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TO OUR STUDENTS



Preface

You have in your hands an undergraduate text on fundamentals o f electric 
power engineering. This text reflects the experience o f the first author in 
teaching electric power engineering courses in the Electrical and Computer 
Engineering Department o f the University of Maryland College Park during 
the past thirty-four years. These courses have constituted the educational 
core o f the electric power engineering program. This program was originally 
established (in the early 1980s) with the financial support and sponsorship 
of Baltimore Gas and Electric (BGE) Company, Potomac Electric Power 
Company (PEPCO), Virginia Electric Power Company (V EPC O ), Bech
tel Corporation and General Electric (GE) Foundation. This program has 
been designed as a sequence o f senior elective courses in the area o f electric 
power engineering. This design has two main advantages. First, students 
in such elective courses usually have strong interest in electric power and 
are really motivated to learn the related material. Second, senior students 
have already been exposed to fundamentals in electric and electronic cir
cuits, electromagnetics and control theory. This opens the opportunity to 
cover the material in power courses at sufficiently high level and with the 
same mathematical and physical rigor which is now practiced in courses 
on communication, control and electromagnetics. This text on fundamen
tals o f electric power engineering reflects this approach to teaching power 
courses.

Electric power engineering has always been an integral part of electrical 
engineering education. This is especially true nowadays in view of renewed 
emphasis in the area o f energy in general and electric power engineering in 
particular. This textbook may provide a viable alternative to existing text
books on the market by covering in one volume in a concise and rigorous 
manner such topics as power systems, electrical machines and power elec
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tronics. For this reason, this book can be used for teaching three different 
courses such as Power Systems, Electrical Machines and Power Electron
ics. These power courses form the mainstream of electric power engineering 
curriculum at most universities worldwide.

The book consists of three parts. The first part o f the book deals with 
the review o f electric and magnetic circuits. This review stresses the topics 
which nowadays are usually deemphasized (or ignored) in required circuits 
and electromagnetics courses. Namely, the phasor diagrams for ac cir
cuits and analysis o f electric circuits with periodic non-sinusoidal sources 
are stressed. Phasor diagrams have practically disappeared from circuit 
courses and textbooks, while these diagrams are still very instrumental in 
electric power engineering. Analysis of electric circuits with periodic non- 
sinusoidal sources is very important in the study of steady-state operation 
of power electronics converters. The frequency-domain and time-domain 
techniques for such analysis are presented in the book. In the review of 
magnetic circuits, a special emphasis is made on the analysis o f magnetic 
circuits with permanent magnets. This is justified, on the one hand, by 
the proliferation o f permanent magnets in power devices and, on the other 
hand, by the insufficient discussion of this topic in the existing undergrad
uate textbooks. Furthermore, the analysis of nonlinear magnetic circuits 
and eddy current losses for circularly (or elliptically) polarized magnetic 
fields are presented. The former is important because magnetic saturation 
of ferromagnetic cores often occurs in power devices. The latter is o f in
terest because ferromagnetic cores of ac electric machines are subject to 
rotating (not linearly polarized) magnetic fields.

The second part of the book can be used for teaching courses on power 
systems and electrical machines. This part starts with a brief review of 
the structure of power systems, analysis of three-phase circuits and the 
discussion of ac power and power factor. Next, the analysis of faults in 
power systems is presented. This analysis is first performed by using the 
Thevenin theorem. Then, the concept o f symmetrical components is in
troduced and the sequence networks are derived. Finally, the analysis of 
faults based on sequence networks is discussed. The next chapter deals with 
transformers. Here, the design and principle o f operation o f transformers 
are first considered along with the study o f the ideal transformer. Then, 
the equivalent circuit for a single-phase transformer is derived on the ba
sis o f equivalent mathematical transformation o f coupled circuit equations 
and the importance of leakage inductances (leakage reactances) is stressed. 
Next, open-circuit and short-circuit tests are described as the experimen
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tal means o f determining parameters of equivalent circuits. The chapter 
is concluded by the discussion of three-phase transformers. The following 
chapter deals with synchronous generators. Here, the design and principle 
o f operation o f synchronous generators with cylindrical rotors and salient 
pole rotors are first considered. Then, the mathematical analysis of arma
ture reaction magnetic fields of ideal cylindrical rotor generators is carried 
out. The results o f this analysis are used in the discussion of the design of 
stator windings and in the computation of their synchronous reactance. It 
is stressed that stator windings are designed as filters o f spatial and tem
poral harmonics. This is achieved due to their distributed nature, their 
two-layer structure and the use of fractional pitch. Next, the two-reactance 
theory o f salient pole synchronous generators is presented. The chapter 
is concluded by the derivation of formulas for the power of synchronous 
generators and by the discussion o f static stability of these generators as 
well as of their performance when connected to ал infinite bus. The next 
chapter deals with the power flow analysis and dynamic (transient) stabil
ity of power systems. Here, the nonlinear power flow equations are first 
derived and then their numerical solutions by using Newton-Raphson and 
continuation techniques are discussed. The analysis of the transient stabil
ity is carried out by using the “swing” equation for mechanical motion of 
rotors o f synchronous generators. This equation is presented in the Hamil
tonian form, which leads to the phase portrait o f rotor dynamics. This 
phase portrait results in a simple algebraic criterion for transient stability 
of rotor dynamics which contains as a particular case the celebrated equal 
area stability criterion. The last chapter o f the second part deals with in
duction machines. In the past, induction machines have mostly been used 
as motors. However, recently induction machines have found applications 
as generators in wind energy systems. First, the design and principle of 
operation o f induction machines is discussed. Then, by using the fact that 
in the induction machines the electromagnetic coupling between the rotor 
and stator windings is mostly realized through rotating magnetic fields, the 
coupled circuit equations are derived. The equivalent mathematical trans
formation o f these coupled circuit equations leads to the equivalent electric 
circuits for induction machines. The chapter is concluded by the discussion 
o f mechanical (torque-speed) characteristics o f induction machines, which 
reveal the possibility of frequency control of speed o f induction motors.

The third part o f the book deals with power electronics and it consists of 
four chapters. The first chapter covers the material related to power semi
conductor devices. It starts with a brief review o f the scope and nature
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o f power electronics and then provides the summary o f basic facts o f semi
conductor physics. This is followed by the discussion of p-n junctions and 
diodes, where ali the basic relations are derived and characteristic features 
o f power diodes are outlined. Then, the principles o f operation and designs 
of bipolar junction transistors (BJTs) and thyristors (SCRs) are presented 
and the special emphasis is placed on the understanding o f operation of 
these devices as switches. Next, such devices as the M OSFET, power 
M OSFET and IG BT are discussed and their main advantages as power 
electronics switches are articulated. The chapter is concluded with brief 
descriptions of snubber circuits and resonant switches. The principles of 
zero-current switching (ZCS) and zero-voltage switching (ZVS) are outlined 
and it is stressed that the design of resonant (quasi-resonant) power convert
ers is a very active and promising area o f research. The next chapter deals 
with rectifiers. Here, single-phase bridge rectifiers with RL, RC  and RLC  
loads are first discussed along with center-tapped transformer rectifiers. 
The time-domain technique is extensively used to derive analytical expres
sions for currents and voltages in such rectifiers. Then, three-phase diode 
rectifiers are studied and various circuit topologies of these rectifiers are 
presented along with derivation o f analytical expressions for voltages and 
currents. The chapter is concluded with the discussion of phase-controlled 
rectifiers, and single-phase as well as three-phase versions o f such rectifiers 
stre studied in detail. The following chapter deals with inverters. It starts 
with the discussion o f single-phase bridge inverters, and the design of bidi
rectional (bilateral) switches needed for the operation of the inverters is 
motivated and described. This is followed by the detailed study of pulse- 
width modulation (PW M ) and analytical expressions for spectra of PW M  
voltages are derived. The chapter is concluded with the discussion of three- 
phase inverters. The design of ac-to-ac converters by cascading three-phase 
rectifiers with three-phase inverters is then briefly outlined along with their 
applications in ac motor drives. The last chapter of the third part o f the 
book deals with dc-to-dc converters (choppers). Here, the buck converter, 
boost converter and buck-boost converter are first covered, and continuous 
and discontinuous modes of their operation are studied in detail. The chap
ter is concluded with the discussion of “flyback” and “forward” (indirect) 
converters, and physical aspects of their operation are carefully described 
along with all pertinent analytical formulas.

Each part of the book is supplemented by a list of problems of varying 
difficulty. Many of these problems are pointed questions related to the 
theoretical aspects discussed in the text. It is hoped that this may motivate
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readers to go through the appropriate parts of the text again and again, 
which may eventually result in the better comprehension of the material.

We have made an effort to produce a relatively short book that cov
ers the fundamentals of the very broad area of electric power engineering. 
Naturally, this can only be achieved by omitting some topics. We have 
omitted the discussion of transmission lines because this subject is usually 
covered in courses on electromagnetics. We have also omitted the discus
sion of power system protection and economic operation (optimal dispatch) 
of generating resources. In our view, these topics are more suited for more 
advanced courses. In the power electronics portion o f the book, we have 
limited our discussion to the most basic facts related to the circuit topol
ogy and principles o f operation of power converters. This book has a strong 
theoretical flavor with emphasis on physical and mathematical aspects of 
electric power engineering fundamentals. It clearly reveals the multidis
ciplinary nature of power engineering and it stresses its connections with 
other areas o f electrical engineering. It is believed that this approach can 
be educationally beneficial.

In undertaking this project, we wanted to produce a student-friendly 
textbook. We have come to the conclusion that students’ interests are best 
served when the discussion o f complicated concepts is not avoided. We have 
tried to introduce these concepts in a straightforward way and strived to 
achieve clarity and precision in exposition. We believe that material which 
is carefully and rigorously presented is better absorbed. It is for students 
to judge to what extent we have succeeded.
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PART I

Review of Electric and Magnetic 
Circuit Theory



Basic Electric Circuit Theory

C h a p ter 1

1.1 R e v ie w  o f  B asic  E qu ation s o f  E lectr ic  C ircu it T h e o ry

In circuit theory, there are two distinct types of basic mathematical rela
tions. In the first type, these relations depend on the physical nature of 
circuit elements and they are called terminal relations. The second type 
o f relations reflects the connectivity of the electric circuit, namely, how the 
circuit elements are interconnected. For this reason, they are sometimes 
called topological relations. These relations are based on the KirchhofF 
Current Law (KCL) and Kirchhoff Voltage Law (KVL).

We start with terminal relations and consider five basic two-terminal 
elements: resistor, inductor, capacitor and ideal (independent) voltage and 
current sources. These circuit elements are ubiquitous in power engineering 
applications. However, in power electronics, multi-terminal circuit elements 
are used as well. These multi-terminal circuit elements are models of power 
semiconductor devices and they will be discussed in Chapter 1 of Part III.

A two-terminal element is schematically represented in Figure 1.1. Each 
two-terminal element is characterized by the voltage v(t) across the termi
nals and by the current i(t) through the element. In order to write the 
meaningful equations relating the voltages and currents in electric circuits, 
it is necessary to assign a polarity to the voltage and a direction to the 
current. These assigned (not actual) directions and polarities are called 
reference directions and reference polarities. These reference directions and 
polarities are assigned arbitrarily. The actual current directions and volt
age polarities are not known beforehand and they may change with time. 
The reference direction for a current is indicated by an arrow, while the 
reference polarity is specified by placing plus and minus signs next to ele
ment terminals (see Figure 1.1). The reference directions and polarities are

3
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i(t) 
+ *■----►—

v(t)

Fig. 1.1

usually coordinated by choosing the reference direction o f the current from 
the positive reference terminal to the negative reference terminal.

As discussed below, the reference directions and polarities are used in 
writing KCL and KVL equations. These equations are then solved and the 
signs o f currents and voltages are found at any instant of time. If at time 
t a current is positive,

i{t) >  0, (1-1)

then the actual direction of this current coincides with its reference direc
tion. If, on the other hand, the found current is negative at time t,

m  <  o, ( i . 2)

then the actual direction of this current at time t is opposite to its reference 
direction.

Similarly, if a voltage is found to be positive,

e ( t ) > 0 ,  (1.3)

then the actual polarity coincides with its reference polarity. On the other 
hand, if the voltage is found to be negative,

v(t) <  0, (1.4)

then the actual voltage polarity is opposite to its reference polarity. It is 
clear from the above discussion that the reference directions and polarities 
allow one to write KCL and KVL equations, then solve them and eventually 
find actual directions and polarities of circuit variables.

Now, we consider a resistor. Its circuit notation is shown in Figure 1.2. 
The terminal relation for the resistor is given by Ohm’s law,

v(t) =  Ri(t), j (1.5)
where R  is the resistance of the resistor. By using the terminal relation 
(1.5), we find the expression for instantaneous power p(t) for the resistor,

n( ft =  =  FK2({\ fl.fit
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v(t)
Fig. 1.2

v(t)
Fig. 1.3

or

(1.7)

It is clear from the last two equations that in the case of the resistor the in
stantaneous power is always positive, which means that the resistor always 
consumes electric power. This is the reason why resistors are often used in 
electric power engineering to model irreversible losses o f electric energy or 
its conversion into other forms o f energy.

Next, we discuss an inductor. Its circuit notation is shown in Figure 1.3. 
The inductor is characterized by inductance L and its terminal relation is 
given by the formula

The last equation implies that the current through an inductor is differen
tiable and, consequently, a continuous function o f time. The latter means 
that for any instant of time fo the value of the current i ( t o - )  immediately 
before fo is equal to the value of the current i(<o+) immediately after to:

It is clear from equation (1.8) that in the case o f dc currents (i(t) =  const) 
the voltage across the inductor is equal to zero and the inductor can be 
replaced by a “short-circuit” branch. On the other hand, if the inductor

current through the inductor before switching is zero, then according to the

(1.8)

* (* o -) =  i(*o+)- (1.9)

(as a part o f a circuit) is connected by some switch to a source and the initial
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continuity condition (1.9) the current through the inductor will remain zero 
immediately after switching. This means that immediately after switching 
the inductor is an “open-circuit” branch.

It is apparent from equation (1.8) that the instantaneous power p(t) for 
the inductor is given by the formula

p{t) =  v{t)i{t) =  |  d~ J t~  ^ ‘10^

It follows from the last equation that power is positive if the absolute value 
of inductor current increases with time and it is negative if the absolute 
value o f the current decreases with time. This implies that when the abso
lute value of the inductor current is increasing with time, the electric power 
is being consumed and stored in the inductor’s magnetic field. On the other 
hand, when the absolute value o f the inductor current is decreasing with 
time, then the electric power is “given back” at the expense of the energy 
previously stored in the magnetic field. This clearly suggests that the in
ductor is an energy storage element and it finds many applications as such 
in electric power engineering.

Another important application o f the inductor is for “ripple suppres
sion” in power electronics. Power electronics converters are switcliing-mode 
converters in which semiconductor devices are used as switches that are 
repeatedly (periodically) switched “on” and “off” to achieve the desired 
performance o f the converters. This periodic switching results in periodic 
components o f electric currents which manifest themselves as ripple in out
put converter voltages. These ripples can be suppressed by using inductors. 
Indeed, from equation (1.8) we find

i(t) =  г(0) +  y  [  v(t)cLt■ (1-11)
Jo

If the current is a periodic function of time with period T, then

*(0) =  i(T ) (1.12)

and
rT

v (t )cLt =  0. (1-13)/Jo
It is apparent that the second term in the right-hand side of equation (1.11) 
can be construed as a ripple in electric current. It is clear from formula
(1.11) that this ripple can be suppressed by increasing the value o f in
ductance L. It is also clear from formulas (1.11) and (1.13) that the same
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ripple can be suppressed by decreasing T, i.e., by increasing the frequency of 
switching. This leads to the “trade-off” that is practiced in power electron
ics: the higher the frequency o f switching of power semiconductor devices, 
the smaller the value of inductance that is needed for the ripple suppression.

Now, we proceed to the discussion o f a capacitor. Its circuit notation is 
shown in Figure 1.4. The capacitor is characterized by capacitance С  and 
its terminal relation is given by the formula

The last equation implies that the voltage across a capacitor is differentiable 
and, consequently, a continuous function o f time. The latter means that for 
any instant o f time to the value of the voltage v (fo -)  immediately before to 
is equal to the value o f the voltage u(to+) immediately after to:

It is apparent from equation (1-14) that in the case of dc voltages (v(t) =  
const) the current through the capacitor is equal to zero and the capacitor 
is an “open-circuit” branch. This is consistent with the fact that the current 
through the capacitor is a displacement current, which exists only when the 
electric field in the capacitor varies with time.

In the case when an uncharged capacitor with zero voltage is connected 
through some switch to a source, then according to the continuity condition
(1.15) the voltage across the capacitor will remain zero immediately after 
switching. This means that immediately after switching the capacitor is 
a “short-circuit” branch. This implies that capacitors connected in par
allel with power equipment may protect this equipment from large initial 
transient currents, which mostly flow through these capacitors.

It is apparent from equation (1.14) that the instantaneous power p(t) 
for the capacitor is given by the formula

(1.14)

v (to_) =  w(fo+)- (1.15)

p(t) =  v(i)i(i) =  C v(t) (1.16)
dt 2 dt
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Fig. 1.5

It follows from the last equation that power is positive if the absolute value 
of capacitor voltage increases with time and it is negative if the absolute 
value of capacitor voltage decreases with time. This implies that, when 
the absolute value of the capacitor voltage is increasing with time, the 
electric power is being consumed and stored in the electric field within the 
capacitor. On the other hand, when the absolute value of the capacitor 
voltage is decreasing with time, then the electric power is “given back” at 
the expense of energy stored in the electric field. This clearly reveals that 
the capacitor is an energy storage element and it is used as such in many 
power-related applications.

Another important application o f the capacitor is for “ ripple suppres
sion” in power electronics. Indeed, from equation (1.14) we derive

v(t) =  u(0) 4-----[  i ( T ) d r .  (1-17)
C  Jq

If the capacitor voltage is a periodic function o f time with period T , then

w(0) =  v (T ) (1.18)

and
rjT

f i ( r ) d T  =  0. (1-19)
Jo

It is clear that the second term in the right-hand side of formula (1.17) 
can be construed as a ripple in capacitor voltage. It is apparent from 
formula (1.17) that this ripple can be suppressed by increasing the value 
of capacitance C. It is also apparent from formulas (1.17) and (1.19) that 
the same ripple can be suppressed by decreasing T, i.e., by increasing the 
frequency o f switching. Hence, the trade-off: the higher the frequency o f 
switching o f semiconductor devices in power converters, the smaller the 
value o f the capacitance that is needed for ripple suppression.

Finally, we shall discuss ideal (independent) voltage and current sources, 
whose circuit notations are shown in Figures 1.5 and 1.6, respectively. An
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is(t)

Fig. 1.6

ideal voltage source is a two-terminal element with the property that the 
voltage across its terminals is specified at every instant of time,

(1.20)

where vs(t) is a given (known) function of time. It is apparent from the 
given definition that the terminal voltage does not depend on the current 
through the voltage source, which is reflected in the terminology indepen
dent voltage source.

An ideal current source is by definition a two-terminal element with the 
property that the current through this element is specified at every instant 
of time,

(1.21)

where is (t) is a given (known) function o f time. It is clear from the given 
definition that the terminal current does not depend on the voltage across 
the current source; in this sense, this is an ideal (or independent) current 
source.

Previously we discussed the terminal relations, which are determined by 
the physical nature o f the circuit elements. Now, we proceed to the brief 
discussion o f the relations which are due to the connectivity of elements in 
an electric circuit. There are two types o f such relations. We begin with 
the Kirchhoff Current Law (KCL). KCL equations are written for nodes 
o f electric circuits. A node o f ал electric circuit is a “point” where three 
or more elements are connected together. KCL states that the algebraic 
sum o f electric currents at any node of an electric circuit is equal to zero 
at every instant of time. This is mathematically expressed as follows:

(1.22)

The term “algebraic sum” implies that some currents are taken with posi
tive signs while others are taken with negative signs. Tw o equivalent rules

£ > ( 0  =  o.
к

i{t) =  is(t),

v(t) =  v3(t),
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can be used for sign assignments. One rule is that positive signs are as
signed to currents with reference directions toward the node, while negative 
signs are assigned to currents with reference directions from the node. KCL 
equations can be written for any node. However, only (n — 1) equations 
will be linearly independent, where n is the number o f nodes in a given cir
cuit. The (n — 1) nodes for which KCL equations are written can be chosen 
arbitrarily. The KCL equation for the last (n-th) node can be obtained 
by summing up the previously written KCL equations. This clearly sug
gests that the equation for the last (n-th) node is not linearly independent. 
A “point” in an electric circuit where only two elements are connected is 
not qualified as a node because of the triviality of the KCL equation in 
this case, which simply suggests that the same current flows through both 
circuit elements, i.e., these two circuit elements are connected in series.

Next, we discuss equations written by using the Kirchhoff Voltage Law 
(KVL). These equations are written for loops. A loop is defined as a set 
of branches that form a closed path with the property that each node is 
encountered only once as the loop is traced. A  branch is defined as a 
single two-terminal element or several two-terminal elements connected in 
series. KVL states that the algebraic sum of branch voltages around any 
loop of an electric circuit is equal to zero at every instant o f time. This is 
mathematically expressed as follows:

(1.23)

The term “algebraic sum” implies that some branch voltages are taken with 
positive signs while others are taken with negative signs. The following 
rule can be used for sign assignment. If the tracing direction o f the branch 
coincides with the reference direction of the branch current then the positive 
sign is assigned to the branch voltage, otherwise the negative sign is assigned 
to the branch voltage.

Since there may be many possible loops for any given circuit, determin
ing which loops must be traced in order to write linearly independent K V L 
equations is not entirely obvious. One method which will always produce 
the correct number o f linearly independent KVL equations is based on the 
use of a graph tree. By definition, a graph tree o f an electric circuit is a 
subset of branches with the property that all nodes o f the circuit are con
nected together, but there are no closed loops formed by these branches. 
It is clear that any graph tree of an electric circuit with n nodes contains 
n — 1 branches. By adding a new branch to the graph tree we create a new

Y ^ Vk{t) =  0.
к
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loop and a new KVL equation can be written for the created loop. This 
KVL equation will contain a new variable -  branch voltage for the added 
branch. KVL equations written in this way will be linearly independent 
because each new equation contains a new variable. It is easy to see that 
the total number of linearly independent KVL equations written in the de
scribed way is equal to ft — (n — 1), where b is the total number o f branches 
in the circuit. This is so because 6 — (n — 1) branches should be removed 
to form a graph tree and, consequently, b — (n — 1) loops will be formed by 
adding one by one the removed branches.

It is clear that the total number of linearly independent equations writ
ten by using KCL and KVL (i.e., the total number of equations (1.22) 
and (1.23)) is equal to the number ft o f branches. An additional b equa
tions are obtained by using terminal relations (1 5 ), (1.8), (114), (120) 
and (1.21). Thus, the total number o f equations is 2ft, which is the total 
number o f circuit variables, i.e., the total number o f branch currents and 
branch voltages. These are ordinary differential equations for which the 
initial conditions can be found by using the continuity conditions (1.9) and
(1.15). Thus, the framed equations (1.5), (1.8), (1.9), (1.14), (1.15), (1.20), 
(1.21), (1.22) and (1-23) form the foundation of electric circuit theory. In 
this theory, various analysis techniques have been developed which exploit 
the connectivity of electric circuits as well as the particular nature of exci
tation o f these circuits. Some o f these techniques will be discussed in this 
first part of the book due to their wide use in electric power engineering.

It is worthwhile to note that in electric circuit theory the basic (framed) 
relations (1.5), (1.8), (1.9), (1.14), (1.15), (1.20), (1.21), (1.22) and (1.23) 
are treated as axioms (postulates) which are fully consistent with experi
mental facts. However, within the framework o f electromagnetic field the
ory, all these fundamental circuit relations can be derived by using approx
imations relevant to the notion o f electric circuits with lumped parameters.

It is worthwhile to stress in the conclusion of this section that electric 
circuits are models for actual devices -  models which are based on some 
simplifications and approximations. This may lead in some cases to in
trinsic (logical) contradictions between the basic circuit relations. We shall 
illustrate such possible contradictions for two cases o f very simple electric 
circuits shown in Figures 1.7 and 1.8. In Figure 1.7, at time to =  0 a 
dc current source is connected by switch {■S'H'7) to an inductor and a resis
tor connected in series. It is clear that prior to the switching the current
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is{t)=Io

Fig. 1.7

R

through the inductor is equal to zero,

t ( 0 _ ) = 0 .  (1-24)

According to the continuity condition (1.9), the current i(0 + ) immediately 
after switching must be equal to zero,

i ( 0 + ) = 0 .  (1.25)

However, according to KCL the same current must be equal to the current 
lo o f the current source,

*(0+) =  I0 ф 0, (1.26)

which is a contradiction.
Similarly, for the circuit shown in Figure 1.8, according to the continuity 

condition (1.15) the voltage u(Q+ ) across the capacitor is equal to zero,

v(0+) =  0, (1.27)

if the capacitor was not charged before switching. However, according to 
KVL the same voltage must be equal to the voltage Vg of the dc voltage 
source,

» (0 + ) =  Vo ^ 0 ,  (1.28)

which is a contradiction.
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The above contradictions appear because in the circuits shown in Fig
ures 1.7 and 1.8 some small parameters have been neglected. For instance, 
for an actual (real) inductor there is always small parallel to L capacitance 
between the turns of the inductor. The presence of this capacitance will 
remove the contradiction between equations (1-25) and (1.26) because im
mediately after switching the current Iq will flow through this capacitance. 
Similarly, the presence of a small resistance o f connecting wires in the circuit 
shown in Fig. 1.8 will remove the contradiction between equations (1.27) 
and (1.28), because immediately after switching the voltage Vo will be ap
plied across such resistance. The presented discussion suggests that in the 
actual devices represented by the circuits shown in Figures 1.7 and 1.8 the 
initial stages o f transients will be controlled by neglected small parameters. 
This implies that small parameters can be important for proper modeling 
o f the performance o f actual devices. It is demonstrated later in this text 
that the importance o f small parameters is typical for such power devices 
as transformers and induction machines as well as boost and buck-boost 
choppers.

