTEMbl MO MO-

Oy T, KpaTHbIMU ABNAOTCS 4ucna Buga -y, rae

7=0, 1 ..., 6—1 YcnoBue "y ,c”"=y paBHOCU/IbHO

ycnosuio (y, 6) = 1, mocnegHemy yaoBneTBopseT @ (6) 3Ha-
YeHMiIA y. T103TOMYy BepHO yTBepXaeHue 2.

Mpumep 1 B npuBeAeHHOA cuUCTEME BbIMETOB MO MO-
ayno 41 yucnamu, npuHagnexawmmm nokasatento 10, aB-

nawTea ymicna a ¢ ycnosmem (inda, 40) = 0= 4, T. e. yncna
4, 23, 25, 3L

Umcno atux umcen ectb 4= (10).

Mpumep 2. B npuBedeHHOA cUCTEME BbIMETOB MO MO-
Oyno 41 nepBoobpasHbIMU  KOPHAMW  SBIAKOTCA 4ucna a
c ycnosuem (inda, 40)= 1, T. e. uucna

6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.

Uucno aTux nepBoobpasHbIX KOpHeA ecTb 16= th(40).

§ 6. MlHaekcbl No moAyso 2a

a. Ons mooyna 2 npeaplaylas Teopust 3aMeHsieTcs He-
CKOJ/1bKO 60s1ee C/I0KHOIA.

b. NMyctb a=1. Torga 2“= 2. imeem  (2) = 1. MNepBo-
06pa3HbIM KOpHEM M0 Moayw 2 6ygeT, Hanpumep, 1s=
= —1(mod 2). Yncno 1°= (— 1)°= 1lobpasyeT NpUBELEHHYIO
CUCTEMY BbLIMETOB MO MoAy/ IO 2.

423



c. Myctb a=2. Torga 2“= 4. Vimeem cp(4) = 2. MNepBo-
o6pa3HbIM KOpHeM Mo moayswo 4 6yaeT, Hanpumep, 3=
==— I(mod4). Yucna (—1)°—1, (—1)1= 3(mod4) obpa-
3yl0T MPUBEAEHHYIO CUCTEMY BbIMETOB MO MOAy/iO 4.

d. Myctb a~3. Torga 2*78. Wmeem <p(2“)= 2“-1
HeTpyaHO BMAETb, UTO MEpPBO06Pa3HbIX KOPHEMA B 3TOM C/1y-
yae HeT; 6osiee TOYHO: MoKasaTeslb, KOTOPOMY MpPUHaAIEXUT

no moaysto 2 HeyeTHoe 4YuCM0 X, He MpPeBoCXoguT 2“-~2=
= y<p(2a). [OetACTBUTESIbHO, VMEEM

**=1+8/,,
**=1 + 16/,

x*“-2= 1+ 2ata-2 = 1(mod 2e).

Mpn 3TOoM uuncna, npuHagexauwme rnokasartesio 2“-2,
CYWECTBYHOT. Takum uuciom 6ygeT, Hanpumep, 5. [elAcT-
BUTEJ/ILHO,

5=1+4,
5= 1+8+16,
54= 1+ 16 + 32%/,,

B _*= 1+42B- + 2“UB_,,

0TKyZa BUAWM, YTO HM OfHA M3 CcTereHela 51, 62, 54, ..., 6Z%*
He cpaBHMMa ¢ 1 no moayso 2.

HeTpyAHoO BUAOETb, 4YTO 4uC/Ma OBYX CrleOyrolmx CTPOK:
5°, 5\ ..., 62'-2-1
—b5°, —bBl..... —62"2-1

06pa3yoT MNpUBEAEHHYIO CUCTEMY BbIMETOB MO MOAY/HO 2.
JelAcTBNTENbHO, 4YMCN0 3TUX uncen 6yaeT 2-2a1]= p(2°);
umcria KaKAO OTAesIbHO B3SITOA CTPOKWM MexXay Ccoboia no
Moaysito 2 HecpaBHUMBbI (b, § 1); HakOHel, 4uc/a BepxXHel
CTPOKWN HECPaBHMMbI C YUC/1aMUN HWXKHE, TaK Kak MepBble
no moAays/to 4 cpaBHuUMbI ¢ 1, a BTOpble ¢ — 1
e. Ana ypobeTBa fasibHeALLMX MCCNeaoBaHUA Mbl Bblpa-

3uM pe3ysibTatbl b, ¢, d B 6osiee eamMHO06pPasHOA (opme,
KOoTOpas 6yaeT npurogHa M B cnydae a = 0.
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MycTb
c—1 ¢,= 1 eem a=0, wwm a=1
c=2, ¢c0=2a> em a2

(Takmm o6pasom Beerga ccO= p(2“)), u nNycTb y n yO Hesa-
BYCMMO OpYyr OT Apyra npoberaioT HavMeHblUMe HeoTpula-
TeslbHble BbMETHI

7= 0......... c—1 70=0 . . c0—1

no moaynam ¢ u cO Torga (—I)v5V npoberaeT npuBeaeH-
HYl0 CMCTEeMY BbIMETOB MO MOAy/ 1O 2a.
f. CpaBHeHue

(—DHYWBV. = (—)v'5\®(mod2*) (1)
MMeeT MecTO Torga M Tosibko Torga, Korga
7= 7'(modc), 70= 7;(modcO.

HAetacTBuTtenbHo, Npu a = 0 Teopema o4veBugHa. MoaTomy
npeanosiokum, 4to a > 0. TlycTb HaMMeHbluMe HeoTpuua-
TenbHble BblMETbI MO0 Mogynsam ¢ U cO gna umcen 7 un 7,
6yoyT r n r0, a gna dmcen 7' n 7" 6yayTt r' n r0. Bengy c,
8§ 1 (—1 npuvHagnexuT rokasaTent €, a 5 npuHagnexuT
rnokasaTtesito cQ, cpaBHeHMe (1) MMeeT MecTo Toraa M TOJIbKO

Torga, korga (—I)r5m= (—\Nr'5r°(mod 2a), T. e. (BBUAY €)
korga r—r', ra—rf.
g. Ecnn
a= (—1)v5?(mod 2a),

TO cucTema 7, 70 Ha3blBaeTCs CUCTEMOIA VHOEKCOB uumc/1a a
no moayso 2.

BeBnay e Bcsakoe a, B3aMMHO npoctoe ¢ 2“ (T. e. HeyeT-
HOe), UMeeT eAVHCTBEHHYK cucTeMy uHAekcoB Y', YO cpeamn
ccO= ¢(2a) nap 3Ha4eHUIA 7, 70, yKa3aHHbIX B €.

3Hada cuctemy 7°, 7;, Mbl MOXXEM YyKa3aTb W BCE CUCTEMbI
MHAOEKCcoB uyucna a; cornacHo f ato 6yayT BCce napbl 7, 7,,
COCTaB/IEHHbIE W3 HeOoTPULATEesNIbHbIX YUCesT KJ1acCcoB

7= 7’ (mode), 70= 7o0(modcQ.
HenocpeAcTBEHHO M3 [AaHHOrO 34ecb OrpefesieHnst cu-

CTEMbl WHAEKCOB C/leayeT, 4YTO 4ucsia C AaHHOMA CUCTEMOMA
MHAOEKCOB 7, 7, 00pasyloT KJjlacc uumcesi Mo Moaysio 2.
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h. VHOeKCbl Mpov3BeAeHUss CpaBHUMbI M0 MOAYSIAM C U Cl
C CyMMaMW WHAOEKCOB COMHOXUTESIEIA.

HeiAcTBUTeNbHO, NycTb Y (a), y0(a); y (), Vo(0 —
CUCTEeMbl MHAEKCOB 4ucen a......... l. Vimeem

a. ../ = (—DY@+..+Y(05Yo(a)+...+Ye(">.

CnepoBatenbHo, y @ + .. .+y (), Y@ + ¢*++ Y0 (0 —
VHAEKCLI Mnpou3BeaeHus a..J1.

8 7. lHpekcbl No NbomMy cocTaBHOMY MOAYSIO

a. Myctb T —2“p f ... p£*— KaHOHWYECKOE pa3sioxe-
Hve yucna T. TlycTb fJasiee ¢ U C, UMEKOT 3HaYeHus, yKa-
3aHHblEe B €, § 6; cJ/l= h(p“*); OS— HaMMeHbLUMEA NepBo06-

pa3HbILA KOpPEeHb MO MOAY/I0 p“*.

b. Ecnu
a= (—Hv5w(mod 2“),
a= gl' (modp?-), .... a= gj* (mod p“n,
TOo cuctema y, y0 yxX....... yk Ha3bIBaeTCs CUCTEMOMA WHAOEK-

COB uMC/a a Mo MoAy/io T.
N3 Takoro onpedesieHvs credyeT, 4To y, yO—cucTema

MHOEKCoB 4ucna a no moaymo 2¢, a ylif ..., yk— nHoekcbl
yicna a no mogynsm p?., ..., p“*. nMoatomy (g, § 6; c,
§ 4) BcsAKoe a, B3aMMHO MpocToe ¢ T (TemM caMbIiM OHO B3aMMHO
npoctoe mn co Bcemmn 2, pf', ..., p®*), wuveeT eONHCTBEH-
Hyt0 cucTemy mHgekcos y', y0O yi, == ykcpegn cc@t.. ,ck—
= (1) cuctem vy, YO, yr......... vk, KoTopble nosyynm, 3a-
cTaBnasa y, yo, Yi, eee. YK He3aBUCMMO Apyr OT Apyra npo-
6eratb HaMMeHblUMEe HeoTpuUaTeslbHblE BbMETLI M0 MOAY/ISAM
C, C» Xuwewewwe CK, & BCe CUCTEeMbl WHAEKCOB 4ucra a CyTb
Bce cucTtemMbl y, YO, YyI, ..., Yy* COCTaB/ieHHble W3 HEeoTpU-
LaTeslbHbIX 4McesT KJlaccoB

y=y;(modc), Yo= Yo(modcO,

Vi= Vi(modc,)......... yft= y*(modc,).

Uucna a ¢ OaHHOIA CUCTEMOIA MHAEKCOB Y, YO, yX ..., YK
MOryT ObITb HalAdeHbl MyTem pelleHus cuctembl (1), a cne-
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posatenbHo (b, 8§ 3, rn. 1V), o6pasyloT Knacc umcen no
Mooy 0 T.

Cc. Tak KakK WHAeKcbl y, 30 yI7 ..., yK uucia a no
MOAY/ 10 T ABAATCA MHAEKCAMU ero COOTBETCTBEHHO MO MOAY-
nam 2%, ... p£*, TO BepHa Teopema:

VHOeKcbl Mpon3BeAeHWss  CpaBHUMMbI MO0 Moaynsm ¢, cQ
cu ck ¢ cymMmMaMn MHAOEKCOB COMHOXUTENEIA.

d. Myctb T= p(2“Y npn a<2 nT=yd(2“) npu a > 2
1 nNycTb h— obLlee HauMeHbLLee KpaTHoe uncen T, clt ..., ck
Mpn BCAKOM a, B3auMMHO TMPOCTOM C T, cpaBHeHuMe ah= 1
BEPHO MO0 BCeEM MoAynsaAM 2a, p?.......... p“* 3HauuT, 3TO

CpaBHEHVEe BEPHO M MO MoAy/to T. [103TOMy a He MOXeT
O6bIMb MepBo06pa3HbIM KOPHEM MO MOAY/H0 T B TexX Criy4yasx,
korga h < ¢ (T). Ho nocneaHee vveeT mMecTo Npu a > 2, npu
k> 1 aTtakxenpuna = 2, k=\. lNoatomy gna T > 1nepBoo6-
pasHble KOPHM MOryT CYLLEeCTBOBaTb /ILb B Colydasax T = 2,4,
Pi', 2pi'. Ho Kak pa3 gonsa 3Tux CJlyyaeB CyLlecTBOBaHUE
rnepBoo6pa3HbIX KopHEIA 6bU10 A0Ka3aHo Bbie (88 6, 2).
MosTomy

Bce cnyyan, Korga CyLecTBYHOT MepBoo6pasHble KOpHU M0
Mo4y/ M0 T, MpeBocxodsllemy 1, cyTb

T —2, 4, pa, 2p“.

e. Tabnnuy MHAOEKCOB MOXHO COCTaBUTb U A/ f106oro
Lesioro  MNoMOXUTENIbHOINO T, BbIMUCbIBas COOTBETCTBEHHO
KaXXA0MY 4uMC/1y MPUBEAEHHOIA CUCTEMbI BbIYETOB MO MOAY/IIO T
oTBevaroLLme 3TOMY YMC/TY 3HaYeHUS UHAEKCOB Y, YO, -.......... ...
(MoNHbIE CUCTEMBI BbIHMETOB MO Mogynsm ¢, cO, cl( ..., oK.

Mpumep 1 TMocTponm TabnnLy MHOEKCOB MO MOAy/ 10 8.
3pecb uveem c= 2, c0= 232= 2 n gna kaxgoro yucna N
MPUBEAEHHOA CUCTEMbl BbIMETOB M0 MoAy/i0 8 O6yAeM UMETH
A= (—I1)75%(mod 8), roe y paBHO ogHomy u3 uucen O, 1
(MonHaa cuctema BbIMETOB MO MOAy/10 €) U YO paBHO OgHOMY
m3 umcen 0, 1 (NosHaaA cucTemMa BbIMETOB MO MOAY/IO C,,).
Haxoanm

(—1)»=1. (-1)*— 1,
5°=1 51=5
—5°= 7 (mod 8), —51= 3 (mod 8).
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MoaTomMy Tabnuuya MHAEKCOB Mo moAayfwo 8 6yaer

N 1 3 5 7
y 0 1 0 1
Yo 0 1 1 0

Mpumep 2. MocTpoum Tabsnvuy WHOEKCOB MO0  Mo-
aynmo 40. 3gecb vveem 40 = 8-5, npyuemM g1 Kaxaoro
uncna N MnpuBEAEHHOM CUCTEMbI BbIMETOB Mo MoAy/io 40 Mbl
3HaueHUss MHAeKcoB y M vO HalAdem B Tab/mue WHAOEKCOB Mo
Mogy/iio 8 nmpumepa 1, a 3Ha4YeHUss MHAOEKCA HalAOEM B Tab-
mue MHAOEKCOB Mo Moy 5, T. e. B Tabnvue

B pesynbTaTe nonyymm creayolyo Tabnuuy WHAEKCOB MO
moayo 40:

N I 3 7 9 11 13 17 19
v 0 1 1 0 1 0 0 1
b 0 1 0 0 1 1 0 1
Y3 0 3 1 2 0 3 1 2

y 0 1 1 0 1 0 0 1
Yo 1 0 1 1 0 0 1 0
Yi 0 3 1 2 0 3 1 2

Mpumep 3. MNocTpoMM TabnnLy WHAEKCOB Mo mMoAdysio 9
M Tabnuuy wHOekcoB no moayso 18. 3aecb umveeM ¢ (9) =
= 6—2-3. Yucno 5 6yaet nepBoobpasHbIM KOPHEM M0 MO-
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ayno 9, 'éaK KakK OHO He y,gosneTBopﬂeT HM O HOMY W3 CpaB-

HeHMA 5a == 1(mod 9), 53a=I(mod9). [pu 3ToM KMeeM
(cpaBHeHUs GepyTcsa mo mogysto 9):

5= 1, 5= 5 52= 7, 53=a8, 54= 4, 56= 2
CnepoBaTesibHo, Tab/vua MHAEKCOB Mo Moayso 9 6yaeT
N 1 2 4 5 7 8
Yi 0 5 a4 1 2 3

A Tabnuua MHAOEKCOB Mo mogyso 18 6yaeT

N 1 5 7 il 13 17
y 0 0 0 0 0 0
vi 0 1 2 5 4 3

Mp nmep 4. MocTponm Tabnnuy MHAEKCOB Mo Moay o 21.
3pece vveem 21 = 3-7, n gna Kaxpgoro yucna N npvBedeH-
HO/ CUCTEMbI BbIMETOB MO MOAy/t0 21 Mbl 3HadYeHMe WMHAEKca
Yi HalAgeM B Tabnuue MHAEKCOB Mo Moay/to 3, T. €. B Tabnumue

N | 2

a 3HauyeHWe WHAeKca HalAgem B Tabnmue WUHAEKCOB Mo MO-
oyno 7, T. e. B Tabnvue

N 1 2 3 4 5 6
7% 0 2 1 4 5 3

B pesynbTaTe MosiyunMm cnegylowy Tabnuuy WHAOEKCOB MO
mMoayso 21:

N i 2 4 5 8 10 1 13 16 17 19 20
yi O i1 o 1 1 o0 1 0 0 1 0 1
v, O 2 4 5 0 1 4 3 2 1 5 3
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Bonpock! K rnase 6

BykBoio p 3gecb Bcerga 0603HayaemM rMpPocToe HeYeTHOe YMUCIIO0.

1, a. MNycTb a—uenoe, a> 1 J[loka3aTb, 4YTO MPOCTble HeEYETHblEe
genmTtenn uncna aP— 1 genat a— 1 wam umelT Bug 2/wce+l.

b. MycTb a— uyenoe, a > 1. [lokasaTb, 4YTO MNPOCTble HeYeTHble AeNun-
Tenn uducna aP-1-1 pensat a+ 1 wan umeloT Bug 2/?2ac+1.

c. JlokasaTb 6ECKOHEeYHOCTb 4Yucsia MpocTbIiX 4ucen Buga 2pac+1.

d. MycTb 8— uenoe, 1> 0. [lokasaTb, YTO MPOCTble Ae/MNTEIN 4YUCa
2a4+1 wmetoT Bug 2n+IX—{-1.

2, Myctb a—uenoe, a > 1, Aa—uenoe, a4 > 0. [JokasaTb, 4TO
® (an— 1) KkpaTHO 4.

3, a. Nyctb Aa— uenoe, n> 1. N3 ynucen 1, 2, ..., 1 NPU HEYETHOM
A obpasyemM nepecTaHOBKU

1, 3,5, ..., n—2, 4, a—1 n—3, ..., 4, 2;

1,5,9, ..., 7, 3
M T. 4. a npu 4YeTHoM si o6pa3yemM MepecTaHOBKMU

1, 3,5, .... n— 1, n, n—2........ 4, 2;

n T. 4. Aoka3aTb, uTo K-fl onepauus [aeT MCXOOHbIA paj Torga v To/IbKo
Torpa, korga 2A= =1 (mod 2n— 1).

b. Myctb n— uenoe, n> 1, T—uenoe, T > 1. byaem cuutatb
yucna 1,2 ... A B npAMoM nopagke oT 1 ao n, pasee B obpaTHOM
nopagke oT N Ao 2, 3aTeM ONATb B npamomMm nopsgke oT 1 go n, Aanee
onATbL B o6paTHOM nopAaKe oT N1 A0 2 U T. 4. Npn Takom c4yeTe BbINU-
cbiBaeM 4ucna 1-e, (m+I)-e, (21-(-1)-e n T. 4., NoOKa He MOAYYUM S 4n-
cen. C 3TUM HOBbIM pAAOM J1 4Mcesl MOBTOPUM Ty >Xe onepauutio n T. 4.
[okasaTb, uTo K- onepauusa p[aeT UWCXoAHbIA psfg Torga W TONbKO
TOorpa, Korpga

T*= %1 (mod 2n— 1).

4, Mpn T —p Teopemy 2, d, § 5 Aoka3aTb, paccmaTpuBas cpaBHe-
Hne x6r=1 (mod/>) (Bonpoc 10, ¢, rn. IV) u npumeHas c, § 4, rn. Il.

5, a. [okasaTb, 4YTO MepBOOGPasHbILA KOpPEHb MPOCTOro umcna BuAA
2"+ 1, n> 1, ectb 3.

b. [okasaTb, 4YTO nepBoo6pasHbIA KOpeHb MPOCTOro u4ucna BuAaa
2/7+1 npn p Bupga 4a+1 ectb 2, a npu p Bupa 4a-|-3 ectb —2.

c. [lokas3aTb, 4YTO MepBoo6pasHbIA KOpeHb MpPoOCTOro 4ucna BuAaa
4p+1 ecTb 2.

d. [JokasaTb, 4TO MepBoo6pasHblii KOpeHb MpoCcTOro 4ucna Buaa

32741

2ap+1 npn a > 1 n p> —" — ecTb 3.

6, a. a) Myctb s—uenoe, a3*0, S= 1%+ 2*+ ... +(p— n.
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JokasaTb, 4TO
S
S

—1(modp), ecnu N KpaTHO p— 1,
0 (mod p) B MPOTMBHOM Cc/lyvae.

P) MNMpu o6o3HaveHuax BonpocoB 9, ¢, rn. V pgokasaTb, 4TO
5(1)aw— (modp).

b. Teopemy BunbcoHa [0Ka3aTb, MpuUMeHss b, § 4.
7.

= 1(modp— 1). Mpu (a, p) = 1 AokasaTb, 4YTO:

indgia= a ind® a(mod p— 1).

8. Nyctb T> 1, (a, T)—\
a) MycTb

x=0

AokasaTb, uTto |S |< Y XYT.

P) MycTb 2* o0603Ha4YyaeT CyMmMupoBaHWe, pacnpocTpaHeHHoe Ha

S
uncna s paga 0, 1. T — 1, B3aumMHO npocTble ¢ T. MycTb MN—
uenoe, npesocxogswee 1, u

X

OokasaTb, u4TO0 1S |< /C

, roe K—uuncno peweHnii cpaBHeHUs
XN==1(mod T).

y) MycTb m= 2“p“*‘.. Pfc*— KaHOHWYeCKoe pa3fiokeHue uucna T.
JokasaTb, 4To yKasaHHoe B Bornpoce (5 uucno K peweHnia cpaBHeHUA
*n==i (modm) He npeBocxoagnT 2nK+l 1 uTo B cnyuae mnocTosiHHOro n
nveem K= 0(Te), rge e— npov3BOJZiIbHOE MOSIOXNTESIbHOE MNOCTOAHHOE.

9, a. Nycte (@, p)=(b, p)= 1, s—uenoe, OoTANYHOE OT
NIN\= nx, 0< «x < p,

ax"+bx

p
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[okasaTb, 4TO

ISN<Ynx PAm

b. Nycte (@, p)= 1 n—uence, IN|=«!, 0</X<p, Mu QN
uenbie, 0 <M <M + Q<p. Mpu p > 60 foKazaTb, UTo
M+Q-i ,4r.

2i e < T M* p4inp.
xzﬂl

C. Nyctb (a, p)= 1, MOwu QO—uenble, 0 < MO< MO+ QO<p,
M un Q—uenble, 0<M<Af + Q<p, n—uenoe, |N|]=nlt o< rii <p,
T o6o3HauyaeT uuncsio umcen paga axn, x=J110, N40-(-1, AJO+ Q 0— 1,
CpaBHUMbIX MO MoAy/no P ¢ uyucnamu psaga M, M + l......
JokasaTb, 4To npn p > 60 6yaem WUMETb
1 3
r>er +e|aTpT(lnp)l;|O]<1.