1.2 P h a sor  A n a lysis  o f  A C  E lectr ic  C ircu its

In many electric power applications, electric circuits are excited by ac (si
nusoidal) sources. Under steady-state conditions, all voltages and currents 
in such circuits will be sinusoidal. A special and very useful circuit analysis 
technique exists which exploits this fact. It is known as the phasor tech
nique and it uses complex numbers to represent time-harmonic sinusoidal 
quantities. The main advantage of the phasor technique is that it reduces 
calculus operations on time-harmonic sinusoidal quantities to algebraic op
erations on complex numbers (phasors). As a result, the basic differential 
equations o f electric circuits discussed in the previous section are reduced 
to linear algebraic equations with respect to phasors. This significantly 
simplifies the analysis of electric circuits under ac steady-state conditions.

The central idea of the phasor technique can be described as follows. Ev
ery time-harmonic sinusoidal quantity is fully characterized by three num
bers: its frequency, peak value and initial phase. In ac steady-state analy
sis, the frequency of sinusoidal quantities is fixed and known. Consequently, 
every time-harmonic quantity of known frequency is fully characterized by 
two numbers: its peak value and initial phase. The same is true for com
plex numbers. In the polar form, each complex number is characterized
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by its magnitude (absolute value) and polar angle. This suggests to repre
sent any time-harmonic quantity by a phasor, which is a complex number 
whose magnitude is equal to the peak value of the time-harmonic quantity 
and whose polar angle is equal to the initial phase o f this time-harmonic 
quantity. This definition o f the phasor is illustrated by the following two 
formulas for time-harmonic (sinusoidal) voltage and current, respectively,

v(t) =  Vm cos(wi +  tpv) V — Уте> (1.29)

(1.30)

where V and I  axe the phasors of voltage and current, respectively. It is 
clear from the above formulas that if sinusoidal quantities are given then it 
is easy to write their phasors. On the other hand, if the phasor is known 
and represented in the polar form, then it is easy to write the corresponding 
time-harmonic quantity.

Now, it is easy to see that in the case of ac steady state all terminal 
relations can be represented in the phasor form. Consider first a resistor. 
Then, by substituting sinusoidal voltage and current in formula (1-5), we 
find

Vm cos(wt +  ipv) — RIm cos(tL>t +  ipi). (1-31)

The last equality implies that

V#  =  RJM, (1.32)

tpv = ip ,. (1-33)

The last formula reveals that in the case of resistors, their time-harmonic 
voltages and currents are in phase. Prom the last two formulas, we also 
derive

V =  Vmejvv =  RImei4>1 =  RI. (1.34)

Thus, it is established that the terminal relation for the resistor can be 
written in the phasor form as follows:

(1.35)

Next, we consider an inductor. Then, by substituting sinusoidal voltage 
and current in formula (1 8 ), we find

cos(wt +  ipv) =  —шЫт sin(o;t +  Ifii), (1.36)

V =  RI.

i(t) — Im cos(wf +  !pi) ^  I  -  Imei* ' ,
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f  7Г \
VWi cos(wf +  фу) =  шЬ1т cos \ wt +  tpi +  — j  . (1.37)

The last equality implies that

Vm = bjL Im, (1.38)

+  (1.39)

The last formula reveals that in the case of the inductor, its time-harmonic 
voltage leads its time-harmonic current by £. Equivalently, the current lags 
behind the voltage by From the last two formulas we also derive

V =  Vme>vv =  uLIme3i'fi,+vm =  ju L ImePVI =  jwLI. (1.40)

Thus, it is established that the terminal relation for the inductor can be 
written in the phasor form as follows:

V =  jwLI. (1.41)

Finally, we consider a capacitor. By substituting sinusoidal voltage and 
current in formula (1.14), we find

In  cos(wt +  <pi) =  — uCVm sin(wi +  ipv), (1.42)

or

/ m cos(w< +  <pi) =  w£7Vm cos (u t +  w  +  g )  • (1-43) 

The last equality implies that

Im = ^ C V m, (1-44)

¥>i=<Pv +  ^- (1-45)

The last formula reveals that in the case o f the capacitor, its time-harmonic 
current leads its time-harmonic voltage by § . Equivalently, the voltage lags 
behind the current by | . From the last two formulas we also derive

i  =  =  wC,Vrme ^ v -hr/2) =  jbiCVme?'pv =  jw C V. (1.46)

Thus, it is established that the terminal relation for the capacitor can be 
written in the phasor form as follows:

V =  — —
uC

(1.47)
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It is also clear that given sinusoidal voltage and current sources, they can 
be written in phasor forms:

vs(t) =  Vms cos(wt +  ipvJ  « ( ;  =  Vmse3vv‘ , (1.48)

is{t) =  l-ms cos(wt +  <pjJ <-» Is =  Imsej,p'’ . (1.49)

It can be concluded that in the case o f ac steady state all terminal relations 
can be written in the algebraic phasor form.

Now, we turn to KCL and KVL equations and write them in the pha
sor form. To do this we shall use the fact that the phasor o f the sum 
of sinusoidal quantities is equal to the sum o f the phasors o f sinusoida 
quantities being summed. The proof o f this fact is based on the following 
mathematical relation between sinusoidal quantities and phasors:

-  Re (i.5o;v{t) =  Vm c o s M  +  <pv ) -  Re

Indeed, consider a sum of sinusoidal quantities o f arbitrary physical natun

g(t) =  ^ 2  Gmk COS (wt +  (fk) (1.51
fc

and we want to prove that

e - Е й » .
fc

By using the Euler formula and formula (1.50), we find 

g{t) =  £ G mfcRe ^  ^ R e  [ G ^ e ^ e * 1*]

(1.52

=  ^ R e [ G fce3'“ ‘ ] =  Re =  Re [<5eJUJt] , (1.53

which proves the equality (1.52).
Having established the last fact, we can write KCL equations (1.22) am 

KVL equations (1.23) in the phasor form as follows:

[(n — 1) lin. ind. eqs ], (1.54

£ ^  =  0, [i> — (n — 1) lin. ind. eqs. (1.55

Next, we shall discuss the very important concept of impedance. To thi 
end, consider a branch where a resistor, an inductor and a capacitor ar 
connected in series (see Figure 1.9). According to KVL, we have
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V = V R +  VL +  % .  (1.56)

By using phasor relations (1 -35), (1-41) and (1.47), we transform the last 
equation as follows:

V  =  RI +  jw L I -  - ? - i  =  I
ujC

R  j L l - ±
\ uiC

(1.57)

Now, the impedance Z of the RLC  branch can be naturally introduced by 
the formula

Z — R +  j  fu/L------— — R  +  jX ,
\ “ С )

where

X  — uL
шС

(1.58)

(1.59)

is called the reactance of the branch and it is determined by the energy 
storage elements in the branch.

By using the definition (1.58) of impedance, we shall write the terminal 
relation for the RLC  branch in the form

V =  IZ.

In the polar form, the impedance can be written as

By substituting the last formula into equation (1.60), we find

Vme>*v = I m\Z\e*&,+v\

which implies that

=  Im\Z\,

(1.60)

(1.61)

(1.62)

(1.63)

4>v~4>i =  4>- '£ /  у;.Н-64)
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Thus, the magnitude o f branch impedance relates peak values of branch
voltage and current, while the polar angle o f the impedance is equal to the 
phase shift in time between branch voltage and current.

The branch shown in Figure 1.9 has the most general com position when 
three physically distinct two-terminal elements are connected in series. The 
expression (1.58) for the impedance o f such a branch is naturally simplified 
when only one or two distinct two-terminal elements are present in the 
branch. These simplifications are given by the following formulas:

for an LC  branch.
The last formula suggests that the impedance is equal to zero if

From equations (1.58) and (1.61) the following useful expressions for \Z\ 
and ifi can be obtained:

(1.66)

Z =  R,

if a branch contains only a resistor;

Z =  jwL,

if a branch contains only an inductor;

(1.67)

(1.68)

(1.69)

if a branch contains only a capacitor;

Z — R  +  jwL

for an RL branch;

(1.70)

(1.71)

for an RC  branch and

(1.72)

1
(1.73)
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It is also clear that under the condition (1.73), the impedance of the RLC  
branch is given by the formula

Z =  R. (1.74)

In other words, under the condition (1.73) an RLC  branch acts as a pure 
resistor and branch voltage and current are in phase. This phenomenon is 
called resonance and may have important implications.

The presented discussion can be summarized as follows. At ac steady 
state, each branch can be characterized by impedance and the expression 
for the branch impedance is determined by the composition of the branch. 
Let us consider a branch number к and let Zk be its impedance. Then, the 
phasor branch voltage 14 and the phasor branch current Д. are related by 
the formula (see (1.60))

Vfc =  h Z k. (1.75)

Formula (1-75) can be used in the phasor form o f KVL equations (155). In 
these equations (as well as in equations (1.54)) we can also identify known 
phasors o f voltage and current sources and move them with appropriate 
signs to the right-hand sides. The described transformations eventually 
result in the following ac steady-state equations for the phasors of branch 
currents:

(1.76)

(1.77)

These are simultaneous linear algebraic equations and it is apparent that 
the total number o f these equations is equal to the total number of passive 
(i.e., without sources) branches. By solving these equations, Ik can be found 
and then by using formula (1.75) the phasors o f branch voltages Vjt can be 
determined. As soon as this is done, instantaneous voltages and branch 
currents can be computed by using formulas similar to (1.50). In the circuit 
theory, various techniques have been developed which exploit connectivity 
of electric circuits. One example o f such a technique is the method of 
equivalent transformations which exploits series and parallel connections of 
various branches to achieve the overall simplification o f electric circuits.

It is interesting to mention that from the mathematical point of view 
the phasor technique allows to find particular periodic solutions o f ordinary 
differential equations (ODEs) which describe the performance of electric
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circuits in the case o f their time-harmonic excitation. This phasor technique 
is more efficient and more powerful than the technique o f undetermined 
coefficients used in courses on ordinary differential equations. In this text, 
the phasor technique will be frequently used to derive simple expressions 
for particular periodic solutions of ODEs in cases when actual regimes are 
not ac steady states.

As has been emphasized in our discussion, the main idea o f the phasor 
technique is to reduce the operations of calculus on sinusoidal quantities to 
algebraic operations on their phasors. It turns out that this idea can be 
extended to a broader class of voltages and currents.

Consider the following voltage:

v(t) — Vmeai cos(wt +  <pv)- (1-78)

By using the Euler formula, the last formula can be transformed as follows: 

v{t) =  Vme<7tRe =  R e JvmeW ve(CT+;,'a')t] . (1-79)

Now, we introduce the voltage phasor У,

V  =  Vme™v , (1.80)

as well as the complex frequency

s =  a +  jw . (1.81)

By using the last two formulas in equation (1.79), we find

v(t) =  Re Ve (1.82)

The last formula extends the notion of phasors to voltages (1-78) which are 
characterized by complex frequency s. Similarly, for a current o f com plex 
frequency s we have

i(t) =  Imeai cos(iLit +  <pj) =  Re j , (1.83)

where as before I =  Imê VI. Now, it can be shown that the phasor terminal 
relations for resistors, inductors and capacitors in the case of voltages and 
currents o f the same complex frequency s are similar to formulas (1.35), 
(1.41) and (147). Indeed, in the case of a resistor we have

Vmeat cos(wt +  ipv) =  RIme°l cos(ut +  <p/)- (1-84)

By using formulas (1.79)-(1.83), we derive

Re [V est] =  Re , (1.85)
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V =  RI- (1.86)

In the case of an inductor, we find

Vmeal cos(uit +  ifiv) =  (rLImeat cos(wt +  ip{)

+  и LIme'Tt cos (wt +  (pj +  . (1-87)
\ 2 /

The last equality can be transformed as follows:

Re [V V ‘ ] =  Re [(a  +  juj)LIest] , (1.88)

Re =  Re [sL /e s(] , (1.89)

which implies that

V  =  sLL  (1.90)

By using the same line of reasoning, it can be shown that in the case o f the 
capacitor we have

V - L l .  (1.91)

By using this algebraization of terminal relations, it can be demonstrated 
that in the case of an RLC  branch subject to a voltage (1.78) of complex 
frequency s we have the branch current o f the same complex frequency and 
their phasors are related by the impedance which is a function of the same 
complex frequency. Namely,

V =  IZ (s), (1.92)

where

Z(s) =  R +  sL +  - \ .  (1.93)
sC

In applications, it is quite rare that electric circuits are excited by sources 
o f complex frequency. However, voltages and currents of complex frequency 
regularly appear in the case o f transients in electric circuits. For this reason, 
the notion o f complex frequency as well as the notion of impedance Z(s) as 
a function of complex frequency s can be useful in the analysis o f transients 
in electric circuits. Indeed, it can be shown that the complex frequencies of 
transient response in RLC  circuits are zeros o f impedance Z(s) =  0. The 
detailed discussion o f this matter is beyond the scope of this section.

which implies that
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1.3 P h a sor D iagram s

Phasor diagrams are ubiquitous in electric power engineering. They provide 
geometric visualization for time phase shifts between different sinusoidal 
quantities and for their peak values. The starting point in the discussion 
of phasor diagrams is the representation o f a sinusoidal quantity by a uni
formly rotating vector. Consider a time-harmonic voltage

v(t) — Vm cos(wt +  ipv ). (I -94)

We can represent this voltage by a vector V (called a phasor) whose length 
is equal to the peak value of v (f) and whose initial angle with the 2 - axis 
of the Cartesian coordinate system is equal to the initial phase <pv o f v ( 0 ‘ 
This angle is called “initial” because the vector V is uniformly rotating in 
the counterclockwise direction with constant angular velocity equal to the 
angular frequency ш o f v(t). Thus, at time t the angle <pv (t) between the 
vector V  and the ж-axis (see Figure 1.10) is equal to

tfv (t) =  uit +  </V. (1-95)

i.e., angle is the sum of the initial angle tpy and the angle wt through
which the vector has rotated over the time t. If at any instant of tim e we 
consider the projection o f this vector onto the a:-axis, it is clear that this 
projection is equal to the instantaneous value of voltage v(t). In this sense, 
v(t) is represented by the uniformly rotating vector V . Now consider a 
time-harmonic current of the same angular frequency w,

i(t) =  Im cos(wt +  tfj). (1-96)

It can also be represented by a uniformly rotating vector (phasor) I whose 
length is equal to the peak value Im of i( i)  and whose initial angle with the 
ar-axis is equal to the initial phase tpi o f i(t). Since this vector is uniformly
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(a) (6)
Fig. 1.11

rotating in the counterclockwise direction with angular velocity ui, the angle 
ipi(t) between I  and the ir-axis at time t (see Figure 1.10) is equal to

<pi(t) =  wt +  tp,. (1.97)

Again, it is apparent that at any instant o f time t the projection of vector 
I  onto the x-axis is equal to the instantaneous value of current i(t). Now, 
the important fact emerges. If we consider the angle ip between the two 
rotating vectors V  and / ,  we find according to formulas (1.95) and (1.97) 
that

tp =  <pv {t) — <pi{t) =  ipv — <Pi =  const. (1.98)

Thus, this angle cp does not change with time and it is equal to the phase 
shift in time between sinusoidal voltage v(t) and sinusoidal current i(t). In 
this sense, one may say that the rotation o f the vectors does not matter 
because it does not change the lengths o f the vectors and the angle between 
them. These lengths and the angle are the most important because they 
represent the peak values of the sinusoidal quantities and their phase shift 
in time. For this reason, the rotation o f vectors (phasors) can be completely 
ignored and we represent sinusoidal quantities by vectors (phasors) whose 
lengths are equal to the peak values o f the sinusoidal quantities and the 
angles between the vectors are equal to the phase shifts in time between 
the sinusoidal quantities. This is the central idea o f the phasor diagrams, 
i.e., to represent the phase shifts in time by geometric angles between the 
vectors (phasors). This idea helps to visualize different relations between 
sinusoidal quantities and to use geometry in calculations.

Phasor diagrams can be constructed for complicated electric circuits. 
These constructions are based on generic phasor diagrams for the three ba
sic two-terminal elements (resistor, inductor and capacitor). These generic 
phasor diagrams are shown in Figure 1.11. Consider first the resistor. A c
cording to formula (1.33), time-harmonic voltage across the resistor and 
time-harmonic current through the resistor are in phase, i.e., the phase 
shift in time between the voltage and current is equal to zero. That is
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why a generic phasor diagram for the resistor has the form shown in Figure 
1.11a. This diagram is called generic because it reflects the main feature, 
zero phase shift, while the lengths o f phasors V r and I r may vary from 
problem to problem. Now consider the inductor. According to formula 
(1.39), time-harmonic voltage across the inductor leads the time-harmonic 
current through the inductor by For this reason, in the generic pha
sor diagram the geometric angle between vectors Vl and II  is equal to 
f  (as shown in Figure 1.1 lb ) and vector Vl leads vector II  in the sense 
o f counterclockwise rotation. Finally, consider the capacitor. According 
to formula (1.45), time-harmonic current through the capacitor leads the 
time-harmonic voltage across the capacitor by 5 . This means that in the 
generic phasor diagram the geometric angle between vectors Vc and I c 's 
equal to | (as shown in Figure 1.11c) and vector I c  leads vector Vc in the 
sense o f counterclockwise rotation.

Now, through several examples we shall demonstrate how the phasor 
diagrams can be constructed for actual circuits.

Example 1. Consider the RLC  circuit shown in Figure 1.12 excited by 
time-harmonic voltage. First, we shall write the KVL equation for this 
circuit,

v  =  Vr +  VL +  Vc . (1.99)

This equation implies that in the phasor diagram vector V  is the vectorial 
sum of vectors Vr, Vl and V c' As a general rule, we start the construction 
o f the phasor diagram by identifying the quantity which is comm on to the 
resistor, inductor and capacitor. This quantity is the current, so we shall 
first draw vector / .  Then, according to the generic diagram 1.11a, the vector 
VR has the same direction as vector I  (see Figure 1.13), while according to 
the generic diagrams 1.11b and 1.11c vectors VL and Vc  are shifted from 
vector I  by | in counterclockwise and clockwise directions, respectively- 
By performing the vector addition o f the three vectors VR, VL and Vc,  we
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arrive at the final form of the phasor diagram shown in Figure 1.13. In 
this diagram, the geometric angle <p between vectors V and I  represents 
the phase shift in time between the input voltage and input current.

It is o f interest to consider a particular form of this phasor diagram 
corresponding to the case o f resonance. The resonance occurs under the 
condition specified by formula (1.73). At resonance, the input voltage and 
current are in phase. This leads to the phasor diagram shown in Figure 
1.14. It is apparent from this figure that the voltages across the inductor 
and capacitor have the same peak values but opposite phases (i.e., shifted 
in phase by i t ) .  For this reason, they compensate one another at any instant 
o f time. It is also apparent from Figure 1.14 that the peak values o f voltages 
across the inductor and capacitor may be much higher than the peak value 
o f the input voltage. This may never happen in dc circuits.
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Example 2. Consider the RL circuit shown in Figure 1.15. Suppose that 
by using a voltmeter the peak values o f the input voltage and the voltage 
across the resistor have been measured and found to be 50 V  and 30 V , 
respectively. The question is what the peak value of the voltage across the 
inductor and the phase shift in time between the input voltage and input 
current are.

The visualization of the phasor diagram for the above circuit appreciably 
facilitates and simplifies the solution of this problem. A  well-versed person 
will visualize this phasor diagram in mind (without actually drawing it) to 
come up with the immediate answers that the peak value of the voltage 
across the inductor is 40 V, while the phase shift in time between the input 
voltage and input current is arctan 4 /3 . For pedagogical reasons, we draw  

this phasor diagram shown in Figure 1.16, which is a particular case (' с — 
0) of the phasor diagram shown in Figure 1.13. From the right triangle in 
Figure 1.16, the above-stated solution o f the problem becomes immediately 
apparent.

Example 3. Consider a more complicated circuit shown in Figure 1.17-
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First, we shall write the relevant KCL and KVL equations:

/  =  i c  +  Ir ,

V  =  V L +  Via,

(1.100) 

( 1.101)

where V12 is the phasor of the voltage across the nodes 1 and 2. These 
equations imply that vectorial sums o f I c  with Ir and Vl with “ 2 will 
result in I  and V, respectively. Second, as a general rule, we start the 
construction o f the phasor diagram from the “end” of the circuit where a 
resistor and a capacitor are connected in parallel and we identify the voltage 
Pi2 as the common quantity for R  and C. So, we start the construction of 
the phasor diagram by drawing the vector Vu- According to the generic 
phasor diagrams shown in Figures 1.11a and 1.11c, vector Ir has the same 
direction as V12, while vector I с  is perpendicular to V'12 and “leads” it as 
far as counterclockwise rotation is concerned. According to (1.100), the 
vectorial sum of I r and I c  results in I  as shown in Figure 1.18. According 
to the generic diagram shown in Figure 1.11b, vector Vl is perpendicular 
to I  and leads it in the sense of counterclockwise rotation. According 
to equation (1.101), the vectorial sum of V^ and Vi, results in V . This 
completes the construction of the phasor diagram and the geometric angle 
ip is equal to the phase shift in time between the input voltage and input 
current.

Example 4. Consider a circuit shown in Figure 1.19. First, we write 
relevant KCL and KVL equations

Vi2 =  Vr +  VLi , (1.102)

i  =  ia  +  i c , (1-103)

V -  VLl +  Via, (1-Ю4)

where, as before, V12 is the phasor of the voltage across the nodes 1 and 2. 
Second, as a general rule, we start the construction o f the phasor diagram
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Fig. 1.19

from the “end” of the circuit, i.e., from the branch RL2 and we identify 
the current Ir  as the quantity common to R  and Ь%. So, we draw vec
tor /д . According to the generic phasor diagrams shown in Figure 1.11a 
and 1.11b, vector Vr has the same direction as the vector Ir ,  while vector 
V l3 is perpendicular to the vector I  a and its orientation reflects that the 
voltage across the inductor leads the current by ^ . According to equation
(1.102), the vectorial sum of V r and V i2 results in V\2 (see Figure 1.20). 
According to the generic diagram shown in Figure 1.11c, vector I c  is per-
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pendicular to vector V12 and “leads” it in the sense o f counterclockwise 
rotation. The vectorial sum o f I c  and I r  results according to equation
(1.103) in I. Finally, according to the generic diagram shown in Figure 
1.11b, vector Vtj is perpendicular to vector I  and “leads” it. According to 
equation (1.104), the vectorial sum of V i, and V12 results in V, and this 
completes the construction o f the phasor diagram.

This concludes the discussion of the phasor diagrams, which will be 
extensively used throughout this text.





Chapter 2

Analysis of Electric Circuits with 
Periodic Non-sinusoidal Sources

2.1 F ourier Series A nalysis

In power electronics, analysis o f steady-state performance of switching
mode power converters is reduced to the analysis o f electric circuits ex
cited by time-periodic non-sinusoidal sources. There are two analytical 
techniques that will be extensively used in this text for the analysis of such 
circuits. The first one is the frequency-domain technique, which is based on 
the Fourier series expansions of time-periodic functions (sources) and sub
sequent use o f the phasor technique. The second one is the time-domain 
technique, which is based on the formulation o f the steady-state circuit 
analysis as a boundary value problem for ordinary differential equations 
with periodic boundary conditions.

We begin with the frequency-domain technique and we first review in 
this section the basic facts related to the Fourier series. These series are 
used for periodic functions. Below, we consider periodic functions of time, 
which is relevant to circuit analysis. However, the Fourier series are also 
very instrumental in the design of windings o f synchronous and induction 
machines discussed in the second part of this book. In that case, Fourier 
series are used for the expansion o f periodic functions in space rather than 
in time.

Function f ( t )  is said to be periodic with period T  (see Figure 2.1) if

f ( t + T )  =  f { t ) .  (2.1)

It is apparent that a multiple o f T  by any natural number is a period o f f( t )  
as well. It will be assumed in the following that T  is the smallest period of 
f ( t ) .  The fundamental angular frequency
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will be associated with this period. It turns out that under some general 
conditions periodic functions can be expanded into trigonometric Fourier 
series

/(* )  =  <* +  £  [an cos nut +  bn sin nut] , (2.3)

where numbers Co, an and bn are called the Fourier expansion coefficients. 
The next step is to find the expression for these expansion coefficients in 
terms o f function f {t ) .  This can be accomplished by using the following 
“orthogonality” relations for trigonometric functions:

rT
cos nutdt ~  0,

i;

t sinnwfcft =  0.

cosnuit smmutdt — 0,

I TI cos nuit cos muitdt — —6.

JO
„Т

JO

I тI sm nut sin mujtdt =  — Snm,
Jo 2

where the symbol 5nm is the so-called Kronecker delta defined as follows:

J 1, if n 
\o, if n

=  m, 
Ф m.

(2.4)

(2.5)

(2 .6 )

(2.7)

(2.8)

)ws:

(2.9)
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These orthogonality conditions are easy to prove. Formulas (2.4) and (2.5) 
are immediately obvious because functions cos nut and sin nut are periodic 
with period and the integrals of sine and cosine functions over any 
number of periods are equal to zero. The proof of formulas (2.6), (2.7) and
(2.8) is only slightly more complicated. This proof is based on the well- 
known trigonometric identities which reduce products of sine and cosine 
functions to sums o f these functions with modified arguments, and then 
formulas similar to (2.4) and (2.5) can be used. This line of reasoning 
can be followed when n ^  m. In the case when n =  m, the trigonometric 
identities relating squares o f cosine and sine functions to cosine functions of 
double argument can be used to arrive at formulas (2.7) and (2.8). We omit 
the details o f the outlined derivations and encourage the reader to perform 
these derivations, which will be beneficial for proper understanding of the 
material.

In calling formulas (2.4)-(2.8) orthogonality conditions, we use geomet
ric language which implies the analogy between formulas (2.4)-(2.8) and 
orthogonality of vectors. In this sense, the functional set consisting o f a con
stant function and trigonometric functions is an orthogonal functional set, 
and formulas (2.4) and (2.5) can be understood as orthogonality relations 
between a constant function and cosine and sine functions. Orthogonal 
vectors are linearly independent and may be used as bases for expansions 
o f an arbitrary vector. Similarly, the functional set consisting of a constant 
function and cosine and sine functions can be used as the functional ba
sis for the expansion o f an arbitrary function f (t ) ,  and formula (2.3) can 
be understood as such an expansion. The Fourier expansion coefficients 
can be interpreted as “projections” o f f ( t )  on the “axes” identified with 
a constant function and cosine and sine functions. This interpretation is 
consistent with the following formulas for the expansion coefficients:

(2.10) 

(2.11) 

(2 .12)

These formulas can be derived by using the orthogonality relations. Indeed, 
by integrating both sides of formula (2.3) over T  and by using formulas (2.4) 
and (2.5) we arrive at equation (2.10). In geometric language, it can be said

1
Co =  ^

Гт

J 0
2

an — Tj,
f T1 f  (t) cos nutdt, 

JO
9 fT

bn =  — 1 f(t)sm m jtd t. 
T  /о
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that со is the projection o f / ( f )  on the constant (unity) function. Similarly, 
by multiplying both sides of formula (2.3) by cos nut, subsequently inte
grating both sides over T  and using the orthogonality relations (2.4), (2 .6 ) 
and (2.7), we arrive at the formula (2.11). In geometric language, it ca n  
be said that a „ is the projection o f f ( t )  on cos nut. Finally, by multiplying 
both sides of formula (2.3) by sin nut, subsequently integrating both sides 
over T  and using orthogonality relations (2.5), (2.6) and (2.8), we arrive 
at the formula (2.12). In geometric language, it can be said that bn is th e  
projection of f ( t )  on sinnwi.

Next, the following two remarks are in order.
Remark 1. Integrands in formulas (2.10), (2.11) and (2.12) are periodic 
functions o f period T. It is apparent from the geometric point o f view that 
integrals of such functions over period T  do not depend on the location o f  
the time interval of integration. Consequently, the last three formulas can 
also be written in the following form:

(2.13)

(2.14)

(2.15)

Remark 2. Under some general conditions, expansion coefficients an and 
b„ tend to zero with the increase o f n, i.e.,

lim an =  0, lim b„ =  0. (2.16)
« —I>oo n —ЮО

It is interesting to note that formulas (2.16) are valid despite the fact that 
the integrands In formulas (2.11) and (2.12) do not tend to zero. This raises 
the question of the generic intuitive explanation for the validity of relations
(2.16). The reason is that the functions cos nuit and sin mot becom e very 
fast oscillating as n is increased. In other words, the period ~  o f these func
tions becomes smaller and smaller. A sufficiently regular (normal) function 
f ( t )  can be accurately approximated by a piecewise constant function with 
constant values in each time interval of ^  duration. According to (2.4) 
and (2.5), for such piecewise constant functions, the integrals in (2.11) and
(2.12) are equal to zero. A  simple and rigorous proof of the validity o f rela
tions (2.16) can be given by assuming that /(< ) is differentiable and using

1 f t
Co =  ~  j  f(t)d t ,T  J_T

T
2 [~ *

an =  T  ^ /( * )  cosTiwtdi,

T
2 П

bn =  — / T f(t )  sin nuitdt.
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integration by parts in formulas (2.11) and (2.12). The reader is encouraged 
to carry out this proof.

A periodic function f ( t )  may have some symmetry properties. These 
symmetry properties may result in substantial simplifications of Fourier 
series (2.3). Below, we shall discuss three types of symmetries: even sym
metry, odd symmetry and half-wave symmetry.

a) Even symmetry
A function f ( t )  is called even (or even symmetric) if for any t we have

m  =  n - t ) .  (2 .i7)
An example o f the graph of such function is shown in Figure 2.2, and 
it is clear that this graph exhibits mirror symmetry with respect to the 
vertical axis. It is apparent from formula (2.17) as well as from Figure
2.2 that for any even function we have

^  T

J  r /(f)d £  =  2 * f(t)d t. (2.18)

b) Odd symmetry
A function f ( t )  is called odd (or odd symmetric) if for any t we have

/(* )  -  - / ( - * ) ■  (219)
An example of the graph of such function is shown in Figure 2.3, and 

it is clear that this graph exhibits rotational symmetry with respect to 
the origin. It is apparent from formula (2.19) as well as from Figure 2.3
that for any odd function we have

1
Г  f[t)d t  =  0. (2.20)

J X3
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Remark 3. It follows from the definitions (2.17) and (2.19) that the 
product o f two even or two odd functions is an even function, while the 
product of an even function and an odd function is an odd function,

c) Half-wave symmetry
A periodic function / ( f )  is called a half-wave symmetric function if for 
any t we have

/ ( * + £ ) = - / ( * ) ,  (2-21) 

where T  is the period of / ( t ) .
An example of the graph of such function is shown in Figure 2.4. It 
is apparent from the definition (2.21) and Figure 2.4 that a half-wave 
symmetric function has two identical but of opposite sign half-cycles.
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For this reason,

f f(t)dt  =  0. (2.22) 
JO

Remark 4 . Half-wave symmetric functions are related to functions of 
period |r. Indeed, it is easy to see that the product of two half-wave 
symmetric functions is a function of period j ,  while the product of a 
lialf-wave symmetric function and a function of period ^ is a half-wave 
symmetric function.

Now, we demonstrate symmetry-related simplifications o f Fourier series 
(2.3). We start with the case when f ( t )  is an even function. We recall that 
cosnw i are even functions, while sin nujt are odd functions. From the last 
observation and Remark 3, we find that the integrands in formulas (2.13) 
and (2.14) are even functions, while integrands in formula (2.15) are odd 
functions. From these facts and formulas (2.18) and (2.20), we conclude 
that

(2.23)

(2.24)

(2.25)

(2.26)

The achieved simplification is twofold. First, only a constant term and 
cosine terms are present in the Fourier series expressions. Second, the 
calculation of cq and an requires the evaluation o f integrals over ^ rather 
than over T.

Next, we consider the case when f ( t )  is an odd function. In this case, 
according to Remark 3 the integrands in formulas (2.13) and (2.14) are odd 
functions, while the integrands in formulas (2.15) are even functions. From 
these facts and formulas (2.18) and (2.20), we conclude respectively

0,

f { t )  =  Co +  an cos nwt,
n = l

2
Co =  f  J 

4 f*
a „  =  — I f(t)  cos rui)tdt.

T Jo

Co ~  0,
Q n  ■ 0 ,

(2.27)

(2.28)
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(2.29)

(2.30)

Finally, we consider the case when / ( f )  is a half-wave symmetric func
tion. According to formulas (2.22) and (2.10), we immediately find

c o =  0. (2.31)

To achieve further simplification in Fourier series expansions, we observe 
that for odd n functions cos mot and sin nuit are half-wave symmetric func
tions, while for even n functions cos nu>t and sin mot are periodic with period 

From the last observation and Remark 4, we find that the integrands 
in formulas (2.11) and (2.12) are of half-wave symmetry for even n, while 
these integrands are periodic functions of period у  for odd n. Thus, ac
cording to (2.22) all even Fourier coefficients are equal to zero, while odd 
Fourier coefficients are not equal to zero and integration over T  can be 
reduced to double the integration over y . Thus, we arrive at the following 
simplification of Fourier series:

(2.32)

(2.33)

(2.34)

It is worthwhile to mention that the case of half-wave symmetric functions 
is encountered quite often in various electric power-related applications.

We conclude this section by the discussion o f an alternative form of 
Fourier series. This form is very convenient for the coupling of the Fourier 
series expansion with the phasor technique. This coupling is the foundation 
o f the frequency-domain technique for the analysis of electric circuits with 
periodic non-sinusoidal sources.

Consider one term o f the infinite sum in Fourier series expansion (2.3)

/ ( 0  — cos(2n +- 1)uj£ +  tan+i sin(2n +  l )w f ] ,
n—0
4 /"?

&2П+1 =  -  j  f ( t )  cos(2n +  l)wfdf,
1 Jo
4 r f

°2n+i =  j ,  J  /(f)  sin(2n +  l )u td t .

m = E  Ьи s in m ^ f ,
71=1

T4 г т
bn =  — /  / ( f )  sia nutdt. 

1 Jo
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and perform the following transformations: 

an cos nu/t +  bn sin nut — \/a\ +  b% I
V V an +  

+

COSTUilt

Next, we introduce tpn by the formulas
cos <fin =

V al  +  b>
bn

Sin <pn — —

which means that
^ 4  +  b f 

b»tan <p„ — ------ .
On

- 9 s in w o ^  . (2.35)
V K  + i>l )

(2.36)

(2.37)

(2.38)

It is easy to see that this introduction is consistent with trigonometric 
identity

cos2 ifin +  sin2 ifin =  1. (2.39)
We shall also introduce the notation

Cn =  х / ^ Г Г ё  (2.40)
By substituting formulas (2.36), (2.37) and (2.39) into equation (2.35), we 
obtain

an cos nut +  bn sin nut =  сn (cos <pn cos nut — sin (p„ sin nut)

=  cn cos(nuit +  <pn). (2-41)
By using the last relation in formula (2.3), we arrive at the following alter
native form of the Fourier series:

This concludes the review of the Fourier series.
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2.2 F req u en cy -D om a in  T ech n iq u e

In this section, we consider the frequency-domain technique for the analysis 
of steady-state regimes of electric circuits excited by periodic n o n -s in u s o id a l  

sources. This technique is based on the combined usage o f Fourier series 
expansions and phasors. We first present the general description and jus
tification o f the frequency domain technique and then we illustrate this 
technique by two examples.

Consider an electric circuit shown in Figure 2.5. Here, vs(t) is a given 
periodic non-sinusoidal voltage source

«,(*  +  Г ) = « , ( 0 ,  (2 -48)

while LEC is the abbreviation for a generic linear electric circuit with given 
lumped parameters. It is required to find the input electric current i(t)  in 
the steady-state regime, i.e.,

i(t +  T ) = i { t ) .  (2.49)

The frequency-domain technique for the solution of the stated problem con
sists of the following three steps.

S tep  1. The given periodic function u.,(f) is expanded into Fourier series 
by using formulas (2.42)-(2.47). These formulas in the notation relevant to



Analysis of Electric Circuits with Periodic Nan-sinusoidal Sources 41

our problem can be written as follows:

Vs(t)

Va0

0>n

tan tpan

where

Each term in the expansion (2.50) can be interpreted as a voltage source: 

^лп(£) =  ^sn cos(twj£ +  "Ps7i)i (2-57)
oo

va(t) =  VsO +  £  (2.58)
П= 1

and the given voltage source can be interpreted as the series connection of 
these voltage sources (see Figure 2.6).

S tep  2. Next, we shall use the superposition principle illustrated in Figure 
2.7 and consider the current i(t) as the sum o f currents Io and i„(t)  excited 
in LEC when only one o f the voltage sources К о or vsn(t), respectively, is 
active:

OO
*(*) =  Л )+  £ * „ ( * ) ■  (2-59)

71= 1

The calculation of Iq requires dc analysis of LEC subject to dc voltage V3o- 
In this analysis, inductors in LEC are replaced by short-circuit branches, 
while capacitors are replaced by open-circuit branches. Thus, the deter
mination of /о is reduced to the dc analysis of the resistive electric circuit 
corresponding to LEC (see Figure 2.8).

Ко +  £  VtTi cos(rcwf +  iptn), (2.50)
1

(* )* , (2.51)

2 f T
— I vs(t)cosm jtdt, (2.52)
1 Jo

rT

71=1

I  f
T Jo V'

2 Г
— I vs(t) sinnujtdt, (2.53)
1 Jo

v 4 + < £ >  (2-54)

-  — , (2.55) 
an

2?r ,
. (2.56)
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LEC

Fig. 2.6 
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In

1
impedance

versionУ o f LEC

Fig. 2.9

The calculation o f in(t) can be carried out by using the phasor tech
nique. Namely, the time-harmonic voltage source vsn(t) is represented by 
the phasor

Vsn{t) =  Vsncos(iwt +  ipsn) Vm =  Vsne>V n, (2.60)

each branch of LEC is represented by its impedance evaluated at the angular 
frequency nui and the phasor analysis technique is used to find the phasor 
In in the impedance version of LEC (see Figure 2.9). Having found the 
phasor In =  ITnn eJSPi" , the current in(t) can be written as follows:

L  =  Imn^  -4 in(t) =  Imn cos(TWjt +  ipIn). (2.61)

S tep  3. By using formulas (2.59) and (2.61), the final expression for i(t) 
can be represented in the form

OO

i(t) =  h  +  +  <pin)- (2.62) 
n= 1

We conclude the general description o f the frequency-domain technique 
with the following two remarks.

Remark 1. In many power electronics-related applications, the first term 
in the right-hand side of formula (2.62) can be interpreted as the main 
desired signal, while the infinite sum in (2.62) can be interpreted as unde
sirable “ripple.” Thus, the frequency-domain technique leads to the clear 
separation between the main desired component of the signal and its ripple.

Remark 2. In the presented general description o f the frequency-domain 
technique, the calculation o f the input current i(t) was discussed. It is easy 
to see that the same three steps can be applied to the calculation of any 
branch current or any branch voltage of LEC.

Now, we shall illustrate the frequency-domain technique by two exam
ples.
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R

Vo

V*{t)

->£«о T 2 T

Fig. 2.11

Example 1. Consider the electric circuit shown in Figure 2.10, where the 
voltage source v3(t) is a periodic sequence (train) o f identical rectangular 
pulses (see Figure 2.11). Thus, V0l T, t0, L and R  are given, and it is 
required to find i{t) and v R{t) in the steady-state regime, i.e.,

i{t +  T ) = i { t ) ,  vR(t +  T ) = v R{t).

Step  1. We represent v,(t)  as the following Fourier series:

Vs{t) -  VsO +  Vsn cos(mdt -(- tpsn).
n =l

where
2тг

(2.63)

(2.64)

(2.65)

To find Vjq, Vs„ and <psn, we sequentially use the formulas (2.51)-(2.55).

Vi0 =  h  I  Vs{t)dt = f  / °  v°dt =  f v°- ( 2-66)
By introducing the notation D for so-called duty factor,

we find

D =  — 
T

VsO =  DVq

(2.67)

(2.68)
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Next,

2 f T 2V0 f l°
an — — I vs(t) cos nutdt ~  — r  /  cos nuitdt 

1 Jo 1 Jo
2Vo /  1 \
~  1 — sin TILjt j T \тш )

to 2Vn
тшТ

sin naif о.

Taking into account in the last formula the relation (2.65), we find

Similarly,

Vo . , an =  —  sin 7Wjiq.
7ГП

2 f 1 , ч - , 2Vn f t0t>n — — r vs(f )s in nujtdt =  -7-p  I sinnutdt 
“  Vo ?  Jo

(2.69)

(2.70)

2V0 /  1 Д— —— I ------- cos Hijf
J \ nai j

2Vn n  , ^=  -  cosnwto). (2.71)

Invoking again the relation (2.65), the last formula can be written as follows:

Next,

Vo
bn =  — (1 — cosnwio). 

jrn

Vsn — + b i = — -v/sin2 nwfo +  (1 — cosm jio)2
7Г77 *

(2.72)

— —  \ /2 (l — cosnwfo) =  —  1/4  si7ГП irn V
which implies that

nwfo

v  2V° nuta
Vs„  =  -----7Г 71

sin — —
2

Finally,

tan <Psn —
cos nuto — 1 

sin nuto

(2 .73 )

(2.74)

(2.75)

Thus, the explicit analytical expressions are found for V„o, Va„  and tps„. 
This concludes this first step.

S tep  2. First consider the dc analysis o f the resistive version of the electric 
circuit shown in Figure 2.10. This is illustrated by Figure 2.12. This 
analysis is trivial and results in

,  Vs0 DV0
JO =  —— =  ” 1 

n  Л
V*0 =  DV0. (2.76)
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R

R

Second, consider the phasor analysis of ac steady state in the circuit show n 
in Figure 2.13 at the frequency nu. Here, we find

=  (2.77)

and l/sn and y?.,ra are given by formulas (2.74) and (2.75). Furtherm ore,

where

Zn =  R +  jrujjL =  s/R2 +  n2w2L2e>4>n (2.79)

and

ta n p „ =  (2.80)
ft

By substituting formulas (2.77) and (2.79) into equation (2.78), we end up 
with

V-rn =  — ------------K vb*-v») /2.81)
\/ Кг +  n'2uj2L2

From the last formula, we find

in{t) m т т т ^ т p0S(TWt+ ~  v » )-  (2 -82)
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S tep  3. The input current i(t) is the sum o f currents I0 and in(t) for all 
ac steady-state regimes:

OO
i(t) =  h  +  £  *■(*). (2.83)

71 =  1

DV„ 2V„ A  |sin B f-
!(1)- — +—E +ш ш  c“(“ ‘+*• - *’”>■ (2.84)

where we have used formula (2.74) for V,n in the equation (2.82). By 
multiplying the last formula by R we find the voltage across the resistor

2 V0R ^  I s i n ^ l  
» » ( i )  =  DV, +  —  g  - v „ i  +  t A j i ,-z « » ! » *  +  * > .» -  ? .)■ (2.85)

In some applications

»  R, (2.86)

and

yjR 2 +  n2ui2L2 tx tvjjL. (2.87)

This leads to the following simplification of formula (2.85):

(2.88)

It is clear that due to the inequality (2.86) the second term (the ripple) 
in the right-hand side o f formula (2.88) is small. It is also clear from the 
last formula that the ripple suppression is controlled by the product wL. 
This implies the trade-off for ripple suppression between the value o f L and 
the frequency o f switching used to produce the train o f rectangular pulses 
shown in Figure 2.11. We point out that this trade-off has already been 
discussed in general terms in section 1 o f Chapter 1.

Example 2. Consider the electric circuit shown in Figure 2.14, where 
the voltage source vs(t) is a periodic function of time shown in Figure 2.11. 
It is assumed that Vo, T , i0, R, L and С  are given, and it is required to 
find voltage vn(t) across the resistor in the steady-state regime, i.e.,

VR(t +  T) — VR(t). (2.89)
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S tep  1. As before, we represent r a(<) by the Fourier series
ОС

v„(£) =  Vs0 +  Vsn cos(ruxit +  ipsn), (2.90)
71= 1

where w =  y - and V^o, Vsn and ipsn can be com puted by using formulas 
(2.68), (2.74) and (2.75). In other words, the first step in this example is 
identical to the first step in the first example, because the electric circuits 
in these examples are excited by identical voltage sources.

S tep  2. The dc analysis o f the electric circuit shown in Figure 2.14 and 
subject to dc voltage source V̂ q (instead of voltage source tis(i)) leads to 
the circuit shown in Figure 2.12. The result of this analysis is obvious:

vm  =  Vjo =  DVq. (2.91)

Next, we consider the phasor analysis o f ac steady state in the electric 
circuit shown in Figure 2.15 at the frequency ш .  Here, as before,

Van =  VsneP*- (2 92)

and Vsn and <psn are found in the first step (see formulas (2.74) and (2.75)). 
It is apparent that the phasor i n of the input current is equal to

/ „  =  (2-93)

where Zn is the input impedance of the electric circuit shown in Figure 
2.15 at the frequency пш. It is clear that this input impedance is found as 
follows:

Zn = jn u L  +  ~ ^ R  . (2.94)
" tL c  +  R

By using simple algebraic transformations, we find

=  jn u L  +  ------ Д — -  =  R r n W L C R  +  jn u L  }
1 + jn u C R  1 +  jnuC R
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By substituting the last formula into (2.93), we arrive at

T =_v 1 + jn w C R  
sn R  — n2u>2L C R +  jrtLjb' ( *

Now, by using the current divider rule, we obtain

i Rn =  L  т р -  = /„  1-L 1 • (2.97)^ f c  + R l + j n u C R

By substituting formula (2.96) into the last equation, we find

R  -  n ^ L ^ R  т  j n u L  ’ (2'9f°
which leads to

$Rn =  fcn------- a . . - у ■ (2.99)R — n^tjj^LCR +  jtiujL
By using formula (2.92) and simple transformations, the last equation can 
be written as follows:

VRn -  VsnR (2 .100)
y / l n W L C R  -  R ?  +  n2u 2L2

where

tBjn^  = r - 7 ^ l c r - (2101)
From formula (2.100) we obtain

vRn(t) =  VsnR cos(nwf +  <pm  -  </»„>.. (2 .102)
yj{n2u 2LCR  -  R f  +  n2u 2L 2

S tep  3. Now, by using the superposition principle, we arrive at
OO

V f t ( t ) =  Vflo +  ^  V R n ( t ) .  (2.103)
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By using in the last equation formula (2.91) for Vrq and formula (2.102) 
for vn„(t) as well as formula (2.74) for we obtain the final expression 
for vR (t):

vR(t) -  DV0

| 2 V o R ’Zr  (sin п̂ гл

* n=i n y '  (ti2lj2LCR  — R) 2 +  n2u)2L2

(2.104)

In certain applications, the second term in the right-hand side of the last 
equation can be construed as a ripple. This ripple will be effectively sup
pressed if the lumped parameters of the circuit shown in Figure 2.14 are 
chosen in such a way that

u2LC  >  1 and w2C2R 2 »  1. (2.105)
The last inequalities imply, respectively, that

n2uj2LCR  »  R  (2.106)
and

n4u 4L 2C2R 2 ^ n W L 2. (2.107)
Formulas (2.106) and (2.107) mean that

у / { n W L C R  -  R)2 + n2w2L2 «  ti2uj2LCR.  (2.108)
This leads to the following simplification of equation (2.104):

(2.109)

Now, it is apparent that more efficient suppression of ripple can be achieved 
in the circuit shown in Figure 2.14 in comparison with the circuit shown 
in Figure 2 .10 . Indeed, each term in the infinite sum of formula (2.109) 
decays as 1/n3 rather than 1 /n 2 as in formula (2.88). In addition, the 
suppression of the ripple in formula (2.109) is controlled by the product 
и 2LC  rather than by the product ljL. This means that the increase in 
switching frequency suppresses the ripple more efficiently in the circuit 
shown in Figure 2.14 as compared with the circuit shown in Figure 2.10. 
Finally, the dependence of ripple suppression on ш2ЬС  reveals, as before, 
the trade-off between the values of energy storage elements L  and С  and 
the frequency of switching.

2 Vo cos{rux)t +  <psn -<Pn)-
n=l
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2.3 T im e-D om ain  Technique

Now, we proceed to the discussion of the time-domain technique for the 
analysis of steady-state regimes of linear electric circuits excited by peri
odic non-sinusoidal sources. This technique is based on the formulation of 
steady-state analysis as a boundary value problem for ordinary differential 
equations with periodic boundary conditions. We illustrate this technique 
by the following two examples.

Example 1 . Consider the electric circuit shown in Figure 2.16 excited by 
the voltage source vs(t), where v3(t) is the periodic function of time shown 
in Figure 2.17. Here, Vo, T, L and R  are given, and it is required to 
find г(() and V/f(f) which are periodic with period T:

i(i +  T) =  *(t), vR(t + T ) = v R(t). (2.110)

It is apparent that this example is identical to Example 1 from the previ
ous section. This is done on purpose in order for the reader to compare 
advantages and disadvantages of the time-domain and frequency-domain 
techniques.

The time-domain technique can be presented as a sequence of three dis
tinct steps.
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S tep  1. is to formulate the problem of steady-state analysis as a boundary 
value problem with periodic boundary conditions. To this end, we first 
write the KVL for the circuit shown in Figure 2.16:

di(t)
at

(2 .111)

It is apparent from Figure 2.17 that the last equation can be written as two 
distinct equations for two time intervals:

di(t) 
dt 

. di(t) 
dt

+  Ri(t) =  Vo, if 0 < t < t0) 

+  Ri(t) =  0, if to < t < T.

These two equations can be complemented by two conditions

i(0) =  i(T),

i(to-)

(2.112)

(2.113)

(2.114)
(2.115)

The equation (2.114) is the periodic boundary condition which follows from
(2.110) for t =  0, while the equation (2.115) is the interface condition which 
expresses the continuity of electric current through the inductor.

The last four equations constitute the boundary value problem for dif
ferential equations (2.112) and (2.113) with periodic boundary and interface 
conditions (2.114) and (2.115), respectively. As soon as the solution of this 
boundary value problem is found, the value of i(t) can be found at any 
time (i.e., not only in time interval [0, T]) by using the first equation in
(2.110). Indeed, by using this equation, we can extend the solution from 
the time interval [0,T] to the time interval [T, 2T], and then from the time 
interval [T, 2T] to the time interval [2Г, 3T] and so on. In other words, by 
using the first equation in (2 .110), the solution of the boundary value prob
lem (2.112)-(2.115) with periodic boundary condition can be periodically 
extended to the infinite time interval. It is clear that this periodically ex
tended solution has the physical meaning of the steady state in the electric 
circuit shown in Figure 2.16.

S tep  2. is to find general solutions of differential equations (2.112) and 
(2.113). We start with equation (2.112). This is a linear inhomogeneous 
equation of first order with constant coefficients. Its general solution has 
two distinct components: a particular solution ip(t) of inhomogeneous equa
tion (2 .112) and a general solution ih(t) of the corresponding homogeneous 
equation. Namely,

i(i) =  ip(t) +  ih(t), (2-116)
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where

(2.117)

while

L ^ p -  + Rih(t) = 0 . 
at (2.118)

In mathematics, the particular solution of inhomogeneous differential equa
tion (2.117) is sought in the same form as the right-hand side of the equa
tion:

It is apparent that ip(i) is identical to the dc steady state in the electric 
circuit shown in Figure 2.16 excited by the dc voltage Vo. This observation 
is very helpful and can be used for the calculation of particular solutions 
of differential equations for more complicated circuits excited by dc or ac 
voltage sources. In the latter case, the phasor technique can be used for 
the calculation of particular solutions.