YncneHHble Npumepbl K rnaBe 6

1, a. Hatitm (nyTem BO3MOXHO 6osiee MPOCTbIX BbIYNC/IEHUIA) MoOKa-
3aTeslb, KOTOPOMY MPUHAASIEXUT 7 no moaynwo 43.

b. HalATu nokasaTeslb, KOTOPOMY MpuUHaA/IexuT 5 no moaysito 108.

2, a. HatAiTn nepBoo6pa3Hble KOpHM Mo mogynam 17, 289, 578.

b. HalATn nepBoo6GpasHble KOpPHWM Mo moaynam 23, 529, 1058.

Cc. HalATu HauMMeHbLMIA NepBo06pa3HbIiA KOpeHb MO MoAysio 242.

3, a. CocTtaBUTb Tabnuubl MHAOEKCOB Mo moaynwo 17.

b. CocTaBUTb Tabnuvubl UHAEKCOB MO MoAaysnw 23.

4, a. HalATu nepBo06pa3HbIiA KOpeHb MO0 Moaysito 71, npumeHss
yKasaHue npumepa ¢, § 5.

b. HatATu nepBoobpasHbliA KOopeHb Mo Mogyso 191.

6, a. Monb3ysicb TabnAMUEA WHAEKCOB, YKas3aTb UUC/I0 pPeLUeEHUIA
CpaBHEHUIA:

a) *GO= 79 (mod 97), P) x“ = 17 (mod 97), Yy) xle= 46 (mod 97).

b. YKasaTb 4WUC/0 peleHUNiA cpaBHEHUIA

a) 3x12= 31 (mod 41), P) 7x7= 11 (mod 41), y) 5x30= 37 (mod 41).

6, a. Monb3ysAcb TabnUUEIA WUHAEKCOB, PELINTb CPaBHEHUS

a) X233 59 (mod 67), p) *3S3a 17 (mod 67), ) X30" 14 (mod 67).

b. PewnTb cpaBHeHUs

a) 23**e3 15 (mod 73), P) 37*«B 69 (mod 73),

y) 44n:21 s= 53 (mod 73).

7, a. MMonb3yscb TeopeMoiA ¢, § 5, onpeaenMTb YUCAO pPelleHUIA
CpaBHeHMIA

a) = 2 (mod 37), P) X» = 10 (mod 37).

b. OnpesenuTb umcno peleHWiA cpaBHEHWUIA

a) x6e 3 (mod 71), P) XA 5 (mod 71).
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8, a. lMonb3ysicb TabnUUEIA WHAEKCOB, CPpeAn BbIYETOB MNpuBEAEeHHOM
cucTeMbl No mMoaynto 19 ykasaTb: a) KBagpaTu4dHble BblueTbl, P) Kyb6uuye-
CKUe BbIYeThbl.

b. Cpegn Bbl4eTOB nMpuBeAeHHOM cucTeMbl Mo MoAysito o/ yKasaTb:
a) Bbl4eTbl cTeneHn 15, P) BblyeTbl cTeneHn 8.

9, a. Cpean BbIYETOB NPUBEAEHHOM CUCTeMbl Mo Moayno 43 yKasaTb:
a) uucna, npuHagiexawime nokasaTtesito 6, P) nepBoobpasHble KOPHMU.

b. CpeAn Bbl4eTOB MNpUBEAEHHOIA CcUCTEMbl Mo MoAyso 61 ykasaTb:
a) 4yucna, npuHagnexawme nokasaTento 10, P) nepBoobpasHble KOPHMU.

10, CocTaBUTb Tabnnubl UHAEKCOB N0 MOAYMSAM:

ce) 2. P) 4. y) 10. 6) 12. e) 15. £) 16. rj) 25.



FnaBa 7

XAPAKTEPbDI

§ 1. OnpepeneHuns

a. NMycTb T —uUenoe mosoxuTesibHoe mn ¢, ¢O, cn ..., CK
MMET 3HayeHusl, yKasaHHble B a, 87, rn. VI, a R, RQ
RIt ..., Rk 0603Ha4al0T Kakve-/mbo KOpHM YypaBHEHWIA

Rc= 1, Ac°= 1, dAc'=1, ..., Ro= 1%).
Mpn (a, T) = 1 nomaraem
%(a) = RVRv»Rv>. . .R”", @
roey, Yoo ... T*—cucrema MHAOEKCOB 4ucna a.

A npu (a, T) > 1 nonaraem x (a) = O.

OnpepgernieHHass Taknm 06pa3oM /151 BCSAKOIO LIEsioro a PyHK-
umMs X (@) HasblBaeTCA XapaKTepom Mo MoAysio T.

b. Ecom R = RO—R1= ... = Rk=\, To x (d) Ha3blBaeTcsl
IMaBHbIM XapaKTepom Mo Mody/Ho0 T; OH MMeeT 3HaueHue 1
np (@ T)= 1 n 3HayeHne O npn (a, T) > 1

c. [Ba XxapakTepa Mo MOAy/H0 T CUMTAKTCHA pas/inu-
HbIMW, €C/IM MO MEHbLLELA Mepe Npu OAHOM 3HauYeHUM a KX
3HayeHNs1 He COBMAAOT.

§ 2. BaxHelLUVe CBOLACTBa XapaKTepoB

a. B nepByl ouepedb OTMETVMM TpU CrledyloLLMX CBOA-
CTBa XapaKTepoB:
a) x(H)= 1

PP xM =x (fli)xK).
y) N3 a, = ar(mod T) cnegyeT Xiai) = X(@nm

*) KopHu ypaBHeHuMs Ra= 1lcyTb uucna € a;s—o,1,...,a— 1



JelAcTBUTENbHO, CBOMACTBO a) Haligem u3 (1), § 1, noso-
B a— 1 Mpn (avar, T) = 1 paBeHcTBO P) cnegyet u3 (1),
8§ 1n Teopembl ¢, § 7, rn. VI, a npu (@2 T) > 1 0OHO
obpawaeTca B TOoXAecTBO O0—O0. HakoHel, CBOIACTBO Y)
ABNSAETCA C/eACTBMEM onpeaesieHNss cMcTeMbl MHAEKCOB, AaH-
Horo B § 7, rn. VI.

b. Yumcno pasnMyHbIX XapakKTepoB Mo MoAdysiio T paBHO @(T).

[elAcTBUTENBHO, YyKa3aHHbIM B a, § 1crocobom Mnosryurm
ccxxX. . ,ck xapakTepoB. [Mpu atom npm @ (T) > 1y Kaknx-
nnbo OByX M3 HUX, MNyCTb Yy @ v % (a), 6yayT pasnyHbI
3HaueHUss R' 1 R” Mo MeHblleiA Mepe 04HOr0 M3 KopHei
R, Ro, Ri> A~ [Ona 4yucna a, y KOTOpOro BCE WH-
[eKCbl paBHbl HYJ/IO, KpOMe JlMlWb OAHOr0, OTBEYarLEero
atum R' n R", paBHoro 1, 6yaem vetb y/ (8) —R ', y" (@ —R”.
MoaTomy XxapakTepbl % (a) 1 X"(a) pas/IMYHbI U Halle yTBeEpPXX-
[eHne BepHo.

c. Vveem

o (T) /A9 raBHOro xapakTepa,
0 oM gpyrnx XapaKTepoB.

JetacTBnTesnibHo, npumMeHsa gopmyny (1), § 1, Haxogum

T 1 Vv

1N

a=0 \" Yo Yi

roe y, yO Yi. eee> YK npoberaloT HavMeHblLMEe HeoTpuLa-
TeflbHble BbMETHI MO MoAynsam ¢, cO, cIr ..., cK

Ecnn X @)~ r/aBHbIA XapaKTep, TO NpaBas 4acTb paBHa
cqC. . .ck= y{T). Ecnu xe x(a)—He r/iaBHbliA XapakTep,
TO MO MeHbLLEMA Mepe ogvH 13 KopHer R, RO, Rt ., Rk
He paBeH 1 M COOTBETCTBYHLAA emMy CyMMa MpaBOiA 4vacTu
paBHa Hy/0. A BMeCTe C HEl paBHa Hy/1l0 M BCS MpaBas
yacThb.

d. PacnpocTpaHasa cymmupoBaHue Ha Bce ¢ (T) passnu-
HbIX XapaKTepoB, WMEeM

o (T) npn a= 1(modT).
O B MPOTUBHOM C/lyyae.
[etacTBuTesibHo, Teopema BepHa npu (3, T)> 1, TakK

KaK B 3TOM c/iyyae umeem x(a) = O- Teopema BepHa U npu
a= 1(modT), T. e. B cnyyae y=y0=yl= ... —yk= O\
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3TO criegyeT u3 a), a, § 2 n b, § 2. OcTaeTcs paccCMOTPeETb
nMwb cnyyaii (a, T)— 1, HO NpyM yc/oBMK, 4YTO a HecpaBs-
HAMO ¢ 1 no moay/o T, T. €. MpU YC/I0BUM, 4YTO Cpeau
uncent y. To. Yi. e e YK nmMeeTcs Mo MeHbLLEIA Mepe 04HO ',
He paBHoe Hys/0. Ho m3 (1), § 1 criegyeT paBEHCTBO

KOTOpoe M [0Ka3blBaeT TeopeMy, TaK KaK cpeay COMHOXW-
Tesei1 ero npaBoiA YacTU MMeeTcs CyMMma, OTBevyarulas ykKa-
3aHHOMY V', paBHas Hy’io.

e. XapakTepbl Mo MoAy/0 T 06/1afaloT  c/ieayowmMm
CBOLACTBaMMU:

a) Ecnu Xo(a) n %(a) —xapakTepbl, y1{a)% (a) —TakxXe
xapakTep.

P) Ecrin % (a)— xapakTep u %(a) npoberaet Bce Xapak-
Tepbl, TO X0 (@) X(a) TakXe npoberaeT Bce XapakKTepbl.

y) Mpn (I, T)= 1 nveem

x(a) j ®(T) B cnydae a5=I (modm),
X(0 AN 0O B NPOTUBHOM Crlydae.

HevictButenbHo, nyctb R', RO R[, ..., Rku R, RO
RIt ..., Rk—3HaueHus KopHeid, BXOAsLIUX B onpenesieHue
xapakTtepoB X0(@) u X(«)- Torgpa XoU X(a)—xapaKTep,
Y KOTOpPOro COOTBETCTBYHOLUMMU 3HAYEHUSIMU KOPHEIA fIB-

nawtea R'R, RMRO R[RU ..., Ri,Rk Tpm 3atom, ecnm
kKaxgoe R, RQ RIt ..., Rk npoberaeT Bce cBOM 3Haue-
HUA, To n kKaxaoe R’'R, RMRO R[Rt......... R KRk B Heko-

TOpoM rnopsiike MpoberaeT Te e caMble 3HadeHusi. CBOLACTBA
a) n (3 ycTaHOB/IEHBbI.
HAanee, HaiAga V u3 ycnosua //'= 1(mod T), BbIBOAUM

X@)X(M
X x(0 %(—X(Ox(l'l
I d(T) B cnyvae a= I(modm),

| O B MPOTMBHOM Crly4ae.

CBOIACTBO Yy) TakXe YCTaHOBJIEHO.
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f. XapaKTepoM no MoAy/l0 M SABSETCA BCSKad (PyHK-
umsa & (a), onpepeneHHas /19 BCeX LE/bX a M yA0BIeTBOPALO-
Was ycrIoBUSM:

a) @ =0, ecrm (@, m) > 1,

P) (a) He paBHa TOXAECTBEHHO Hy/IO,

Y) (@2 = "t(«i) (<.

6) ¢ (flj) = B(ad), ewm ax= a2(mod T).

JeiAacTBuUTenibHO, cornacHo P) cyuwecTByeT Takoe a0, nsis
KoToporo th(aQ He paBHO Hymo. M3 a0= a0 1 corsiacHo Yy)
Haxoaum r]3@) = 'p(al)-'dh(1). OTcioaa, pasgeniMB MOYSIEHHO
Ha p(a0. nmonyuum ¢ (1) = 1

MycTb a— no6oe uywmcno c ycnosmem (a, m)= 1 Onpe-
genviB a' cpaBHeHMeM aa'=l(modm), cornacHo y) ume'
em @ ¢ (@)= 1 OTtciopga cnegyet, uto ¢(a) He paBHO
HY/10.

3acTaBnsAs a npoberaTb MPUBEAEHHYID CUCTEMY BbIMETOB
no moays/o T, a % npoberaTb Bce (T) pas/IMUHbIX Xapak-
TepoB, pPaccMOTPUM CyMMY

3ameyasa (d), yto Ua= <>(m npm a=I(modm) m Ua= 0
B MPOTUBHOM cCniy4dae, nonydum 9 = d(T), OTKyda, npea-
cTaBnsaAa H B Buge

ybeauMcsa B CyLLECTBOBaHUM MO MeHbLLEIA Mepe OA4HOro X —X*
¢ VX He paBHbIM Hy/o. INpn 3TOM NpU KaK[om c ycno-
BreM (@u T) — 1 6ygaemM UMETH

y)91 Xdﬁi@ iQ XO@ Ve
'— L y
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oTcloda WM u3 a) cnedyeT, 4To GyHKUma ~(aj) ong  Kax-
[0ro ax coBnagaeT C XapakTepom Xo(ai)-

Mpumep 1 Moctpoum Bce <P(5)= 4 xapaKTepoB Mo
MoAy/t0 5 (419 KakAoro xapakTepa BbIMNMCbIBaeM 3HaveHUs,
oTBevaloLpe vmeam MosHOA CUCTEMbI BbIMETOB M0 MoAay o 5).
30ecb KOpHAMU ypaBHeHMs pd= 1 6yayT

2n(— A anf —
p.=e 4=1 Pi=e 4=,

A Tabnuua MHAOEKCOB Mo mMogysto 5 (¢ ocHoBaHueM 2) byadeT

MosToMy Tabsimua 3HaYEHMIA XapaKTepoB, OTBeYaloMX KOop-
HAM pQ plf p2 p3 Oyner

N 0 1 2 3 4
Xo 0 1 1 1 1
Xi 0 1 t —t -1
Xr 0 1 -1 —1 1
X3 0 1 —i —i —1

Mpumep 2. Ykaxem Bce ¢ (21) = 26 = 12 xapakTepos
no moay/wo 21. 3gecb KopeHb R@ ypaBHeHust 7??,= 1 nwveeT

2 3HadeHus: RG= em|72; s= 0, 1, a KopeHb Rd ypaBHeHUA

tni —
R?,= 1 vmeeT 6 3HaveHnii: RAd=e e; s=0, ..., 5 MMpn
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3TOM XapakKTep, OTBEYalOWMIA KakoM-/mbo m3 12 nap 3Ha-
yeHnii R&un RQ, 6yget (npuymep 4, e, 8 7, rn. VI):

N 0 1 2 3 4 5 6 7 8 9
x O 1 Rci O 1 Ra 0 Rci 0
Rc, RI, RI, I
N 10 11 12 13 14 15 16 17 18 19 20
x 1 RC\ © 1 0 o0 1 Rci O 1 Rci
Rc, Rc, < < Rc, Rl Rc,
30ecb  3HaudeHMe XapaKTepa, OTBevawllee KakoMy-simbo

uncsly N, B3aMMHO MpOCTOMY € 21, Mosly4yaloTcss MepemMHo-

>KEHVEM cTereHel umcesn R R, MOMELEHHBbIX HWDKEe 3Toro
umcna N.

Bonpocbl K rnaee 7
1. MycTb X (°) — HernaBHbIMA XapakTep Mo MoAy/ 0 P, oTBevyawowmii
S

291 e
KopHio R=e

HOM P, Kak x(°)> Tak u X (a)= (X (a))~1 cuntaloTca paBHLIMU HYJ1I0),
a) MNpu (k, /;)= 1 pokasaTb, 4TO
p-1___
2 XW X@E+*)'——ee
ED

P) MycTb Q —uenoe, 1< Q < p,

S = S X@m+* s

|
X=0 2=0
[okaszatb, uto S= (p— Q) Q.
2. MycTtb X (0)— xapakTep no moayswo p,

p- 2N( —
Ua.P="jX(x)e p.

X=1

a) Mpn (@, p)= 1 pgokasaTb, uto NP\ =VP [Ons HernasHoro
xapakTepa u Ua,p= —1 [na rnaBHOro xapakTtepa.
P) MycTtb X'(2)— HernaeHbIA XxapakTep rno mogyntw p u (a, p)— 1
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JokaszaTb, 4TO

X
¢ uhP
y) MycTe p wmeeT Bug pP= 4m+ 1 (cneposBaTtenbHo, p— | —4T),
15+
A=e P-‘=e *,
p-1
5 = *2:l X (*2+ *)'

[okasaTb (cp. Bonpockl 9, a M 9, c. r. V), uto p= Ar-\B, rge A
n B—uenbie, onpegensemble paBeHcTBOM S = /4+ Bi.

6) MycTb N— genuTens uncna p—1, 1< N< p—1,v=-i-, (a, p)= 1,
HakoHel,, XS npo6eraeT u4ucra nNpuBeAEHHOA cuUCTeMbl BbIYETOB MO  MO-
Aynwo p ¢ ycnosuem ind (mod 7). [okasaTb, 4TO

..
1 ini— o
je p— v+ 0,(l-v) p; 10,1 = 1.

3. MNycTb N—uenoe, N> 2, (a, m)= 1,

No'g atn
*g oo *nt
$a,m=2 e m 1 5°nt==2 e m’
* £
rge x npo6eraeT MOSIHYIO, a 5 npo6eraeT MpUBEEHHYI0 CUCTEMbI BbIYETOB

no mogyntw T (cp. Bonpoc 12, d, rn. Il1l).
o) Myctb 6= (4, p— 1). AoKa3aTb, 4TO

Isa,p I< (6— DYV/>.
P) MycTb S— uyenoe, 1<s<n, (4, p)= |. [lokasaTb, 4TO
Sa.p'"P3-1 Sap'="-
=) [ycTb A — uyenoe, S> . [lokasaTb, 4YTO
Na,p* = Pn~1%a.p*-"> "B'pr—G-
6) [okasaTb, 4TO

1—-1
I$a, TI< CT M»
roe C 3aBuMcUT TONbKO OT /.
4. Nyctb M n Q—uenble, 0 < M < M+ Q*Zp, p > 60, x (@) —

HErMaBHbILA xapakTep Mo Moaysio p.
a) [okasaTb, uTo

M-+Q-
X¢> <y p(np—1.
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P) NycTe Nn—paemTtenb uncnap—1,1 < n< p—1,v=~ . P>36 Ir,

HakoHel,, XS npoberaeT u4ucna npuBeAeHHOM CUCTEMbI BbIYETOB MO  MO-
Aynwo p ¢ ycnosuem ind (mod N). [oka3aTb, 4YTO 4yMc/io uucen N,
3aKJ/Il0UeHHbIX cpean umcen M .. .M + Q— 1, BblpaxaeTcs opmynoia

T=A-+BY~p(\.np-\).

y) Mpu ycnoBusax Bonpoca P) nokasaTb, 4uTto npu Q=[8fiyrp]
cpegn uucen M, ., M+ Q— 1 HaxoguTcAa MO MeHblueii Mepe OAHO
yncno Xs.

6) MycTb K— 4nMcno npocTbiX fAenmteneidi yucna p— 1 n A9 — yncno
nepBoo6pasHbIX KopHEM Mo Mogyso P, 3ak/IlOYEeHHbIX cpeau  uucen
M M + Q — 1 [okasaTb, 4TO

mn=9 Q+ 62*]/~plnp; |B|< 1
p—1
e) Nyctb Mi n Qx— uenble, 0 < MX< MX+ Q i< p— 1, ¥Y— uucno
uncen psaga ind M ... ind(M + Q— 1), 3aK/Il04eHHbIX cpean uucen
paga Mi......... Afx+ Qi— 1. jokasaTb, 4TO

y=7~zT+0" (In/))2; 10l<L

1) [AokasaTb cyuwecTBoBaHMe nocTosiHHoro PO ¢ ycnoBuem: ecnu

p > Po. n—pgenmtens p— 1, 1< N < p— 1, TO HaMMEHbLUMIA M3 Mosl0-
XWUTENbHbIX HEBLIYETOB CTemneHW M no moaysno P 6yaeTr

— =i
< MmN h=pc (Inp)-, cr-2e n.

5. Mycte M > 1, (u, m)= 1, n— uenoe, h > 0, K— uncno pewe-
HUA cpaBHeHusi XNssS| (mod in)
m-I| ani —
mm
X—1

B cnyuvae, korga X (X)— HernaBHbIA xapakTep Mo MoAysito M, AoKasaTb,
uTo

S < KVm.
B. MycTe g npoberaeT nepBoobpasHble KOPHW MO MOAYJIO P, 3aK/to
YeHHble B MpuBeAeHHOA cucteme BbiueToB, (@, p)= 1, K— uucno pasnnu-
anE—
HbIX MPOCTbIX AenmTeneid umcna Pp—1um S=2 e P -

K
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a) JokasaTb, 4TO

Isl < T ~r 2A" -
P)Nycte M un Q—uenble, 0 < Af < M+ Q< p. [okasaTb, yyq

uncno T nepBoo6pasHblx KopHeld, Haxoaawwmxcsa B page M, .. ,M+0- _ 1
BblpaxaeTcsa (hopmysiota

r- lig v ((s+. """ ) . Il < 1

YncneHHble npumepbl K rnase VI

1. YKasaTb BCe XapakTepbl M0 MOAY/ISAM:
a) 2. P) 4 y) 8 6)9. e 10. n) 40.



PEWWEHWA BOMPOCOB

PelweHnn kK rnase 1

1. OcTaToK oT AeneHusi ax-\-by Ha d, umes sug ax' {-by n 6yayum
MeHble d, HenpemMeHHo paBeH Hysio. MoaTomy d— AenuTens Bcex uucen
Buga ax+ by u, B uyacTHocTu, 06WMIA penuTens uucenn a-1+b-0= a u
a-0+ 6-1=b. C pgpyroin cTopoHbl, BbipaxeHue ans d nokasbiBaeT, u4TO
BCAKUIA o6WMiA penuTenb uvcen a u b genut d. Moatomy d= (a, b) u
BepHa Teopema 1, d, § 2. Teopembl e, § 2 BbIBOAATCA TakK: HaMMeHbllee
nosioknTesibHoe umncno Buga aTxX—-\-bTy ectb aTX0-\-bTyO\HavnmeHbLLEE

NnoNoXNTENbHOE YMC/I0 BUAA X-\—"\-y ecTb X0+ -" yo- 06o6LuieHune

3TUX pe3y/ibTaToB TPUBUASIbHO.

2. Mpu p = 2 yTBepxaeHne odeBuAHO. MycTb P > 2 U yTBepxAeHue
cnpaBeA/IMBO A1 BCEX MPOCTbIX 4MCes, MeHbWWX p. [loKaxem ero ass p.
Ecnu a He genutes Ha P, b He genuTca Ha p, To no ¢, § 1a= arp-\-ab
O< Al < p, b=DbPp+ blt 0 < bi <p. ChegosatensHo, no 2, § 1 &b
OenuTcs Ha p, T. e.

aibl= pmi T — HaTypanbHoe uucso.