Now, we proceed to the calculation of i>,(t) by using equation (2.118). 
We look for a solution of this equation in the form

where A t and s are some constants. By substituting the last formula into 
equation (2.118), we arrive at

ip(t) =  В  =  const.

By substituting formula (2.119) into equation (2.117) we find

(2.119)

VoR B  = V0, B  = -g (2.120)

and

(2 .121)

ih(t) = A iest, (2 .122)

sLA\est + R A \est =  0, (2.123)

(2.124)

(2.125)

Thus, the general solution i*(t) has the form

ih(t) =  Axe (2.126)
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By substituting formulas (2.121) and (2,126) into equation (2.116), we find 
the general solution of equation (2 .112):

i(t) =  ^  +  A xe ~ i l , if 0 < £ < t0- (2.127)
A

Next, we consider the general solution of equation (2.113). This equation is 
identical in structure to equation (2.118). Consequently, its general solution 
has the form

i{t) =  A 2e~%\  if t0 < t < T, (2.128)
where A 2 is some constant.

S tep  3. is to find constants j4j and A 2 from the periodic boundary con
dition (2.114) and interface boundary condition (2.115). These conditions 
lead to the following equations:

^ + A l = A 2e~IP 1 (2.129)

V̂ + A 1e~Sl° = A 2e - ^ “ . (2.130)
V A

Indeed, by using formula (2.127) for the evaluation of i(0 ) and formula
(2.128) for the evaluation of г(Т), we end up with equation (2.129). Sim
ilarly, by using equation (2.127) for the evaluation of *(fo~) and formula
(2.128) for the evaluation of i(to_|_), we arrive at equation (2.130). The last 
two equations can be easily solved. Indeed, these equations can be written 
as follows:

\ А 1 - А 3е ~ Ф  = - %  (2.131)
< -И

А^ -  A2 =  - ~ е ^ .  (2.132)
\ R

By subtracting the second equation from the first, we find

Л2 ( 1 - е - ¥ )  =  ^ ( е^ _ 1)  (2.133)

and

л  1 -  е ~ т
Now, by substituting the last formula into equation (2.132), after simple 
transformations we obtain
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By using the last two formulas in equations (2.127) and (2.128) we arrive 
at the final expression

i{t) = R

H(tfi-T)
л e L — 1 fit 1 4 “ € L

1 -  e “
T /  - t o  1Vq E L — 1

Я l - е - '

, if 0 < t < to,

if to < t < T.

(2.136)

By taking into account that

v rU) = i{ t)R

find

VR(t) =
Vo

e L — 1 _ в.
1  ^ — I ------------ _ b t  e  L

1 — e

Т/ e L ~  1 - - -'0 _ ят ® L >
I -  e ’ "L

t if 0 < t < t0, 

if «о < t < T.

(2.137)

(2.138)

Formulas (2.136) and (2.138) are the final results of our analysis.
It is interesting to deduce from the last formula the expression for vji(t) 

in the case when
R T  ,
- r  <  1

By using inequahty (2.139), we conclude that

е- £ ‘ » 1 ,  ifO < t < T ,

(2.139)

(2.140)

R- Ц т -to) - i « l -  j i T - t o )  - 1  =  - j ( T  -  t0),

1 - е- * г И 1 _ 1 +  £ г - | г (

R ft
_  1 ss ! +  -rto -  1 =  T to-

Consequently,

v R ( t)  Й5
Vo

- й ( Г - * о )
Et
L

(2.141)

(2.142)

(2.143)

=  V0 ^  =  DV0, \ f 0 < t < t o ,

У ф  =  v 4  = DVo,

(2.144)
if to < t < T.
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Fig. 2.19

Thus, as expected,

vR{t) и  DVa. (2-145)

Example 2 . Consider the electric circuit shown in Figure 2.18 excited 
by voltage source v3(t)} where va(t) is a periodic function of time given by 
the formula

va(t) = Vm|sinojt| (2.146)

and shown in Figure 2.19. Here, Vm, ш = , L, С and R  are given, and 
it is required to find vR(t) at the steady state, i.e.,

vR(t + T / 2 ) = v R(t). (2-147)

This problem is encountered in the analysis of rectifiers in power electron
ics.

S tep  1. First, it is apparent that

г>я(0 = wc(0- (2.148)
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Then, by using KVL and KCL, we respectively find

L ^ - + v c ( t ) = v a(t), (2.149)

i(t) = % (t) +  iR(t) = -Ь (2.150)
a t H

By substituting the last formula into equation (2.149), we obtain

Now we consider the last equation for the time interval between 0 and ^ , 
which is the period of vs (t). It is clear from formula (2.146) as well as 
Figure 2.19 that for this time interval

Va(t) — VjrtSmwi- (2.152)

By substituting this formula into equation (2.151) we end up with

t c d V M  + L d v a m  +vc{t) v^ t
at2 н  dt

(2.153)

This is a second-order differential equation, which is consistent with the 
fact that the circuit being discussed has two energy storage elements L and 
C. At the steady state, current i(t) and voltage vc(t) satisfy the periodic 
boundary conditions

i(0) =  i(T/2), (2.154)

(2.155)vc(0) -  vc (T/2).

From the last two formulas and formula (2.150) we find

Г̂'О) = IT™ - (2.156)

Thus, the problem of the analysis of the steady state is reduced to the 
boundary value problem for the second-order differential equation (2.153) 
with two periodic boundary conditions (2.155) and (2.156). This concludes 
the first step.

S tep  2. A general solution of differential equation (2.153) is the sum of a 
particular solution v ^ ( t )  of this equation and a general solution v ^ \ i )  of 
the corresponding homogeneous equation

m
LC

d’ u ^ j t )  , L d v p ( t )
и + +  v £ }( t)  =  0-at

(2.157)
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We consider the specific particular solution of equation (2.153) which cor
responds to the ac steady state of the circuit in Figure 2.18 excited by th e  
voltage source sin u>t. This particular solution can be found by using 
the phasor technique. Actually, this has been already done in the previous 
section when we used the phasor technique to analyze the circuit shown 
in Figure 2.15. There are only two minor differences. First, the phasor of 
the voltage source Vs in our case is given not by formula (2.92) but by the 
formula

V, = - V me>*. (2-158)

Second, in formulas (2.102) and (2.101) n  must be omitted. Thus,

v% \t)  =  VmR cos L t  +  £ - * ) .  (2.159)
у / (u 2L C R  -  R)2 +  w2L2

>М * = Я " & С Д  ( 2 ' 1 M )

We look for a solution of equation (2.157) in the form

v $ \ t ) = A e et. (2-161)

By substituting the last formula into equation (2.157), we find after simple
transformations that

LCs2 + —s +  1 = 0 .  (2-162)
R

This quadratic equation has two roots

S! = ---- —  + J — 1----------L  (2.163)
2RC  V 4R 2C2 LC

S  2 - _ J _1___ L. (2.164)
2 RC  V 4 R2C2 LC'

For simplicity consider the case when Sj and sj are real and distinct. Other 
cases can be treated in a similar way. Then, a general solution of homoge
neous equation (2.157) is

v £ \ t )  = А 1е3' ь+ А2е**1, (2-165)

and a general solution of equation (2.153) is given by the formula
VmS c » s H  +  S - y ) (216e)

yj ( u2LCR  -  R)2 +  w 2 L 2
This concludes the second step.
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Step  3. To find constants A\ and A2 we use periodic boundary condi
tions (2.155) and (2.156). This leads, after simple transformations, to the 
following simultaneous equations:

y l . f l - e ^ U A j l - e ^ U  (2.167) 
j { u 2L C R - R f  + u/2U

, Л iiZ \ , . ( .  12Z \  2uRVm cos(p Ai Si -  e * ) + A 2s2 [ l - e 2 = -----  — .
\J{u2L C R -  R)2 + u 2L2

(2 .168)

The solution of these equations is given by the formulas

Al = _________ 2 Ш и ^ г Л ^ Щ  (2Д69)
(s2 -  *0 ( l  -  e ^ 1 )  \J(w2LCR -  R )2 + ш2Ь2 

2 ,RVm(si sinw +  ujcosip)
a 2 --------------------------- ------------ (z.iTOj

(si -  s2) ( l  -  e-^  )  (tjj2LCR -  R)2 + ш2Ь2

By substituting the last two formulas into equation (2.166), we obtain the 
analytical solution for the steady state of the electric circuit shown in Figure 
2.18. This analytical solution is valid for the time interval [0, j ] .  By using 
formula (2.147), it can be periodically extended for any time interval.





M agnetic Circuit Theory

C hapter 3

3.1 Basic E quations of M agnetic  C ircu it T heory

Many power devices (such as transformers, generators, motors, relays, etc.) 
contain magnetic systems consisting of ferromagnetic cores with coils wound 
around them. A schematic representation of such magnetic systems is 
shown in Figure 3.1. Ferromagnetic cores are used because their magnetic 
permeability fic is much larger than the magnetic permeability of free space 
/Jo- For this reason, ferromagnetic cores can be utilized for guiding of mag
netic flux. In other words, most of the magnetic field lines are confined to 
the ferromagnetic core and form the core flux Фс, while only a small portion 
of magnetic field lines leak out and form the leakage flux Ф̂ . The rigorous 
analysis of magnetic systems with ferromagnetic cores is quite complicated 
and it requires the solution of Maxwell equations of electromagnetic field 
theory. However, there exists an approximate but rather accurate approach 
to the analysis of magnetic systems which is called magnetic circuit theory. 
This approach is justified when the two inequalities below are valid:

and it is based on the following assumptions (approximations).

• A ssum ption  1. Leakage flux <tv is completely neglected.
• A ssum ption  2. Magnetic field is assumed to be spatially uniform 

within each leg of the iron core and parallel to the sides of the leg. 
Here, a leg is understood as a part of the iron core with the same 
normal cross-sectional area. Symbols 1, 2, 3, etc. in Figure 3.1 
mark the legs of the core.

Фс »
He »  fiCh (3.1)

(3.2)

61
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Fig. 3.1

Magnetic circuit theory equations are derived from the integral form of 
Maxwell equations for stationary magnetic fields and the above Assump
tions 1 and 2. The equations of stationary (static) magnetic field in integral 
form can be stated as follows:

^ H d e  = i total, (3.3)

j> В • ds =  0, (3.4)

В =  /iH, (3.5)
where H and В are magnetic field and magnetic flux density, respectively, 
while fi is magnetic permeability.

The first equation (3.3) is Ampere’s Law, which states that for any 
closed path L  the line integral of magnetic field is equal to the total current 
(Itotai) enclosed by this path. This total current is the algebraic sum of all 
current enclosed by the path of integration. The term “algebraic” implies 
that some of these currents are taken with positive signs while others are 
taken with negative signs. The proper signs are assigned by using the right- 
hand rule, which specifies that an enclosed current is taken with positive 
sign if its direction coincides with the direction of progress of a right-hand 
screw turn in the direction of traverse (tracing) of path L; otherwise, an 
enclosed current is taken with negative sign.

The second equation (3.4) is the principle of continuity of magnetic flux, 
which states that the magnetic flux through any closed surface S  is equal 
to zero. In formula (3.4), ds is a vector whose direction coincides with the 
direction of outward normal to ds.
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Fig. 3.2

Finally, it must be remarked that equation (3-5) is the simplest form of 
the constitutive relation, which is valid when ferromagnetic media can be 
characterized by their magnetic permeability. It will be discussed later on 
in this chapter that this is not always the case.

Now, we proceed with the derivation of basic equations of magnetic cir
cuit theory. We start with the discussion of the first Kirchhoff’s Law for 
magnetic circuits. This law deals with nodes of magnetic circuits. Here, 
a node is defined as a place in a ferromagnetic core where three or more 
legs are connected together (see Figure 3.2). Consider an arbitrary closed 
surface S  which contains the node and apply equation (3.4) to this surface. 
According to the first assumption, all magnetic flux leakage is neglected. 
This is tantamount to the assumption that all magnetic field lines are con
fined to the ferromagnetic core. For this reason, equation (3.4) can be 
written as follows:

f B i • ds +  I B 2 ■ ds +  f B 3 ■ ds -— 0 , (3*6)
Js i  J s 2 J  S3

where S\ , 52 and S3 axe the parts of S  inside of the first, second and third 
legs, respectively, while B j, B 2 and B 3 are magnetic flux densities within 
these legs (see Figure 3.2). It is clear that the integrals in (3.6) are related
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'к

to magnetic fluxes through the legs:

L
is,

J ,

Bi • d s  =  Фь

Bo ds =  —Ф2

B 3 ds = Фа

(3.7)

(3.8)

(3.9)

It is understandable that the negative sign in formula (3.8) appears because 
the direction of B 2 is opposite to the direction of ds in the integral over 
S2. By substituting formulas (3.7), (3.8) and (3.9) into equation (3.6), we 
end up with

Ф 1  -  Ф2 +  Ф 3  =  0 . (З .Ю )

The last formula implies that the algebraic sum of all fluxes at the node 
of the ferromagnetic core is equal to zero. It is apparent that the last 
statement as well as the derivation of (3 .10) are very general in nature and 
applicable to any node. Thus, equation (3.10) can be written in general 
form as

(3.11)

and it constitutes the first Kirchhoff’s Law of magnetic circuits.
Next, we introduce the important concept of a drop of magnetic poten

tial across a leg of ferromagnetic core. Consider an arbitrary leg (i.e., leg 
number fc) of ferromagnetic core and a path Ly. confined to this leg and 
connecting its two ends (see Figure 3.3). The drop of magnetic potential
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JLk

We next demonstrate that this quantity is well defined, i.e., that it does 
not depend on the choice of L Indeed, consider another path L'k confined 
to the leg and connecting its ends (see Figure 3.3). For this path, the drop 
of magnetic potential u'mk is defined as

= [  H i ■ dt. (3.13)
■>L'h

Now,

ит к - и 'т к = [ Hfc - d t — f Hk d£ — I  Hk de = 0. (3.14)

In the derivation performed in the last formula, the direction of traverse 
of L'k was first reversed, the two integrals were combined into one integral 
over closed path Lk + L'k and according to Ampere’s Law this integral is 
equal to zero because the closed path Lk + L k is confined to the leg and, 
therefore, it cannot enclose any current.

From the last formula we find

= (3.15)

which proves that umk does not depend on the choice of L k.
Now, we can proceed to the discussion of the second Kirchhoff’s Law 

of magnetic circuits. Consider a “loop” in a ferromagnetic core (see Figure 
3.4) created by four legs. Consider a closed path L  within this loop and 
apply Ampere’s Law to this path. Since each turn of the coil with current 
I  is enclosed by this path, we find that

Itotal = N1  (3.16)

and

j f  H M =  N1, (3.17)

where N  is the number of turns of the coil.
The integral in the last formula can be represented as

umк across the leg is defined as

Hfc ■ dt.  (3.12)
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Each integral in the right-hand side of formula (3.18) can be identified as 
the drop of magnetic potential across the corresponding leg,

I H  k -d£ = umk, (* =  1,2,3,4). (3-19)
jLk

I t  is customary in magnetic circuit theory to call the quantity in the right- 
hand side of formula (3.17) magnetomotive force and to use the a b b r e v i a t i o n  

mmf for this term:
N1 — mmf. (3.20)

Now, by substituting formula (3.19) into equation (3.18), which is then 
substituted into relation (3.17), and taking into account the notation (3.20), 
we arrive at

Umi + um2 +  um3 + um4 =  mmf. (3.21)
It is apparent that the presented derivation is quite general in nature and 
valid for any number of legs in a loop. Thus, it can be stated that for any 
loop of ferromagnetic core the following relation is valid:

(3.22)=  mmf,
к

where mmf is the magnetomotive force acting in the loop. This is the 
second Kirchhoff’s Law of magnetic circuits.
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We next turn to the discussion of Ohm’s Law of magnetic circuits. This 
Ohm’s Law relates the drop of magnetic potential umk across any leg of 
ferromagnetic core to the flux Фь through this leg. The derivation of this 
law proceeds as follows. Consider an arbitrary leg (i.e., leg number к) of 
length Ik, cross-sectional area A k and permeability fj.k (see Figure 3.5). 
According to the definition (3.12) of the drop of magnetic potential umk we 
have

= f  H fc dt.
JLk

(3.23)

Since the integration path Lk can be arbitrarily chosen within the leg, we 
shall use the choice when L k coincides with one of the magnetic field lines. 
Due to this choice and also using Assumption 2, the integral in the last 
formula can be simplified as follows:

umk = f K k d i =  f  Hkdt = Hk f  d£ = Hki k . (3.24)
J Lk ^ Lis

The first simplification occurs because H* and d i  have the same directions 
since Lk coincides with the magnetic field line. The second simplification 
occurs because the magnetic field is spatially uniform within the leg ac
cording to Assumption 2.

Next, formula (3.24) can be written as follows:

By taking into account that

B k = ц кНк,

(3.25)

(3.26)
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we find

or

umk =  B h — , 
Hk

Ытк В кА.к h
t^kAk

(3.27)

(3.28)

By definition, magnetic flux through the leg is given by the formula

Фк =  /  Bfc ds. (3.29)
JAk

According to Assumption 2, magnetic flux density Bj. is normal to Ak and, 
consequently, has the same direction as ds. Furthermore, according to the 
same assumption, 5* is spatially uniform in the leg. Consequently,

Ф* =  I Bfc ■ ds =  j B kds =  Bit f  ds =  B kAic-
J Afc JAlI Ak J Ak J A-k

By using the last formula in equation (3.28) we arrive at

tkV-тк = likAk'

Finally, by introducing the reluctance 7lmk of the leg as

=
tk

UkAk

we arrive at Ohm’s Law

^mfc — Фк'К'тк-

(3.30)

(3.31)

(3.32)

(3.33)

This completes the derivation of the basic equations of magnetic circuit the
ory. This theory can be summarized as follows. Each leg of f e r r o m a g n e t i c  

core is characterized by three quantities: drop of magnetic potential umk 
across it, magnetic flux Ф*, through it and magnetic reluctance TZmk- These 
quantities are related to one another and to magnetomotive forces (i.e., to 
currents in coils) by the basic equations (3.11), (3.22), (3.32) and (3.33). 
The close examination of these equations reveals that their m a t h e m a t i c a l  

structure is identical to the mathematical structure of basic e q u a t io n s  of 
resistive electric circuits. This is the principle of mathematical similarity 
between the basic equations of magnetic and electric circuits. This principle 
is illustrated in the following table.
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Table
Magnetic Circuits Electric Circuits

£ > * = 0
h

<=> = 0
к

Umk -  mmf
к

У  Vk = emf 
к

mmf =  N1 Ф=Ф emf =  va

^mle ~  Фк'К'Тпк <-=> Vk — ikRk

*  4l<mk —
l*k*k

ъ =
e?k*k

(3.34)

(3.35)

(3.36)
(3.37)

(3.38)

It is apparent that the mathematical structure of the equations in the right- 
hand column of the table is identical to the mathematical structure of the 
equations in the left-hand column of the table. From the purely mathemat
ical point of view, the only difference in these two sets of equations is in the 
notation of the variables. Indeed, if we replace by г*, umk by v/t, mmf 
by emf, TZmk by i?fc, ц к by cr* (and the other way around), then one set of 
equations is transformed into the other. The question can be immediately 
asked what the utility of this principle of mathematical similarity is. The 
answer is that all techniques that have been developed for the analysis of 
electric circuits can be used for the analysis of magnetic circuits. This is so 
because the analysis techniques for electric circuits have been developed by 
using the mathematical structure of the basic equations for these circuits 
and this structure is the same as for magnetic circuits. There is another 
utility of this principle of mathematical similarity that was used in the 
past, i.e., before the advent of powerful computers. Namely, electric cir
cuits can be used for analog modeling of magnetic circuits. The advantage 
of such modeling is that electric circuits are easier and cheaper to assemble 
and electric circuit measurements are usually more accurate than magnetic 
measurements.

It must be stressed that the similarity between magnetic and electric 
circuits is purely mathematical in nature. There is no physical similarity, 
and quantities which describe magnetic and electric circuits have different 
physical nature and, hence, different physical dimensions.

Now, we shall discuss how the magnetic circuit theory can be used 
for the analysis of magnetic systems. In this analysis, the geometry of 
ferromagnetic cores and currents in coils are given and it is required to find
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magnetic fluxes through core legs. We illustrate below this analysis by two 
simple examples.

Example 1. Consider the magnetic system shown in Figure 3.6a. The 
current I  through the coil and its number of turns N  are given as well 
as geometry and magnetic permeability of each leg, i.e., tk< f̂c> Мь 
(fc =  1,2,3,4). It is required to find the flux Ф through the legs. This 
flux is the same for all legs because they are connected in series; this also 
immediately follows from the basic equation (3 .11).

S tep  1 . In this step, we replace the actual magnetic system by the equiv
alent magnetic circuit. In doing so, we replace the coil with current I  by 
the magnetomotive force

mmf =  N I , (3.39)

and each leg of the ferromagnetic core by the magnetic reluctance

n mk =  - A -  (3.40)
VkAk

and connect these reluctances in the magnetic circuit in the same way as 
the corresponding legs are connected in the ferromagnetic core (see Figure 
3.6b). It is apparent that mmf and can be easily computed because 
N, I, Ak and ц к axe given.

S tep  2 . By using the principle of mathematical similarity between mag
netic and electric circuits, we can use the same technique for the analysis of 
the magnetic circuit in Figure 3.6 as for the corresponding electric circuit.
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In the case being discussed, all magnetic reluctances are connected in series; 
consequently, the flux Ф can be found as follows:

mmf

e LTw
Now, by using formulas (3.39) and (3.40) in the last equation, we end up 
with the following explicit formula for the magnetic flux:

NIФ -  , ' -  (3-42)

In some applications, it may be of interest to find the current I  which will 
guarantee the desired flux Ф. Prom formula (3.42), the answer is immediate:

(3.43)

Example 2. Consider the magnetic system shown in Figure 3.7. The 
current I  and the number of turns N  are given as well as geometry and 
magnetic permeability of each leg i k, A k, Hk, (к =  1,2,3). It is required to 
find all fluxes Фк[ {к = 1, 2 , 3 ).

S tep  1 . In this step, as before, we replace the actual magnetic system 
by the equivalent magnetic circuit. In doing so, we replace the coil by the 
magnetomotive force

mmf =  N1, (3-44)

and each leg of the ferromagnetic core by its magnetic reluctance

Птк = - ^ - у (3.45)
VkAk

and connect these reluctances in the magnetic circuit in the same way as 
the corresponding legs are connected in the ferromagnetic core (see Figure 
3.7b). It is apparent that mmf and 7lmk can be easily computed by using 
the given data.

S tep  2 . We shall analyze the magnetic circuit in Figure 3.7b in exactly 
the same way as we would analyze the similar electric circuit. Namely, 
we identify that reluctances И Ш 2 and 72.m3 are connected in parallel and 
can be replaced by the equivalent reluctance. This equivalent reluctance 
is connected in series with reluctance and, consequently, they can be
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replaced by the overall equivalent reluctance TZme (see Figure 3.7c), which 
is given by the formula

з

or

(3.46)

(3.47)
Ttrn'i +  Ti-m3

S tep  3. From the magnetic circuit shown in Figure 3.7c, we find

mmf (348)
Ф, =

Пг,

Ф, =
mmf (тгт 2  +  7гт3) (3.49)
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Having found Ф], we turn to the circuit shown in Figure 3.7b and find 
$2  and Ф3 by using the flux divider rule, which is identical to the current 
divider rule for parallel electric circuits. This leads to formulas

ф2 = 

Фз =

mmf
Tim  1 'R-ml +  'П-т.х'П-тЗ +  Т^-т2^-тЗ ’ 

m m f

72-ml + Кщй^етЭ

(3.50)

(3.51)

By substituting formulas (3.44) and (3.45) into equations (3.49), (3 50) and 
(3.51), we find explicit expressions for fluxes in terms of the given data.

It is apparent from the above two examples that the magnetic circuit 
theory is a quite simple and powerful tool for computing fluxes in ferromag
netic cores of magnetic systems. Now, we shall extend the magnetic circuit 
theory to the case when ferromagnetic cores may have air gaps. Such air 
gaps are typical for electric power devices. In such air gaps, electromag
netic interaction between currents and magnetic fields occurs, and as a 
result, mechanical energy is converted into electric energy or the other way 
around. Thus, air gaps are the regions where energy conversion occurs.

We consider the simplest magnetic system with an air gap shown in 
Figure 3.8a, and shall demonstrate that in the framework of the magnetic 
circuit theory the air gap can be treated as another leg of the magnetic 
system and can be represented by the appropriate magnetic reluctance (see 
Figure 3.8b). This demonstration is of general nature and applicable to 
more complicated magnetic circuits.



74 Fundamentals of Electric Power Engineering

To start the derivation, we consider a magnetic field line L  which goes 
through the core and the gap. We next apply Ampere’s Law for path L:

i
H  ■ d£ = N1.  (3.52)

IL
It is apparent that the integral in formula (3.52) can be represented as the 
sum of two integrals,

H d l  — [  H c ■ d£ +  /  H s -de = N1, 
Jl Jtc Js

-------- ----------- , (3.53)
Ji

where t c and <5 are the parts of L  which are within the ferromagnetic core 
and the gap, respectively, while H c and Н л are magnetic fields in the core 
and the gap, respectively. By taking into account that l c and S are parts of 
the magnetic field line L, we conclude that the directions of dJL and magnetic 
fields along £e and <5 coincide. Furthermore, according to Assumption 2 used 
in magnetic circuit theory, it can be assumed that magnetic field is spatially 
uniform in the ferromagnetic core as well as in the air gap. These facts lead 
to the following simplification of formula (3 .53):

Hci c + H$& = mmf, (3.54)

where £c and 5 in the last equation can be construed as the average length 
of the соте and the length of the gap, respectively.