KaxablA npocToid penutens uncen alt bi meHbwe p, noatomy no nHAyK-
LUVWOHHOMY MNpeanosioXXeHutw oH pAesmTt T. lMpom3sBoAs CoOKpaweHusa, npu-
X0AUM K paBeHCTBY

1=p/nJ

KOTOpOe MpOTUBOPEUYMBO, a 3TO U [0Ka3blBaeT Halwe YTBepXAeHue.
3. a. [JevicTBuTesnibHo, Bcerga 6yaeM WUMeTb

< |IB,— B.s+1 |

0TKyAa HalAgeM

1
<
dQs+i QsQs+i
b. Mpu 6Teopema o4yeBMAHA; NO3TOMYy npeanosiaraem M > 6.
Nwveem _
1—X+YJL =1,618...; log10g==0, 2, ;

@ 1 —gi= 1>

Qs"Q2+1 SE2—2> £,

Q47r=Q3 + Q2 N"g3 = g2~h8l > £+ 1=i 2>

QrtSsQ,,-i+Qn-2=sg,,-i = g.-2-+0gB-3> in-1+ M" 4= in2-

443



OTcloga

N>E"-*, n<?iiin+ 2<5*+ 2; n<510+1.
10510 ®

4, a. Ans ppobeii v n H- umeem 0-1—bl = —I1. BcTaBnsas mexay
[po6simMun n~ ¢ ycnoemem AD—BC= —\ gpobb , umeem
AB-\-D)— B (J1+ C)= (J1+ C)E>—(B+ £>)C= — 1 TloaToMy BepHO
K

yTBepXxAeHue, 0oTMeYeHHoe B KOHLe Borpoca. CyuiecTBoBaHWe Apo6u —j-—

a k c ,
c ycnosuamu HEeBO3MOXHO. B mnpoTMBHOM criyyae

Mbl UMenn 6bl

> j. £ AN c a b\ 1

I b b d 1~1d d br Ibd ~ bd
b. O4yeBUAHO, A0CTATOYHO paccMaTpmBaTb cnydaih O«£a < 1. TycTt
r,qe—a V(l:—j—coce,que Apo6bun paga ®apes, oTBevato-
wero T. Bo3MOXHbI ABa cny4asn:
a _ a+c a+c _ c
T <F+d &tb<a<7’
MoaToMy BeEpHO OAHO M3 ABYX HepaBeHCTB

cl 1
d1  d(b+dy

oTKyfda BBuay 6+d > T yKasaHHasi Teopema cnefyeT HernocpeAcTBEHHO,

c. B cnyvae, korga a— HecokpaTumas Apobb « =y C YC/I0BUEM

33 — MOXHO MPUHATbL camy Apobb . B npoTtuBHOM cniyvae 3a
P

MOXHO MPUHATb MOAX0AALLY AP06b c ycnosmem Qs< t < Q, +x

5, a. HeyeTHble npocToe yucna npu fgesieHMM Ha 4 AaloT ocTaTok 1
mnu xe 3. lMpomsBegeHne uucen snga 4/1+ 1 vmeet Bug 4T+ 1. Moatomy
umcno 4px ... pK— 1, rge plt ..., pk— npocTble Buga 4/n+3, HaBepHO
MMeeT npocTotd genuvTtens ( Buga 4T+ 3. Mpy 3aToM ( He coBnajaeT HU
C O4HUM M3 4yucen Pb ..., PK.

b. MpocTble uucna, npesocxogawme 3, UMelwT BUL 6 T+ 1 Uam xe

6/71+5. Yncno 6pi ... p/,— 1, roge pb ..., PK— npocTble Buga 6T + 5,
HaBepHO MMeeT MpOCTOMA AenuTens ¢ Buga 6/n+ 5. Mpu aTom ( He coBna-
[AeT HU C OAHUM W3 UYUCEN PX.......... pK.

6. MycTb pX, ..., PK— Kakne-nm60o K npocTbix umcen u N — uesoe
¢ ycnosusamu 2 < N, (31In N)k < N. Ywucno uucen a psga 1,2, ..., N,
KaHOHMYeCKoe pasfiokeHue KOTOopbiX uUmeeT Bug a= p“‘ ...p~ft, sBuay



In \V
£

as< ~ * He Go/fiblue 4Yem
N e < @InN)k< N
+ < n < .
In 2 ) (
MoaTtomy B psge 1, 2, N HalApyTca uucna, B KaHOHW4YecKoe passio-
XEHWE KOTOPbIX BXOAAT MpPOCTble, OT/IMYHble oT PIr .... pK.

7. Hanpumep, Takue MocnefoBaTesibHOCTU MOSyHUM Mpu
M=2-3... (K+1)/ +2; <= 1, 2,

8. B3sB uenoe X0 ¢ ycnoBmem, u4TOo npu /(*)> 1 n
/" (X) > 0, nmonoxum }(XO = X. CoctaBHbIMU (KpaTHbiMu X) 6yayT Bce
uncna fF(XO+X)\ t= 1, 2,

9. a. Mpu Hannuum (1) oAHO M3 umncen X, Y, NycTb WUMeEHHO X, 6yaeT
YeTHbIM; 13

Z-\-yt—y
(*) 2 2
rge, 0o4veBUAHO, y6exnaemMcss B CylLlecTBOBaHUM ro-

JNTIOXNTENbHbIX UESIbIX U N N C yCNnoBUAMN

X r+</ r r—y 2
Y=uw “T I ' =2

OTctoga crieayeT HeobXo4MMOCTb YC/MOBUIA, yKa3aHHbIX B BOMpOCE.

Jl0CTaTOUYHOCTb 3TUX YC/IOBUEA O4YeBUAHA.

b. YcnoBumcs 3aecb 0603HayaTb 6YKBaMW fMWb LESble MOSTIOKUTE b
Hble 4ucna. [onycTUB CyllecTBOBaHMe cucTeM X, Y, I C yc/noBusiMu
** 4 YX= I, X>0,y>0, >0, (X, ¥, N= 1 Bbi6epeM U3 HUX CUCTEMY
C HaumeHblMM T. Mpepnonaras X YeTHbIM, Haldgem X2= 2uV, y2= u2—\Vv2,
u>v~™Il, (u u= 1, rae V— yeTHoe (NMpyY YEeTHOM W 6bIS10 6bl I/2=4A7 + 1,
u2= 4Ni, = 1, 4N/+ 1= ANX—4N2— 1, 4T0 HEeBO3MOXHO0).
OTcloga u= zi, V= 2W2 Y-\l = zj, 2w2= 2ulvl, Ui= *i, vli= y\
*i+ «i= 2i, uT0o BBMAY Zj < Z HEBO3MOXHO.

N3 HepaspewmmocTn YypaBHEHUA X*-)-y4= z2 KaK YacTHbIIA cnydvaiAa,
o4yeBUAHO, criefyeT W HepaspewmmocTb ypaBHeHus XI N\y*= tl B uenbix
NONOXKUTENbHbIX X, y,ht.

10. Monaras X= 4-\ (K, /)= 1, Haxogum
Kn+ "YU+ ... +anin= 0.

MosTtomy K" kpaTHo | u, cnegosaTensbHo, 1=\.
11, a. MycTb K— HambGonbliee uenoe ¢ ycsoBnem 2*«Sn n P— npo-
n3BefeHVe BCEX HEYeTHbIX uucesl, He npesBocxogawmx . Yucno 2k~*PS

npeacTaBUTCA CYMMOIO, BCe crlaraemble KoTopoii, kpome 2K~IP — | cyTb
2*

uesnble 4yucna.

b. MycTb K— Haubosnbllee uesnoe ¢ ycnosvem 3*<2a-|-1 wn P —
nponssefieHMe BCeX B3aUMHO TMpPOCTbIX € 6 4Yucen, He MpPeBOCXOAALLMNX



28-(-1. Yucno 3*-195 npeAcTaBUTCS CYyMMOMO, BCe crlaraeMble KOTOPOIA,

kpome 3K_1P — , cyTb uenbie unucna.
3*
12. Mpun A<;8 Teopema npoBepsAeTcsA HenocpeAcTBEHHO. [103TOMY
[0CTAaTOYHO, cuuTas npu 7 >8 Teopemy BepHOLA A9 6UHOMOB a-\-b,
@\b2, ..., (a+6)n_1, gokasaTb CcrpaBed/IMBOCTL Teopembl U A/1s

6uHoma (a-f b)n. Ho KoahpuuMeHTbI pa3fioKeHUA 3Toro 6UHOMa 3a WUCKJ/IH0-
yeHMeM KpaliHUX, paBHbIX 1, cyTb u4ucna

A a(n— 1) an—1) ... 2

1’ —b2 e, 1-2 ... (n— 1)”

ANna HeyeTHOCTU e BCeX 3TUX Yucesl HeobXoAUMO WM [OCTaTOYHO,
4YTO6bl HeYeTHbIMM 6bIIM  KpaliHME W3 HUX, KaK pa3 paBHble Jl, U YTOObI
TakXe HeyeTHbIMU 6blNM  Yucna, MnoslyyaeMble BblYepPKMBAHUEM HeEYeTHbIX
COMHOXWUTENMEeIA Wn3 uucauTenield n 3HameHaTeneld ocTaBliMxcs uucen. Ho,
rnonaras N=2n1-{-1, aTv uMcna MOXHO MpPeACTaBUTb 4/IEHAMH psiaa

A1 dg(nt—1) nx(«l— 1) ... 2
1’ 12 o 1-2... (1—1) -

MocnepHune xe BBMAY MNX< N 6yayT BCe HeyeTHbIMW Torga M TO/IbKO TOrAa,
korga J11 wmeeT BuAg 2*— 1, T. e. Korga s umeer Bug 2(2*— 1)+1 =
= 2*+i— 1

PeweHna Kk rnase 2

1, a. Ha opauHaTe ToUukKM KpuBoiA Y= /(*) c abcumccoro X NexuT
[/ (X)] uenbix Touyek yKasaHHOUA o6nacTwu.

b. YkKaszaHHoe paBeHCTBO cregyeT w3z 71-f-72=T, rgpe Tn T2, T
o6o3HayalOT 4ymMcna LesnbIX ToyeK o06nacTeid

O<x<9, O<y<.§)€\
P Q

O< Yy <~
0 P
O<x< OKYy < —.

Cc. YKasaHHoe paBeHCTBO crieqyeT us3
T=\+4(T1+T2+Tt-Ti),

roe Tj, T2, Tj, T4 o6o3HayaoT uuc/a UesbIX Touyek obnacteii

x= 0, O<y<r;
0<x<-4=, 0< Y r2—x2]
Yy 2
oO<y<-~—=, 0<x< Y rF—y2-
O<* , O<i/<-—2=,
y 2 Yy 2



d. YkaszaHHoe paBeHcTBO cnegyeT us T= T1-—+Tr—T3, meT Tr,
T3 o603HavyalOT umucnia UesblX ToYeK 06s1acTelA

0< Vvon, 0

0O<Y< Vn, 0< X< —;
Yy

O<n:<yrfr, O0<(/"yJtp

e. B c/flyyae TpeyrosibHMKa, He WMEWLWEro ApYyrux UesbiXx TOYeK,
KpoMe BepluWH, TeopeMa TpuBMasibHa. K 3ToMy e cr/lyyaw cBOAUTCA U
cnyyaldi  Kaxzoro BbIMYK/0F0 MHOFOYrosisHUKa. A c/yyaid HeBbIMyK/10ro
MHOFOYro/ibHUKa MyTemM COeAVNHEHUS MPSIMOSIMHEMAHBIM 0TPE3KOM HEKOTOpoiA
napbl ero BepLNH MOXHO CBECTU K C/lyyal MHOroyrosibHuMKa 6osiee npo-

cToro Bupaa.

2. Yncno uenbiXx MOMOXUTENbHbIX 4ucesl, He MpPeBOCXOAALNX
paBHo [n]. Kaxpgoe W3 HUX €eOUHCTBEHHbIM cnocobomM npeacTaBnsieTcs
B Buge xkm, rge K— uesioe Mo/I0XKUTENbHOE; MpuM 3TOM AaHHOMY X OTBe-

(<?//>!
yaeT Y — uucen Takoro Bupaa.

3. OokaxeMm Heo6xoAMMOCTb YKasaHHbIX YCA0BUMA. YuMcno 3HaveHWUIA
X ¢ ycnoveMm [ax]«E£E N MOXHO npeacTaBuTb B BUae = -9, 0<n < =
a 4Yucno 3HavyeHWiA y ¢ ycnosmem [Py]</V MOXHO npeacTaBUTb B Buae

N 1 N
g—f"; 0o<4d,!l < -g—. N3 — (-"+ S+"1=Jv. j&/¥l Ha N un nepexogs
p

a
K npegeny, npu N — » 00 nonyunum — 1. TMMocneaHee paBeHCTBO
npu payuoHasibHom o= ~ (a > b > 0) gano 6wl [ab] = [P (a— b)]. Mo-

3TOMy a U P He MOryT 6blTb paLMoOHaNbHbIMU.
MycTb yKasaHHble YC/10BUSA BbIMO/IHEHbI. MyCTb C— HaTypasibHOE uuMc-

C c
no. Nyctb x0= — )-&wu (0= -g---" — HanmeHblMe UeNble Yncna c yc-

C c
nosuem X0 > = Yo > —s’ «OuyeBuagHo, [ax] He paBHO c Npu X, He paBHOM
p

X0, u [py] He paBHO C npu Yy, He paBHom YON\rpu atom O < £ < 1,
0 < 1)< 1, af u pr]— nppaymnoHanbHble. Bengy a0+ rO—c+ 5+ J1 umeem

g-ft] = 1, = - I7Ip— = 1. lMo3aTomMy OA4HO U TO/bKO 0AHO U3 4ucen [ax,,]

n [Pr/0] paBHO C.
4,a. YnomaHyTble pasHocTu npu {o«(} > O paBHbI

{ax,}, {a(*2— *N}, ..., {a(x(—x(_x} {-ax,}.

OHM HeoTpuLaTesNlbHble, WX CyMma paBHa |, WX uucno paBHO <+ 1.
Mo3TOMy MO MeHblUEMA Mepe ofHA W3 3TUX pPa3HOCTEIA He MpeBOCXoAUT

j < . Ho oHa wumeeT Bug {ax'} = ax'—Yy', rge X'—uenoe uucno

47
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¢ ycnosuem 0 < [ac'|<T wn i/'= [oa']. MosaTomy, o6o3Hauaa 6ykeoii h
To u3 umcen 1 u — 1, npu kotopom hx' > 0, 6ygem umets Jahx' — hy' \&

< « OTcioga, o603Hauass 6yksamun Q u P uacTHble ot genenus hx' wn

hy' wa (hx', hy'), nonyuum

|]laQ—P | <i-; 0<Q< T,

0TKyAa u cnegyeT ynomsaHyTas B BOMpoce Teopema.
b. Monarasa <!= [Tj], = [12], ..., <*= [T*] n3acTaBnaa x4 xr,
.., XK npo6beraTb 3Ha4dyeHusn

*1= 0. 1> eee> *2=0, 1l..... t2\...; xf=10, 1, ..., tk,

paccMoTpUM psf, 06pa3oBaHHbIA PacnosioKeHHbIMW B Hey6biBaloWwem Mo-
paake udmcnamun {ai*x + a2x2+ ... n uncnom 1. CocTtaBnssa pas-
HOCTW, 06pas3oBaHHbIe COCEAHUMWU TakMMwU yucnamu, nonyuum (/i+1) X

X(f2+ 1) ... (<ft+l) pasHocTeid. [0 MeHbWeA Mepe o0AHA W3 HUX He
npeBocxoauT

1 1
(*i+ D«*+1) ... (/*+ 1) < TIM2...TA-
Ho oHa wumeetr Bug {ajxl-fo2x2+ ... N\akXK], roe X[, X2, ..., g*—
uenoie uucna c¢ ycnosusimu X[ J«r %, IXr|< T2.......... | X*|<TA, He
paBHble Hysilo ofgHoBpeMeHHo. Monaras [aiXi+ a~tj-f -m4'akxK]=y' u

0603HavYas cMMBOSIaMMU £r, ..., £*, 1 vacTHble oT geneHuns XN\ X\,...

. XKy Ha OO\ g2 Xk, y"), nonyunm

1«iSi4-a2"24— m- 4-®*?&— J1] < ':IZﬁZj———— Z~ .

4YTO N A0KasblBaeT yKa3aHHYK B BOMNpoce Teopemy.
5. Umeem a.= o-\—N{af\ 0< r< ¢

M - Kb

B,a. Vimeem [a+p+...+X]=[a]l+ [p]l+...+ [X]+ [{a} +
+ {P}+ see+ {Mi-
Il. MpocTtoe p BxoguT B M\ a!, ..., /! ¢ rokasaTensmu

I-IJ +M +I_III-IJ +M +Ill’, __[7] +]ﬂl +.ll

Mpu 3Tom
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7. Oonyckas, 4TO 4YMC/I0 @ C YKasaHHbIMW CBOPACTBaMMW CyLLecTBYET,
npeacTasMM ero B Buge

a= gkpkH + gk-iPKk+ ese +<?21P2+ A+ <2}
0< gk<p, < e o<gx<p, 0< <,<P. 0<q'<np.
CornacHo b, § 1 go/1KHO 6bITb
b= ?*«*+< 7 f t me+ 7i«i+ '7ouo-
[Oanee npu nw6om s= 1, 2, T umeem
Fi-iM-i+ 7.5-2“s-2+ eee+ ?2i“i+ 90uU0 < US—

MoaTomy nocsiegHee BbipaxeHve Ans h [onXHO MOMHOCTbIO COBMAacTb ¢
yKasaHHbIM B BoOMpoce.

8,a. NycTb Xi— uenoe, Q< a < §< /2, <ot< p <x1-f-I; uHter-
pupoBaHMEM MO YacTsAM Haxo4um
P P
—M(xX)dx = Jp' ¥/ (x) dx =
a a
P

=PP)/P)-P /(<O P+ (©Q+So()I M ax
a

B uyacTHocTu, npn Q < x 1( nepexoas K rnpeaeny, VUMeem
jt,+ i 4+ 1
— 1 f(X)dx= —-jf (xi+1)— 2 /(«i)+ ~ a )/ (*)dx
X,

YkaszaHHaa ¢opmyna Tenepb nosiyvyaetca 6e3 BCAKOro Tpyaa.
b. MepenucaB topmyny Bonpoca a B Buae
R

2 /M =T/ (*dx+pR)/(R)-p (Q) f(Q)—
Q<x< R

-a(R) f(R) +0o(Q)f" (Q)+Jo(x) f(x)dx-" o (x) f* (x)dx,
Q R

y6exaaemMcsi B CNpaBeas/IMBOCTU YKa3aHHOA (hopmysibl,
c. MpumeHaAa pe3ynbTaT BoOMpoca b, Haxoanm

In 1-j-In2... j-Inn=C nInti—n--

+ "+ $ ~Xxi" dX=ninn—n+ O (Inn).
n
9,a, a) Vmeem (b, § 1)

INCN=,?4 [11+ 1 + - 'm 0

34ecb npaBasi 4yacTb NpeACTaBfiieT CyMMY 3HadeHWiA  GyHKuuu  1np,
pacnpocTpaHeHHY Ha Uuefble To4yku (p, S, M) C MNpocTbiMU p 0651acTn
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p>0 58>0 0< bI<-"~-. YacTb 3TOM CyMMbl, OTBevawLas [JaHHbIM

S U W, paBHa 9 " A, YacTb, OTBevawwas JaHHOMY W, paBHa

oft)-

@ MpumeHsa npu Na: 2 pe3ynbTaT Borpoca a), MMeem

In([n]1D-21n([j1D) =

=0(a)— A= (a) (T)’

Monaras JAyj =m, oTcioga Haxoamm ([a]=2T, wwm [n]=2T + 1)
*()-*(mfm) <Ini ? N <In(2-"fj*"")<,n(2.3-)<»>

Q=)= (a) +* (Y) (T) +

+* (Uh- *(fg) + - <«+T +TH---=Xk

y) Vmeem (peweHue Boripoca (J) v pesysibTaT Borpoca 8,C)

*<»)-* (-J-)-N1>(1T)-~(T) + —=1ln-~"T: - =

= In[M—M—2[g]In [*j+2[y]+0(Inn) =
—In 2+ 0 (In n).

HAanee, npn s 2 Haxogum (Borpoc P))

BMMN)-UYT)+«(YT)-

| X/1~n\ < 2]/ Beerpa,
(K T)+- |=o0 0, «>* - [JIf],
MosTomy
O<rh)(a)— =ft (j) =N (=) + e
..-(B<,)-e(DN+B(A)-B(-H+...) <
<2y~ n+27a +2ytn A2N/a<2(Ka+T12rn)=o0(]"n)’
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b. CnegyeT n3 paseHcTBa (1), HepaBeHcTBa Bonpoca a, (J) v pa-
BeHCTBa Bonpoca 8,c.
c. PaBeHcTBO Bonpoca b npm pgoctaToyHo 6onbwux T. gaeT

£ iLE = ,,m+0(,,a -'l2. £ —-i>i.
nMEp<T* T<p<T*
Ecnn pna Bcex nap p,, p,+i c ycnoBnem T < pnN< pn+1< T 2 umeno
6bl MECTO HepaBeHCTBO p,,+i > Pn(1+ e). To 6bi10 6bl

00

S m+ey>>*

4YTO MNpPM A0OCTATOYHO 6GOMbWIMX T HEBO3MOXHO.
d. OuyeBUAHO, AOCTATOYHO paccMaTpuBaTb JUWbL cryyaid, korga M—
Lesioe.

A
Monaras y(r)zli"—~ npu I npoctom u Y(r)=0 TPU wm
npn I cocTaBHOM, MMeeM (Bonpoc b)
Y()+ Y(2)+ ...+v (0= IN"+ «('m); 1« () ]< C,,
roe Cl— noctosHHoe. OTcioga npu > 1

y (®= Inn—In (r— 1)+ ("—« (r— 1>

E 1 4 ,m. r v In T— In (fm— 1)
7= 1+ 1 2- mr :
O< p< n 1< r<n
- \% </*—a (r— 1
M= 2- ———[W7—— -
1< r< s

Mmeem (8, b)

ri= X rnr"» X (2m2In r~"3r31In eee) =
1< Tr<n 1< r<n

= C2+ Inlnn+ O .
rge C2— nocTosiHHoe. [Janee Haxogum

r-«<2)(nlj-ins)+ -+ .C-1)(nT~A-E;)+ Th =
0TKyAa crieayeT, 4To

r- c-+°(t;b;)’
roe C*— cymma abCconoTHO cxoAsuierocs psaa

e» (K2 -eT)+ »,3)(eT-€eT)+ -
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e. Nmeem

AVUH ) ~ 2 T-£& + £4 - )-

p< n p< n
=C'—Inlnn+0 (]"])

roe C'— noctosaHHoe. OTcroga, nonarad C'r=1nCO, Mbl U MONYy4YMM YyKa-
3aHHOe paBEeHCTBO.

f. Monarasa n=[1,5sIlns] u o6o3Hauyas cumsosiom J1 (M) 4mcsio npo-
CTbIX 4ucesl, He npesBocxoaAwmMx M, U3 paseHCTBa Bonpoca 9, a4, y) Bbl
BoguM (C— MosIoXknUTesIbHOE MOCTOSAHHOE 4UC/10)

,» NINMN2-C\TIn
n{n)>— n—"

yTo 6onbwe s, ecnu sO BbIGpaHO AocTaToyHO 6osbwnM. OTCloA4a cneayer,
yTo PS npu S S OHaxoAUTCs cpeaun MpocTbIX YMCes, HE MPeBOCXoOAALMX M.

g. Nyctb qlt 22, ..., (s— pas/iMyHbie MNPOCTble [AenuTenM uucna a.
Haxogum: 2-3-4 ... (s+1)<a, oTkyga (Bompoc 8, ¢)

(s+ DiIn(s+ D)+ 0 (s+ 1)< Ina, s= 0 (Ina).

MoaTomy (Bonpocbl e un f)
a 1

"™ (Hryo4) -04)

= O (Inps)y— O (Inina).

10, a. Cnepyet u3 d, § 2.

b. Beugy 0 ()= ¢ ()= 1 ycnoBue 1, a, § 2 pna dyHkunm 0(a
BbiMosiHeHo. MycTb 0= 0x0) — o4HO W3 passiokeHUIA a Ha [Ba B3aMMHO
MpocTbIX COMHOXMUTENS. ViMeeM

C&k%‘ONQ *)-*<«)=* («0 .(«*)_d,z\a, d,2\a, ONe2)O (<5 (&)

Ecnu ycnosue 2, a, § 2 BbINO/IHEHO AJ/1S BCeX MNPOM3BEAEHUIA, MEHbLUNX
a, To npn djd] < a nmeem Q(didt)= QD Q(d2, n paseHcTBO (1) maeT
0 (ajOj) = 0 (aj) O (na), T. e. ycnoBue 2, a, § 2 BbINOJIHAETCA U A/19 BCeX
nponssefeHNA c102, paBHbiXx & Ho ycnosue 2, a, § 2 BblNoNHAeTCA AN1a
e[INHCTBEHHOro npoussedeHna bl , paBHoro 1. CriegosaTesibHO, OHO Bbl-
MnosIHAeTCA M AN BCeX NPou3BefeHUiA.

11, a. MycTb T > 1; ANA KaxAoro gaHHoro XT pgenduwiero a, Heon-

pefiesieHHoe ypaBHeHMe X* ... XMNIXM= a unmeeT — ) pelueHuniA.
MoaTtomy
'‘'m » X '- "1
*m\a
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HO Korga XT npo6eraeT Bce genutenu uucna @, To d= — B o06paTHOM
T

nopsgke npo6eraeT Te Xe fgenuTenn. CriefoBaTesibHO,
%,, (a) = 2TVI 1 (d).
£ NG

MosTomy (Bompoc 10, @) ecnvM Teopema BepHa Ans QyHKuuu t,, _i (),
To OHa BepHa M ANs GyHKuum XT (a). Ho Teopema BepHa AN QYHKLUK
T!(a) = 1. 3HaunT, OHa BepHa Bcerpaa.

b. Ecnu Teopema BepHa A/ pyHkumu TT (pa), To umeem

(a+ D (a+2) ... (a+T1)
1-2... T

CnepoBaTesibHO, Teopema BepHa W ans gyHkumm im+i(Pa) Ho Teopema
BepHa Ans ¢GyHkuun T2 (pa) "o4eBUAHO PaBHOLA « MoaTomy oHa

BepHa Bcerfga.

c. Nyctb e= Te2, er=2r], a= p“*‘ ... — KaHOHWYecKoe pasno-

XeHue uucna a, npuuem plt .... p/, pacnosoxeHbl B Bo3pacTawLieM Mo-
psgke. OAna gyHkumn 12(@) = T (2) nmeem

T(a) «1+1 ey+1 a» + 1

ay 23,9 3an " (fc+le*4 '

Mpegnonaras ANs MNPOCTOTbl paccy>XXAeHWiA, uTo e < 1, y6expgaemcs, uTO
KXObIA U3 COMHOXWUTENEIA Npou3BEfeHMs, CTOHLLEfro cnpaBa, MeHbLUe

— ; COMHOXUTenu * ¢ ycnosmem I > 2 11 meHble 1. Mo3Tomy,
f o]
a
nonarags C— (— 1] , HaxoAuMm
I (E)<c, Un lim 4 =0.
a —>o00 1 a-m° n*

Mpu T > 2, oueBuAaHo, mmeem XT (@) <. (T (a))T. MoaTomy

BT b ® «*('-£m)'-0.
a-**  a- \asg* /
d. Cuctembl 3HadeHubd Xf, ...,X T, ypgosneTBopsilowWne YyKasaHHOMY
HepaBeHCTBY, pa3o6bem Ha [/1]] coBoKynHocTeid ¢ HoMepamu 1, 2, [n].

K COBOKYMHOCTW C HOMEpPOM & OTHeceM cucTembl ¢ ycrnosuem Xb ... XM= a\
4Uncno 3TUX cucTem ecTb T (a).
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12. Mpn R (s) > 1 psg, Bblpaxawowmia £ (s). abCONOTHO CXOAUTCS.
Moatomy

-TiA
npuyeM Mpy AaHHOM MOMIOKUTESIBHOM i YMC/0 cucTem M\ ..., AT ¢ ycno-
suem ] ... NT= N paBHo TT (N).
13, a. Mpn R (s) > 1 npoussegeHve ~ = J J — —r- abCO/IIOTHO CXO-
antea. Beumgy — L_ = i_|—L |—L MW n > 2 vmeem
1—1I
PS
1
p<Afl— 0<n< W

rge Bo BTOPOMA cCymMMe nMpaBoiA 4YacTu A npoberaeT MiUWb 4Yucna, Mpesoc-
xoaswwmve N. B npegene npn N —°moo neBas udacTb o6patutcs B P,
neppass cymma npaBoiA 4vactm— B £(S), BTopass— B HYyJlb.

b. Ayctb N > 2. JonycTuB, 4TO NPOCTbIX YWUCEN, OT/IMYHbIX OT
Pi, ..., Pb, HeT, Haxogum (cp. pelleHMe Borpoca a)

m r~r_Ni-
Pl °<n<N

3ro HEpaBeHCTBO BBUAY Pacxo4uMOCTVM FapMoHM4eckoro psga 1 -I-

—3-g--) ‘e PW AocTaTouHo 60nbwnx N HEBO3MOXHO.

c. [lonycTuB, YTO MPOCTbIX u4wuces, OT/AUYHbLIX OT Pt....... PK, HeT,
Haxoaum (Bonpoc a)

N —L-=2(2).
/=11— L
pl
L2
3T0 paBeHCTBO BBUAY WppauuoHanbHocTn £ (2)= HEBO3MOXHO.

14. Mpu R (s) > 1 6eckoHeuHoe npousBegeHve pans £ (s) Bornpoca
13, a abconwTHO cxoamTca. MoaTomy



rop p npo6eraeT Bce MpocTble uucna. AuddepeHuupys, vveem

£Q_V y» 11 (@)
S8 2m \ Ps PXS Px "/ N ns
@] rn=1

15. Myctb N > 2. MNpumeHsas Teopemy b, § 4, nveem

Mne-?- E

P< N O0< n< N

rge BO BTOPOIA CyMMe MpaBobA 4acTu 1 npoGeraeT SmMb 4ucia, 6osib-
wre N. B npegenie npy N —»00 Mbl U MOSTYYNM YKa3aHHHOE TOXAECTBO.
16, a. MNpumeHnm c, § 4 K cnydato

6=1, 2....[f, /=1 1--—-1

Torpa, oueBumgHo, S'= |. [Jdanee Sj obpalwaeTca B 4YMC/I0 3HAYEHULA 6,
KpaTHbIX d, T. €. B j .

b, a) MNpaBasi YacTb paBeHCTBa BOMpoca a BbIPYKAET CyMMYy 3Ha-
YeHiA (hyHKLMM jX(d), pacripocTpaHeHHyK Ha Lesbe Toukn (d, 1) obnactum
d> 0, 0 < n<-"- . YacTb 31O CyMMbI, OTBEYaoLlas AAaHHOMY 1, paBHa
M ( *Ve

P) YKa3zaHHOe paBeHCTBO MOSIyYaeTCd MOWIEHHbIM BblHUTAaHMEM pa-
BEHCTB

*<»)+« (Y)+ *(y) +« (mE) + oee—",

“(T)+ 2%F(]) + .- 2.

c. MycTtb ax= [A]; 6" 6r........ 6l onpefenstoTcs ycnoBuem: 6* ecTb
HambosibLLee Lenoe, | 5 cTeneHb KoToporo aermT s, fs= 1 TorpaS'= T ,,,
Sd paBHO uuC/ly uucesl, He MpeBOCXOAALMX 5, KpaTHbix dl, T. e

OTcloga  noslydaeTcs  yKasaHHoe BblpaXeHwe pana Tlt,,.
B uwacTHocTW, BBUAOY £(2) = -9 AN umicna 2 n umcen, He npeBocxXoasi-
WMX A N He AeNnAwmxca Ha KsBagpaT Lesioro, mpesocxogdiwiero 1, vmveem
Tre n+0(¥Y ).
17, a. YKasaHHOe paBeHCTBO MO/lydYnMM U3 ¢, § 4, €c/iM  MNOJSIOKUM
6, = a), fs= f(xs).

b. YKalaHHoe paBeHCTBO MOSly4YMM U3 c, § 4, €C/I TMOJ1I0KUM
6,= (4S2.....118), /,=/(45), ....,N8.
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c. MpumeHsasa ¢, § 4 K cnyyalo
)= 6x, 62, ..., 6

T/ B MEPBOLA CTPOKE BbINMCAHBI BCE ASMTE/M oo o yveen

~d
d. YKasaHHOe paBeHCTBO c/ieflyeT U3
2 2 T... 2 M.
p=fd 6" 5" dm
18 a_nMpumeHum Teopemy Bonpoca 17, @,"sacTaBnss * npoberaTb
umcna 1, 2, ..., a n 6eps HxX)=oep. Torga
S'm=*(«). SK\d»»+2>d>+... + M'\md,]=dOTam /a\
b. Vimeem ) \&J

*(*>=1l>«(a+T)*-|®(B).

ToT e pe3y/nbTaT MOXHO Mo/yunTb [pouwie. Hanuwem uvcna psga
1. a-B3aVMHO MpOCTble C &, CHauasla B BO3pacTatoleM, 3aTeM B Y6bl-
BalolleM ropsake. CymMma 4ieHoB o60oMx PsafB, paBHOOTCTOALMX OT

Haya/la paBHAa a, YMC/I0 YWIEHOB KaXAoro psza paBHO o (a),
C. VMeeMm

oo("> -2 ("-ap.

uncen, He MPeBOCXOAALMX T, KpaTHbIX M4 T. e ShN=[- 1
b. Viveem L~ J

T*=J" UEEOT7T +°(T@))=~d @+ 0(ae).

dN\a
c. CneflyeT u3 paBeHCTBa Boripoca a.
20. MpumeHm  Teopemy Bonpoca 17, a> 3acTaBnsfs *  npobera
umcna 1,2, ..., N, roe N > a, v 6epa f (*)= — Torga HalADEM
" Vo, o V. 1 J

«» - & O<t X

B npegenie npy N —»00 NOy4MM YKa3aHHOE oy necTro.
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21, a. MNMpumeHnm Teopemy Bonpoca 17, b, paccmaTpuBas yKasaHHble

B OMpedesieHnn BeposiTHOCTU cucTeMbl 3HadYeHuIA xIt a*, . . X), u
6epa/(ocx, o, ..., @Y= 1 Torpa PN= -~ , Sd= ~ j ,n Mblno-
JSyqim

E>«[Th 9

* NIfTi A 1
MoaTomy

Py = (Z(b))~1+0(A); A="""npm k> 2, pa= npn k= 2.

b. Vimeem £(2)="-.

22, a. JnemeHTapHble pacCy>KAeHUs TMOoKas3blBalOT, YTO YMC/I0 LESbIX
Touek (U, V) obnacty m2+ 2*£p2; p > 0, He cumTtas Toukm (0, 0), paBHO
np2+0(p). MpumeHum TeopeMy Bonpoca 17, b, paccmaTpuBasi Koopau-
HaTbl X, Y LeMbIX ToYeK 06/1acTh Xr-\ayr<. r2, or/muHbix ot Toukn (0, 0),
v nonaraa f (x, y)= 1 Torga T= S'+1, Sd paBHO uuCny UEMbIX ToYeK

obnactm  + , He cunTtas Toukm (0,0). lMoaTomy

«<-*mE£+0 (7 )m
a /1 \

n
r==¢£ MK +°(E T Y—rr+0Ofrinr).
d=i ao) (\d:i ) )

b. PaccyxAaasi aHa/lorMyHo npeabiayliemy, Mosyunm

23, a. Yucno perwvireretd d uucna a= p“‘ ... PbK, He Aensawmxcs
Ha KBagpaT Lenoro, npesocxoddAwero 1, 1 umerowyx X MpocTbIX Aefn-

Tereld, paBHO A npy atom n(d) = (—1)x. MNoaTomy

£>(<*)=£ (M (-1)* = (1-1)*=0.
d\a x=0 !

b. MycTb a WveeT TOT e BuA, YTo U B Borpoce a. JocTaTouyHo
paccMaTpuBaTb Cryuald T < K. [/1S yKa3aHHOA CyMMbl MMeeM [Ba BbIpa-
>KEeHUs

1>“>=(0HO+"=+ (- |*(™)“

—<- P ((n+ D-(m+2)+ - )-
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nepeoe BblpakeHne > 0, a Npu T > 7

k

BTOpoe BblpaeHue ;s=0. Ecnv T HeyeTHoe, TO Npu T < — repBoe Bbk

Ecnn m 4eTHoe, TO nNpn T

paxeHve <0, a Mpu T > — BTOpoe BblpaxeHue <0.

c. [loka3aTenbCTBO MOYMTU TaKoe Xe, KaKk B ¢, 8§ 4, HO C y4yeToMm

pesynbTaTa Bonpoca b.
d. [dokasaTenbCTBO MOYTU Takoe e, Kak B Bornpocax 17,a u b.

24. Myctb d npoGeraeT permTenn umcna a, Q (d)— umcno npocTbIxX
nenvtenetd yucna d, Q(a) = s. CorslacHo caenaHHoMy B BoOrMpoce yKasa-
HUO, nveem (cumTaem N A0CTaTOYHO 6OMbLUMM)

< 1
a@d<m
in< £ . z Tf
Q)< m d Q@d>m
Janee Haxoaum
m
(*) <s'»<eAn< eorl' e-*-"r=0(4),
n=o ~r
m N pne’( 4) A Za\
r-T 4o r;_i" =0tt~

HakoHel,, o6o3Hauyas 6ykBamm CX n Ca HeKOoTopble MOCTOSHHbIE, VMeeM

| - -
n~T+\Q (d=n T+l
< N V (C-L+Inr \a*.N V I 3\"
A amag ! 40T e) 9n=m+|'\4)
<C2"-r =0 ().
25. Besikomy permtento cff umcna a ¢ ycnosmem di < Y~a oTBevaeT

nenutens d2 ¢ ycnosusmn d2> Y o, did2—a. Mpu atom U (dX) = y (d,).
MoaTomy

22 "to)=2 ~ +2 3= 2 pNe=1%
<4 dt d\a
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26. Yucna d, He genswpmeca Ha KBaapaT Lesioro, npe.socxosiero 1,
n yaosnetsopsiowme ycnosuio p(d) = k, paccMoTpyMm nonapHo Tak, YToObl
B KaXAyl Mapy BXoAw/o HekoTopoe HeudeTHoe d\.m yeTHoe 2dv Byaem
uveTb L(tAl) + 1 (271 = 0.

27. Myctb plf ..., p*—pa3nnuHble npocTble 4wucna. [lonaras
fi= Pi ... Ph, nmeem
9(a)= (Pi—1 ... (")
Mexay Tem, Mpy OTCYTCTBUW MPOCTbIX 4uCesl, OT/IMYHBLIX OT PX......... p*,

Mbl Merm 6bl (a) = 1.
28. a. YKaszaHHble uucria HalAgyTes cpeam uucen s8; s= 1,2...... -T-.

Ho (s6,a)= 6 Torga v Tonbko Torga, korga s, -2-"=1 (e, § 2, rn. I).

lMoaToMy BepHO yTBepKAeHVe, OTMeYeHHoe B BOMpoce, U Mbl MMeem

a= £ (y)= WU oN-
B\a 4 /) d\a
b, a) Myctb a= p“‘...p"“* — KaHOHNYeCKOe pa3fIOKeHVe uucra a.
BBuay a yHKUums P(a) MyNbTUMNIMKATUBHASA, MNpUYeM

pfs= Y, <Pd), Pp"l= 2 O(«0 -
d\pfs
p?*—p?*_1=d(p?’).

P) Ansa uenoro T > 0 nveem

d\m
MoaTomy

d\a

29. meem (p npoGeraeT BCe MPOCTblE 4MUCA)

1-N

Yy 0O -I1 (PO Iy T G
4=1 P Tx-y =1

30. Viveem
d(D+d(2)+ ...+d(n) =

oL d\n =1 4

N ©

‘lellf‘w @Ina)=j c)j(zl O(inn)=~ "2+0(n Inn)*
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PelleHnst K rnaee 3

1, a. U3
P = B,10"-»+an_110»-2+ ...+all
3ameyasn, yto 10s 1(mod 9), nmeem
A= a,+an_1+ ...+ ai (mod 9).

CnepoBatensbHo, P kpaTHo 3 Toraa v TonbkKo Torga, Korga cymMma Ludgp,
ero msobpaxarmowmx, KpaTHa 3; OHO KpaTHO 9 Torga M TO/IbKO Torpaa,
Korga ykasaHHaa cymma KpaTHa 9.

3ameyasn, yto 1 0 * —1(mod 11), nmeem

P — (ai + fls+ *") — + (mod 11).
CnepoBaTenibHo, P KpaTHo 11 Torga u To/bKo TOrga, Korga pasHocTb
MeXay CyMMO LMdp, CTOAWMX Ha HeuyeTHbIX (CuMTas cnpasBa) MecTax, U

CYMMOIO LMpp, CTOAWMX Ha YeTHbIX MecTax, KpaTHa 11.
b. U3

P= &,100«—»+ 6n_1100*-2+ ...+ 6i:
BBuagy 100= —1(mod 101) umeem
P=3 (*i+ &s+...)— ("] + "4 +---) (mod 101).

MoaTtomy P kpaTHo 101 Torga v TOMbKO Torfda, Korga (614-fej+ .—) —
— (6i+ *a + ...) KpaTHO 101.

c. U3
P = ¢n1000n-1-)-cn_i 1000"-2+ ...+ C!
BBuay 1000= 1(mod 37) umeem
P cn+cn-1+ me+ ci (mod 37).
MoaTomy P kpaTHO 37 Torga W TO/IbKO Torpa, Korpga .,.+Cf

KpaTHo 37.
Beugy 1000" — 1 (mod 7-11-13) umeem

* — (ei+ es+ ...)-ta+ c4+ ...) (mod 7-11-13).

MosaTtomy P kpaTHO ogHomy u3 umcen 7, 11, 13 Torga W TONbKO TOrAaa,

korga (ci+c*+...) —(c,+c4+ ...) KpaTHO 3TOMY >Xe u4ucny.

2, a) Korga X npo6eraeT MOJSIHYI0 CUCTEMY BblHETOB MO MOAY/IO T,
To aXx+b Takke npoberaeT MOSIHYI0 CUCTEMY; HaVMeHbLUNIA HeoTpuLa-
Te/lbHbIA BbMET I 4yncia ax—\-b npoberaet 3HauveHus 0, 1, ..., T —I.
MoaTomy

X r=o

P) MpumeHsia pesynbTaT Bonpoca 18, b, rn. W, Haxoaum
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3, a. MycTb I HauMeHbLLMIA HeoTpULIATENBbHBLIA BbMET umca ax + [c]
no Moaysio T. Vimeem r

rne e<d(r)<e+J;, e—{c}, rj m<2h4-\ Teopema o04eBMOHA.
MosToMy paccMOTpUM b CryYaia > 2ft.fl. Monaras

1C+D(r)\
I T /% T *6*0.

mveeM _1+ + .<B(r)<” =5 Mpn r==m_ [h+t]....... m_1I; JL<
B OCTa/IbHbIX cnyYasax [losTomy
— [/i+e]l]+e<S —-2"< /1 +e, |S—y m|<h+y-

b. Vmeem
N TIUME BYK,,

MpumeHum Teopemy Bonpoca *  nonaras h= 1X1. Torga wn nosy4im
yKa3aHHbIMA pesynbTar.

c. Haxogum
T-1

oml; o<m#<T—1
2=0 "' * J

MpymeHum Teopemy Bonpoca a, [Monaras /,= 1ly_A. Torga  nosyunim

yKazaHHbIA pesysibTar.

4, Paznoxum A B Henpep”™” aApobe< MycTb Qn— Q '— Hanbosb-
UMIA N3 3HaveHaTesNield noaxoasan™ X Apo6etd, He NpeBOCXOOSAWMIA T,
uveem (Bonpoc 4, b, rn. 1) A4

npPio
Q="QM* (A, Q)=1 le'l<l
Mpn 3stoMm M3 m< Qn+i<(o 4.n0.<C O N, rgoe C— nocTosiHHoOe,
KOTOpPOro He mpeBocxXogAT Bce " +V , ' and Havbonbluero uemoro N' c
ycrosmem H* Q" Cm creayer <C. MpumeHss Teopemy Bonpoca 3, b,
Haxooum .
M+HQ —1
L m.-- 1 |c.
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Myctb T1= T—H'Q'. Ecnm TX> 0, TO BbI6Mpas B 3aBUCMMOCTU oT mf
uucna Q" u H" Takmm >ke crnocobom, Kak paHblle B 3aBUCMMOCTW OT T

6bU BbIGpaHb!l Yncna Q' v //', HalAoem

| {AX+. B)-4rH"Q" <] c.
*=/11,

rae npymeHsieM 0603HaveHue + XK«£2<q. MycTb /na=m 1— H"Q’
Ecnn /i > 0, To nogobHO NpeablayliemMy HalAnem

E [Ax+B}-+.H™Q
i}

m T. 4., MOKa HEe nMpuaeM K HeKoTopoMy Tb==0. Torga mMosty4um

<TC

M+T1-1
1
2 grr+ B}--T1 < le«,.

XssM
Yucna Q', Q" Q<> y[0BMeTBOPAOT YC/10BUAM
mAsQ > ttii’™" > /n,3r...> 1

Moatomy (Bonpoc 3, b rn. 1) 4= 0 (Inm) n, cnegoBatesnibHO, OPMYya,
yKasaHHas B BOMpoce, BepHa.