Now, we shall invoke the continuity of the normal component of the 
magnetic flux density at the interface between the air gap and the ferro
magnetic core,

B cn = B Sn. (3.55)

The last relation can also be written as

дсЯс =  (3.56)

because it is assumed that the magnetic field line is perpendicular' to the 
core-gap interface. By using the last formula in equation (3.54), we find

Hc (ec + ^ s )
\  Vo )

mmf, (3.57)
\  m  } 

which leads to

(3-эд
Within the framework of the two assumptions of the magnetic circuit the- 

'<ety, we have

Фс === =  ACBC -  АсцсНс. (3.59)
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. т AcЦс mmf mmf
Фс =  Ф* =  — —— -j— =  —s--------- — . (3.60)/ 4 . Й*£ 4. ° '

'C ^0 Дс̂ с
It is apparent that the reluctance of the core is

П тс =  - Ц - .  (3.61)
VcAc

As mentioned before, we shall treat the air gap as another leg of the mag
netic system. This leg has length S, permeability fio and cross-sectional 
area A c. This implies that the magnetic reluctance 7tms of this leg is given 
by the formula

By substitu ting  formula (3-58) into the last equation, we derive

5
Ho Ac

(3.62)

Prom formulas (3.60), (3.61) and (3.62) we conclude

Ф* =  Фс =  • (3-63)'wrc 1 fcmS
The last equation implies the validity of the magnetic circuit representation 
(see Figure 3.8b) of the magnetic system shown in Figure 3 8a.

It is interesting and instructive to compare the values of magnetic re
luctances of the ferromagnetic core and the air gap. To this end, consider 
the ratio of 1Zmc to lZms, which according to formulas (3.61) and (3.62) is 
given by

^  =  - ^ .  (3.64)
KmS $ He

In typical designs,

£c и  506, fic > 103№b (3.65)

which leads to the conclusion that

< 0.05 and <  П т8. (3.66)
‘'-mS

According to formula (3.63), this means that
mmf /j0 A N I  фг и  - —  -  ---- -— . (3.67)

Thus, the smaller the air gap, the stronger the magnetic flux and magnetic 
fields in the air gap. This fact immediately reveals that ferromagnetic 
cores serve two useful purposes as illustrated by Figure 3.9. First, they 
reduce stray (useless) magnetic fields and, second, they concentrate and
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appreciably enhance magnetic fields in desired regions identified as air gaps. 
Indeed, according to Figure 3.9a, when the ferromagnetic core is not used, 
the magnetic field created by the coil with current I  is spread out. As a 
result, only a small portion of the magnetic field may reach the desired 
region, while most of the magnetic field manifests itself as a stray field. On 
the contrary, when a ferromagnetic core is used (see Figure 3.9b), this core 
due to its high magnetic permeability guides practically all magnetic field 
lines through the air gap resulting in the focusing and enhancement (also 
due to high fj.c) of magnetic field in the desired region of the air gap. I n  

addition, since practically all magnetic field lines are confined to the core, 
undesired stray magnetic field is dramatically reduced.

It has been assumed in our discussion that all of the magnetic field lines 
in the air gap are confined to the same cross-sectional area as in the fer
romagnetic core (see formula (3.62)). This assumption ignores the fringing 
effect shown in Figure 3.10, when magnetic field lines appear around the 
sides of the air gap. It is intuitively apparent that the smaller the air gap 
<5, the smaller the fringing effect. For this reason, the fringing effect is often 
taken into account by using in formula (3.62) effective c r o s s - s e c t i o n a l  area 
A e instead of Ac. The effective cross-sectional area is often obtained by 
adding <5 to each side of Ac (see Figure 3.11).
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3.2 Application of M agnetic Circuit Theory to  the Calcu
lation of Inductance and M utual Inductance

In this section, we demonstrate that the magnetic circuit theory can be 
effectively used for the calculation of inductance and mutual inductance of 
coils wound around legs of ferromagnetic cores. We start with the definition 
of inductance. Consider a coil energized with current I  (see Figure 3.12). 
This current creates a magnetic field that can be represented by magnetic 
field lines. In general, these field lines may link a different number of turns 
of the coil. This may result in different magnetic fluxes linking a different 
number of turns. Suppose that magnetic flux Ф». links Nfc turns of the coil. 
Then, the total flux linkage of the coil is defined as follows:

= Ф*. (3.68)
к

Now, the inductance can be defined as the following ratio:
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In tile case when the turns of the coil are closely spaced, the last two 
formulas can be modified. Namely, in this case practically the same flux Ф 
links all N  turns and formula (3.68) сал be written as

■ф = 7УФ, (3.70)

which leads to the following expression for the inductance:

L = £ ~ .  (3.71)

It is important to stress that, although the inductance is defined as the ratio 
of the flux linkage to the current, it does not depend on the flux linkage 
or the current. The inductance depends on the number N  of turns of the 
coil and its geometry. In the case of closely spaced turns, that is, when 
formula (3.71) is valid, the inductance is proportional to the square of the 
number of turns (N 2). This suggests that the inductance can be increased 
by increasing the number of turns. Another efficient way to increase the 
inductance is to use ferromagnetic cores with high magnetic permeability. 
In fact, this approach is widely used in electric power engineering. Figure 
3.13 presents one possible realization of this approach. In this case, the 
flux linkage ф of the coil has two distinct components: the main (core) 
component which is due to the magnetic field lines entirely confined to 
the ferromagnetic core and the “leakage” component "фг which is due to the 
magnetic field lines that leak out,

(3.72)■Ф = if>c +
By substituting the last relation into formula (3.69), we find

i>e . i>t
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This means that the inductance also has two distinct components,

L  *  L m + Lt, (3-74)

where L m is the main inductance defined as

(3.75)

т _U - - .

while L( is the leakage inductance specified as

(3.76)

It is apparent that for ferromagnetic cores with high magnetic permeability

Фс »  4>t, (3.77)

which implies that

Lm »  Lt , (3.78)

and, consequently,

L * L m. (3.79)

It turns out that the main inductance can be effectively computed by using 
the magnetic circuit theory. Below, we shall first derive the general formula 
for Lm that will be next illustrated by two examples.

Suppose that we want to compute the inductance of the coil wound 
around some leg of a ferromagnetic core. Since inductance does not depend 
on a specific value of the current through the coil, we will assume that the 
coil is excited by some current 1. Now, we replace the actual magnetic
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system by the equivalent magnetic circuit. In doing so, we replace the coil 
with current I  by the magnetomotive force

mmf =  N 1  (3.80)

and legs of the ferromagnetic core by the appropriate magnetic reluctances 
which are connected in the magnetic circuit in the same way as the corre
sponding legs are connected in the ferromagnetic core. A general case of 
such magnetic circuit is shown in Figure 3.14a, where Фс is the core mag
netic flux through the leg around which the coil is wound, while the rest of 
the magnetic circuit is passive (i.e., without any mmf sources). This passive 
magnetic circuit is represented by the box to emphasize the general nature 
of our discussion. Any passive circuit can be represented by the equivalent 
magnetic reluctance with respect to the mmf terminals (see Figure 3.14b). 
Consequently,

mmf^_7V7
7? 7?/ v m e  '^rne

It is apparent that the core magnetic flux Фс links all N  turns of the coil. 
This implies that

N 2T
Фс =  N  Фс =  — . (3.82)

Ĵ me
Now, by using formulas (3.75), (3.79) and (3.82), we derive

(3.83)

The last formula clearly reveals that the inductance is indeed proportional 
to the square of the number of coil turns and depends on geometry and mag
netic properties of the ferromagnetic core through the equivalent magnetic 
reluctance 7£me. The last formula is very general because it is applicable
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to any geometry of the ferromagnetic core. The usefulness of this general 
formula is illustrated below by the following two examples.

Example 1. Consider the magnetic system shown in Figure 3.15a and 
assume that the number N  of coil turns and magnetic permeability fic of 
the ferromagnetic core are given along with geometry of each leg: tk, Ak, 
(к — 1,2,3). It is required to find the inductance of the coil. The equivalent 
magnetic circuit is shown in Figure 3.15b. It is clear from this figure that 
the equivalent magnetic reluctance with respect to the terminals of the 
mmf is given by the formula (see Example 2 and equation (3.47) from the 
previous section)

K m lK m 2  +  Т^гш 'К-т З  +  ^ m 2 ^ m 3

T^m2 + Kra3
By using the last relation in formula (3.83), we find

7£m2 +  Km3

(3.84)

(3.85)

This expression can be appreciably simplified in the practical (symmetrical) 
case when legs 2 and 3 are identical, have the same permeability as leg 
1 and

In this case,

л " 1
M  = T

Итп2 =  Т̂ тпЗ = №cA\

[Ac A ]

(3.86)

(3.87)

(3.88)
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By using the last two equations in formula (3.85), we end up with

L ^  Lm =  ^ А ' Л. -  (3.89)
^1 +  «2

The last expression clearly reveals that the inductance can be substantially 
enhanced by using high magnetic permeability ferromagnetic cores.

Example 2 . Consider the magnetic system shown in Figure 3.16a and 
assume that the number N  of coil turns is given along with geometry and 
permeability of the core as well as the gap: l e, A c, S. It is required 
to find the inductance of the coil. Figure 3.16b represents the equivalent 
magnetic circuit for the magnetic system shown in Figure 3.16a. From this 
equivalent magnetic circuit and formula (3.83), we find

N 2 n cA cN 2
t ,n  = (3.90)

Ti-mc +  Tl-mS
In the typical case when H mc <£ 7 t he last formula can be simplified as

N 2 _  fi0A cN 2 

TZmS S
( 3 - 9 1 )

This equation reveals the important fact that the inductance can be effec
tively controlled by changing the air gap length. This fact is used in many 
applications.

It is clear from the presented discussion that the general approximate 
formula (3.83) for the inductance L has been derived by neglecting leakage 
inductance Lt. The leakage inductance cannot be accounted for within the 
framework of the magnetic circuit theory because this theory completely 
ignores leakage fluxes. At first, it may be thought that it is only natural
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to neglect leakage inductance because it is quite small. However, this is of
ten not the case and in many engineering applications leakage inductances 
play an important and even crucial role. This is true when the perfor
mance of devices is based on strong electromagnetic coupling between coils 
(windings). This strong coupling is typical for transformers and induction 
motors and leakage inductances play important roles in the theory of these 
devices. The fact that the magnetic circuit theory is helpless in calculation 
of leakage inductances implies that more sophisticated magnetic field com
putation techniques must be employed for this purpose. These techniques 
are beyond the scope of our current discussion.

Next, we proceed with the discussion of the calculation of mutual induc
tance and we start this discussion with the definition of mutual inductance. 
Consider two coils and two distinct cases: a) the first coil is energized 
(I i ф 0), while the second coil is not (see Figure 3.17a); and b) the second 
coil is energized ( ф 0), while the first coil is not (see Figure 3.17b). In 
case a), the current 1\ through the first coil creates the magnetic field which 
is represented by field lines. Some of these field lines may link the turns 
of the second coil, resulting in the flux linkage Ф2 1 (see Figure 3.17a). The 
subscripts in Ф2 1  indicate that this is the flux linkage of the second coil due 
to the current through the first coil. The mutual inductance M 1 2  between 
the first and second coils is defined as the ratio

M 1 2  =  (3.92)
ч

In case b), some field lines of the magnetic field created by the current I 2 

through the second coil link the turns of the first coil resulting in the flux 
linkage Ф1 2  (see Figure 3.17b). The mutual inductance M 2i between the 
second and the first coils is defined as the ratio

M 3i =  Щ1 - ( 3 - 9 3 )
^2
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It is proved in the electromagnetic field theory that the following equality 
(often called reciprocity principle) is valid:

M 12 =  M2] =  M.  (3.94)

Mutual inductances are defined above as the ratios of flux linkages to cur
rents. However, the mutual inductance M  does not depend on flux linkages 
or current; rather, it depends on the number of turns Ni  and N 2 of the 
first and the second coils (namely, their product N\ N 2 ), as well as their 
geometry and mutual location.

It is apparent from the definition of mutual inductance that it can be 
viewed as a measure of electromagnetic coupling between two coils. In
deed, the larger the mutual inductance, the larger the flux linkage of one 
coil created by the same current through another coil, and, consequently, 
the larger the electromagnetic coupling between the two coils. It is impor
tant to stress that the mutual inductance as the measure of electromagnetic 
coupling between two coils depends on the number of turns. To illustrate 
this, it is instructive to consider the case when the second coil is quite re
mote from the first coil and, consequently, all turns of the second coil are 
linked by small magnetic fluxes created by the current through the first coil. 
If the turns of the second coil are closely spaced, then practically the same 
small magnetic flux Ф21 links all the turns of the second coil and the flux 
linkage of the second coil is equal to Ф2 1  =  ^ 2^ 21- Thus, by using a very 
large number N 2 of turns of the second coil, Ф2 1 as well as M  =  M 1 2  can be 
appreciably enhanced despite the fact that only a very small number of field 
lines link the second coil. There is another effective way to enhance elec
tromagnetic coupling between two coils, that is, by using a ferromagnetic 
core (see Figure 3.18). Indeed, a ferromagnetic core with high magnetic 
permeability is very good for guiding magnetic field lines from the loca
tion of the first coil to the location of the second coil (Figure 3.18b). This 
clearly suggests that ferromagnetic cores can be used for the enhancement 
and control of mutual inductance. This property of ferromagnetic cores is 
utilized in the design of transformers and electric machines. It turns out 
that the magnetic circuit theory can be effectively used for the calculation 
of mutual inductance of coils whose electromagnetic coupling is assisted by 
ferromagnetic cores. We present the general algorithm for such calculations 
by considering the following example.

Example. Consider a magnetic system with two coils shown in Figure 
3.19a. It is assumed that the number of turns N 1 and N 2 of the first coil 
and second coil respectively are given as well as geometry and magnetic
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permeability of each leg of the ferromagnetic core. It is required to derive 
the formula for the mutual inductance. The general algorithm for the cal
culation of the mutual inductance consists of the following three steps.

S tep  1, We assume that the first coil is energized by an arbitrary current 
/ i ,  while the second coil is not energized (/2  =  0). Then we replace such 
excited magnetic system by the equivalent magnetic circuit. In doing so, 
we replace the first coil by the magnetomotive force

mmfi =  N\ I\

and each leg of the ferromagnetic core by its magnetic reluctance

ek
T̂ -mk =

PkA-k '
(fc =  1,2,3),

(3.95)

(3.96)
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and we connect these reluctances in the magnetic circuit in Figure 3.19b in 
the same way as the corresponding legs are connected in the ferromagnetic 
core. It is clear that all can be computed on the basis of the given 
data.

S tep  2. The purpose of this step is to find the flux Ф2 through the second 
leg as a linear function of Д. This has been already done in Example 2 of 
the previous section where the following formula was derived (see equation 
(3.50)):

ф2 = ,_________ mmf! К пз__________  (3 97)

or, by using equation (3 .9 5 ),

ф2 =  ----------------  (3 98)
+  U m l K m 3 +  'R .m ‘2 7^m3

S tep  3. It is clear that

фп  =  ЛГ2ф2 =  - — -------- - --------------  (3.99)
^ m l ^ m 2  +  K m ] K m 3 +  7Zm 2 ^ m 3

Finally, by using the last formula in the definition (3.92) of the mutual 
inductance, we find

M  =  M 17 =  -  Nl NiTtmZ (3 -100)

Thus, as discussed before, the mutual inductance depends on the product 
of turns of the two coils as well as geometry and magnetic permeability of 
the legs of the ferromagnetic core.

The last formula can be appreciably simplified in the case when legs 2 
and 3 are identical, have the same permeability ц с as leg 1 and each of their 
cross-sectional areas is half the cross-sectional area of the first leg. Under 
these conditions, relations (3.87) and (3.88) are valid and the last formula 
can be transformed to arrive at

M  =  - ! iV- . (3 .101)
2 (/i +  e2)

The three-step algorithm used in this example is of general nature and can 
be used for the calculation of mutual inductances of coils with ferromagnetic 
cores of any geometry and number of legs.



Magnetic Circuit Theory 87

3.3 M agnetic Circuits with Permanent Magnets

In our previous discussion, we have considered magnetic systems excited by 
coils with currents. This type of excitation requires power supplies. There 
exists another way to excite magnetic systems by using permanent magnets. 
This type of excitation can be realized without any power supplies and, for 
this reason, it is very attractive in many power engineering applications. In 
this section, we shall further develop the magnetic circuit theory to make 
it applicable to the analysis of magnetic systems excited (energized) by 
permanent magnets.

We shall first discuss what a permanent magnet is. To start this dis
cussion, we need some simple facts related to the phenomenon of magnetic 
hysteresis. This phenomenon is exhibited by ferromagnetic materials and 
one of its simplest manifestations is the formation of hysteresis loops. This 
is illustrated by Figure 3.20, where a symmetric hysteresis loop is presented. 
This loop is formed as a result of periodic in time variations of magnetic 
field H  between two extremum values H m and —Hm. As far as the shape 
of hysteresis loop is concerned, there axe two types of ferromagnetic ma
terials which are important in power applications. They are soft magnetic 
materials and hard magnetic materials. Soft magnetic materials are char
acterized by narrow hysteresis loops (see Figure 3.21a) and these materials 
are used for magnetic cores of power devices. Hard magnetic materials have 
wide hysteresis loops (see Figure 3.21b) and these materials are used for 
permanent magnets as well as in magnetic data storage (hard drives). It 
is apparent that the notion of magnetic permeability is not applicable to 
hysteretic magnetic materials and the constitutive relation (3.5) must be
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replaced by the relation

B =  Al0(M  +  H ), (3.102)

where M  is the magnetization vector.
Hysteresis loops are often measured for toroidal samples for which B, 

H and M  have the same directions. In this case, the vectorial equation 
(3.102) can be replaced by a scalar one,

B = ^ 0(M + H), (3.103)

or

M  — —  -  H. (3.104)
Mo

By using the last equation for each value of magnetic field H , the B -H  
hysteresis loop shown in Figure 3.21b can be transformed into the M -H  
loop shown in Figure 3.22. In this figure, there are four points of special 
significance. They are (0,JWr ), (0 ,-M r), ( # c,0) and (~ H Ci 0), where M r
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is called remanent (or residual) magnetization, while Hc is called coerciv- 
ity. The origin of this terminology is quite transparent. Magnetization 
MT is called remanent or residual because this is the magnetization exist
ing for zero magnetic field. Magnetic field Hc is called coercivity because 
this magnetic field is needed to be applied to coerce magnetization into 
changing its direction. As far as application of hard magnetic materials for 
permanent magnets is concerned, there are three figures of merit: rema
nent magnetization, coercivity and the squareness of hysteresis loop. It is 
demonstrated below that remanent magnetization determines the strength 
of permanent magnets (i.e., the strength of their magnetic field), Hc de
termines the stability of permanent magnets (i.e., their ability to sustain 
remanent magnetization under demagnetizing fields) and squareness of hys
teresis loop determines the ability of permanent magnets to maintain their 
strength under demagnetizing fields. As far as the squareness of hysteresis 
loop is concerned, the ideal permanent magnet materials (and ideal perma
nent magnets) can be defined as materials (or magnets) for which

M {H) — ± M T = ± M 3 for —Hc < H < He, (3.105)

where Ms is the saturation magnetization. There are permanent magnet 
materials whose hysteresis loops have almost ideal squareness. These are 
samarium-cobalt (SmCo) and neodymium-iron-boron (NdFeB) materials. 
For samarium-cobalt materials, fj.oMs = 0.8-1 Tesla and H c =  400 — 600 
kA/m, while for neodymium-iron-boron materials hqM s ~  1.2 Tesla and 
Hc ~  850 kA/m. Thus, NdFeB materials have somewhat better figures 
of merit than SmCo materials. Furthermore, neodymium is much more 
abundant than samarium and, for this reason, NdFeB magnets are more
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Fig. 3.23

cost effective. These magnets are made from powder through the steps of 
pressing, sintering and heat treatment.

Now, we can define what a permanent magnet is. A permanent magnet 
is a piece of hard magnetic material (usually of cylindrical shape) with 
remanent magnetization (see Figure 3.23). This permanent magnet creates 
magnetic field due to its remanent magnetization. We shall discuss the 
magnetic field of such permanent magnet by using the “magnetic charge” 
model. To arrive at this model, we assume that the magnetization M  is 
parallel to the magnet sides and spatially uniform. This implies tha t

divM  =  0. (3.106)
By recalling that

div В =  0 (3.107)
and that in the space around the magnet

B = ^ 0H, (3.108)

we find from equations (3.102), (3.106) and the last two formulas that

div H =  0 (3.109)

inside (V+) and outside (V- ) the permanent magnet. Furthermore,

curlH  =  0, (3.110)

because the magnetic field created only by the permanent magnet without 
any external current sources is being considered. It is clear that the mag
netic field of an ideal permanent magnet does not have any volume sources.



Magnetic Circuit Theory 91

We sliall demonstrate next that this field has only surface sources located 
on the top Si and the bottom S2 of the permanent magnet. To this end, 
we shall use the continuity of normal component of magnetic flux density 
on Si and S2 ,

B - = B + ,  (3.111)

where superscripts ” and “+ ” indicate the values of B n from outside and 
inside the permanent magnet.

By using formulas (3 .102) and (3.108) the boundary condition (3.111) 
can be written as follows:

PoH~ = fi0H ^  + ц0М 3 on Si (3.112)

and

/j.0H~ = /iQH + — hqMs on S2 , (3.113)

where M s = |M |. It is apparent that the difference in the form of the last 
two equations is due to the fact that the direction of M  coincides with the 
outward normal to Si and it is opposite to the outward normal to 6 2 .

The last two equations can be written as follows:

H~  — H* = M s on Si (3.114)

and

Я ”. -  Я + =  - M s on S2. (3.115)

Thus, the normal components of magnetic field of an ideal permanent mag
net are discontinuous on Si and S2 , and this discontinuity is the source 
(the origin) of the magnetic field. To visualize this magnetic field, we intro
duce the “magnetic charge” model. In this model (see Figure 3.23b), the 
remanent magnetization M  is removed and replaced by fictitious (virtual) 
magnetic charges am with densities

on Si (3.116)

and

am =  on S2- (3.117)

Then, like in electrostatics, the normal component of the magnetic field 
created by these surface magnetic charges satisfies the boundary conditions

H -  -  Я +  -  ^  =  M s on Si (3.118)
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and

H I  -  H+ =  —  =  - M ,  on S2. (3.119)
Po

These boundary conditions are identical to the boundary conditions (3.114) 
and (3.115), respectively. Furthermore, the magnetic field created by sur
face magnetic charges erm satisfies the equations (3.109) and (3.110) in V~  
and V +. Thus, the actual magnetic field of the permanent magnet and the 
magnetic field created by magnetic charges crm satisfy the same equations 
and boundary conditions. Consequently, these two magnetic fields are iden
tical. The magnetic field created by <rm is easy to visualize. The magnetic 
field lines of this field are directed from positive charges on S i to negative 
charges on S 2 (see Figure 3.23). Thus, these magnetic field lines are di
rected opposite to the remanent magnetization M  inside of the permanent 
magnet. For this reason, the magnetic field inside the permanent magnet 
is called demagnetizing field. The magnetic field outside the permanent 
magnet can be utilized for the excitation of a magnetic system.

It is clear from the presented discussion that the larger the remanent 
(saturation) magnetization Ms, the larger |crm| and the stronger the mag
netic field created by these charges. In other words, the larger Ms, the 
stronger the permanent magnet. Larger M s also results in stronger de
magnetizing field. Furthermore, this demagnetizing field is quite strong for 
short permanent magnets because positive and negative charges <rm are less 
spatially separated for short magnets. For strong permanent magnets to 
sustain strong demagnetizing fields, their coercivity H c must be sufficiently 
large. Finally, the squareness of hysteresis M -H  loop guarantees that the 
magnetization of a permanent magnet is not affected by the demagnetiz
ing field and it remains equal to M s. In other words, the strength of the 
permanent magnet is not degraded by its demagnetizing field. Thus, it is 
evident that M s, Hc and the squareness of M -H  loops are the figures of 
merit of the permanent magnet.

Next, we shall demonstrate that within the framework of the magnetic 
circuit theory the ideal permanent magnet can be represented as a nonideal 
flux source. The reasoning proceeds as follows. Consider a cylindrical ideal 
permanent magnet with remanent magnetization M s , length Cq and normal 
cross-sectional area A q (see Figure 3.24a). Inside of the permanent mag
net, there exists the demagnetizing field H  which is assumed to be uniform 
within the framework of the magnetic circuit theory. Since the demagnetiz
ing magnetic field is directed opposite to magnetization, equation (3 .102)
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can be written in the form

В  =  (iqM, — HoH.

We shall multiply both sides of the last formula by Ao, 

BAq — fioMsAo — /лоАоН,

(3.120)

(3.121)

and shall take into account that the flux Ф through the permanent magnet

Ф  =  BA0,

while the source flux Фа can be introduced as

From formulas (3.121), (3.122) and (3.123) we conclude that

Ф =  Фа — f j o Ao U.

Next, the last formula can be transformed as follows:

л  *  HtaФ =  Ф »-------г— •

(3.122)

(3.123)

(3.124)

(3.125)

HaAo

Finally, we introduce the drop of magnetic potential um across the perma
nent magnet as

чт =  т о (3.126)
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and the permanent magnet reluctance

(3.127)

Then, equation (3.125) can be written in the form

(3.128)

It is apparent that the last equation can be interpreted as the equation of
the nonideal flux source shown in Figure 3.24b. Indeed, according to this 
figure, we have

By substituting the last formula into equation (3.129), we arrive at the 
relation (3.128).

In magnetic circuit calculations, it may be convenient to represent the 
ideal permanent magnet as a nonideal magnetomotive force. This repre
sentation can be obtained through the equivalent transformation of the 
nonideal flux source into nonideal mmf, illustrated in Figure 3.25. It is 
clear that the transformation shown in Figure 3.25 will be equivalent with 
respect to the magnetic circuit in the box if terminal relations between Ф 
and um are identical. Indeed, the equivalence is then the consequence of the 
fact that the box magnetic circuits in Figures 3.25a and 3.25b are described 
by identical mathematical equations. According to Figure 3.25a, we have

By comparing relations (3.131) and (3.133), we conclude that they will be 
identical if

Ф =  Ф5 - Ф ' (3.129)

and

(3.130)

(3.131)

while according to Figure 3.25b we get

mmf =  ФП'та + um, (3.132)

or

(3.133)

^ n u  — 7^-m.. (3.134)
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mmf
7Zf =  ф я (3.135)

From the last two equations, we find
mmC=4>3K ms. (3.136)

Now, by using formulas (3.123) and (3.127) in the last equation, we derive
(3.137)mmf =  M s£q.