5, a. CyMmMy, CTOsILLYHO C/iEBa, 0603HauUMM GykBoo 5. MycTb T= J1 3.
Mpn T < 40 Teopema o4eBUAHa. [losTomy npegnosnaraem T > 40. B3gs
J1*1=[<2 + 1]. HalAgem umcna alt Tu 0Xc ycrnoBusimm

f! 0</ni<T; ("L 19| Cl-

B3AB M2= Mi+ mi, aHa/lorMyHbIM MyTem HaiAoem uucna A2, ~a. B35B
iMs=M 2+ ma, HatAoem uncna a3, T8 0a, u T. 4., Moka He npuaem K
MJ+1= Ms+ msc ycnoBueMm 0<[A] —Ms+l < [T]. MpumeHsis Teopemy
Borpoca 3, ¢, HalAOEM

Is—=2 "mi+ m2+ eee+ B+ [A] +1 —M s+

k+ 3'
<s 2'2
1 fc+3 T1-f1
(1-Q) <

OnvHa MHTePBana, ans KOTOPOFO ?_‘I_')L& 4,\(a_:r)< ;I_I—_I_— , He npe-
BOCXOAUT e CnepoBaTesibHO, C OHOLA W TOA XKE Apobbio P CBA3aHO

2A
+ o+ 1 uvcen mi> ™ ms. MNycTb @ N aa— HaMMeHbLLIEE W Hau-
0

6osbllee 3HayeHUs a, oTBeYawuipe fgaHHOMY T.
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Vimeem

£l=£1— Pom_nlF [ <1<*=«ar+ 105
m - n

TT n

CneposaTesibHO, C A3aHHbIM M CBA3aHO

S («+")(uv i5+i'H=

*<b=2. (I+-) +(“ +1),.0s

ymcen TT, mit T,. Cymmupys rocfiefHee BbIp@kKeHVie Mo BCem
T—1, 2, [T]. nonyumm

,<Ufc2(,Li,+J+~ 1) 47 1. € . < i"W +~2

o _ <2l A 1n+B*A.

b. Viveem

£ M) +!—0o}—y (1-Q <4

Q<x<R
2 vw}—y(n-8) <4
Q<x<H
oTKyga, nonaraa 6(ac)= {/(n) + 1—a}—{/(n})}, Haxooum
S 6w <32
Q<x<R

Ho npn {/ (X)}<a nveem S(X) = 1—a, a npn {/ (X)}* a umeem 6 (X) =
= —a. Moatomy J1—cn) R(a)—a (/?—Q—if (cn)1l< 2[0p oTKyOa W Mosny-
Y/M yKasaHHY hopmysy.

B, a. MNpumeHnm copmyny Bonpoca 1, ¢, rna. Il. TMonaraa / (K =*

Y r*—pm, B HTepBasie 0< X < p = uveem

—_r< /8
w=- 'Tws= T<I/'WM<T

MoaTomy (Bompoc 8, &, rn. Il, Bonpoc 5, a)
r

VT
8p 0) y+—4 -p=—4y +

2

+8y=|"=]+0(r31nn=sar*+ 0(r 3 Inr).
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b. Nmeem (Bonpocbl 11, d v 1, d, rn. II)
TO+FT@Q+...+T 1) =2 X f-1-

r~T <~
0<x<Vn L *J L J

JlocTaToyHO paccMOTpeTb /b Crlyyaid N>64. VHTepBan X < X < Y- >

roe X = 2n 3 , pasobbem Ha O (In /1) wHTepBasioB Baa M < x<M ',
roe M'<2M. TMMonaras f(x)=

B uvHTepBasie M <p:<AT wveem

/'(*>=-£. rw-5; 4"~r</'W </,
MosTomy (Bonpoc 6, &)

M

(o]

11,+0(n3 (Inan)-
[Hanee (Bonpoc 8, b, rn. 1)

X

-7=£n+y nlnn+p(*Mm) V-n+0(l).
O< x< MT
MoaTomy

T(H+172)+ .,.-(-T(A)= 2End-Alna+2p(¥YnNn) ¥YnN—Y-n—n+
L

1
+2Im{YT}+0(n3 (na)d=n (Ina+2£ - D+ 0 (a3 (Inn)2.

c. Hanvwem psigbl apobeii

11 1

2’3" 45" 6"

1 1 1

2’ 4 6’
1 1
3

o |
o

C 3HameHaTesisMu1, He npesocxogsawwMn N. Opobb 1 ¢ ycroBvem O <
<a<N BcTpeTuTca B T(a) pagax. [Mo3ToMy Cymma BCEX YJIEHOB, CO
JepxXalmxca Bo BCex psfax, paBHa

£ ifi*.
O<0< W “
C [pyroia CTOpOHbI, CyMMa 4YIEHOB S-r0 psiaa 1 In N. lNosTomy Ta ke
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CyMMa BCEX UWIEHOB, COAEPKALLMXCA BO BceX psifax, 6yaer

<AMnW £ =+InN < (aNy.
0<s< N s
CnepoBaTtesibHO, HepaBeHCTBO (1) BepHo npu 1— 1
[anee, oonycTuB crpaBe/IMBOCTb HepaBeHcTBa (1) Npy  KakoM-/160
/, DOKaXeM, 4YTO OHO OCTaHeTCs BepHbIM U rocsie 3ameHbl | Ha /+1. Ha-
nuLLIEM HOBble psabl [poGein
(@) @(@)" (TGN (T@)y ()" ()
1 ’ 2 ’ 3 ’ 4 ' 5 ’ 6

(T(2)) (T(@)« (T ©)
2 4 6 eee
(T(3)" (T(6))'
3 ’ 6

CO 3HameHaTenamMu, He npesocxogAawyMun N. 34ecb CymMmMa BCEX UJIEHOB,
coaepXkalmnxca BO BCeX psAaax, paBHa
£ (T Q)<+~
O<a< N a

C [pyroiA CTOpOHbI, CyMMa WIEHOB S0 psija

MosToMy Ta Xe camas CymMMma, cofepxaljascs Bo BcexX psagax, OyaeTr

<(1n A< 2 +
O0<$< N
N Mbl ybeammcs, UTO HepaBeHCTBO (1) ocTaHeTCst BEPHbIM U rocsie 3aMeHbl
I Ha /+ 1.

d. B cnyyae 1=1 HepaBeHCTBO (2) ABNSETCA CrEACTBYEM HepaBeH-
cTBa Bornpoca b. [anee, A0MycTUB CripaBef/IMBOCTL HepaseHcTBa (2) A
Kakoro-numéo |, AoKaxem, YTO OHO OCTaHETCA BepHbIM W rocsie 3ameHbl |
Ha /4*1- Hanuwem psgpbl

@y (@), <@« (T@A)Y/, (x(B)z, x<B)«. ...
(T(2)«, (T(4)", T®), ...
T3, (x@y* ...
BKJ/TIOHAIOLLME TOSIbKO 3HadeHuss T(a) ¢ ycoBvemM a<N . 3gecb cymma
BCEX YJIEHOB, COepXallixca BO BCeX psAfax, paBHa

£ (T(B))*+».
O< a< N
C [OpyroiA CTOpOHbI, CyMMa Y1eHOB S-ro psga Oyaer

<(t(s)), ((t(1N)4.- - + (T([Afs—>1)))<(x(s))' * (InN)*1-1.

465



MoaToMy (TeopeMa BOMpoca C) CyMMa BCEX USIEHOB, CoAepXallmxcs BO
BCEX psifax, 6yaer

<W (IrwVv)2~* X N\NN)* + [ -t.
O<s< N S

N mbl ybeammcsi, YTO HepaBeHCTBO (2) ocTaHeTCA BepHbIM U Mocsie 3aveHbl
t Ha /+ 1.

7, TycTb cucTema HenpaBWbHas U S— Hambosbluee 4Kc/0 € Ycso-
BMEM, UTO 2* BXOOMUT B HEYETHOe 4MC/10 uumcen cuctembl. OAgHO M3 mocnes-
HUX 4YMCcesl Mbl 3aMEHVM MEHbLLMM, COAEPKALUMM JWLb CTEreHu 2s, BXO-
[AlMe B HEYETHOe YMC/I0 Ymces1 OCTaBLLEeACA CUCTEMbI.

MycTb cucTema— npaBusbHasA. YMcno, MeHbllee ogHOro ms.umcen T
3TOIA CUCTEMbI, OT/IMYaeTca OT T, Mo KpaliHelA Mepe, OOHUM 3HAKOM B
EC/CTEVE VICUUC/IEHWSA C OCHOBaHWeM 2.

8, a. [lo6aBMB K KaXXAOMy W3 u4ucesl, MpeacTaB/seMbiX YKazaHHbIM
cnoco6om, umcno A = 3n-{-3n~1+ ... + 3-f-1 nosyumm uucna, KoTopble
MOXXHO MO/y4nTb, 3acTaB/1sig B TOA Xe cymme Xn, AC,, X, ..., XX, XO npo-
6eratb 3HadeHus 0, 1, 2, T.e. nonyuum Bce umcna 0, 1,..., 2H.

b. YKa3aHHbIM Croco6omM Mosyunm //iXT 2. .. T K YuCes], He CpaBHUMbIX
Mexzay coboto no mMoayno TATA...T*, Tak Kak u3
X H-tTliXe = TNTVb—- . . . §-tATR. .. /Hit_ xXft~

= *1+ Tha+"TrX3H- see+ T X2 (MmodTX¥A2...T K
rocsiefoBaTesIbHO  HAaXoauM

xx= xx(mod/nx, X=X\ miX2a mx*?2 (mod mxm2), xt—xi,

mxm2xssa T XT 2°3 (mod mxm2ms), xs= X3\

nT.A.
9, a. YKazaHHbIM CMoco60M MoslyuMM T XT F...T* uucesl, He CpaBHU-
MbIX M0 MOAY/IO T XT.b.. ,TK, TaK KaK U3

T x-FN[22+5- ... 4-M fofa
"= MX[-\-MX'i+ .. .4- Mkxk (mod /mxma. . .m*)
cnepoBasio 6bl (Bcsikoe Mj, OT/mMyHoe 0T M'S, KpaTHO ms)
MsXs= Msxg (mod ms), Xxs”~x's(mod ms), xs= Xs.

b. YkasaHHbIM cnoco6om nonyurm ¢ (mx) ¢ (Tr) .. P(TK =
= ¢ (mxm2.. ./na)

yncen BBUAY TeopeMbl BOMpoca a, He CPaBHUMbIX MO MOAY M0 /NXTa...TK,
n BBugy (Mxxx4-Ma2+ ... \dkxk, ms)= (Msxs, ms)= 1, B3aMMHO
npocTbIX ¢ /MXT2...T*.

C. CornlacHo Teopeme Bornpoca a umcio MiXi-\-M2xt+ .
rOe XX, e XK Mpo6eralT Mo/fHble CUCTEMbl BbIMETOB MO  MOAY/1AM
/NX, T 2,..., T*, NnpoberaeT rnosiHyto cMcTemMy BbIHETOB MO MOAY/IO Mjm2. .. T
3TO 4YMC/N0 B3aMMHO MPOCTO € T XT 2...8!* Torga v ToMbko Torga, Korpja
Xt TNn= X2, TN= ... =(xK, /™= 1 TMoatomy ¢ (MxM2...T*) =
= @(TYD(Ta)... b (TK.

d. YT06bl NonyunTb Bce uucna psga 1, 2,..., pa, B3auMHO MpocTble
C pX, cneayeT BbIHEpKHYTb 4Yuc/ia 3TOro psja, KpaTHble p, T. e uuicna
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p, 2p,..., p<*—1p. Moatomy <p(ps) —pa —pa—1L1. OTcloga N 13 My/lb-
TUM/INKATUBHOCTU P (0) M3BECTHOE BblpadXeHVe A19 ¢ (a) criesyeT Heno-

CpeACcTBEHHO.
10, a TlepBoe yTBepkaeHvEe crieqyeT U3
(x1, , XK\ Mxxx+ ... + MKKK\ %
T (”
BTOpOEe YTBepXaeHWe crefyeT U3
rei , , 1~/ MAr+.2+ M "X
—————— m r
b. Opobn \ T N coBMaga—
ml TK |
10T C Apo6simMu
flt oo+ MKXK, ..., MtWi+ ...+ M kwk)
{ mi
I akf(M Ix1-{-...+Mkxk,..., Mx»xwx+ ...+ M kwk)
' nk
.e. ¢ pgpobamu | X'tn ‘=" | « BTopoe yTBepKAeHVE [0Ka,3blBaeTCA
aHa/I0rMYHBIM  CrOCOGOM.
11, a. Mpn a, KpaTHOM M, UMeem
Mpn a, He gensdwemcs Ha T, VMeem
ax

yve n e ~-.=o.

* AN
b. MNpuy Heuesiom a fieBass YacTb paBHa
etnia IM+P)__e»nlaM
Asinn(a)*™ (a)n’

e2/fa—\
c. CornacHo TeopemMe BolMnpoca b neBas u4acTb He npesocxoaunT TT,
roe
|
r ——
a=11/ ( * ) ’
Ho npyi HEYETHOM T
TT <T Yt In*+ i=mInm,
0<a <-£-
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a npu 4yetHom T

m ~T \Y% 1 2a+1 , 1 \% , 2atl »
T 2 2- In2*1+ T 2- 1nw -1<T1 1nT.
O<a<~ 0<a< -y
Mpn T 6 BBy 1 — "—=1 rpaHuUy T INT MOXHO YMEHbLUUTbL Ha
. T X* 2a-\-1 T
(o[*]+m)m
O<a<4r
MNocnepHee BblpakeHve > npn 12 n.> T npu mSs60.

12, afyctb T = "% ...

p £ K— KaHOHMYeCKoe passioxkeHune umicna T.

Monarasa p“‘= /ni........ = npu o6o3HaveHmax Bonpoca 10, &
vvieem
ini — 231’ —
2 * T'..%e T*=2 N T -
S. K |
Ho npn a,= 1 Haxogum
ini — tni —
2 e T*= 2 « Mo 1= - 1.
13 X}
Mpn as > 1, nonaras ms= psm*, HaxoAuM
Noo2a95-k , mil* 7411 *a<5
2 mj=2, e mj- 2 _« =°-
5 1= 5 = =0
m~l tni —
b. NMyctb m—uenoe, m > 1 Vimeem 2j e m=0. Cymma cra-

*«0

raeMbix SEBOLA 4acTW 3TOro paBeHcTBa ¢ ycrioBuem (x, m)= d cornacHo

TeopemMe BOrpoca a paBHa

c. Haxoanm

_ »Fl( —

2 * T =2M<*)5g5

| A

roe, nonaraa M= M@, uveem
T*~1 ml —
$<r= 2 e ™

u=0
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MocnepHee paBHo O nMpu d < T m paBHo 1 npu d= m. OTctoga ” nosny-
Yaem Teopemy Borpoca a.

d. PaBeHcTBa crieaytoT u3 Bonpoca 10, b.

e. VNvieem

A(Tl) ... -4(m*)=m-r2 2k50,.m, ...Sak,mk'
o, al

rge ar, ..., ah npoberaloT nMpvBEAEHHbIE CUCTEMbI BbIMETOB MO MOAY/ISIM
B I TK. OTtcioga (Bonpoc d) nepBoe paBeHCTBO BoMpoca crieayeT
HernocpeaCTBEHHO.

AHA/IOMMYHBIM MYTEM [IOK&XEM W BTOpOe paBeHCTBO.

13, a. Nveem

_1 naxo.
p1 aﬂ('— j p, ecm n KpaTHO p,
j““0 N\ 0 B MPOTMBHOM criy4ae.

b. PackpbiBas Mpou3BefieHVie, OTBevaloLlge AaHHOMY T, VMeem

d— .nx
- T -
d\a x=0
OTcioga, cymmumpysa no scem n= 0, 1, ..., a— 1, 1 nonydnmMm M3BECTHOE

BblpakeHve ans @ (a).

14, YacTb BbIp@KEHWUs, CTOSALLEro crpasBa, OTBevalowaa X, Aensule-
My a, paBHa 1, YacTb, OTBevaloLaa X, He Aensawemy a, pasHa 0. MoaTomy
yKa3aHHOe BbIp@kKeHVe paBHO YABOEHHOMY 4UCy OE/MTENeiA 4ucna a,
MEHbLUMX Y~a, C/IOKEHHOMY C S, T. e. paBHO T (a).

15, a. VNiveem

(ht+ht)P=
= j n? 1ht4- mm {"p*_ 17 Niht 1N\Hi= -\tp(mod p\
s= (hi + h2P-\J13=/1? + Na+ /i3 (mod p),
nT 4
b. Monaras /tl= /i2= ... =ha= |, u3 Teopembl Bompoca a MosTy4nMm
Teopemy depma.
c. Myctb (a,p)= 1 MMpwn HekoTopbiX uenbiX Nj, Nt,...,N a nveem

0<f-1>=1 + JIrp, aP ¢—=>= (1+ N 1p)P=\ + Ntp*,
aP>ip—i) —j Nspi........ 1+ Napa,

a$(Pa)s j (mo(j pa).

Myctb m= pN\Nl ... PbK— KaHOHWYeCKoe pasfniokeHve uwvcna T. Vveem
B®(p*) j(mOGipi’), ..., ap " 1(mod p”*),
BP(T)3a j “mod p“*), ..., av'm)= 1(mod P**),

ay<)se | (mod T).
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PeweHuns K rnaese 4

1 a. Teopema Herocpe[icTBEHHO crfiedyeT W3 TeopeMbl Borpoca
11, a, . 111

b. MNyctb d—permrens uvcna T, m—mQ@, Hd o6o3HayaeT cymmy
cnaraembix .c ycrosuem (@, m)= d B BbipaxeHun ana TT Borpoca a.
Haxoonm

m-1 T-1 'm .

"<:§" &0 e %( -

roe a0 npoberaeT MNpUBEAEHHYKD cuUCTeMy BbiMeToB Mo moayso /n0. OT-
ciofa BbIBOAUM
moO-1 T,-1 ;j;f M.
Ae=g2 2 e 2 e " =T TO.
a, xX0=0 wo= O pS( 0

c. Nyctb T >0, (3, m)=d, a= a@, m= mQ, T— uuncno peleHniA
cpaBHeHMss ax = b (mod m). Nveem

m-l m-1 ml m-1 m-1 44( * 1< *2.
TR e « un
a2=0 x2=0 € B a2=0 2;q:O i m
_ e 1 B*Q'ﬁiigg_ I md, ecnn b kpaTHo d,
arTo 10 B MPOTMBHOM CJlyuae.
d. Monaras (a m)=dlt (b, d)=di, ..., (¢, fr_1= dr, m= dim],
. Haxogum d=dr,
m- 1m—| m-I| m-I| mX (@x+by+ ... HwHg)

r»= 2 2 2 eee 2 *
a=0 ;=0 0=0 uw>=0

d,-1 m-I m-1 JJtf »i o m +lv+S)

S «2 2 e 2 e
at=0y=0 a=0

V—i— ar=0
e. MpumeHuM meTog MHAYKUMn. MNycTb npu o0603HavyeHmMax sBonpoca d
Teopema BepHa A9 I NepemMeHHbIX. PaCCMOTpVIM CpaBHeHUNe
Iv+ax+ ... +fw+ge= 0 (mod m). (@)

Mycts (/, m)= dO Ycnosnem BO3MOXHOCTU CcpaBHeHUs (2) BygeT ax +
-f ...+ /ai-fg3=0(modd0). TllocnegHee cpaBHEHME BO3MOXHO JIULb
B cnydae, korga g kpatHo d', rme d’'= (a dt)= (¢, a,...

.., /, M), npuuem Torga OHO WMeeT peweHuniA. CnefoBaTesibHO,
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cpaBHeHMe (2) BO3MOXHO J/iMwb B cryuvae, Korga g kpatHo d', u Torga
OHO vmeeT dé~1d' dO= mrd' peweHniA. Takum 06pa3om, Teopema

BepHa U A r+1 nepeMeHHbIX. Ho Teopema BepHa [/ O4HOro nepe-
MEHHOro. 3HauuT, OHa BepHa Bcerpga.

2, a. Nveem ap<m)= 1(modT), a-6ad(T)~1= b (mod T).
b. Viveem
1—2..4a— D ab (— (P_])I:Z...a S
E3 b-1-2.. .(a— 1) (mod p),

0TKy/a, AeNs MowieHHo Ha 1-2.. .(a— 1), u noslyuynm ykKasaHHY Teopemy.
c, 0) BblOupas Hagnexawym o06pa3oM 3HaK, uMeeM b *+/n=

3= 0 (mod 4). MNycTb 2B— Hanbosibllas cTereHb 2, Aenawana b += 1. Mpu
bk wveem

+

xa +E*T (modT).
Ecnn xe 6 < Kk, To umeem
2k~tx aB — (mod T).
2

C 3TuUM cpaBHEHVEM MOBTOPSEM aHasIOMMYHYIO onepauuio, U T. 4.
(® BblbpaB Hagnexawwm o6pa3oM 3Hak, uveeM b = T = 0 (mod 3).

MycTb 36— Hambonbluas cTeneHb 3, Aenswad b = 1. MNpn 632 /r nveem

X be—————!_(thod T)
Ecnm xe 6 < Kk, To umeem
3K~(%= (mo(“T)e

C 3TWUM CpaBHEHWEM TMOBTOPSEM aHasIONMYHYH0 orepauuio, U T. 4,
y) MycTb p— npocToiA Agrmmesib uvc/ia a. Hatdgem t u3 ycnosusi

b-\-mt= 0 (mod p). MNycTb p6— HaubosblLasA CcTeneHb p, [enswas
(a, b-\—n1), n nyctb a= aip® Wmveem

+
a™X B ETI (mod T).

Ecnn > 1, TO C 3TVM HOBbIM CpaBHEHVEM MOBTOPSEM aHasI0rYHYO—
onepauuo, U T. 4,

YKazaHHbIUA cnocob yaobeH B crlydae HeGOsIbLUMX MPOCTbIX COMHO-
»TeneiA uncna a.

3. Nonaras <= [T], NywemM cpaBHEHUS

c-0= 0 (mod 1),
c-1=yx (mod T).

a-t=*yt(modT),
a-0= T (mod T).
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Pacrnonoxus 3TV cpaBHEHWs B MOpsAKe BO3pacTaHMs MpaBbIX uYacTeid
(cp. Bonpoc 4, a, rn. Il) 1 BbMWTaA MOYIEHHO KaXaoe cpaBHeHWe (Kpome
rocsiefHero) ©3 CrieQyrowero 3a Hum, noayumm <+1  cpaBHeHWIA Buaa
are»uu(mod )\ 0 <] r|<T. Mpu 3TOM, MO KIALAHEIA Mepe, B OOHOM

cpaBHeHUN 6ypeT O <u < — . [elACTBUTENLHO, N UveeT <+1 > T 3Ha-
YeHUEA, 3TN 3HaYeHUs MOSIOKVTENbHbIE, N UX CyMMa paBHa T.
4, a, a) CrieayeT u3 orpefesieHVst CUMBOJTMHECKOLA Apobu.

P) 3gecb mMoHO nonoxuTb bQ= b-\-nt, roe t onpepenseTcas u3
ycnoBuss b -\ente3 0 (mod a); Torga cpaBHEHWO aX=b yAoBMeTBOpPSET

Lesioe yucsio, MpeAcTaB/isieMoe 06bMHOMA  Apo6blo

V) Vmeem (60 kpaTHO a, dO KpaTHO C)

b Id b . rMf0_ &oC+gtfo_ ftc-f ad
a' ¢ a c ~ ac — ac
6) Viveem

b d bp dp _bydo bd
a ¢ a ¢ ac ac'

b, a) Vimeem (cpaBHeHUs 6GepyTcs MO MOAysio p)

1—)(P—2)... (p—a) ¢ Dgl-2...a

Bonpoc 2, b Terepb npolle pewaTb Tak:

a 1-2.... (a—D)a '
P) Viveem
27-2 ., p-1,(P—0D(—2
p 1-2'r 1-2-3
5, a. Yncna s, s+1, ...,s + n— 1 nonapHo He MOryT UMETL O6LLIE]
penvitena ¢ d. MpomssegeHnss s(s+1) ... (s+9— 1) moryT 6bMb 06b-

eHeHbl B M* COBOKYMHOCTEIA MO 4uWc/ly CrocoboB, CKOIbKMMUW YKCII0
d MoxeT 6bMb pa3buTo Ha M MOMAapHO MPOCTbIX COMHOXUTESIEMA C Y4YeToM
nopsaka nocneaHux (sonpoc 11, b, rn. ). Mycte d= WUE... u, —
0[HO M3 TaKUX pa3breHUIA. Ymco npovssBeaeHuiA ¢ ycriosreM ss O (mod nx),

s+ 1B» 0 (mod Uj), ..., s+ n- 1= 0 (mod vn)
paBHO - . [MO3TOMY WCKOMOE 4YAC/I0 paBHO M*—£-—
b. YKasaHHOe 4MCno paBHO

S>eos< Sd=F
d\a
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rOe X— YMC/0 Pas/INYHBIX MPOCTbIX AermTeneid uucna d. Mpy 3TomM

d\a
6, a. Bce 3HauyeHuA X, YOOBMETBOPSIOLLME TMEPBOMY CPaBHEHWUIO,
[aloTcs paBeHCTBOM X = bi-\-m}, rge t— uenoe. UTobbl BbIOpaTb U3 HUX
re, KOTopble YOB/IETBOPAIOT TakXke U BTOPOMY CPaBHEHWIO, HaZo orpa-
HUYMTBCA Wb TeMU 3HaYeHUsIMU t, KOTopble YO0B/IETBOPSIOT CPaBHEHWIO
tht smbt— bi (mod m32).
Ho 3To cpaBHeHue paspelummMo Torga W To/fbkKo Torga, korpga 62— br
KpaTHo d. Mpu 3ToM B c/lyyae pas3pelurMocTV COBOKYMHOCTb 3HaueHWiA t,

eMy YZOB/IeTBOPSIOLUMX, OMpefesisieTca paBeHCTBOM Buaa t= i,

rop t'—uenoe; BMecTe C TeM COBOKYMHOCTb 3HaueHWiA X, Y/[0BNeTBops-
IOLMX  paccMaTpuBaemoii B BOMpoce CUCTEME, OMpefesiATCcs paBeHCTBOM

x= fti+ mi —xt,a+ 1,2, *i,r— +

b. B cniydae paspelummocT CUCTEMbI
X= bx(mod mH), x= (mod m2
COBOKYMHOCTb 3HaYeHWIA X, €4 yA0B/1IeTBOPAOWLMNX, MPeaCTaBUTCAa CpaBHe-
HMeM BUga * = *j, 2(mod mi,*). B cnyyae pa3pelummMocTV CUCTEMbI
*s=.icli2(modm1>2), *= ft3(mod m3
COBOKYMHOCTb 3HaYeHWIA X, €4 YA0B/IETBOPAIOLLMX, MpeacTaBuUTCA cpaB-
HeHvem Byda X = Xt 2, (mod T>42 8. B crsiydae paspelummocTu CUCTEMbI
X3 Xii2,,(modmli2ia), *= 64(modm4

COBOKYTMHOCTb 3HAYEHUIA X, €A yA0BMETBOPSAIOWMX, MPeACTaBUTCH CpaBHe-
HMeM BUOa X= *X, §s,4(modmlt2,* 4 n 1. Ao

7, a) OT 3amMeHbl X Ha —X (BC/leAcTBME 4Yero X' 3aMeHuTcA Ha —X')

Be/IN4MHa CyMMblI ‘gjﬁé)\HG N3MEHUTCA.

@ Korpga x npoberaeT npvBEAEHHYIO CUCTEMY BbIMETOB MO MOAYSIHO T,
To 1 X' npoberaeT MpUBEAEHHYIO CUCTEMY BbIMETOB MO MOAY/HO T.
y) Monaras x = ftz (mod T), nonyuim

. .ahz +bz' .
'a, bh\ — —  _ (e'hI\ _
r
6) Niveem wam o
-, 4 axn ttatm xy +mtx T +mxy”
faiti\_ " A
mlJ \T2
* oy
Monaras + = Z', nveem

(axr x + a2r x) (Mx' + TVJs @A HF a2m! (mod T yr 2,

fax 1N\ (a*, 1\ /mlax+m\a2 1\
VT, /\Tr) \ 1012 [/

473



4YTO M [0Ka3blBaeT YKa3aHHOe CBOMACTBO B Crlyyae ABYX COMHOXUTEsIEI.
0O606LLeHe Ha C/ly4dalh 6oslee YeM [ABYX COMHOXWTESIEMA TpPUBMASIbHO.
8. CpaBHeHue

akn-N\alxn~1+ ... +an—a0(Xx—x) (x—x2) ... (x—xr) = 0 (mod p)

UMEET N pelleHniA. OHo cTemneHn Hwke si. CriefioBaTeslbHO, BCE €ro Koagd-
(MLMEHTBI KPaTHbI P, @ 370 M BbIPKAETCA CPABHEHUSAMM, YKasaHHbIMU
B BOMpoCe.

9, a. Npun p > 3 COOTBETCTBEHHO X, B3ATOMY U3 paga 2, 3, ..., p— 2,
HalADEM OT/IM4HOE OT Hero u4uc/o X' Toro >ke paga C  yc/loBUEM
xx' = 1 (mod p\ gelAcTBUTENBHO, U3 *= *' cnegoBasio 6bl (Xx— 1) (x-f 1) s
= 0 (mod/>); x=1 wwm x= p— 1. MoaTomy

2-3... (p—2s 1(modp); 1-2... (p— D= —1(mod p).

b. Mycte P > 2. [donycTuB, 4TO P WMEeT ade/mTesib U C YC/I0BUEM
1<n< P, Mol verm 6b1 1-2... (P—1)4-1= 1 (mod n).

10, a. Haxogmm h ¢ ycnovem a ji” | (modm). [JaHHoe cpaBHeHWe
pPaBHOCU/ILHO TaKoMy:

xn-N\ahxn~1-{-... +0,,J1 = 0 (mod T).

b. Myctb Q (X)—uyacTHoe M R (X)— OCTaTOK OT AefieHns XP—x Ha
f (). Bce koatppuumeHTbl Q (X) M R (X)— Uenble, Q (X)—cTeneHn p—n,
R (X)—cTeneHn Hwxe n,

XP—x=f(x)Q (x) + R(X).

MycTb cpaBHeHve f (x) = O (TOM p) WMeEET /1 pelleHniA. Te ke pelueHus
6yayT pelleHVsIMM KU cpaBHeHUss R (X) = 0 (mod p\ rnoaTomy Bce KO3g-
rumeHTbl R (X) KpaTHbI p.

O6paTHO, NycTb Bce KoahpmumeHTbl R (X) KpaTHbl p. Torga / (X) Q (X)
KpaTHO P MpyM Tex >e 3HayeHusX X, YTo U X?—X; M03TOMy CyMMa
uncen peLLeHUIA cpaBHEHWIA

f(X)= 0(modp), Q (X = 0 (mod p)
He MeHblle 4Yem p. [MycTb nepBoe KVMeeT a, a BTOpoe p peleHnia. U3
a<s, —n,
BbIBOAMM a —nm, p= p—/1
c. Bo3Bblwas AaHHOE cpaBHEHWe MO4YsIEHHO B CTeneHb —, y6ex-

[aemMcs B HEOOXOAMMOCTU  YKa3aHHOro ycsioBusi. ycTb 3TO ycroBue Bbk
/ p-i p-i AN
Mo/IHEHO; M3 Xp—X= X\Xp~1—A N A n — \) c/fegyeT, 4YTo ocTa-
/ pi \ pi

TOK OT gdeneHna XP—x Ha xn—A et N1 n —1) x, r;e An —1
KpaTHO p.

11. N3 x0o= A (mod T), y" = 1(mod T) cneayet (x0i)sa = A (mod 1)\
npu sToM npomssedeHNs X0y, oTBevaroLme HecpaBHUMbIM ~0 MOOY/IO T)
y, HecpaBHUMbL. N3 Xo=A(modm), xn= /4(modm) cregyeT Xnrs3
= Xo(modm), npuuem, onpefenss y ycnosvem X = yx0(mod m), umeem

y"= 1(mod T).
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PeweHus K rnaxke 5

1, YKazaHHOe CcpaBHEHVE paBHOCW/IbHO Takomy: (2aX + 6)2H3 6* —
— 4ac (mod/n). CooTBETCTBEHHO KaxaoMy peweHuo z3=z0(mod T)
cpaBHeHUs1 z2ssh2—4oc(modm) u3 2ax-\-b= z0(mod m) HatAoemM oaHO
pelleHvie yKa3aHHOro cpaBHEHUS.

2, a. Mpu =* yveem a2n+1B | (mod p), (as +1)233 a (mod p),
xc=a + am+1(mod p).
b. Mpu *"="=1 wnmeem ad/a+2= | (mod p), a2>+1"+ 1(mod p),

atm+t & *+ a(mod p). BBungy ~ » = —1 wnvmeeM Takxe 24n,+2a3

= — 1(modp). Mo3ToMy MpVY HEKOTOPOM S, MMEOLLIEM OAHO U3 3HaYeHUIA
0; 1, vonyunm

a+ 22(4i»+2)j  a(mod p), N a<a+12<8|sHD) * (mod p).
c. Myctb p= 2*ft+I> roe k'S? 3 n JI— HeveTHoe, -5 = 1. Viveem

j (modp), + 1(mod p), JTa*~A— -1 (mod p).
Mo3ToMy MpU HEKOTOPOM LIESIOM HEOTPULIATESNIbHOM Sa MosTyumm
a?k~"INs*k~" S3 1 (modp), a*k~ *= 1 (modp);
oTcloda MpY HEKOTOPOM LIeSloM HeoTpULATE/TbHOM SS MO/1yHnM
= 1(mod p)> a =+ i (modp),

M T. A.; HakoHel, Moslyurm -

s | (mod p), wW*(modp).
d. Vimeem
1-2... 2m(p—2m) ... (p—2) (p— D+ 1=0 (mod p),
(1-2 ... 2m)* 4 1ss 0 (mod p).
3, a. YcnoBusi paspelummocTu cpaBHeHMA (1) v (2) BbIBogATcA Tpu-
BUasibHO (¢ 1 h § 2). CpaBHeHuve (3) paspelummo Torga v TOMbKO Torga,
Korga (=?)="!e Ho = , Npryem

(p\ _( 1, ecrm p wviveer BUg 6T + 1,
N3/ —N\—1 ecm p nveet Bug 6T+5.

b. KakoBbl 6bl HW 6bUM pa3/iN4yHblEe MpocTble p*, pa, ..., p* BuOA
4T+1, HaUVEHLUMIA NpocTOA pAenvTesnib p unicna  (2piPi ... p*)*+1
6y[eT OT/INYEH OT Pb «........ . pPK 1 BBUAY (2p'p* ... pK)24-1 3a 0 (mod p)
vveeT Bug 4m + |.

c. KakoBbl 6bl HW O6bUM pas/iMyHble MpocTble pX, pa, ..., pP* BUOA

6T+1, HaMVEHbLWMIA MpPOCTOMA permTesb p uucna  (2pipa... p*)*+3
OyOeT OT/MYeH OT pt,pa, ..., p* 1 BBUAy (2ptp2... pJ)2-{-333 O(mod p)
MveeT Bug 6m+l m
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4. Cpegn uvcenl MepBOLA COBOKYMHOCTWU GyAyT YuC/a, CpaBHUMble

¢ I-1, 1-2, P———'——P-—l, T. e. BCe KBagpaTW4Hble BbMETbL YUCSIO,

BX0Aslllee M0 YC/IOBMIO BO BTOPYI COBOKYMHOCTb, GYAET KBaApaTUUHbLILA

HEBbMET. HO BO BTOPYI COBOKYMHOCTb BOUAOYT BCe MpOM3BEAEHVst 3TOro

HEBbMETA HAa BCe BbMETbl, T. €. BOMAOYT BCE KBaApaTW4Hble HEBbMETHL
5, a. MycTb B CUCTEME WCUWC/IEHMSI C OCHOBaHUEM p

a= aa-ipa~1+ ...+ cuyp+ a0

N UCKOMOE pellieHVe (HaMMEHBLLMIA HEOTPMLIATE bHBIA BbMET)
*= *ctrxpa~1-\- ... -\-x-ip-{-x0. @

CocTaBuM TabnuLy:

Oa-l ad a3 02 «1 SO
Zo*a-1 2%0*4 o3 2*0*2 2*0*1 *§
2*l*a - 2 2%1*3 2*1%2 *1
2*2*0 -3 x\

rge B cTonbue nof as CTOAT 4uc/1a, CyMMa KOTopbIX ob6pasyeT Koaddu-
LWEHT Mpy p* B pas/iokeHUM KBagpaTa MpaBobA YacTy (1) mo cTerneHsm p.
Haxogum [, 13 ycroBus

*0= a0 (mod p).

Monaras 0 A =/ Haxogum X, W3 ycnoBus

Pi+ 2*0*! -mar (mod p).

Monaras ~ — — =/34, HaxoauM *r u3 ycnosus

pr-\-2x0*2+*? = «2 (mod p),

n T.4. Mpu gaHHoM x0 BBMay (*0 p) = 1 umcna xIt **, *a-i onpe-
[LEnsiTcsl 0f{HO3HAYHO.
b. 3aecb
D= aa—1d " .. +eg23-|-G24-ai2—(-ao,

>¢ >afo| It ooo+ 123+ x,22+ x,2+ XK,
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N Mbl 6yLeM VMeTb Criefylolylo Tabnuuy:

PaccmoTpuM /b criydabd a3 . Beugy (a, 2)— 1 Heobxogumo al= 1-
MosTomy af=1- [anee Heobxoaumo ax=0, n BBUAy XOKi-\-Xi=Xi-{-xi=
= 0 (mod 2) Heobxoammo = O- OnA xt BO3MOXHbI ABa 3HadyeHus: O m 1
Yucna xr, X3......... Xa-r onpegenaTca ofHo3HayHo, a Ana *al Bos-

MOXHbl faBa 3HadeHusi: O u 1 T[MosTomy npu a * 3 HeobxoAMMO a =
s i (mod8), n Torga ykasaHHOe CpaBHEHWE UMEET 4 peLLeHus.
6. OueBngHo, P n Q —ugenble, npuyeM Q Mo MoAy/O p CpPaBHUMO C

ymMcsIoM, KOTOpoe MOoslyYMM, 3aMeHsis a Ha 2, A9 4ero AoctaTodHo Y a
3aMeHUTb Ha I. MoaTomy Q "2 a~1za ~1(mod/7); cnepoBatesnibHo, (Q, p)=1

1 Q' AEACTBUTE/IBHO MOXKHO OMpeaesinTb U3 cpaBHeHMs QQ' = 1 (mod pa).
Viveem
P2—aQ2= (r+ Y a)a(r—Y a)* = (r2—a)“ = 0 (mod pa),
O0TKyfAa
(PQ)2= a(QQ")2= a(modpa).

7. Myctb T = 2ap“’ ... P"K— KaHOHNYeCKOe pa3/ioXKeHue uucna T.

Torpa T npeAcTaBnsieTcs B BAAE T = 2aab, rae (&, b)= 1, 2k crioco6amu.
Myctb a=0. N3 Xx— 1) (*+1) = O(mod T) creayeT, YTO NpU HEKO-
TOpbIX @ U b

gHal(mod a); x= - 1(mod b).

Pewas 3Ty cuctemy, nosyuum X A x 0(mod T). MosTomMy ykKasaHHOe cpaB-
HeHVie UMEET 2* peLLeHUIA.L
Myctb <x=1. lpn HeKoTopbIX a N b

x=I(mod2a); x - 1(mod 26).

Pewas aty cuctemy, nonyumm x = x0(mod T). Mo3ToMy yKazaHHOe cpaBs-
HEHVE UMEET 2* peLLeHUIA.

Myctb a=2. lNpy HEKOTopbIX a U b

nes 1(mod2a); x33— 1(mod 2%*).

Pewas a3ty cuctemy, noyumm X s**m ody j. [loaToMy ykKasaHHoe

CpaBHEHME UMEET 2*+1 pelLeHniA.
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Myctb 05:3. MMpu HekoTopbIX a M b [0/MKHA BbINOMHATLECA 0OHA
u3 cucTem

x 3a 1(mod 2a); = —1(mod 2a-1%*);
X = 1(mod2a-1a); ==— 1 (mod 2b).
Pelwasi ogHy U3 aTux cucTeM, noslyunm Xxr=ac0 “mod MosTomy yKa-

3aHHOe cpaBHeHVe UMeeT 2K-+i peLLeHUIA.
8, a. Onpegenss x' cpaBHeHveM xx' = 1(modp), vveem

AxXE (XX + kxO)N _ N1-fkx'j

OueBnAHO, \\kX nMpoberaeT Bce BbMETbI MO/HOIA CUCTEMbI, Kpome 1
OTciofa U cnepyeT ykKasaHHas Teopema.
b. YKa3aHHOe paBeHCTBO CrieflyeT u3

4|
p2

c. MycTb 6 0603HAYaET YUC/O 3HAYEHWUIA Y, PaBHbIX Hy/IO (cnepoBa
TenbHo, 6= 0 wm 6=1). Vimeem

*< *E 2 X .r N+ an-+ >,
oy *=0 H !
Mpn 3ToM Haxogoum:
- KBj ecm yl=y=0;
. €CIN TONbKO 0A4HO M3 uynces1 M1 YPaBHO Hy/Io;

P—1=p—("r)- em ("= 1//>0;

Q B OCT&/IbHbIX CrlydasX.
MoaTomy
/ /vn 7
d, a) Vimeem
-1Q-10Q-1
o N+ Z) (E
s“ 2
n=0r,=0r=0
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Mpn~21= r cymmmnpoBaHve Mo X AaeT p— 1 [lpn [T, He paBHOM I, CyM-
MupoBaHve Mo X (Bonpoc a) gaeT — 1. Mostomy S=pQ — Q2
P) CornacHo TeopemMe Boripoca a) UVMeEeM

T (9°.6+M*)*< pQ- T < pQ

y) MNpn 5 Teopema TpuBMasibHa. pyn p > 5 NpUMEHUM Teopemy
Bornpoca a). JonycTuB, 4YTO B YKa3aHHOM B BOMpoce psfe KBaapaTUYHbLIX
HEBbIMETOB HET, ybeaumcs, 4yto SX=Q npu x—M, M-\-1, ..., M+ Q.
Mostomy (Q*-j-2Q m Q2+ 2Q + 1 He paBHbl p KaK COCTaBHbIE) HalAOEM

Q+DQ2<(p—QQ Q2+2Q <p, Q+ N2<p,
YTO HEBO3MOXKHO.
9, a. Eciim m npeactasnseTcs B Buae (1), To pelleHue
r= ro(mod m) ®)

cpaBHeHUst X H=Ty (mod M) AB/SIETCA Takke W peLleHVeM CpaBHeHUst (2).
MbI 6yfemM rosopuTb, YTO YKasaHHOe rMpeacTas/ieHVe CBA3AHO C pelleHVeM
(5) cpaBHeHus (2).

C kaxabim pelweHvem (5) cpaBHeHUs (2) cBSA3aHO He MeHee OAHOro

npeactasreHna (1). OdelAcTBUTesIbHO, B3SB T=Y ~T, VMeEEM
;o (P, <)=1,0<Q<]|]Am, 101< 1.
T 4 QwyT

Moatomy z0Q = mMP-\-r, roe |r|< Y 1. [danee, u3 (2) crenyer, 4o
Ir B+ Q2— 0 (mod T). Otcioga 1 u3 0 < |r p+ Q? < 2m Haxogum

m= M 2+ Q2- ©
Mpn atom (Ar |, Q) = 1 sBuay
1 (*0Q-mP)z0Q-rmP+Q> o _ fp
T T

Ecrm |r]=r, 10 BBy re=z0Q (mod T) npeacTasneHvie (6) cBsi3aHO C
peweHnem (5). Ecrmm |rl= —r, TO BBMAY 2zjQ ~ ZOr (Mmod T), Q=
= z01r |(mod m), npeacTaBrieHne m=Q 2+| r R cBasaHo ¢ pelueHvem (5).
C kaxgpiv pewweHvem (5) cBsizaHO He Gosiee ogHoro npeactasneHus (1).
JetAcTBUTENBHO, €/ ABa MpeAcTaB/ieHnss T = X2-\a2 1 T = X*-\=y* uunc-
na T B Byae (1) cBA3aHblI C OOHMM W TeM e peweHvieMm (5), To u3
X= 20y (mod T), xt= rOyr(mod T) crieayeT ayx= xxy (mod T). lNoaTomy
Xyl = xxy, 0TKyga BBugy (X, y)= (Xb yX= 1 cnegyeT X= «X, y= yx
b. Ecnu p npeacTtasnseTcs B BUAe (3), TO pelueHve
r= z0(mod p) @

cpaBHeHMs X zy (mod p) SBMSETCA Takke U pelleHnem cpaBHeHUs (4).
Mbi 6yfieM roBopuTb, YTO YKasaHHOe MpefcTas/ieHVe CBA3aHO C peLLeHVeM
(7) cpaBHeHus (4).

3Has peweHve (7) cpaBHeHUs (4), HalAOEM He MeHee OAHOro npea-
cTaBnieHus (3). OetAcTBuUTesibHO, B3SIB T=Y p, UMeEeM

= (P, Q=1, [o]< I.
P Y Yy p
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Mostomy zGQ = r (mod p), roe Nl < Y p. Janee wu3 (4) cnepyet, 4To
It P+ aQ2r30 (mod p). Otctojga n m3 0 < |r R-f-aQ2 < (I +0) p cne-
OyeT, 4YTo Npy a= 2 A0/DKHO 6bmb wm |T P+ 2Q2=p, wwm |r]2-)2Q2=
= 2p. B nocnegHem cnyyae |r p—vuetHoe, |r |= 2rif p= Q2-\21. Mpu
€= 3 pgomkHo Gbmb wwm  |r R-30%= p, wwm |r R+ 3Q2= 2p, wwm
|mp-]-32= 3p. BTopoti c/lydald HEBO3MOXEH: M0 MoAy/ 1o 4 feBasi YacTb
cpaBHUMa ¢ O, a npaBas—c 2. B TpeTeem cnyyae |r | kpatHo 3, |r|=
= 3/i, p=Q 2+ 3/i

JonycTuB, 4To ABa MpeacTaBfeHns p = X2-\a2 1 p= XI-\-ayl uuc-
na p B Buge (3) cBA3aHbl C OOHVM U TeM >Ke peLleHVemM cpaBHeHus (4),
HalAgem X = Xi, y= Y\ [JonycTuB, 4YTO 3TN MpeacTaB/fieHNs CBA3aHbl C
Pas3/IMYHBIMN PELLEHVSIMA cpaBHeHUst (4), HalAmem X 3= z</(mod p), sx=
= —zyi (modp), oTkyaa XNy = 0 (mod p), yto BeBugy O0<

< (C/1+*1R< (* 2+ ) (**+ i/i) < P2 HeBO3MOXHO.