In summary, the ideal permanent magnet with remanent magnetization 
M 3, length £0 and normal cross-sectional area A q can be represented in the
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magnetic circuit theory as a nonideal mmf (see Figure 3.26) with mmf and 
Ктrti given by formulas (3.137) and (3.127), respectively.

As shown in Figure 3.23a, the exterior magnetic field of the permanent 
magnet is spread out. However, the magnetic field lines of this exterior 
field can be guided and focused in the desired air gap region by using a 
ferromagnetic core of high magnetic permeability. This type of arrangement 
is shown in Figure 3.27a, which represents a simple example of a magnetic 
system energized by a permanent magnet.

We shall next analyze this magnetic system by assuming that the rema
nent magnetization Ms of the ideal permanent magnet, its length t’n and 
normal cross-sectional area Ao are given along with the length lc of the 
two legs of the ferromagnetic core, its cross-sectional area A c =  Ao and
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permeability ц,с as well as the length S of the air gap. It is required to find 
the flux through the air gap. Analysis is performed as the sequence of the 
following steps.

S tep  1 . We replace the magnetic system shown in Figure 3.27a by the 
equivalent magnetic circuit shown in Figure 3.27b. In this magnetic circuit, 
7£mc is the magnetic reluctance of the two legs of the ferromagnetic core 
which are connected in series. It is clear that by using the given data we 
find

mmf =  A/s^ch (3.138)
^  f o (3.139) 

Hon o

Пт, =  (3.140)
He a  о

K mS =  —V '  (3-141)

S tep  2. From Figure 3.27b, we find

_ --------- ---------------  (3.142)
T im s  +  72- me

S tep  3. In applications, He ho and it is usual that

n m c< ' R mS and n mc4LTlm3. (3.143)

Consequently,

* - s = f h  (3I44)
By substituting formulas (3.138), (3.139) and (3.141) into the last equation, 
we find

(ЗЛ45)

Now, by recalling formula (3.123), we obtain

(3146)to т  o
It is clear from the last formula that the magnetic flux through the air gap 
is always smaller than the source flux It is also clear that the optimal 
design of the magnetic system is realized when

t 0 »  5 (3.147)
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and

Фл «  Фв. (3-148)

111 this case, the magnetic reluctance of the air gap shunts the magnetic 
reluctance of the permanent magnet and practically all magnetic field lines 
go through the air gap. This not only increases the magnetic flux through 
the air gap, but also appreciably reduces the undesired demagnetizing field. 
This physical picture becomes especially transparent when the nonideal flux 
source representation of the ideal permanent magnet is used in computa
tions. Indeed, in this case the equivalent magnetic circuit for the magnetic 
system shown in Figure 3.27 is presented by Figure 3.28. Under the condi
tion (3.147), it follows from equations (3.139) and (3.141) that

П та »  TlmS (3.149)

and this leads to formula (3.148). It is apparent from the presented discus
sion that under the condition (3.147) the strength of the permanent magnet 
is almost completely utilized.

It is interesting to point out that the nonideal magnetomotive force 
representation of the ideal permanent magnet can be obtained from the 
“electric current” model of such magnets. To start the discussion of this 
model, we first remark that from the definition of the ideal permanent 
magnet it follows that

curlM  =  0. (3.150)

Since magnetic field only of the permanent magnet is being considered, we 
find that

curl H  =  0. (3.151)
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From equations (3.102), (3.150) and (3.151) we obtain

curl В =  0. (3.152)

In addition,

divB =  0. (3.153)

It is clear from the last two equations that the field of magnetic flux density 
В of the ideal permanent magnet does not have any volume sources. Next, 
we shall demonstrate that this field has only surface sources distributed 
over its sides S. To this end, we shall use the continuity of tangential 
components of magnetic field on S,

n x (H -  — H +) =  0, (3.154)

which can also be written as

— n x (В " - B + )  = n  x M, (3.155)

where n  is the unit outward normal to S  (see Figure 3.29a).
Thus, the tangential component of magnetic fiux density is discontinu

ous across S  and this discontinuity is the source of the magnetic fiux density 
field. In the “electric current” model of ideal permanent magnets (see Fig
ure 3.29b), the remanent magnetization is removed and replaced by virtual 
surface currents i on S  with density

i =  n x M. (3.156)

Then, the tangential component of the magnetic flux density field created 
by this surface current satisfies the boundary condition on S

— n x (B — B + ) =  i =  n  x M. 
Ца

(3.157)
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This boundary condition is identical to the boundary condition (3.155). 
Furthermore, the magnetic flux density created by these surface currents 
satisfies the homogeneous equations (3.152) and (3.153) in V~  and V +. 
Thus, the actual field В of the ideal permanent magnet and the field В 
created by surface currents i satisfy the same equations and boundary con
ditions. Consequently, these two fields of В are identical.

Now, if the region V + with surface currents i on S  is considered as a 
leg of the overall magnetic system, then this leg can be characterized by its 
reluctance

П тз =  - A -  (3.158)

as well as by the magnetomotive force

mmf =  if j (3.159)

due to the surface electric currents i. It is clear according to formula (3.156) 
that г =  |M | =  M s and the last expression can be written in the form

mmf =  M 3E o- (3.160)

Thus, we have arrived at the nonideal magnetomotive force model (Figure 
3.29c) of the ideal permanent magnet.

In conclusion, there are two equivalent models of ideal permanent mag
nets: 1) the magnetic charge model that reproduces the magnetic field H  of 
the ideal permanent magnet and leads to its magnetic circuit representation 
as a nonideal flux source; and 2 ) the electric current model that reproduces 
the magnetic flux density field В of the ideal permanent magnet and leads 
to its magnetic circuit representation as a nonideal magnetomotive force.

3.4 N on linear M agnetic  C ircu its

In our previous discussion of the magnetic circuit theory, it has been as
sumed that each leg of ferromagnetic core can be characterized by constant 
magnetic permeability and by magnetic reluctance. This is tantam ount to 
the assumption of linearity of the magnetic properties of the ferromagnetic 
core when each leg can be characterized by a linear magnetization curve 
Bk =  HkHk (see Figure 3.30). However, the actual magnetic properties of 
ferromagnetic cores may appreciably deviate from this linearity assumption. 
As has been mentioned in the previous section, soft magnetic materials are 
used for ferromagnetic cores. These materials have very narrow hysteresis



Magnetic Circuit Theory 101

Fig. 3.30

М/с
t a n a______ r

Fig. 3.31

loops (see Figure 3.21a). For this reason, as a reasonable approximation, 
hysteresis of these materials may be neglected and soft magnetic materi
als can be characterized by a nonlinear magnetization curve (see Figure 
3.31a). It is clear that magnetic permeability ^/t(#fc) =  Bk/Hk  of such 
materials is not constant (see Figure 3.31b) and exhibits monotonic de
crease for sufficiently large magnetic field. This phenomenon of flattening 
of magnetization curve and decrease in magnetic permeability is called sat
uration.

In this section, we shall further develop the magnetic circuit theory to 
account for nonlinear magnetic properties of ferromagnetic cores. It is clear 
that the first two fundamental equations (3.11) and (3.22) of the magnetic 
circuit theory do not depend on the assumption of Linearity of magnetic 
properties of ferromagnetic cores and, consequently, these equations are 
valid for nonlinear magnetic circuits as well. On the other hand, the deriva
tion of the Ohm’s Law (3.33) was based on the linearity assumption and 
must be modified to be valid for nonlinear magnetic circuits. This mod
ification can be performed as follows. Consider nonlinear magnetization
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curve

B k = f k (Hk) (3.161)

of leg number k. We next multiply both sides of the last equation by the 
cross-sectional area A k and, taking into account that =  B kA k , we obtain

Ф k = A kf k(Hk), (3.162)

Then, from equation (3.24) we find

= Ътпк
h

(3.163)

By substituting the last relation into formula (3.162), we arrive at

Фь - A kf k (3.164)

This means that for nonlinear magnetic circuits the linear Ohm’s Law (3.33) 
must be replaced by the nonlinear Ohm’s Law

(3.165)

where

=  A kf k I
n r ) -

(3.166)

It is apparent from the last formula that nonlinear function JFk(umk) is 
obtained by the appropriate scaling of magnetization curve f k (Hk) and 
this scaling is performed by using geometric parameters A k and £k of the 
leg. This scaling is illustrated by Figure 3-32 and formula (3.167),

u'mk ->■ H'k = - g i  -► B'k =  f k (H'k) -*Ф'к = A kB'k. (3.167)

According to this formula, for an arbitrary chosen value of u'mk we se
quentially compute H'k, B'k and Ф  ̂ and determine a point of the graph
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representing the function -F*(umjfc). In this way, point by point, the graph 
of Fk(umk) can be constructed.

Next, we shall discuss graphical analysis of nonlinear magnetic circuits 
by using the nonlinear Ohm’s Law defined by formulas (3.165)-(3.166). We 
shall illustrate this analysis by considering several examples.

Example 1. Consider a magnetic system shown in Figure 3.33a. It is 
assumed that the number N  of turns of the coil and the current I  through 
the coil are given along with the length i*. cross-sectional area /Ц and 
magnetization curves В t  =  ft- (Hk) of each leg of the ferromagnetic core. It 
is required to find fluxes Ф*. (k = 1, 2 ,3).

S tep  1 . We replace the actual magnetic system by the equivalent nonlinear 
magnetic circuit. In doing so, we replace the current-carrying coil with the 
magnetomotive force

mmf =  N1 (3.168)

and each leg of the ferromagnetic core with nonlinear magnetic reluctance 
whose Ф-ага curves can be found by using formulas

Ф к = FkiUmk), (£ =  1»2 . 3), 

Fk(Umk) = Akfk  ■

(3.169)

(3.170)

These nonlinear magnetic reluctances are connected in the equivalent mag
netic circuit in the same way as the corresponding legs are connected in the 
ferromagnetic core (see Figure 3.33b). It is apparent that the given data 
can be used to perform the calculations in formulas (3.168)-(3.170).
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S tep  2. Next, we perform two equivalent transformations. The first trans
formation is to replace the two nonlinear reluctances 2 and 3 connected 
in parallel by one equivalent reluctance 23 (see Figure 3.34a). The latter 
means that we have to find the Ф-ит  graph for the reluctance 23 by us
ing the Ф-um graphs for reluctances 2 and 3. This can be done by adding 
graphs for reluctances 2 and 3 “along the Ф-axis” as illustrated in Figure 
3.34b. Namely, for any chosen value of um the flux Ф23 for the equivalent 
reluctance 23 is the sum of fluxes Ф2  and Ф3 corresponding to the chosen 
value of um. It is obvious that this graph addition along the Ф-axis is 
justified due to the parallel connection of nonlinear reluctances 2 and 3.

The second transformation is to replace the two nonlinear reluctances 
1 and 23 connected in series by one equivalent reluctance 123 (see Figure 
3.35a). The latter means to find the Ф-um graph for the reluctance 123 by 
using the Ф-ит  graphs for reluctances 1 and 23. This can be accomplished 
by adding graphs for reluctances 1 and 23 “along the um-axis” (see Figure 
3.35b). Namely, for any chosen value of Ф the um for the equivalent reluc
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tance 123 is equal to the sum of the nm's for reluctances 1 and 23 for the 
same chosen value of Ф. This graph addition along the um-axis is justified 
due to the series connection of reluctances 1 and 23.

S tep  3. It is clear from Figure 3.35a that the drop of magnetic potential 
across the equivalent nonlinear reluctance 123 is equal to the mmf. By 
using this fact and the curve 123 in Figure 3.35b we can find the flux Ф] as 
well as the drop of magnetic potential um23 across the reluctance 23, which 
is the same as the drop of magnetic potential across reluctances 2 and 3. 
By using this fact and returning to Figure 3.34b, we find fluxes Ф2 and Ф3. 
This completes the solution of the problem.

It is clear that the nonlinear magnetic circuit shown in Figure 3.33b is 
mathematically described by nonlinear algebraic equations. The presented 
analysis is the graphical solution of these nonlinear equations which exploits 
the connectivity of the magnetic circuit. This graphical analysis can be 
easily programmed and run on computers. It is also worthwhile to point 
out that the presented technique has one important advantage. Namely, 
the third step can be done simultaneously for many different values of mmf 
(different values of current I) without any changes in the laborious step 2 .

Example 2 . Consider a magnetic system with two coils shown in Figure 
3.36a. It is assumed that the numbers N\ and N 2  of turns of the coils and 
the current I\ through the first coil are given along with the length ik , 
cross-sectional area A k and magnetization curve Bk = fk(Hk) of each leg 
of the ferromagnetic core. It is required to find the current h  through the 
second coil that guarantees the desired flux Ф3 through the third leg.

S tep  1 . As before, we shall replace the actual magnetic system by the 
equivalent nonlinear magnetic circuit shown in Figure 3.36b, By using the 
given data, we find the magnetomotive force of the first coil

mmf! =  N i h  (3-171)
and the Ф-ит  graphs for the three nonlinear magnetic reluctances,

Ф* =  Л(и»,*), (Is =  1,2,3), (3.172)

Т к(итк) =  Ак/ к . (3.173)

S tep  2 . By using the Ф-ггт  graph for the third nonlinear reluctance and 
given flux Ф3, we find the drop of magnetic potential across the third re
luctance by using the procedure illustrated in Figure 3.37.
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Step 3. Then, for the loop consisting of the first and third reluctances and 
mmfi we find

«mi +  =  mmfi. (3.174)
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Consequently,
umi =  mmfj -  t£m3 (3.175)

and umi can be found.

S tep  4. By using the Ф-ит graph for the first nonlinear reluctance and 
the value of umi found in the third step, we find the flux Ф1 through the 
first leg as illustrated in Figure 3 38.

S tep  5. For node 1, we find
Ф ! + Ф 2 - Ф 3 = 0 ,  (3.176)

which leads to
Ф2 = Ф 3 - Ф [ .  (3.177)

Thus, the flux Ф2 can be found.

S tep  6 . By using the Ф-ит curve for the second nonlinear reluctance and 
the value of Ф2 found in the previous step, we find um2 (see Figure 3.39).

S tep  7. Now, for the loop consisting of the second and third reluctances 
and mmf2 we can write

mmf2 =  um2 +  um 3 . (3.178)
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Fig. 3.40

Since

mmf2 =  N ^h ,  (3.179)
from the last two formulas we find

I2 =  + Um3 , (3.180)
N?

which completes the solution of the problem.
Example 3. Consider a magnetic system with an air gap shown in Fig

ure 3.40a. It is assumed that the number N  of turns of the coil and the 
current I  through the coil are given along with the air gap length S, the 
length £i, cross-sectional area Ai and the magnetization curve B\ =  f i ( Hi )  
of the ferromagnetic core. It is required to find the flux Фг through the air 
gap.

S tep  1 . As before, we replace the actual magnetic system by the equivalent 
nonlinear magnetic circuit shown in Figure 3.40b. By using the given data, 
we find

mmf =  N1, (3.181)

-  7 i(«m i), (3.182)

(3.183)
\  <i /

П т1 =  - L - .  (3.184)

S tep  2 . From the magnetic circuit shown in Figure 3.40b, we conclude
mmf =  timi( $ i )  +  Ti-mS^Si (3.185)
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Fig. 3.42

where is the inverse function of Ф1 =
It is also clear that

Фх = (3.186)

and the last equation can be written as follows:

m m f - =  uml(<$i). (3.187)

It is clear that the solution Ф1 of equation (3.187) is such that the functions 
on both sides of this equation have the same value. This fact can be used 
for the graphical solution of equation (3187), which is illustrated by Figure 
3.41. In this figure, the linear function representing the left-hand side of 
equation (3.187) is plotted along with the Ф-ит  function for the nonlinear 
reluctance 1. It is apparent that these two functions of Ф1 are equal to one 
another for the value of Ф1 which corresponds to the point of intersection 
of their plots. This completes the solution of the problem.

Example 4. Consider a magnetic system with an ideal permanent mag
net shown in Figure 3.42a. It is assumed that remanent magnetization M s 
of the permanent magnet, its length £q and its cross-sectional area A0 are 
given. Furthermore, the air gap length 5, the total length £1 of the two
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legs of the ferromagnetic core, its cross-sectional area Ai =  An and the 
magnetization curve B\ — are given as well. It is required to find
the flux Фг through the air gap.

S tep  1. We replace the actual magnetic system by the equivalent magnetic 
circuit shown in Figure 3.42b. Here,

mmf =  M ,4 , (3.188)

П тз =  (3.189)
PoAo

Tina =  - 4 r i  (3-iso)
VqAq

Ф. =  * i ( u » l) ,  ^ i(u mi) =  Aofl . (3.191)

S tep  2. From the magnetic circuit shown in Figure 3.42b, we find

Ф1 =  Фа, (3.192)

mmf =  72.т з Ф1 + umi (Ф1) +  (3.193)

The last equation can be rearranged by separating linear and nonlinear 
parts,

mmf -  (Ктз + =  umi ^ i ) ,  (3.194)

and then solved graphically by using the same reasoning as in the previ
ous example. This graphical solution is illustrated by Figure 3.43. This 
concludes the discussion of this example.

3.5 H y steresis  and E ddy C urrent Losses

In previous sections of this chapter, we have discussed magnetic systems 
excited by coils with dc currents or by permanent magnets, and we have
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(a)

Fig- 3.44
(b)

developed the magnetic circuit theory to analyze such magnetic systems. 
In power engineering-related applications, magnetic systems are often ex
cited by ac currents. The magnetic circuit theory still can be used for the 
analysis of magnetic systems with ac excitations by applying this theory at 
each instant of time. Nevertheless, the ac excitations lead to new impor
tant effects such as generation of higher-order harmonics and appearance 
of energy losses due to the phenomena of hysteresis and eddy currents.

As far as the generation of higher-order harmonics is concerned, it occurs 
due to nonlinear magnetic properties of ferromagnetic cores. As a conse
quence of these nonlinear properties, sinusoidal (time-harmonic) variations 
of magnetic field result in non-sinusoidal time variations of magnetic flux 
density, and the other way around: sinusoidal variations of magnetic flux 
density result in non-sinusoidal variations of magnetic field. This implies 
that if magnetic systems are excited by sinusoidal currents then magnetic 
fluxes and voltages will not be sinusoidal and will contain higher-order har
monics in their Fourier series expansions. Similarly, if magnetic systems are 
excited by sinusoidal voltages applied to their coils, then currents in these 
coils will not be sinusoidal and will contain higher-order harmonics.

Next, we consider the phenomena of hysteresis and eddy current losses, 
which are often called core losses. The existence of these losses appreciably 
affects the actual design of magnetic systems of power equipment. We start 
with hysteresis losses and shall first discuss the issue of energy stored in the 
magnetic field of magnetic systems. To do this, consider a simple magnetic 
system shown in Figure 3.44a. For the input voltage across the terminals 
of the coil of this magnetic system we can write the equation
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where the last term represents the voltage induced in the coil by the time- 
varying magnetic flux through the ferromagnetic core. (As before, leakage 
flux is neglected.)

We shall next multiply both sides of equation (3.195) by i(t)dt:

v(t)i(t)dt  =  R i2(t)dt +  i(t)dip(t). (3.196)

It is apparent that

v(t)i{t)dt  =  p(t)dt =  dW , (3.197)

where d W  stands for an infinitesimal amount of energy supplied to the 
magnetic system during the time dt. It is also clear that

R i2{t)dt =  dWR (3.198)

is the amount of energy dissipated into heat during the time dt due to the 
ohmic resistance of the coil.

The last term in equation (3.196),

=  dWJt (3.199)

can be interpreted as the change in the energy stored in the magnetic 
field during the time dt. Thus, the equation (3.196) can be written as the 
following energy balance relation:

d W  =  dW R +  dWf . (3.200)

Next, we shall derive the expression for dWf  in terms of magnetic field and 
magnetic flux density. To this end, we shall apply Ampere’s Law to some 
magnetic field line L:

i  H (i) d l  =  Ni{t) .  (3.201)
J l

Since L is a magnetic field line and since within the framework of magnetic 
circuit theory magnetic field is assumed to be uniform, the integral in the 
last formula can be evaluated as follows:

H(t) d £ =  f  H(t)d£ =  H{t)e, (3 .202)
Jl Jl

where t  is the average length of the ferromagnetic core.
From formulas (3.201) and (3.202) we derive

iQ) -  (3.203)

On the other hand, we have

=  N d$ ( t )  =  NAdB(t ) ,  (3.204)



Magnetic Circuit Theory 113

where A is the normal cross-sectional area of the ferromagnetic core.
By substituting formulas (3.203) and (3.204) into equation (3.199), we 

derive

dWf =  £AH(t)dB(t)  =  VH(t)dB(t ),  (3.205)
where V =  £A is the volume of the ferromagnetic core.

By integrating the last equation, we find
В

W f =  V I HdB.=  VjJo
(3.206)

In the last equation Wf  has the meaning of the change in the energy stored 
in the magnetic field when the magnetic flux density is monotonically in
creased from zero to B. If the stored magnetic energy is equal to zero at 
5  =  0, then Wj  in (3.206) has the meaning of the energy stored in the 
magnetic field when magnetic flux density is equal to B.

In the case of linear constitutive relation В =  [ iH , from the last formula 
we find

В 2
Wj  =  V — . (3.207)

We shall apply the last formula to the case of magnetic systems with air 
gaps (see Figure 3.44b). In this case, the total magnetic energy consists of 
two distinct parts:

(1) energy Wfc stored in the magnetic field of the ferromagnetic core; 
and

(2) energy Wjs  stored in the magnetic field of the air gap:
Wf  =  W/c +  WfS. (3.208)

By using formula (3.207), we find

Wfc =  Vc~ ,  (3.209)
2 fic

W , i  =  V t ^ - .  (3.210)
J 2^o

Here, Vc and Vs are volumes of the core and the gap regions, respectively, цс 
is the magnetic permeability of the core, and the same value В  of magnetic 
flux density is used in the last two formulas to reflect the continuity of 
magnetic flux. It is instructive to compare W fc and Wfs  by evaluating the 
ratio

V / f c  _ V c  fJ-0 _ ДО f r j  911^
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where t c is the average length of the ferromagnetic core. It is typical that 

Aic > lOVo and l c « 5(W. (3.212)

Then,

Wf t «; l, (3.213)
W ji

and

W j  as WfS. (3.214)

Thus, by using high permeability ferromagnetic cores, the localization of 
stored magnetic energy in air gap regions can be achieved. The latter is 
very important because air gaps are the regions where the energy conver
sion occurs due to electromagnetic interactions between magnetic fields and 
currents (as will be evident later in studying electrical machines).

Next, we demonstrate that formula (3.206) can be used for the evalua
tion of hysteresis energy losses. Consider a hysteresis loop shown in Figure 
3.45a and assume that the magnetic field is monotonically increased from 0 
to Hm, resulting in monotonic increase in magnetic flux density (dB >  0) 
from — B T to B m. Then, according to formula (3.206), the increase in mag
netic energy provided by the source (through the energized coil) can be 
computed as follows:

fB„
W t  =  V j H d B  > 0. (3.215)

J -B r

It is clear that the integral in the last formula is equal to the shaded area 
shown in Figure 3.45a.

Next, consider the monotonic decrease of magnetic field from Hm to 0, 
resulting in monotonic decrease of magnetic flux density (dB < 0) from Brn 
to B T. Then, according to formula (3.206), the decrease in magnetic energy 
stored in the magnetic field (and returned to the source) can be computed 
as follows:

f Br
W 7  =  V  /  H d B  <  0. (3.216)

J JBm
It is clear that the absolute value of the integral in the last formula is equal 
to the shaded area shown in Figure 3.45b. Thus, the amount of energy W^c 
provided by the source to the magnetic media during one half-cycle is

W f c =  W;h + W f .  (3.217)
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It is clear from formulas (3.215) and (3.216) and their geometric interpre
tation (see Figure 3.45) that the last equation can be written in the form

(3.218)

where A ]oop is the area enclosed by the hysteresis loop. In formula (3.218) 
the coefficient ^ is used because the subtraction of shaded areas shown in 
Figure 3.45 results in the shaded area shown in Figure 3.46a, which is one 
half of the area enclosed by the hysteresis loop.