¢, a) Cnaraemble cyMMbl S (K) ¢ X= Xi U X= — XX paBHbI.
® Wiveem

soo0-4g S-(1) sw.
y) Monaraa p—I1=2pj, nveem

Pi(5(r)2+P1(5(n))2= 2 (5(~2)2+ 2 (S(nt*))2=
t-i t=i

_ 't (s<«)>_£ £ X
k=0 x=I y=I k—0

Mpu y, He paBHOM X WM p—X, pe3y/sibTaT CyMMWUpoBaHUsi no k 6yneT

_("p) MNA=RUMNY=P~XoH 6yageTr (P~1) (jp'")-TNoaTomy
Pi (5 +  (S(M)2= 4ppl, p="jS(r)y+"-Ls(n)y.
10, a. Vveem
X2—DY2=
—(l+ UWVd) (x2x y2)/£>) (*]1—YX Y d) (XrFy2Y d)=k2

B. B3sB so6oe Tx ¢ ycroBreM Tx > 1, HatAoem Lesbe xIt yxc ycr
BUAMU |¥xYD—Xx | _ 0 < ¥<T7T,, 0OTKYZa, YMHOXasi MO4IEHHO Ha
WYD +Xx< 2yx Y D -f 1, nonyyum )xl—Dyl |< 2 Y D -}-1+B3sB 12>
> TxcycnoBreM \yxY—~D— XX\ — , HalAoeM HOBble Lgefbe XI, y2

=]
c ycnosveM |xa—Dy\|<2YD-\luT A4
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OueBnaHO, B UHTepBayle —2 Y D— 1 < A< 2 Y D -\l cywectsyeT
Takoe Lesioe, He paBHOe Hy/1l0 K, YTO cpegy nap i/t; xr, yt\... HalA
[eTca becumcrieHHoe MHOXKEeCTBO Map X, yc ycnoBnem x2—Dy2=k; cpean
e Moc/iefHVX HaBepHO HalAgyTcs ABe napbl T » £r, Yr c ycrosuvem
Si= 8§ (mod |kl1), NI n)j(mod |[k]). Onpenenas uenbie ri0 paBeH-
ctBom g0+ 1), Y D= 1"0)(b—JF Yo), vwveem (Bonpoc a)

U—DtJo-] k 12 6* — 0 s mm0 (mod |k |);
Jlo= —5i*li+ |P11= 0 (mod | *|).
Mostomy £0=6 IH Jlo= J1lkl. e 6 n I~-Lenble n fa—Drp= 1

C. UYucna X, y, onpefensiemMble paBeHCTBOM (2), ya0BMeTBOpsOT (Bon
poc a) ypaBHeHuto (I).

JonycTvB cyLlecTBoBaHWE Mapbl LEMbX MOMOKUTESNBbHBIX X, VY, YA0B-

NEeTBOPSIOLLUMX YpaBHEHMIO (1), HO OT/MYHOIA OT nap, orpeaesnseMbIX pa-
BEHCTBOM (2), Mbl Mpu HeKoTopom r= 1, 2, ... 6yAemM UMETb

(m—~K/o YE>)I < x\y Y D < (@0—(-Yo ¥ D)r+1.

OTcioga, oens nouwnieHHo Ha (X0+ y0 Y~6)r, nosyuum

1<X +Y YDb <xiAayi¥b, (©))
roe (Bonpoc a) X u Y —ugesble, orpederisemMble paBeHCTBOM

X+KYy B =*#HryYb ( WV3) ( v -y

(*o+ <o VD)r

W Y[OBNETBOPSIOLLME YPaBHEHMIO
X*—DY*-=I. 0

Ho w3 (4) cnepyroT HepaBeHcTBa 0 < X —Y Yb < |, KOTOopble B coeau-
HEHUM C MepBbIM HepaBeHCTBOM (3) mMokasbiBaloT, 410 X U / — MNOM0XKU-
TeslbHble. [03ToMy BTOpoe HepaBeHCTBO (3) MPOTMBOPEUUT orpeaesieHuo
yucen x0 n yo0.
11, a. Vimeem
m-1 m-1 , .a@>+2/x)
I1IS... Is= 2 bedlk "-
1=0 x=0
-

Mpn paHHOM t cymmumpoBaHMe Mo X AacT Te T wwm 0, B 3aBNCUMO-
CTV oT Toro, genmrea 21 Ha T wwm HeT. Tpy HeYeTHOM T WMeem

2n<n
I1Sa, T "= Te T =T.

Mpy yeTHOM M= 2m, UMeEeEM

& 2@
T

e T +e

34ecb MpaBasi YacTb paBHa O MpY HEUYETHOM T XM paBHa 2T MPU YETHOM T X.
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b, a) Mpn mobom uenom b vveem
P-l ,.niAx» +2Abx

Sn. hl=
*:O

0TKyAa, BblbpaB b u3 ycnoBus 2Ab = a (mod p), Mbl U MOY4UM YKa-

33HHbLILA pesysbTaT.
P) Nmeem

M +ag1 Qﬂllix_l t—l 2nlA_x1 A +Q-1 —1 ZLua(x-r)
P %

S p

x-M

YacTb MpaBoiA uacTu, oTBedaoliaa a= 0, UMC/IeHHO paBHa y — < Y p.
A oCTaBLUasACA 4aCTb YMC/IEHHO He npeesocxogunT
1 p.g AL+Q-1 2}1(__3L
0 £ < Vp(np—\N
(7% =Zy
y) Nveem
NMo+Q—1M+Q-1 , P-1 a (Ax’-r)

>m- E £
= MO r=/n 0o=0

YacTb MpaBobA 4YacTu, oTBedawowlass a= O, paBHa — A ocTasLlasaca

4YaCTb 4YUNC/IEHHO MeEHbLUe 4em
p- 1 MI-O-1 2631 =87

wE A

6) MycTb r npoberaeT KeaapaTWU4YHblE BbMETLI, a [ NpoberaeT Ksaj-

1

paTUYHblE HEBbMETLI MO MOAY/IO P, 3aK/itoueHHble B psge 1, ..., p— 1.
CrpaBe/IMBOCTb TEOpeEMbI CrieflyeT M3 paBeHCTB
T— 2w — 2rKk—

2
Sa,P=1+22« p, 1+S> P+ 2« p -
r r n

e) Nveem
p-\p-1 / {s 2nlax(<-1)
| pp=Sa”Sap= T ~ (/N6 P

Mpy t= 1 cymmupoBaHMe Mo X AaeT p—1,mpmn<> 1 oHO OaeT—

MoaTomy

(-) =P- \S,.P\=Vp.
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Mnu (BTopoe peLleHue): VMeeM

onp &
P

1=0 x=0

Mpn <= 0 cymmupoBaHne o X paeT p— 1. Mpu t> O oHO pAgeT
2ni—
—e p (Bompoc 8). lMoaTomy

P-1 2w —

aPNgr

r) CneanyeT v3 fIerko BbIBOAMMOIO paBeHCTBA
$a, p—(~ ) $lmn

X) Viveem

ng(f) S(7) 271 T a (xr)

YacTb mpaBoi4 4acTu, oTBevaowas a= O, paBHa O OcTaBluasica 4YacTb
UMC/IEHHO MeHbLle, Yem (Bonpoc r)) m Bonpoc 11, ¢, rn. Ill)

p-1 M+Q—L 57 -ar
w < J/Mp!Inp.
£ .
VP a1 r=M
X) CnepnyeT n3 HepaBeHCTBa Borpoca M) U paBeHcTBa /? + iV= Q.

1) YacTb cymmbl C = 1 paBHa p (R2N\N2, a uyacTb CyMMblI

¢ NM-"=- l1paBHa—2pRN. MNosTomy BCA cymma paBHa p (R— /V)2.
YacTb cymmblc a= 0 paBHa 0, a 0CTaBLUAsACA 4YacTb YUC/IEHHO MEHbLLE,
Yem
P-1 M+Q-1 291— P-1 M+Q-I 2ni~aay
< P2(In PR

« P P

a1 X=M a=1 Uma
CnepoBsaTesibHo,
p(/?-N/NH2 < p2(n p)2, \R— N\ < V~p\np.
V) Teopema OyAeT A0KasaHa, ecnivm Mnokaxem, 4to nmpu Y = [3Y p]

cyMmma
P-1/ uYy-\Y-1, p-1 a(x-M-y-y»



6yneT MeHblle, yem K2 Ho 4YacTb cymwmbl T, oTBevawowas a= 0, paBHa
HY/l0, a OCTaBLUasACA 4aCTb YMUC/IEHHO MeHbLLe, Yem

p-1

PelueHns K rnaese 6

1 a. Ecim g— npoctoe HeveTHoe u o f=1 (modqg), To a no moAay-
N0 NpUHaANEeXUT OAHOMY K3 rokasaTenieihn 6=1; p. Mpun 6=1 wnveem
oel "od q), npu 6=p mmeem q— 1=2 g\ x— Lesice.

b. Ecnim g— npocToe HeveTHoe U aA-|-1" 0 (mod <?), To a4 = 1 (mod <).
Mo3aToMy a Mo MoAy/H0  MPUHAA/IEXUT OAHOMY U3 MoKasaTesnieid 6=1,
2, p, 2p. Cnyyan 6= 1; p HeBo3MOXHbI. [Mpn 6= 2 nveem a2?= 1 (mod q),
a+ 1= O(mod 9. Mpn 6= 2p mveem g— 1=2pX\ X— Liesice.

c. MpocTbiMm Buda 2pX+1 6GyayT, Hanpumep, MpocTble Ae/mTerm

uncna 2P— 1 MMycTb pb p2, ..., PK— KaknMe-mbo K MpoCcTbIX umcen
B/Aa 2N \\ umcsio (pip2 ... p*)P— 1 wumveeT nNpocTobA Aenmrmerb BUOA
2px-\-1, owmuHbIA OT p], pi, ..., p*.

d. Ecm q— npoctoe m 22' + 1= 0(mod g), To 2X+1= 1(mod Q).
MosToMy 2 no mMoay/ 0 q NpUHaONeXNT MnokasaTesito 2n+1 u, cneposa-
TenbHo, d— =2 n i I X\ x—uenoe.

2. OueBugHo, a Mo mMoAy/ o an— 1 NpuHagIeXXmMT rnokasaTesito n. [lo-
sTomy N— genmresib P (an— 1).

3. a. MycTb nocne K-Aonepaupmm CHoBa MOMYHaeTCs UCXOOHLIA psAg,
OueBUAHO, k- onepauumsa paBHOCW/IbHA CrieOylOLENA: B psae

1,2, ..., n—1 n n—1 ..., 2, 1 2
e, s+ Ln,n, n—1..... 2, 1, 2,
6epyTcs unicna, crtoswme Ha 1, 1+2*, 1+2-2* ... mecTax. [losTomy

Ha 1+ 2* MecTe B WCXOOHOM psiae [OO0/DKHO CTosATb umcno 2. Cnepnosa-
TeslbHO, YKa3aHHOe B BOrMpoce YycrioBme Heobxoammo. [loCcTaTOYHOCTb 3TOro
YC/10BUSA O4eBUHA.

b. PelueHve aHas/lOrMyHoO peLleHWto Boripoca a.

4. gPeuJeHl/le cpaBHeHUst xe3=I(modp) npuHagNexmMT rokKasaTesio

BUaa , roe 6'— perwvirenis 6. Mpu 3Tom 6' KpaTHO d Toraa W TOsIbKO

6

Torga, korga xd = 1(modp). BbinucaB Bce T(6) 3HaueHUEA 6' u© B3sB

/=1, nonyuum S'= £ fi(d) Sd, roe 5'—wuckomoe uucsio U SN= -
Vil



5, a. 3gecb (8 3; npumep ¢, § 5)-A0/mKHO Obmb ~ )= —1 370

TpeGoBaHWe BbIMNOSHSeTCA Mpy g = 3.

b. 3pecb He pgo/mkHO 6GbMmb A gp + f) = £2” ' (mod 2/7+1)- 31O
Tpe6oBaHME BbIMOSHAETCA MPU YKasaHHbIX 3HAYEHUSX d.

C. 30ecb He [O0/MKHO ObImb Ao~ —1 g4= 1(mod4p-fl). 310
TpeboBaHWe BbIMOSHSETCS MpU g= 2.

d. 3mecb He O0/MKHO Obmb ~2"p-fl) ~ '149"™s *(mod 2np-f 1).

3710 TpeboBaHWe BbIMOSHAETCA Npy g = 3.

6, a, a) MNpn n, kpaTHOoM p— 1, TeopeMa oyeBnAHa. MycTb N He ae-
mtea Ha p— 1. Yuena 1, 2, ..., p— 1, ecnv OTBMeYLCa OT nopsaka
VX cfefoBaHWUs, Mo MOAY/I0 P CpaBHUMbI C uuc/iaMn g, 2g......... (p— 1o,
rOe g— nepBoo6pasHbliA KopeHb Mo moAdysio p. lMoaTomy

Sn” g nSn (modp), Sn= 0 (mod/).

P) Niveem
E ) - S « N «m+ (mod p).
X=1 o=l

oTKyda (Bompoc a)) M Mosly4vaeTcs yKasaHHbIMA pesy/ibTaT.
b. Mpn p > 2 nveem

1-2 ... (p—==gl+2+" "+p_1==g 2 = — | (mod p).

7, Nveem grhdgl®  a (mod p), indgl a ind® g, = ind®a (mod p— 1),
ind®, a”a ind*a(mod p— 1).

8, a) Vmeem
mm-im-1 ___ 2niax{yt-y)

ISl2<* H E U(Y.)M<0)« m e
x=0 j/,=0y= 0

Mpn paHHbIX Yy, ” I/ cymmupoBaHue Mo A gaet Xm |n (/) B wwm
Hy/b, B 3aBUCMMOCTU OT TOro, OyZeT /M YN= y wim HeT. [MoaTomy

IS B< XYT, |IS|< V XYm.
P) Vmeem

"EE~N»-""E E W <

roe | (M)—unmcno  pelleHWiA cpaBHeHUs xnz2ru (mod T), T (n)— vrcno
peleHniA cpaBHeHMA ynesv (mod m). 3gecb £ (M) He npeBocxognT K
(Bompoc 11, rn. 1V), a cymma Bcex 3HaudeHWiA £ (1) paBHa <p(T). MoaTomy

2 1! (u) P<NCh(T).
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AHasnornyHo Haxoanm
21»] (V) 12</Cd (T).
\"
CnepoBatenbHo (Bompoc a)),
1
@ (T)

y) CpaBHeHue xn= 1(mod T) paBHOCU/IbHO CUCTEME

Y AQ(M Tp(m) T=KYT.

xna3 1 (mod 2a), xn=31(mod p*“')> eee. xn= 1"mod

MycTb y(X) u yo(X)— mHAekcbl ynicna X no wmogyno 2 (g, § 6), cpas-
HeHve xn==| (mod 2a) paBHOCWJSIbHO cucTeme My (X)=0 (mod c), nyO (X)=
= 0(modcO). MNepBoe cpaBHEHWE 3JTOIA CUCTEMbI UMVEET, He Gonlee 2 peLle-

HUIA, BTOpoe— He 6osiee N pelLeHniA. MosToMy cpaBHeHue xn= 1(mod 2“)
UVeEeT He 6oriee 2n pelleHuiA. CorslacHoO b, § 5 Kakaoe U3 cpaBHEHUIA

xn= 1(mod p“")> XnH= 1"mod p“*" wvmeeT He 6Gosiee N peLleHWIA.

CnepoBatenbHo, K < 2nk+1 OTcioga npy MOCTOSAHHOM N 6yAeM UMETH
(Bonpoc 11, ¢, rn. 1)

Inn

K<2 (T(T))|2=0(TB.

9, a. Viveem
1 Kt %t opootby
r x=1ly=1
P-1 P-1 P-1 axnu +bxv
ISI2< —irr X £ V)SuV, Su,v= lEie P
P u=0u=0 x=I

roe i])(u, V)— 4mcsio pelleHuiA - cucTeMbI
yn—yn= u(mod yi*y==v (mod p),

Korga yi v y HesaBMCMMO Apyr OT Apyra rnpoberaioT 3HadeHus 1,
.., p— 1 TMostomy

n=0 r=0 n=00=0

HeTpyaHo Bugetb, u4to ili(0, O)= p—1, ~(u, 0)=0 nMpu «>0 wu
M, V)< 2rii npn v > 0. MNoaTomy

U< (p— D2+ 2p(p—I)nt < 3p(p — \N)nx

Kpome Toro, Haxogum V < p2(p— 1). CneposaTesibHo,

3 - -
ISB< 3p3nlt |5 ]< «14P 4.
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b. Viveem

M+Q—1 axn —1 JL+Q- 1 —I b
" oni 20 R e BTG t{q o 20
z e =7.e P > L= P
X—M x=I

YacTb MpaBobA 4YacTu, oTBevawowas b= 0, umcneHHo < n Y~p (Bonp. 8).
A OoCTaBLUasACA YaCTb YMC/IEHHO He MpeBoCXoauT

m— -1-1 P1
- . T,
4 v Z € <\?"|P 1inkP-
b=1 r=M
c. Viveem
M, +Qo-1 , .ax'1 M+Q-I P-1 mn bGarr)
Z . ~ Z 7 Z ' '
x=MO z=M b= 0

YacTb MpaBoiA 4YacTu, oTBevawolwas 6=0, paBHa Q":Q. A ocTaBLuascs

YacTb YUC/IEHHO MeHbLLe
1 M+0Q- .-
-1 p1lM «9 1 Qn!---b--r

Z o« p <=MN1Ponp)\

b=1 r=M
PewweHna K rnase 7

1, a) Onpegenvie Npu (X, p) = lumcno X' cpaBHeHMEeM xXX' es 1 (mod p),
Haxoaum

p-1_ p-1
2 XWX(*+*)= 2 x(i+"')=-1i.
o=1 o1
P) Vimeem
p-1Q-1Q-1
5= 2 2 X(*+zZi)x (*+*'e
x=0r,=0 r=0

Mpu zi= z cyMMUpoBaHWe Mo X AacT p— L lMpu rb He paBHOM T, CyM-
MUpoBaHWe Mo x (Bonpoc a) gaeT— 1 [Moatomy

S=Q(P—Y—QQ—-H="—QQ

2, a) Viveem

P-IP-I 2a1 3
NUaPV= 2 2 X(*OX(*)« p
/=1*=I
p—|p— | Z'H_a(f_l)* P- 1
=2 2 xwx" = p- i—2x(0=p-
[ = I P 1:2( P
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P) Mpu (a, p) = p Teopema TpuBmasibHa. Mpu (a, p) = 1 vmeem

P>—< zni ~~ )
Ua.p= x(N-1 =(/(*)~1Ui,p.
=\
V) OueBngHo, A n B—uenble, npuyem |S|2= /12+ B2 Haxoaum
BOMpOC P))

p~" P~1p~* -2Wlw *+Wr 2nt

S_fﬂt L EE* « '

,=12=1*=

Mpu zi+z, He paBHOM Hysit0, CyMMMUpOBaHME MO X JAaeT Hysb. [oaTomy

P* /2 \ 22—
S=e'V (f.)e le'|=|e*|=1 52=p.
[ =N . =
6) Vimeem
2512~ ﬁ>]1€>]1 ZFnZ('-’l‘-’E‘--§)zrn ax
v, =V ».
XS X—12—0

YacTb mMpaBoiA 4acTu, oTBedawowass z= 0, paBHa —V. A ocTaBLUasACA
YaCTb 4UC/IEHHO MeHblle (1—vV) Y p (Bonpoc a)).
3, a) Mpu (z, p)= 1 cpaBHeHMe xn= r(mod p) BO3MOXHO JILLb
B c/nlydae, korga ind z pgenuvrcs Ha 6, Npuyem Torga 3To cpaBHEHWe UMEET 6
peLLeHniA.  CriegoBaTesibHO,
2*iSi
5..,= 1+8B2> P-

rpe 1O npoberaeT uwvc/ia MNPUBEOEHHOIA CUCTEMbI BbMETOB MO MoAy/Ho p
¢ ycnouem ind zO= 0 (mod 6). MoaTomy

se,"=i+6 (-°+j+0, (i-y) ~7)=0'(B-1) Y~—p -
P) Monaras
X= UN\gs~IW\N u=0,...,ps~1—1 u=0...... p—1,
nvieem

241 - j- 2nia(unp~s+nun~ ,p~iv)
e p =e

Mpn (n, p)= 1 cymmmpoBaHMe nO V AaeT Hy/b. [MoaTomy (X= pr)

9 X pJV 2n1ap~*+arn
Sa.pt= O =P *p
z

y) MNonaras
(n,ps)= pa, X= m\Pps—a~1lv, wn= 0........ ps-0-1— 1,
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Haxoaum

.ax1 __J
M pS __g23iia {unp~s+nun-"p =]
Mpu («, p) = 1 cymmupoBaHne Mo V AaeT Hysib. [loaTomy (X= pr)
p--1
Su.Ps= r2:0 e P =7_1Sa Rl—«-

6) Myctb p“* —'—li"/*K— KaHOHWYeCcKoe passioXkeHue yucna T. lMonaras

7a./B= "i-1+vSfilm. v="- /n=M,p“‘= ...=Al*pLft
M onpefenas ab ...,akK u3 ycnosua a= J111+ ... + (mod T),
vveem (Bonpocbl 12, d n 9, a, rn. Ill)
- T .o
Ba,m= T gdyeeeT g o

Ho npn s= 1 nveem

\Ta.p\ <P~ 1+¥Yn ¥Y~p<np~ 6.
Mpn 1<5<4, (1, p)=p Uveem
Ia pl<P “SH/ <«-
Mpn | < s< 4, (8, p) = 1 nveem
I Ta. pS\=p-*+*>p*-1< u
HakoHel, cnyd4aii«> i, BBUAYNIa< pS\=p-*+™pn~1\3a_pS-n \2\Ta, ps\

cBoguTCcA K cnyvalo O < s<n. CriegoBaTesibHo, Mpu HekoTopom C, 3a-
BUCALLEM TO/IbKO OT 51, ByeM VMETb

|7V*]<C, \S,m\Cmi-v.
4, a) Nveem

M+Q-I p-1 M+Q-1 p-1 ,_..aU-2)
2 XWwW-Exw s, -is- p
X=*M x=1 a=0

YacTb MpaBoii yacTw, oTBevalowasi a= 0, paBHa Hy/o. A ocTaBLuasics

YacTb uMCfIeHHO He npesocxoauT Y p(lnp — 1).
P) Vimeem
Af +—1 n-1 , .a(ind x-s)

+2* _ -
x£:M _a2:O S _

YacTb MpaBoli YacTu, oTBevalowlas a= O,paBHa — . JlocTaBluascs 4acTb

UMC/IEHHO MeHblle Y p Inp.
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y) Teopema 6ynet fnoka (aHa, ecnm npy K= @+ p\byZeT nokasaHo,
4YTO CymMMma

p-1 y-1y-1 p-1 n_ ax-M-y-y,)
zZzZ jz " -
> -1 yv=0y=0" a=0

6yneT MeHblle, Yem VK3, Ho yacTe cymmbl T, oTBevawowas a= 0, paBHa
HY/I0. A OCTaBLUAACA YaCTb YMUC/IEHHO MeEHbLLE, Yem

Y*da + Y2+ -
a2da
p
2Y

Tl< v/*.