By using the same line of reasoning as before, we can find that during 
the negative half-cycle of magnetic field variation (from 0 to — Hm and 
back to 0), the amount of magnetic energy provided by the source to the 
ferromagnetic media will also be given by formula (3.218) with |>l|0oP being 
the unshaded area of the hysteresis loop. Thus, the total amount of energy 
W j c provided during the full cycle of variation of magnetic field is given
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Fig. 3.46

by the formula

wjc = VMloop. (3.219)

Since after one full cycle of variation of magnetic field, the magnetic field 
and magnetic flux density in the ferromagnetic core are the same as at 
the beginning of the cycle, the energy W j c provided by the source can 
be interpreted only as dissipated energy. This dissipated energy is fully 
controlled by the shape of the hysteresis loop, namely, by the area enclosed 
by the loop (see Figure 3.46b). This dissipation results in energy losses 
which are usually referred to as hysteresis losses. The power of these 
hysteresis losses is naturally given by the formula

Ph =  f W j c, (3.220)

because the number f  of full-cycle losses occur during one second. By 
combining formulas (3.219) and (3.220), we find

(3.221)

It is apparent that hysteresis losses can be appreciably reduced by using 
soft magnetic materials with narrow hysteresis loops (Figure 3.46c). These 
soft magnetic materials are used for the construction of ferromagnetic cores 
of many power devices (transformers, generators, motors, actuators, etc.)- 

Now, we switch to the discussion of eddy current losses in ferromagnetic 
cores. These losses exist because ferromagnetic cores have finite electric con
ductivity. For this reason, eddy currents are induced in these ferromagnetic 
cores when they are subject to time-varying magnetic fields. These induced 
currents result in energy losses called eddy current losses. To discuss these

Ph — f V  -^loop-
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losses, consider a piece of conducting ferromagnetic material shown in Fig
ure 3.47a. Suppose that this lamination is subject to the time-varying 
magnetic flux density

B(f) =  exB m coswi. (3.222)

This magnetic flux density will induce electric field whose field lines are in
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I

planes perpendicular to B(f). Consider one such line L x shown in Figure 
3.47a. According to Faraday’s Law of induction, we have

Ъ - М = - Л* х̂ г ,1\  (3.223)

where <$>x(z, t)  is the magnetic flux which links Lx .
By taking into account that the thickness of the ferromagnetic material 

is usually quite small (Д h), the integral in the last formula can be 
approximately evaluated as follows:

£ E - d t * s E y ( z , t ) 2 h .  (3.224)

For the flux Ф1(г,() we find

$ x ( z , t )  =  2hzBm cosut.  (3.225)

By substituting the last two formulas into equation (3.223), we derive

Ey (z, t )  — w zB m sinwt. (3.226)

The last expression can be written as

E y(z, t )  =  Emy(z) sinut,  (3.227)

where

E my(z) =  w zB m. (3.228)

Now, local power loss density can be computed as follows:

p(z, t) =  oE^(z,  t) =  a u 2z2B^n sin2 uit. (3.229)

From the last formula we easily find that the average over period T  =  
power loss density p(z) is given by the equation

p{z) =  (3-230)

The total eddy current power loss is then evaluated as follows:

Pec -  [  ( f  (  f  p(z)d2^  d y \  dx. (3.231)
j a y j  . t  y j  t  )  J 

By substituting formula (3.230) into the last equation and performing the 
integration, we find

Pec =  - a V ^ B ^ A 2, (3.232)

where V =  w hA  is the volume of the lamination.
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It is clear from the last formula that the eddy current losses can be 
reduced by reducing conductivity <r. This is usually achieved by deliberately 
doping steel with silicon. This doping reduces the intrinsic conductivity of 
steel without appreciably affecting its high magnetic permeability. Such a 
silicon-doped steel is often called transformer steel, and it is used in the 
construction of ferromagnetic (steel) cores of many power devices. There is 
also another efficient way to reduce eddy current losses by using laminated 
structures for ferromagnetic cores. In these structures, the steel cores are 
assembled from a very large number of thin steel laminations which are 
electrically isolated from one another by very thin oxidation (or varnish) 
layers. To illustrate this way of reducing eddy current losses, we shall 
compare two designs of steel cores, a) solid core and b) laminated core (see 
Figure 3 48). In the case of the solid core, we have

p« 5 =  (3-233) 

while in the case of the laminated core we derive

<3234>
where n is the total number of laminations. In deriving the last formula, we
simply used equation (3.232) for each lamination in the core assembly and
took into account that each such lamination has volume ~  and thickness 
д
П

The last formula can be written as

P<h) =  Д 2. (3.235)
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Prom equations (3.233) and (3.235) we find
p(o)

PS* =  - ^ r ,  (3.236)

which suggests that for a large number of thin laminations (n 1)

P<cb )« P ( ca). (3.237)
This implies that by using the laminated design of ferromagnetic cores, 
eddy current losses can be substantially reduced. For this reason, the lam
inated design of steel cores is customarily used in many power devices. It 
must be remarked that the laminated design comes with a price. This 
design reduces the mechanical rigidity of the cores and results in noise pro
duced by vibrations of the laminations in the core assembly. Furthermore, 
the laminated design may not be efficient enough for very high frequency 
applications which may occur in power electronics. For such applications, 
ferrite cores are used. Ferrites are ceramic compounds of transition metals 
with oxygen. They usually have relatively high permeability but very low 
(if any) electrical conductivity.

In the presented analysis of eddy current losses, it has been assumed 
that the magnetic flux density В is linearly polarized (see formula (3.222)), 
i.e., its direction does not change with time. Such situation is typical for 
transformers. However, in ac electrical machines, ferromagnetic cores are 
subject to rotating magnetic fields. For this reason, it is of interest to 
discuss how the polarization of magnetic fiux density affects eddy current 
losses. To this end, consider the case when a ferromagnetic lamination is 
subject to circularly polarized magnetic field with magnetic flux density 
given by the formula

B(i) =  exB m cosu>t 4- eyS m sinwt. (3.238)
It is clear that the ж-component of B(i) will induce electric field whose lines 
are in planes perpendicular to ex and the ^/-component of B(<) will induce 
electric fields whose lines are perpendicular to e y (see Figure 3.47b). It 
is also clear that the magnetic flux due to the y-component of B(i) does 
not link L x and, the other way around, the magnetic flux due to the x- 
component of B(t) does not link Ly . This means that Ex(z, t)  and E y (z, t )  
can be computed independently by using the same line of reasoning that has 
been used in the derivation of formulas (3.227) and (3.228). This implies 
that the following expressions are valid:

Ex( z , t ) =  - E mx(z)cosu)t, (3.239)
Ey (z, t) =  Emy(z) sinwf, (3.240)
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where

— uizBj n. (3.241)

From the last three formulas we find

p(z, t) — a  [££(z, i) 4. E%(z, ()] =  oupB ^z2. (3.242)

It is apparent from equation (3.242) that the local power loss density is 
constant in time. In other words, in the case of circular polarization of 
magnetic flux density, the eddy current energy dissipation occurs at a con
stant rate in time. This clearly suggests that rotational eddy current losses 
are higher than those for unidirectional (linearly polarized) magnetic fields. 
It is also clear that

p(z)  =  p ( z , t ) =  aui^B^z2. (3.243)

By using the last formula in equation (3.231), we derive

P £ r =  (3.244)

and
T~)dr __ rj plinec i (3.245)

where P™r is the eddy current power loss in the case of circular polarization 
of B(£), while P̂ 'J1 is the eddy current power loss of linear polarization of 
B(f) given by the formula (3.232).

The obtained result can be extended to the case of elliptical polarization 
of B(t):

B(t) = ехВт1 cosuit +  eyBmysinu}t. (3.246)

Indeed, by using the same line of reasoning as before, it can be established 
that

P!c =  +  В™У) Д2> (3-24?)

where P^  stands for the eddy current power loss in the case of elliptical 
polarization. It is apparent that the last formula can be written in the form

P £  -  + Р 'Г * , (3.248)

where P^n'x and P j”1’y stand for eddy current power losses associated with 
two unidirectional (along x- and ?/-axes) components of magnetic flux den
sity. The formulas (3.245) and (3.248) are consistent with experimental 
results reported in [54] and [61].
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It is important to stress that we derived analytical expressions for eddy 
current losses without invoking any assumptions concerning the magnetic 
properties of the laminations. The main limitation of our derivations is the 
tacit assumption that the magnetic flux density is uniform over a lamination 
cross section. This assumption ignores the magnetic field created by eddy 
currents that may result in nonuniform distribution of magnetic flux den
sity. This nonuniform distribution may lead to the increase in eddy current 
losses, which are usually called excess eddy current losses. The discussion 
of these excess losses is beyond the scope of this book. For this reason, we 
shall just mention that this discussion can be found in [36], [37], [38], [49], 
where it is demonstrated that nonlinear diffusion (penetration) of electro
magnetic fields occurs as an inward progress of almost rectangular fronts 
of magnetic flux density. As a consequence of this almost rectangular front 
motion, the magnetic flux density is not uniform even for relatively low 
frequencies, and this results in the increase of eddy current losses. Another 
explanation of excess eddy current losses based on the existence of domain 
structures within magnetic conductors was developed by G. Bertotti and it 
can be found in references [7], [8], [9].



Problem s

(1) Give a concise summary of the basic equations of electric circuit 
theory (terminal relations, continuity conditions, KCL and KVL 
equations).

(2) Explain how to write linearly independent KCL and KVL equa
tions.

(3) Give a concise summary of the definition of “phasor” and basic 
phasor relations in ac circuits.

(4) Derive formula (1.91).
(5) Consider an R C  circuit shown below. The measured peak values 

of voltages across the resistor and capacitor are 30 V and 40 V, 
respectively. What is the peak value of the input voltage? Solve 
this problem by visualizing the appropriate phasor diagram.

R
о----

Fig. P.l

(6) Construct the phasor diagram for the electric circuit shown in 
Figure P.2.

(7) Construct the phasor diagram for the electric circuit shown in 
Figure P.3.

(8) Construct the phasor diagram for the electric circuit shown in Fig
ure P.4.

(9) Consider an RLC  circuit shown in Figure P. 5 where inductive re-

123
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R

Fig. P. 2

Fig. P.3

— w -

Ci:

Fig. P.4

actance exceeds capacitive reactance. The measured peak values 
of input voltage and voltages across the resistor and capacitor are 
equal to 50 V, 30 V and 40 V, respectively. By using the appropri
ate phasor diagram, find the peak value of the voltage across the 
inductance.

R L
о— vW — W -

:~c

Fig. P.5
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(10) Prove the orthogonality conditions (2.4)-(2.9) for trigonometric 
functions.

(11) By using the orthogonality conditions, derive formulas (2.10)-(2.12) 
for Fourier coefficients.

(12) By assuming that function f ( t )  is differentiable, prove formulas 
(2.16) by integration by parts.

(13) Prove that the product of two even or two odd functions is an even 
function, while the product of an even and an odd function is an 
odd function.

(14) By using the frequency-domain technique, find i(t) in the electric 
circuit below when va(t) is defined by Figure 2.11.

(15) By using the frequency-domain technique, find i(t) in the electric 
circuit shown in Figure 2.16 when t>s(£) is defined by Figure 2.19.

(16) By using the frequency-domain technique, find i(t) in the electric 
circuit shown in Figure 2.14 when vs(t) is defined by Figure 2.19.

(17) By using the time-domain technique, find z(t) in the electric circuit 
shown in Figure P.6 when va(t) is defined by Figure 2.17.

(18) By using the time-domain technique, find i ( t) in the electric circuit 
shown in Figure 2.16 when v3(t) is defined by Figure 2.19.

(19) By using the time-domain technique, find i(t) in the electric circuit 
shown in Figure P.6 when ws(i) is defined by Figure 2.19.

(20) By using the time-domain technique, find г(£) in the electric circuit 
shown in Figure 2.18 when ua(t) is defined by Figure 2.17.

(21) Give a concise summary of the basic equations of magnetic circuit 
theory, including the main assumptions on which this theory is 
based.

(22) Consider the magnetic system shown in Figure P.7. The currents 
I\ and h  as well as the number of turns Nt and N2 are given along 
with the geometry and magnetic permeabilities of each leg, £*< , 
fj,k, (к =  1,2,3), and the length 6 of the air gap. By using the
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superposition principle, derive the expression for the magnetic flux 
through the air gap.

© ©
h
0 - * -

h
<
< \ N i '*'«5 ^ 2 ;

>
>< - T -  < — О

®

Fig. P.7

(23) State the definition of inductance. How does it depend on the num
ber of turns and magnetic permeability? Explain how inductance 
can be computed by using magnetic circuit theory. W hat is a leak
age inductance? Can it be computed by using the magnetic circuit 
theory?

(24) Derive the expression for the main inductance of the coil in the 
magnetic system shown below by assuming that the number of 
turns N,  the geometry and magnetic permeabilities of each leg / t ,  
Ak, V-k, (fe =  1,2,3) and the lengths S2 and <5з of the air gaps are 
given.
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Fig. P.8

(25) State the definition of mutual inductance of two coils. Is mutual 
inductance always smaller than each self-inductance? Explain how 
the magnetic circuit theory can be used for the calculation of mu
tual inductances.

(26) Derive the expression for M21 for the two coils in the magnetic 
system shown in Figure 3.19 and demonstrate that
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(27) How does the mutual inductance depend on the number of turns of 
the two coils and magnetic permeability of the ferromagnetic core? 
W hat are the main functions of ferromagnetic cores?

(28) Derive the expression for the mutual inductance between the two 
coils in the magnetic system shown in Figure P.7.

(29) What is a permanent magnet and what are the main figures of merit 
of permanent magnets? What is a demagnetizing field? What 
materials are used for permanent magnets?

(30) Describe concisely the two equivalent magnetic circuit models for 
ideal permanent magnets and provide the relevant formulas.

(31) Find the magnetic fluxes through the air gaps in the magnetic 
system shown in Figure P.9. Identify the quantity that must be 
given in order to solve this problem.

(32) How are the main equations of magnetic circuit theory modified in 
the case of nonlinear magnetic circuits?

(33) Explain the method of graphical analysis of nonlinear magnetic 
circuits and how it can be computerized.

(34) What is hysteresis of ferromagnetic materials? Give the formula 
for hysteresis power losses.

(35) What are eddy currents? Give the formula for eddy current losses 
and state the main assumptions for the validity of this formula.

(36) Explain how eddy current losses can be reduced. How does the 
polarization of magnetic field affect eddy current losses?

(37) Core losses are the sum of hysteresis and eddy current losses. If core 
losses are measured for two different frequencies, how can hysteresis 
and eddy current losses be separated?

(38) Suppose you measure core power losses for a particular magnetic 
circuit at two source excitation frequencies. For /  =  60 Hz you
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measure losses of 100 W and for /  =  75 Hz you measure losses of 
150 W, with the peak value of excitation voltage being the same 
in both cases. Assuming the losses are described by the classical 
equations for eddy current and hysteresis losses, what fractions of 
the total loss power are the eddy current losses and the hysteresis 
losses for the two cases given?

(39) For the device described in problem 38, what would the total core 
losses be at /  =  100 Hz if the peak value of excitation voltage 
remains the same?

(40) Demonstrate the validity of the formulas (3.247) and (3.248) for 
eddy current losses in the case of elliptical polarization of magnetic 
flux density.
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Introduction  to  Power System s

Chapter 1

1.1 B r ie f O verview  o f Power S ystem  Structure

In power systems various forms of energy are converted into electric energy. 
This process of conversion is called electric power generation. There are 
the following forms of energy that may be involved in the electric power 
generation process:

a) chemical energy,
b) heat energy,
c) mechanical energy,
d) nuclear energy,
e) solar energy and
f) electric energy.

The questions can be asked, “What is so special about electric energy that 
other forms of energy are converted into it?” and “Why is electric energy 
the backbone of modern civilization?” The reason is that electric energy 
(power) has the following unique features:

(1) It can be centrally generated in huge amounts at power plants.
(2) It can be transmitted over large distances with relatively small 

losses by using high-voltage transmission lines.
(3) It is quite versatile and can be converted into almost any desired 

form of energy.
(4) It is ideally suited for encoding, transmission and processing of 

digital (or analog) information.
(5) It has minimally intrusive nature, being present in households, of

fices and industrial areas without occupying much space and with
out much noise or other undesirable effects.
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12 -  30 kV 65 -  800 kV 4 - 3 5  kV

High Voltage Distribution
Transmission Lines

Fig. 1.1

Electric power systems are designed and constructed to utilize these unique 
features of electric energy. A schematic depiction of the simplest (so-called 
radial) model of electric power system is shown in Figure 1.1. It is apparent 
from this figure that electric power is generated in a power plant, where 
several stages of energy conversion may occur. Usually, the last stage is 
the conversion of mechanical energy into electric energy. This conversion is 
accomplished by using a synchronous generator and electric power is gener
ated as a three-phase ac power. This power is transmitted and distributed 
by means of four (or three) wires. The output voltage of synchronous gener
ators is typically between 12 kV and 30 kV. To transmit the electric power 
over large distances, this voltage is usually stepped up by using a trans
former. Then, electric power is transmitted over large distances by using 
high-voltage transmission lines. The voltage of such lines may vary from 
one line to another and it is typically between 65 kV and 800 kV. For trans
mitted electric power to be consumed, its voltage must be stepped down. 
This is accomplished by using step-down transformers and then electric 
power is distributed to customers. Power distribution occurs at different 
voltage levels with the highest level being between 4 kV and 35 kV. Usu
ally, there are several stages of voltage step down which are performed by 
transformers at power substations or by pole-mounted transformers and, 
finally, electric power is delivered to customers. In the US, this power is 
delivered to residential customers at the voltage of 120 V.

It is clear from the presented discussion that electric power systems 
have three major components: generation, transmission and distribution. 
These components are briefly discussed below. Before proceeding with this 
discussion, it is worthwhile to stress three important principles that have 
historically been adopted in the development of electric power systems.

(1) Electric power systems must be designed and operated to provide
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electric power to customers at more or less constant peak (or rms) 
value of voltage and constant frequency despite continuously and 
unpredictably changing loads.

(2) Electric power systems are designed and operated to generate elec
tric power on demand.

(3) Generation of electric power is accomplished by using high energy 
density conversion devices. The latter means that it is desirable to 
construct generators with maximum output power per unit weight.

Historically, these three principles have been instrumental in the design and 
operation of efficient, reliable and environmentally friendly power systems. 
During the past three decades, some revision of these basic principles has 
been under way.

Next, we briefly review the generation of electric energy which occurs in 
power plants. There are different types of power plants depending on the 
original source of energy. In a fossil fuel power plant the original source of 
energy is the chemical energy of fossil fuel (coal, natural gas or oil). There 
are three stages of energy conversion. The first stage of energy conversion 
is combustion in a furnace and the chemical energy is eventually converted 
into the thermal energy of steam. In the second stage, the steam drives 
a turbine and in this way thermal energy is converted into mechanical 
energy. Finally, the steam (or gas) turbine is mechanically coupled to the 
rotor of a synchronous generator and, in this stage, mechanical energy is 
converted into electric energy. According to data provided by the Energy 
Information Administration of the US Department of Energy, in the US in 
2012 about 68% of electric power was generated by fossil fuel plants. Here, 
the previously dominant role of coal is being gradually reduced and replaced 
by gas. In 2012, about 37% of electric power was generated by coal-fired 
power plants, about 30% of electric power was generated by gas-fired power 
plants and only about 1% was generated by oil-fired power plants. Gas 
generation results in less pollution by carbon dioxide and, for this reason, 
it is more environmentally friendly. Gas generation is currently driven by 
the availability of relatively cheap natural gas that has been achieved due to 
the dramatic progress in the technology of horizontal drilling and hydraulic 
fracturing (commonly known as fracking).

In nuclear power plants, the primary source of energy is nuclear. The 
physical origin of nuclear energy is the strong interaction that holds (binds) 
neutrons and protons together in the nucleus of an atom. In nuclear reac
tors, a controlled nuclear fission (splitting of nucleus) process occurs which 
results in conversion of nuclear energy into heat and eventual production of

Introduction to Power Systems 133



134 Fundamentals of Electric Power Engineering

steam. The second stage is the conversion of thermal energy of steam into 
mechanical energy by using steam turbines. Finally, mechanical energy is 
converted into electric energy by using synchronous generators. In 2012, 
about 19% of electric power in the US was generated by using nuclear power 
plants.

In hydro-power plants the mechanical (gravitational) energy of falling 
water is converted into electric energy. These power plants require the 
construction of dams to divert and store water, as well as to control its 
flow, the use of water turbines (water wheels) and salient pole synchronous 
generators. In 2012, about 7% of electric power in the US was generated 
by hydro-power plants. This percentage will drop with time because most 
of the available sources of hydro-power have already been developed.

Recently, a strong emphasis has been placed on using renewable energy 
in electric power generation. This emphasis has led to the increase in elec
tric power production by using wind and solar energies as primary energy 
sources. Recent statistics suggest that about 5% of electric power in the 
US has been generated by using these two renewable sources. In the case 
of wind generation, airflows produced by winds drive wind turbines which 
are mechanically coupled with synchronous (or induction) generators that 
convert mechanical energy into electricity. In the case of solar generation, 
photovoltaic semiconductor devices are used to convert solar radiation into 
dc electricity. The physical mechanism of this conversion is the generation 
by light of electrons and holes in depletion regions of p-n junctions which are 
subsequently driven in opposite directions by electric fields in these deple
tion regions. The main advantage of wind and solar generation is that these 
means of electric power generation are clean, i.e., without any direct detri
mental effects to the environment. However, solar and wind power plants 
do not generate electric power on demand but instead intermittently. Fur
thermore, solar and wind electric power generation is accomplished by using 
low energy density conversion devices. This makes renewable electric power 
generation less cost effective than traditional (fossil fuel or nuclear) power 
generation. This also raises legitimate questions concerning the overall en
vironmental benefits of renewable sources if these benefits are measured 
over the entire life cycle, i.e., “from dust to dust.” Finally, there are also 
issues of integration of renewables into existing three-phase power systems.

As has been mentioned before, electric power is generated as three- 
phase ac power of constant frequency. The constant frequency is achieved 
by maintaining constant speed of rotation of rotors of synchronous genera
tors. In the US this frequency is 60 Hz, in Europe and some parts of Asia
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this frequency is 50 Hz, while in aviation ac power of 400 Hz is used. At 
higher frequencies, lighter and more compact power devices (generators, 
motors and transformers) can be used. However, higher frequencies result 
in higher energy losses (heat dissipation) and require more efficient cooling 
techniques.

Next, we shall discuss transmission and distribution components of elec
tric power systems. In many respects, these components are similar. The 
main difference is that electric power transmission occurs at appreciably 
higher voltages than distribution. In general, the longer the transmission 
distance, the higher the voltage level Furthermore, transmission lines are 
usually run from substation to substation and provide bulk power trans
mission, while numerous distribution lines run through populated areas to 
reach individual customers and deliver only some small fraction of bulk 
transmitted power.

There are two types of transmission and distribution lines: overhead 
lines and underground lines. Overhead lines are constructed by using sup
port structures consisting of steel towers and/or wooden poles with vertical 
strings of suspension insulators to which multi-strand conducting wires of 
power lines are attached. Aluminum alloys are most frequently used for 
conducting wires, while the use of copper is rare. Copper has better con
ductivity, but aluminum is lighter and cheaper. Underground transmission 
and distribution lines are insulated high-voltage cables. They are predom
inantly used in highly populated metropolitan areas. Their construction 
is more expensive than the construction of overhead transmission and dis
tribution lines, but they are much less affected by inclement weather, take 
less of valuable real estate (land) and have much lower visibility.

The question can be asked why high voltages are used for transmission 
and distribution. The first reason is that the use of high voltages reduces 
transmission and distribution losses. Indeed, the following formulas can be 
used for transmitted (pir(t)) and loss (pioss(t)) powers:

where r is the per unit length resistance of transmission (or distribution) 
line wire.

It is apparent from the last two formulas that if the same power is 
transmitted at higher voltage and lower current this will result in smaller 
per unit length losses. Currently, transmission and distribution losses vary 
mostly within 5% to 15% of transmitted power.

Ptr(t)  =  v(t)i (t) ,  

Ploss(t') — (^),

(1.1)
(1 .2 )
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The second reason to use high voltage transmission is to increase the 
transmission capacity of the transmission line. Below, we shall illustrate 
this by considering a very simplified model of dc transmission line shown 
in Figure 1.2, where R  stands for the overall resistance of connecting wires 
and R(  is the resistance of the load to which dc power P( is delivered at 
voltage Vf. From Figure 1.2, we find that

Pt =  VeI  (1.3)
and

Vb-V<I ~
R

(1.4)

which results in

P , , '  =  . (1.5)

The last equation is graphically illustrated by Figure 1.3. It is clear from 
formula (1.5) that the maximum transmitted power (i.e., transmission ca
pacity) is given by the formula

M
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No power above Pe,max can be transmitted. The last formula implies that 
the higher the voltage of a dc transmission line, the higher its transmis
sion capacity. The last formula also implies that the smaller the resistance 
of the dc line conductors, the higher the transmission capacity. The lat
ter fact suggests that the use of superconducting wires may dramatically 
increase the transmission capacity. This capacity will be limited by the 
value of critical current of a superconductor, i.e., by the current at which 
superconductivity is destroyed. This discussion clearly suggests that the 
progress in high-temperature superconductor physics and technology may 
have a dramatic effect on future structures of power systems.

Next, it is appropriate to discuss briefly the nature of loads in power 
systems. These loads can be subdivided into three distinct groups: res
idential, commercial and industrial. These loads vary depending on the 
time of day, the season of the year and from year to year. Load studies are 
very important and indispensable in planning the future development of a 
particular power system to meet future power demands. The most difficult 
component of load studies is the long-term prediction of future power de
mands associated with industrial loads. These future demands are affected 
by the state of the economy and manufacturing globalization.

The model of a power system shown in Figure 1.1 is quite simplistic 
in nature and illustrates the transmission of electric power from a sin
gle power plant in one direction toward closely localized loads. In reality, 
transmission lines are strongly interconnected among various power plants 
and utilities. These interconnected power plants and utilities form electric 
power grids which exist in the US on a continental scale. There are the 
following advantages of power grids: 1) mutual assistance in times of emer
gency; 2) possibilities for long-term power trade among various utilities; 3) 
possibilities for short-term power trades between neighboring utilities; and 
4) facilitation of the creation of a global electric power market within the 
framework of deregulated utilities.

Finally, it is appropriate to discuss briefly the structure of utility com
panies which operate power systems and the concept of deregulation of 
the utility industry. Historically, utility companies were created and oper
ated as regulated and vertically integrated monopolies. They were natural 
monopolies because it was recognized and accepted that it would be detri
mental to the environment to have several competing utilities in the same 
area with different (and redundant) transmission and distribution lines. 
These monopolies were vertically integrated because they owned and were 
responsible for the operation of all three components of the power systems
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(generation, transmission and distribution) as well as for serving all of their 
customers in the area of their monopoly. These monopolies were regulated 
because special regulatory committees controlled how much these vertically 
integrated monopolies could charge their customers for the delivered elec
tric power. This structure of electric power utilities was quite successful for 
many years. However, during the past two decades the new idea has been 
advanced that the generated electric energy as a product is fundamentally 
distinct from transmission and distribution as a service. On this basis, 
it was suggested and partially implemented that electric power generation 
should be open to competition rather than being the monopoly of local util
ities. This resulted in formation of global energy markets where customers 
have opportunities to purchase electric power from different providers. It 
has been argued that the competition on the generation side of the util
ity business will eventually result in the reduction of electric energy cost. 
This cost reduction has not yet materialized. Deregulation raises many 
fundamental questions concerning the operation of interconnected power 
systems. However, the analysis of these issues is well beyond the scope of 
this brief review.