Y2 <
d+77)

6) B3aB / (*) = 1 n 3acTaBniAsa X npoberaTb 3HaveHUss * = indAf, ...
.., iInd(M + Q— 1), nonyuum (Bonpoc 17, a, rn. IlI)

5'= A n(d)Sd,
d\p~ 1

30ecb S'—uMC10 3HaueHWIA X ¢ ycrouem (@, p— D)= 1, nostomy S'= H.
Hanee, Sd— uncno 3Ha4eHUIA X, KpaTHbIX d. TMo3Tomy

a= Y, Idli< 1 I =0
d\p-1
e) Viveem
M+Q—1M+Q,-1 1 p—=2 .a(X-2)
J =
Z Z - bz
X=M z=Af a=o0
YacTb MpaBolA 4acTu, oTBeyawlwlas a= 0, paBHa /7? R A ocTaBLlaacs
YaCTb YUC/IEHHO MeHbLLIe '
p-2 2a.n
Apinp— 7 * pl < Y~p (in p)r.
a=i r=M, -

i]) JonycTuM, 4TO HeBbIMETOB, He MpeBocxoAAwmx J1, HeT. Yucno
HEBLMETOB CTereHW N cpeay uucen

1....Q Q=[/7(inp)T
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MOXHO OLIeHUTb [ABYMA croco6amu: wmcxogsa u3s ¢opmysibl Borpoca P) un
ncxoas U3 TOro, YTO HeBbMETaMM MOryT 6bMMb JLL YUCa, OenisAwpmecs
Ha npocTble, 60nbwve J1. Monyunm

4-Inp+2iIninp
1-1<T4 ———— +0
— Inp2Ininp &)'

1+4InlnP
O< In

1+2c'|;I'pI_P

HeBO3MOXHOCTb MoC/ieAHEro HepaBeHCTBa NpU BCeX A0CTAaTOYHO 60/bLUMX P
N [0Ka3bIBaeT Teopemy.
5. Viveem

aunwn

roe M n v npoberaloT MNpUBEAeHHbIE CUCTEMbI BbMETOB MO MOAY/IO T.
OTcroga

1 "1 T 2 &
S=") S Z :
x=0 y=0
V(*)= Y] x(%). P)= S x(y).
Ut = X (mod T) vn =y (mod L)
roe viveem (Bonpoc 8, a), rn. VI v Bonpoc |1, rn. 1V)
m-I m-1
S Iv(x) < Atpm), 2 IP®)I2< n-
x=0 U=0
MoaTomy
ISI<M | ~"k<pmn:p@E)T =/( 7.

6, a) MNyctb p—1=p*“‘p“*.. — KaHOHWNYeCKoe passfioxkeHue
umcna p— 1; Pi=2. MycTtb st, s', s2, s', ..., sk, sk npoberawT 3Haue-
HUSA, MOAYMHEHHbIE YC/IOBUSAM:

Si=0, s'=1, ecrm al = 1,
Si=s0(mod2), O<sl<2a‘

, ecnm ai > 1,
Sia 1(mod 2), O0<si<?2a

, ecnn /m> 1.
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Myctb Mr= (p— )p~arn z n r' npoberaoT 3HaA4YEHUS
2= M KK,
r= Aljs'+ MX;+ ... + Mksk.

Nlerko BUOETb, 4To I npo6eraet

(,+1).

R
3HaueHWiA, a I’ npoberaeT

D)

P
3HAYEHWIA, MpUyEM

1)-2-2*.
Terepb PaccMOTPUM CyMMy
on( &K~
r ="S,; = "
t rr'

rop g— Kakol/i-nm6o nepBoo6pasHbIi KopeHb Mo Moaysio p U t npoGeraet
NpUBELEHHYIO CUCTEMY BbMETOB M0 MoAy/lio p. OuYeBMOHO, MMeeM

W = uvS.
C [OpyroiA CTOpOHbI, Haxoaum
P-1 P-1 2n1 27-
St=2 2 Ewn®e P -
o-0y=0

roe | (X)— uncno peweHniA cpaBHeHust gtzs=n(mod p), a T) (//)— umcno
pelleHniA cpaBHeHMs e,z'= u(mod p). OueBugHo, X = 1, ¥ =y (Bornpoc
8, a), rn. VI). Moatomy
is,K [1">, 21T
y mw P 1
P) Niveem
"+Q-1 p-1 a*-*,

T=E E p .
g r=M Va0

YacTb I'IpaBOI7I 4aCcTW 3TOro paBeHCTBa, OTBevawowasd s= 0, paBHa

opE-9Q =

——". OcTaBLlasg 4acTb YUC/IEHHO He MPeBOCXoAUT

v L~
1 jJg.-1) 2V -Y ~
BJpg—l) P5 . 8 1 y-"2%  PInp.
MoaTomy
d(p— 1 .
r lip l)(<3+e|—2*/p|np).
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OTBETbl KUNC/TEHHbBIM MPUMEPAM

OTBeTbl K iaBe 1

1, a. 17. b. 23.

0
2, a. a)

19

14" M1 3y
_ 80 . _ 1002 0

b aj 66=0Y; P) a= 735 7391000

3. Bcero nonyunm 22 apobw.

5 a. 28-3®-lls. b. 23-33-54-73-112-17-23-37.

) P) <=

OTBeTbI K r/iase 2

1 a 1312

b. 2119-3:9-531-719-1112¢ 13e+ 177-196-235-294 -314-373 -413 -432-472X
X532-5)2-612-67 W1 -73-79-83-89-97 w01 ! 03 -107-109 -113.

a. T (5600)= 36; 5 (5600) = 15624.

b. T (116 424)=96; S (116 424) = 410 400.

CyMma Bcex 3HadeHMiA paBHa 1

. a) 1152; p) 466 400.

. CymMma BCeX 3HaueHuA paBHa 774.

SEYIEN

OTBeTbI K rfase 3

1, a. 70. b. OdenuTcs.
2, a. 33m82:112.2999. b. 7-13-37m73-101 137-17-19-257.

OTBeTbI K rnaee 4

, a. x3= 8L (mod 337). . *==200; 751; 1302; 1853; 2404 (mod 2755).
, b. x= 1630 (mod 2413).
X= 94+ 11M; {= 39+ 47/, rpe /— noboe 4ncno.
a. x= 1706, + 52 62 (mod 221);
X = 131 (mod 221); *= 110 (mod 221); x= 89 (mod 221).
x A1l 1517+11 80062+ 16 8756s (mod 39 825).
Xss 91 (mod 120). b. xs=8479 (mod 15015).

100 (mod 143); y= 111 (mod 143).
3x4+ 2x3+ 3x2+ 2x =0 (mod 5).
5xe+ x5+ 5x4+3x2+ 3x+ 4B 0 (mod 7).
\ xe+ 4AX6+ 22x4+ 76x3+ 70x2+ 52x+ 39= 0 (mod 101).
, a X= 16(mod 27). b. x= 22; 53(mod 64).
0, a. x = 113 (mod 125).

b. x= 43, 123, 168, 248, 293, 373, 418, 498, 543, 623 (mod 625).

11, a. xe=2, 5 11, 17, 20, 26 (mod 30).
b. x= 76, 22, 176, 122 (mod 225).

ENJAYNI

pO® ~NOO
opXpo
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OTBeTbI K rnaee 5

1, a 1 2 3 4,6, 8 9, 12, 13 16, 18
b. 2, 5 6, 8 13 14, 15 17, 18 19, 20, 22, 23, 24, 29, 31, 32, 35.
2,a.a) 0, B2 b a)0 P2
3, a a0 j)2 b a) 0 P 2
4, a. a) x= x=9(mod 19); P) xa = 11 (mod 29);
Y) x = 14 (mod 97).
b. a) x= = 66 (mod 311); P) x= = 130 (mod 277);
y) x= =+ 94 (mod 353).
5 a x= x=72(mod 125). b. x= 4 127 (mod 243).
6, a. o= 13, 19, 45, 51 (mod 64). b. x= 41, 87, 169, 215 (mod 256).
OTBeTHI K r/1aBe 6
1, a. 6. b. 18
2,a 3 3 3 b.5505 c¢?7
5 a a) 0; P) L y)3. b.a) 0; P) L y) IO
6, a. a) *= 40; 27 (mod 67); P) >& 33 (mod 67);
Y) *= 8, 36, 28, 59, 31, 39 (mod 67).
b. a) 17 (mod 73), P) x=50, 12, 35, 23, 61, 38 (mod 73),
Y) x= 3, 24, 46 (mod 73).
7, a a) 0 P)4 b .a)o; P 7
8 a.a) 1, 4,5 6,7, 9 11, 16, 17, p) 1, 7, 8 11, 12, 18
b. a) 1, 6, 8 10, 11, 14, 23, 26, 27, 29, 31, 36;
p) 1,7, 9, 10, 12, 16, 26, 33, 34.
9, a a) 7, 37 p) 3, 5 12, 18 19, 20, 26, 28, 29, 30, 33, 34.
b. a) 3, 27; 41, 52;
P) 2, 6, 7 10, 17, 18 26, 30, 31, 35, 43, 44, 51, 54, 55, 59.
N 1 N 1 3 N 1379 N I 571
y O v 0 1 vy 0000O y 00 11
Yo O 13 2 vi 0 10 1
N 1247 811314 N 1357 9 11 13 15
vi 01001101 y 01010 1 0 1
v« 01213032 Yo 0312 2 | 3 0
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1, a)

OTBeTbI K r/iase 7

;c=2

mo1 P no12 3

x 01 X 010

N 012 3 4 5 6 7

X 010 Re O Rc O Rc
1 RcO Red N\

0 1 12 13 14 15 16 17 18 19

0 Rce 0 Re 0 0O 0O 1 0 Rc
Rco RcO 1 RcO

1 Rci Rc,

N 20 21 22 23 24 25 26 27 2f 29

X 0 o 0 n, 0 0 0 Re O Rc
LS 1 RcO  Rco
a2, Rex <

30 A R 3B H#A 3B 3B 3I¥ B P

0 Rc 0 1 0 0 0 Rc 0 Rc

! 1 RcO 1
1 Rl Rci W
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TAB/TMUbI MHOAEKCOB

P—3 p—Ii=

N O 12345672829

6
0 0 21453
y—=1 p~

N O 123456172829

0 0 18249736
1

=2, g:2
/0 1 2
o 1 2

=2 rzm2
/0 1 2
0 1 2 4

=2-3> T—3
/0 12
0 1 3 2

=2y 22
/0 1 2
0 1 2 4
1



g=2

/3-1=22.3,

/>=13,

1 234567829

0

1 234567829 /

0

8 36121M9°5

4

0 14295138

o -

p-—1= 2* g=3

17,

p

1234567389

0

1 23456789 |

0

N

g==2

23»,

- 1==

p_=19,

123456789

0

1234567829 |

0

N

39
~ o

a9

0 m
~d
Nyq

- N

o«

Mo
©g

S <

g4
N~
Qw
-9
oy

ol

=5

g_

— 1==2.11,

P ==23,

12345671829

0

1 234567829 /

0

N

o~
mro
549
o m
S
ARY
e
NG
EINE

lgn

o«

g49
oy
an~
Qg o
=N
¥
93
NQd

OQB
m Lo

o«

=2

1 ::2—7’

P

==29,

>

1 234567829

0

1

1 234567829

0

w

1 2 4 816 3 6122419
9 18 7 1428272521 1326

2 23 17 5102012215

0
1

2

1 2325
2 24 17
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DRWNRO

498

=31, p—1= 2-3-5, g=3

4 23
8 29

8 3
34 14
23 28

20

0

p—4L p -

O~NOO

= 2232,

1= 23e5,

88—

3 29
13 12
15 21

2

2 31
13 35
29 24
22

g-=6
19
A
22
7

p=43 p—1=2-3.7, £-=3

12345617829

027 11225283539 2

10 30 133220262438 29 19
37 36 151640 817 3 541
N 34 931231814 7 433

22

621

0

1 23456789

3 927382841 372532
30 4123622232635 19
403416 515 2 618
133931 7212017 8



AWNRO

AAWNRO

AW

b8R8

Fwo~wo

R&EBReo

25
10
49
14
32

A- 47, p -

23456789

182036 13832 840
101 47\26 16 1245
25 528 229142235
442734 333042 1731
24 134341 23

/7= B3, 17—

234567829

117 2471814 334
1924 1512 4103537
7392042 2551 16 46
52311 936303841
3222 829404421 28
26

/;= 59, -

234567829

150 2 651 18 342
5245 1956 4404338
26 1553 1246 3420 28
5 17 41 24 44 55 39 37
11 332748 1623 54 36

4722353121 3029

1=2-23,

/

0
1
2
3
4

0

1
12

3
36
9

1= 22-13,

OARWNRO

17
24
37

1=2-29,

AW

5

28

57

17

3

g- 5

1 234567829

52531 142321 11 840
13 18432741 1738 210
15 28 46 42 22 16 33 24 26
39 7353429 420 630
45 37 4432 19

£-=2

123456789

1632 11 22 44 35
71428 3 612
1326 52 51 49 45
3l 91836 193823
2550474129 51020

1 234567829

2 4 81632 5102040
42 255041234633 7 14
56 5347 35 N 22 44 29 58
55 51 43 27 54 49 39 19 38
34 91836 1326524531

6 12244837 1530
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OUANWNRO

NOUAWN RO

500

0

61,

1234567809

0 16 222 749 312
15 8405028 447 1326
55 1657 94441 1851 35
59 52148 11 1439 27 46
54 56 43 1734 58 20 10 38
53 4233 193752323631

=171, p

12345671829

0 626122832 11852
31 3839 754244958 16
27 37 15445645 8 1368
11 3057552964 202265
253348431021 950 2
5512314591942 4 3
69 1753 36 67 63 47 61 41

OB WN RO

p—1= 22-3-5,

BEBR&~

1=2.5-7,

/

PUIAWN RO

0

1
45
37
32
20
48
30

£e=2

1 23456172829

2 481632 3 61224
35 91836 1122442754
33 5102040 1938 1530
59 5753 45 29 58 55 49 37
26 5243255039 1734 7
28 5651 41 21 42 23 46 31

ff=7

12345672829

7 49595851 2 1427 47
31 42851231962 856
46 38531641 321 535
11 64210706422 12 13
69 57 44 24 26 40 67 43 17
52 96315342533 1855
68 50 66 36 39 60 65 29 61



N

NOUAWNRO NOUAWNRO

O~NOUIAWNRO

0

17

25

23
42

28
29

30

36

1

RBNABRBHo

68

56

22

RBREEEBRNo

p—Ti,

23456789

8 616 1143324 12
225941 73221 2062
634630 267 1849 35
40 61 29 34 28 64 70 65
4751 71 1354 31 38 66
3532656576843 5
1945 48 60 69 50 37 52
36

p= 79

234567829

4 1862 55312 2
93457631621 632
7226 134638 361 11
2069 2537 10 1936 35
5849 76 64 30 59 17 28
4277 7526533 1531
60 5524 1873 48 29 27
14 44 23 47 40 43 39

p = 83,

234567829

172 22773 8 362
7477 917 4566347
2560 7554 78 52 10 12
5 14 57 35 64 20 48 67
817126 7612376 16
79595351 1137 1334
3970 62215455850
65 69 21 44 49 32 68 43
41

/

NOUONWNRO NOOUTRARWNRO

O~NONDWN RO

p—1=2:3,

0

g=>5

1 234567829

1 52552415 315 210

50
18
24
32
67
65
38

p_- 1= 2-3-13,

p—1=241,

28
37

41
69
23

31 945 630 4202762
17 1260 8405451 36 A
47 16 73529726848 21
14 7058 71 63 23 42 64 28
43 695346 11 5556 61 13
33 1922 37 39 49 26 57 66
a4

1 2345672829

3 927 2 61854 412
29 8247258 16486537
17 51 74 64 34 23 69 49 68
59 1957 1339 3800 26 78
70 5277 736! 257567 43
71 55 721 6331 1442 47
28 5154556 1030 11 33
60 22 6640 41 4453

g=2

123456789

2 4 816326445 714
56 29 58 33 66 49 1530 60
74 6547 12244 51020
80 77 71 59 3570 57 31 62
82 81 79 7567 51 1938 76
55 27 542550 17 34 68 53
46 918367261 39 78 73
43 3 6122448 132652
42
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502

86
14

87

79

35

69

36

66

41

79

1

0
84

82

69

62

86

56

P- 8, P

23456789

16 13270178148 2
3323 97164 61835
1257495239 32559
8085226334 1151 24
102928 72 7354 65 74
55 78 1966 41 36 75 43
4783 8 513563858
50 20 27 53 67 77 40 42
37 61 26 76 45 60 44

P=9. p

23456789

347068 1 831 644
42256571 40 89 78 81
247776 259 18 313
74602732 1691 1995
39 45845 1584 1462
93 1052 87 37 55 47 67
8075 1226 94 57 61 51
502829725321 33 30
23 177390 38 83 92 54

49 20 22 82 48

1=23.11,

2 73

4 78
5 72

6 87

3 79
4 16

5 72

g=3

1

3
37

41

69

23456789

92781 651751 64 14
22662060 2 61854
34 13392884 74 44 43
4 1236 1957 82 68 26
795088868062 824
25 mb47 52 67 23 69 29
71 35 16 48 55 76 50 61
45464958 8577 53 70

21 63 11331030

234567829

25284321 840 630
64 29 48 46 36 83 27 3B
948222 1365347374
3578 2105056 86 42
1260 94531 58 96 92

54 76 89 57 91 67 44 26

68 4951 61 147059 420

37

7584 32 63 24 23 1890
95874741 115581 17

88 52 66 39



TABTMUA MPOCTbIX YMCEN <4070

N NX HAMMEHbBLW WX MEPBOOBPA3HbIX KOPHEW

o

QR BBBRE Buown

S

NQRge

98BI

NUINUIO NNWRNW WONUCN GWNWO NNNDNODN GOONW NONWN NWNN R

2

3

107
109
113

127

137
139
149

163
167
173

«Q
=
o

179

193
197

199

223
227
229

233
239
241
251
257

263
269
2711
277

283
293
307
31
313

317
31
337
347
349

353
359
367
373
379

383

397
401

[

Roovog vvo~ww dMvBwn BRuMW woong woNw~Nw oNwNw NaBhN

499

503
509

523
1

547
557
563
569
571

577
587
593
599
601

607
613
617
619
631

641
643
647
653
659

th

MNOEBE® NON® N~NWRNO WONNN NNWNO NN onBon aowvn

p

661
673
677
683
691

701
709
719
27
733

739
743
751
757
761

769
773
787
797
809

811

823
827
829

839
853
857
859
863

877
831

887
907

911
919
929
937
A1

p

947
953
967
971
977

983
01
997
1009
1013

1019
1031

1039

1049
1051
1061
1063
1069

1087
1091
1093
1097
1103

1109
1117
1123
1129
1151

1153
1163
1nun
1187

1193

1201

1213
1217
1223

th

awhBw vunvoo SRV ON cwabvw own~ww waRBn wBRvwoun woown

th

p

1237
1249
1259

1277
1279
1283
1289
1291

1297
1301
1303
1307
1319

1327
1361
1367
1373

1381
1399

1423
1427

1429
1433
1439
1447
1451

1453
1459
1471
1481
1483

1487
1493

1499
1511 n

p

1579

1597
1607

1613

1619
1621
1627
1637
1657

1663
1667
1669
1693
1697

1699
1709
1721
1723
1733

1741
1747
1753
1759
1777

1783
1787
1789

1811

th

oBonB co~NdN NOwww WNNN®W Bvwnn wNwowbB cwhvwBd wvann
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1823

1847

1867

1871
1873
1877
1879

504

NN OTWwO

2131
2137
2141
2143
2153

2161
2179
2203
2207
2213

2237
2239
2243
2251

2267
2269
2273
2281
2287

2293
2297
2309

2333

2339
2341
2347

2357

2371
2377

2383
2389

2393
2399
2411
2417
2423

2
10

N
OwoBw vowan NBo~NN DNONON BNuwNon NNONN NOOND W N

2437

3067
3079

onvoBRw vadvn R

3083
3089

3119
3121

3137
3163
3167
3169
3181

3187
3191
3203
3209
3217

3221
3229
3251
3253
3257

3259
3271
3299
3301
3307

3313
3319
3323
3329

3343
3347
3359
3361
3371

3373
3389
3391
3407
3413

NOwWo NNEBve weonvoeB vNovww wnooB BN uNowew N~ o wN

MpoposrmkeHve

0w
&
W NOWWN NWNNN NDNNON NNDNNN NN wO

3659 2
3671' 13
3673
3677
3691

3697
3701
3709
3719
3727
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OMrNABNEHWNE

Mpeancnosue

YacTb nepBasd
AHANMNTUNYECKAA TEOMETPUA

FnaBa 1.BeKTopbl B yr/ibl

8§ L OCb o
8§ 2 BEKTOP  coiiiiiiiiiitiii e e e e et e e e
§ 3. HanpaBfIEHHBIE YITIbl  .eoeeiiiiieiieieiiieie e eeeeaees
§ 4. TpoeKuMa BEKTOPA C OCU HA O C b ..eeeveervieieiiieeeeiiennn
§ 5 BEKTOPHDBIE LTI eeeeiiieieeeeeaaiiiiieieeeea e e e e e eneneeaeeeeeae e
§ 6 Uenrmyrnos

§ 7. lNpoekumn BeKTopa Ha [ABe B3aUMHO MepreHAVKY Isap-

HBIE OCMl coiiiiiiiiie ettt ettt et

§ 8 Yron mexay ABYMA BeKTopamu. YC/oBUSA Napasisiesib-
HOCTU W MEPNEHANKYNAPHOCTU  ...eoiiiiiieeeeieiiieieeea

§ 9. YnpaHeHUs N KOHTPOSIbHbIE BOMN POChI

Fnasa 2. KoopanHaTtbl

8§ 1L MeTOA KOOPAMHAT weveeeieiieaeiaiiiiiieieeeeaeeeeassiinneneeeeeaaaens
§ 2 OcHOBHble 33faun, pellaemble MEeTOAOM KoopAuHaT
§ 3. YnpaxHeHus
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