1.2 T h ree-P h a se  C ircu its and T heir A n a lysis

It is discussed in the previous section that ac electric power is generated, 
transmitted and distributed as three-phase power. In this section, we dis
cuss the basic facts related to three-phase circuits and their analysis.

In three-phase circuits, there are three voltage sources va(t), Vb(t) and 
vc(t) which have the same peak value, the same frequency and are phase- 
shifted with respect to one another by 2тг/3:

va(t) =  Vm cosut,  (1-7)

Vb(t) -  Vm cos ( cjt -  , (1-8)
4 ** /

vc{t) =  Vm cos (uit -  . (1-9)

These voltage sources are usually connected into “star” (Y) or “delta” (Д)- 
We shall first discuss the star connection of voltage sources and star con
nection of load. This configuration of three-phase circuits is illustrated by 
Figure 1.4. It is clear from this figure that there are four wires that con
nect the star of voltage sources with the star of loads. They are lines a, b
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a

Fig. 1.4

and с as well as the neutral. Impedances Za, Zb and Zc represent different 
phase loads that are connected between the neutral and lines a, b and c, 
respectively. Va, Ц, and Vc are the phasors of voltages va(t), Vb{t) and vc(t), 
respectively. It follows from formulas (1.7)-(1.9) that these phasors can be 
written as follows:

Va =  Vmi Vb =  Vme - & ,  Vc =  Vme - i ¥ .  (1.10)

It is customary in the theory of three-phase systems to use the notation

(1 .11) 

a 4 = a .  (1.12)

(1.13)

It is obvious that

a 2 =  e j '* , a 3 -  1,

Ve =  a 2Va.

Prom formulas (1.10)-(1.12) we find

t  =  Vm, Vb =  «V;,

It is clear from the presented discussion that multiplication of a phasor by 
ce is equivalent to the phase shift in time by 27r/3 for the corresponding 
sinusoidal quantity.

It can be easily proved that

(1.14)1 +  a  +  a  =  0.

Indeed, by treating the left-hand side of formula (1.14) as a geometric series, 
we find that

2 1 -  a 3 n1 +  a  +  a  — --------— 0,
1 — a

(1.15)
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because a 3 = 1 (see (1.12)).
From formulas (1.13) and (1.14), we derive

Va +  Vb + V c =  0 .

The last equation implies that

va{t) +  vb{t) +  vc{t) =  0.

( 1 .1 6 )

(1.17)

The last formula expresses a simple mathematical fact that the sum of three 
sinusoidal quantities of the same peak value, the same frequency and phase- 
shifted with respect to one another by 2ir/Z is equal to zero at any instant 
of time. This mathematical fact will be frequently used in our subsequent 
discussions.

It is customary in the case of three-phase circuits to speak about phase 
and line voltages. Phase voltages are measured between the neutral and 
one of the lines a, b and c. It is clear that Va, Vb and Vc are the phasors of 
the phase voltages and their peak values are the same:

Vb (1.18)Vc\ = vm=vph,
where Vph is the notation for the common peak value of the phase voltages.

Line voltages are measured between different pairs of lines. This means 
that there are three line voltages

(1.19)Vab =  va-  Vb, 

v bc =  v b -  K , 

T/ca =  Ve -  Va.

(1.20)

(1.21)

It is clear from Figure 1.4 and the last three formulas that Vab represents the 
phasor of the line voltage measured between lines a and b, Vbc is the phasor 
of the line voltage measured between lines b and c, while Vca means the 
phasor of the line voltage between lines с and a. On the basis of symmetry, 
it is clear that the peak values of line voltages are the same:

Vab =  \V bc Vr, =  Vt, ( 1.22)

where V( is the common peak value of the line voltages. The last equality 
can be made geometrically transparent by constructing the phasor diagram 
shown in Figure 1.5a. In this diagram, the lengths of phasors Va, Vj and Vc 
and geometric angles between them are consistent with formulas (1.7), (1-8) 
and (1.9), while the diagram representations of phasors Vab, Vbc and Vca 
are consistent with formulas (1.19)-(1.21). It is clear from Figure 1.5a that
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Fig. 1.5

isosceles triangles aO'b, ЬО'с and cO'a are identical and can be obtained 
from one another through rotation by 2-7г/3. This implies the validity of 
formula (1.22). By using Figure 1.5b, it is easy to find the relation between 
the peak values of line and phase voltages. Indeed, from this figure follows 
that

V4 =  |V^| = 2  | ^ |  cos Q  = 2 V ph^ y t (1.23)

which leads to

vt = Vzvph. (1.24)

In the US, the typical rms (root mean square) values of phase and line 
voltages are 120V and 208V, 208V and 360V, 360V and 620V, etc.

Furthermore, it is clear from Figure 1.5a that the line voltages are phase- 
shifted from one another by 2?r/3. Consequently,

Vbc =  aVab, Vca =  a 2Vab. (1.25)

From the last formula and equation (1.14) follows that

Vab +  Vbc +  — 0. (1.26)

The last formula implies that at any instant of time

v<xb{t) +Vbc(t) + vca(t) -  0. (1.27)

It is interesting to find explicit expressions for ĉa («. it
is clear from Figure 1.5b that

vab(t) =  >/ЗУт  cos (wt +  . (1-28)
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h

Fig. 1.6

Taking into account that line voltages are phase-shifted by 2tt/3,  we find

Now, it is easy to write expressions for the phasors of the line voltages:

phase circuit shown in Figure 1.4. It is clear from this figure that as a 
result of the presence of the neutral the same peak (or rms) value of voltage 
can be maintained across the loads represented by impedances Za, Z]} and 
Zc despite their possible variations in time due to changing loads. This 
conclusion is achieved by ignoring in the three-phase circuit shown in Figure 
1.4 the impedances of connecting lines a, b and с and the neutral. To 
analyze the effect of these impedances on the ability to maintain more or 
less constant peak value of voltages across the loads, we shall analyze the 
electric circuit shown in Figure 1.6. The intrinsic simplicity of the circuit 
shown in this figure is revealed by the observation that there are only two 
nodes (O' and О ) in this circuit. To take advantage of this simplicity, we 
choose node O' as a reference node with zero potential,

(1.29)

(1.30)

Vo' =  0 . (1.32)
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Then, the analysis of the circuit can be performed by using the following 
two steps.
S tep  1. It is apparent from Figure 1.6 and equation (1.32) that

J =  К - V o  f  V b - V o  - _  Vc - V o  f  _ _ V o  ( .
‘  Za + z>a' -b Zb + Z ‘b' lc Zc + Z ‘c ' in ~ zn ( 1 -3 3 )  

Next, we introduce admittances

У а  =  +  Z '  ■ Yb =  Zb + Zb' Vc =  z^Tz^' Yn^ x  ( 1 ' 3 4 )  

and rewrite the equations in (1.33) as follows:

h  =  Ya (Va -  V0 )  , Ib =  Yb ( f t  -  Vb) , h  =  Yc (Vf -  Vo) , 

L  =  - Y nV0 - (1.35)

It is apparent that if Vo is found then all currents can be found by using 
the last formulas in (1.35) or the formulas in (1.33).

S tep  2. From the Kirchhoff Current Law for node 0 ,  we find

Ia + Д +  Ic 4- /„ =  0. (1.36)

By substituting the expressions from (1.35) into the last equation, we find 

Ya ( v a -  Vo) +  Yb ( v b -  Vo) + vc (vc -  Va ) -  YnV0 =  0, (1.37) 

which can be further transformed as

YaVa +  YbVb +  уЛ  =  (Ya +  Yb +  Yc +  Yn)Vo (1.38)
and leads to

*  YaVa + YbVt + YCVC 
°  Ya + Y b +  Yc +  Yn -

(1.39)

This completes the analysis of the electric circuit shown in Figure 1.6. 
Indeed, by computing Vb from formula (1.39) and then using the computed 
value of V0  in formulas from (1.33), we can find all the currents.

Formula (1.39) is of special interest because the deviations of Vq from 
zero reflect deviations of voltages across the phase loads. Indeed, if \Zn\ is 
very small and, consequently, |УП| is very large, then according to (1.39)

Vb sj 0. (1.40)

Furthermore, if line impedances Z ', Z\  and Z ’c are small in comparison 
with load impedances Za, Zb and Zc, then the peak values of the voltages 
across the load impedances can be maintained approximately the same.
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(1.41)

(1.42)

By using the last formula as well as formula (1.16) in equation (1.39), we 
derive

Thus, in the case of balanced load, the current through the neutral is equal

shifted with respect to one another by 2тг/3. This is a very important fact 
because, as discussed in Chapter 4, such currents through stationary (but 
distributed) windings may create uniformly rotating magnetic fields. Such 
fields are at the very foundation of the principles of operation of ac electric 
machines (i.e., generators and motors). The ability to create uniformly 
rotating magnetic fields was historically one of the main reasons why three- 
phase circuits (and three-phase power systems) were introduced. It is also 
discussed in Chapter 4 that unbalanced loads are very detrimental to the 
operation of synchronous generators because they may result in induction of 
appreciable eddy currents in the solid rotors of these generators, leading to 
their heating. Thus, the balanced load is the preferable mode of operation 
of power systems, and utility companies usually take special measures to 
achieve it.

In the case of balanced load, the analysis of three-phase circuits can 
be substantially simplified by using the concept of “per-phase analysis.” 
Indeed, consider instead of the three-phase circuit shown in Figure 1.6 a 
very simple single-phase circuit shown in Figure 1.7. According to this 
figure, we have

П
(1.43)

From (1.33) and (1.43), we conclude that

Now, taking into account formulas (1.13) and (1.41), we find

I b , I  с =  & - (1.45)

to zero, while Ia, 1ь and Ic have the same peak values and are phase-

(1.46)
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Fig. 1.7

Fig. 1.8

which is identical to the first formula in (1-44). As soon as /„ is found, 
formulas in (1.45) can be used to find Д and Ic. Thus, in the case of 
balanced load, per-phase analysis leads to the same result as the analysis 
of the three-phase circuit shown in Figure 1.6.

We conclude this section by considering the analysis of a more compli
cated three-phase circuit with a delta connection of loads shown in Figure 
1.8. In this circuit, three-phase voltages as well as all impedances are given, 
and the purpose of analysis is to find all marked currents. It is interesting 
to note that in the case when line impedances Z 'a , Z ‘b and Z'c are very small 
and negligible, then load impedances Zab, Zbc and Zca are subject to line 
voltages and all currents can be easily found. Furthermore, in this case 
peak (or rms) values of load voltages are maintained the same regardless of 
variations of load impedances. The analysis of the circuit shown in Figure
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Fig. 1.9

1.8 may be of interest in order to understand how line impedances Z'a, Z'b 
and Z'c may affect the variation of load voltages. This analysis can be ac
complished by using the following three steps.

S tep  1. is to replace the delta connection by the equivalent star connection 
(see Figure 1.9). This means that we have to find Z a, Zb and Zc in terms of 
Zab, Zbc and Zca. It can be proved (the proof is based on a superposition 
argument and it is omitted here) that “star” and “delta” connections are 
equivalent if impedances between any two identical nodes of these connec
tions are the same. By computing impedances between nodes a and b, b 
and c, and с and a for star and delta connections and equating them, we 
arrive at the following linear simultaneous equations with respect to Za, Zb 
and Zc:

Zab{Zbc +  Zca)Za +  Zb =

Zb +  Zc —

zc + za~

Z ab + Zbe + Z ca 
ZbcjZgb + Zca) 

Zcjj + Zbc ' ZCa 
Z Ca { Z ab + Zbc)

(1-47)

(1.48)

(1.49)
Zab Zbc "t" Zca

It is easy to check that the solution of these equations is given by the 
formulas

ZabZCazn =

=

Zab + Zbc + Z c, 
Zbc Zab 

Zab + Zbc + Zct
____Z c a  Z b c

Zab + Zbc + Z Cl

(1.50)

(1.51)

(1.52)

S tep  2. is to analyze the three-phase circuit shown in Figure 1.10, which is 
obtained as a result of equivalent transformation of delta into star. Since
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this circuit is equivalent to the circuit shown in Figure 1.8, currents Ia, Ib 
and Ic are the same in both circuits. These currents can be found in the 
same way as for the circuit shown in Figure 1.6 with only one simplification 
that for the circuit in Figure 1.10 Zn =  oo and, consequently, Yn = 0. The 
currents Ia, lb and Ic can be computed by using sequentially the following 
formulas:

1  * -  1  -  != Yc =
Za +  Щ 1 i0 Zb + Z ' ’ ' c Zc + Z '’ 

л  Ya%  +  YbVb +  Ycvc 
Vo -

(1.53)

(1.54)
Ya +  Yb +  Yc ’ 

i* =  Y*(va - V 0 ) ,  tb =  Y b ( V b - V o ) ,  h  = Yc (vc - V o ) .  (1.55)
S tep  3. Now, by taking into account that the voltages between a and 6, b 
and c, and с and a for the circuits shown in Figures 1.8 and 1.10 are the 
same, we derive

Kb L Z a ~ h Z b
lab —

Zab Zab
- Vbc _  h Z b ~ IcZc
*ЬС Г7 ry

■“  be &be
IcZc — i aZa

lm -

(1.56)

(1.57)

(1.58)

This completes the analysis of the three-phase circuit in Figure 1.8.
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1.3 AC Pow er an d  Pow er F acto r

In this section, we shall discuss issues related to ac power. First, we consider 
the case of single-phase load shown in Figure 1.11. We assume that input 
voltage and current are sinusoidal,

v(t)  =  Vm CQs(wt +  ifiv), (1.59)
*(£) =  / m cos(wf +  tpi). (1.60)

Then, for instantaneous power p(t) delivered to the load, we have

p(t) =  VmIm cos(wt +  ipv) cos(urt +  ipi). (161)

By using a simple trigonometric identity, the last formula can be trans
formed as

P(*) =  ^m/ m |co s(w  -  ifi) +  cos(2ut  +  ifv  +  Vi)]- (1-62) 

By taking into account that

<pv ~ <Pi =  (1.63)

we find

p(t) =  Улфи  cos ip +  cos(2wf + ipv +  <Pi)- (1-64)

Thus, the instantaneous power has two distinct components: one that does 
not change with time and another that oscillates with double frequency. 
Power consumption is usually characterized by average power P  defined as

P = ^ j \ ( t ) d t ,  (1-65)

where T  =  is the period of the ac voltage and current.
From formulas (1.64) and (1.65) we derive

( 1 .6 6 )P - cos (p.

Load
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Indeed, the integration of the second term in the right-hand side of formula 
(1.64) yields гего because the integration is performed over two periods of 
the cosine function, while the integration of the first term in the right-hand 
side leads to equation (1.66).

The last formula is often written in terms of rms values of voltage and 
current,

P  =  V I  cosip, (1-67)

where V =  Vm/y/2  and I =  Im/\ /2.
We shall next introduce the notion of complex power, which allows to 

compute P  by using phasors of voltage V  and current I. The complex 
power S  is defined as

(1.68)

where I* stands for the complex conjugate of I.
The last formula admits the following transformation:

g  _  r J v v  J  £ -j< P i —

This means that

S  =
VmIm -Vfnlm

• cas<p+j -
z 'J.

Recalling equation (1.66), the last formula can be written as

S =  P  +  jQ ,

where

Q = ■ Sin ip

(1.69)

(1.70)

(1.71)

(1.72)

is called reactive power. This power is generated but not consumed. This 
power is provided to increase the energy stored in electromagnetic fields of 
power loads. It is clear that the origin of this power is due to the presence 
of energy storage elements (capacitors and inductors) in power loads which 
are responsible for time phase shift between input voltages and currents. 
However, at resonance conditions when input voltages and currents are in 
phase (sin ip =  0), no reactive power is generated and provided to the loads. 
At these resonance conditions, exchange of reactive power occurs between 
capacitive and inductive components of the power loads.
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From formulas (1.68) and (1.71), we obtain the following expressions for 
active (P ) and reactive (Q ) powers in terms of phasors:

Next, we shall return to formula (1.66) and discuss the very important 
issue of power factor, which is defined as cos ip in that formula. It has 
already been discussed that one of the principles adopted in operation of 
power systems is to provide electric power to a customer at more or less 
constant peak value Vm of voltage. Thus, if a certain (fixed) amount of 
power has to be delivered to a load at constant Vm, this means that the 
product Im cos ip is fixed as well. As a result, there are two options of de
livering the same power: at higher peak value of current and lower value 
of power factor, or lower peak value of current and higher value of power 
factor. It is obvious that the second option is preferable. This is because 
if the same power is delivered at smaller peak value of current, then this 
power delivery results in smaller power losses in the connecting wires of dis
tribution and transmission lines. These power losses are unproductive and 
they result in heating of the environment as well as in the overall increase 
of the cost of consumed power. Thus, the problem of adjustment of power 
factor presents itself. For inductive-type loads where input voltages lead in 
time input currents, the adjustment of power factor can be accomplished 
by placing capacitors across loads and choosing proper values of their ca
pacitances. We shall discuss this m atter in detail below. The first step in 
choosing the proper capacitance is the representation of inductive load by 
the equivalent RL  circuit shown in Figure 1.12. The resistance and induc
tance of this equivalent circuit can be determined (identified) by applying 
to the load an ac voltage of known peak value Vm and then measuring the

(1.73)

(1.74)
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peak value Im of the input current and active power P.  The parameters of 
the RL  circuit can be chosen to result in the same 7m and P  for the same 
Vm. Indeed, the impedance Z of the RL  circuit can be written as

Z  — \Z\eiip — \Z \cos ip +  j \ Z \sin ip =  R  +  ju>L, 

and, consequently,

R=\Z\cos<p,  ljL = \Z\ sin vs.

From the measured data we find
V

W  =  - r - ,
i p

cos <P -  —

(1.75)

(1.76)

(1.77)

By using the last two expressions in (1.76), we can find the resistance and 
inductance of the equivalent RL  circuit.

Now, we can proceed to the calculation of capacitance С  of the capacitor 
placed across the terminals of the inductive-type load (see Figure 1.13a) 
that adjusts the power factor to one. The calculation is based on the 
equivalent circuit shown in Figure 1.13b. According to KCL, we have

I  =  i c  +  It- (1-78)

On the other hand, the following expressions can be written for Ic  and If.

I c  =  j v C V ,  (1-79)

R — jw L  
R  +  j u L  ~  ' R 2 +  u 2L2

_  V =4
R uL  Л

R 2 +u}2L 2 ~ J R 2 + w 2L2)
(1.80)
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By substituting the last two formulas into equation (1.78), after simple 
transformations we find

We choose capacitance С  in such a way that

“ C ~ W ^ 4 > = 0' (L82)
which is the case if

С  =
R 2 +  ш2Ь2 '

(1.83)

If the capacitance is chosen in accordance with formula (1.83), then the 
equation (1.81) is reduced to

‘ - B t t i ? * -  (lfM)

T e 3 V l  - (1.85)
R 2 + cj2L2 ‘

It is apparent from the last formula that

tpv -  Vi, <p =  <fiv — <Pi =  0, cos<p =  l, (1.86)

and the adjustment of power factor is accomplished.
It is apparent that the choice of capacitance in accordance with formula 

(1.83) results in a resonance condition where no reactive power is supplied 
to the load from generators and instead there exists an exchange of reactive 
power between the inductor of the load and the capacitor.

Practically, adjustment of power factor exactly to one does not occur 
because loads (and the inductances and resistances representing them) vary 
with time. There is another, more fundamental reason not to adjust the 
power factor exactly to one. This is because a leading power factor (tp < 0) 
may have a beneficial effect on maintaining constant peak value voltage 
across the loads as they vary in time. We consider this problem in detail 
because it is quite interesting in its own right. To start the discussion, 
consider a simple (per-phase) circuit model of ac transmission line shown 
in Figure 1.14. Here, the effect of the transmission line is modeled by 
reactance X ,  while the load (with parallel capacitance for power factor 
adjustment) is represented by impedance Resistance of the transmission 
line is neglected because it is usually much smaller than reactance X.  We
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Zt

want to study how the peak value Vme of the voltage across the load varies 
with consumed power P  as well as what the maximum power Pmax that 
can be delivered to the load is. It is apparent that this problem is similar 
to the problem discussed in the first section of this chapter (see Figure 1.2) 
for the case of dc transmission. It is apparent that there exists some phase 
shift в  in time between the source voltage v s ( t )  and the load voltage V ( ( t ) :

vs(t) = Vmscoswt, 

vt (t) = cos(wf ■ в ) .

This means that

V, =  К™,

V, =  Vmte - je . 

From the circuit shown in Figure 1.14, we find

Vs - V tI  =
j X

and

r  =  j
v; уi

Now by using formula (1.68), we find

5  =
V I * vt  ( v :  -  *y)

2X 2 >

or

S —
v,v: VI
2X ~ J 2X  

Next, by using formulas (1.89), (1.90) and (1.94), we obtain

t, VmeVms j ( s -g)  „-Knf 
й "  2X - 3 2 X '

(1.87)
(1.88)

(1.89)

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)

(1.95)
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which can be further transformed as follows:
6 VmtVma f V mlVms V*e\
s = - v r s a , e + , ' C ^ i r m 9 - - & ) -

According to formulas (1.66), (1.71) and (1.72), we can write

S  =  P(1 +  jo ) ,

where

a  =  tan ip.

By comparing formulas (1.96) and (1.97), we conclude that

■ sin 8,
2X

a P  =  ---—;--- COS t
V 2m l

2 X  2X
The last equation can be written in the form

D ^  K t  ^m,VmC .
С‘Р + 2 Х = ^ Г СЖв

From formulas (1.99) and (1.101), we derive

/  V 2 \  V 2 V 2
p 2  + . [ n p  + . 1 _  Vm s Vm l

V Mf j  4 X 2 '

(1.96)

(1.97)

(1.98)

(1.99) 

(1.100)

(1.101)

(1.102)

This is the sought equation that relates the peak value V m e of the voltage 
across the load to the consumed power P.  It is clear that this is a quadratic 
equation for V^e. If its discriminant D  is positive for a given P.  then it has 
two real solutions. It has one real solution when the discriminant is equal 
to zero and no real solution when the discriminant is negative. Thus, there 
are two distinct branches of the relation Vme vs. P.

Consider first the case of P  =  0. Then, according to equation (1.102), 
we find

V 4 y 2 V2„mi _  rm$ v ml
4X 4 X 2

(1.103)

It is obvious that the last equation has two solutions,

Vm( — 0 and Vm( =  Kns- 

For the sake of notational simplicity, we introduce new variable

A =  V.TTlt

(1.104)

(1.105)
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a (  Л \ 2 V 2
P - + { a P + 2 x )  = A4 ^ ’ (1Л06)

which can be further transformed to result in

д2 -  A i v L  ~  4a X P ) + 4 ( 1  +  a 2) X 2P 2 =  0. (1.107) 

For the discriminant of this equation, we find

D  =  I  [ivL  ~ 4aXP)2 -  16 (1 + a 2) X 2P 2] 5 . (1.108)

It is clear from the last formula that D > 0 for P  =  0 and that D is 
decreased as P  is increased. Thus, the value Pmax at which

D  =  0 (1.109)

satisfies the equation

and rewrite the equation (1.102) as

-  4a X P max =  4>/l +~оРХРта*, (1.1Ю)

and, consequently,

V 2p _ ms‘ max —
4 X  ( V T + c ?  +  a)

(1.111)

It is clear that Pmax has the physical meaning of maximum power that 
can be delivered to the load. Indeed, a power larger than Pmax is not 
consistent with peak value Vm( of the load voltage being a real number. In 
the particular case when the power factor is adjusted to one (i.e., ip =  0), 
from formulas (1.98) and (1.111) we find

P m a * =  (1-112)

which is similar to formula (1.6). It is also easy to see from formula (1.111) 
that Pmax is monotonically increased if a  is negative and decreased. This 
suggests that a leading power factor (<p < 0) may be beneficial in increasing 
p1 m a x  ■

Furthermore, from equation (1.107) we find that under the condition 
(1.109),

з 4otXРщах -̂j
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Fig. 1.15

According to formula (1.105), this means that the maximum power Pmax 
can be delivered at load voltage peak value which is given by the
equation

(1.114)

This is the value of Vme at which the lower and upper branches of Vmt 
vs. P  are connected. The last formula suggests that V""^1 is increased 
and approaches Vms when a  is negative. This means that a leading power 
factor (<p < 0) may be beneficial in maintaining Vme for varying loads.

The presented discussion is illustrated by Figure 1.15 where relations 
Vmt vs. P  are plotted for different values of power factor. It is interesting 
to mention that the existence of lower branches of relations V,„e vs. P  is 
sometimes used for the explanation of the “voltage collapse” phenomenon 
that has been observed in power systems.

We conclude this section by the discussion of ac power in three-phase 
circuits with balanced load (Figure 1.16). In the case of balanced load

Za =  Zb =  Zc, (1.115)

and, for this reason, the phase shifts in time between load voltage and load 
current are the same for all three phases:

4>a =  Ч>Ъ =  Фс =  <P- (1.116)
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Fig. 1.16

By using this fact, we find

Pa(t)  =  Ue (*)i«(f) =  lVm C0Stijf][/m COs(tjt -  !*>)]

V  Tv m*n
'■ COS ip  +

A  ‘  2

Pb(t) =  vb (t)ib(t) =

cos(2wf — <p),

V,n cos ( ujt -  ^
2n

Im cos wi — — -

VmIm vml m (  4 tt\
cos ip H------— cos I 2ut — tp — — j  ,

Pc(t)  =  vc{t)ic{t) =

VmIm

2

KnCOS
( 4тг\1 ' /  4?r

• COS
JT- . 2jt\^  H-----—  cos I 2wt -  ifi -  —  I .

The total instantaneous power is given by the equation

P(t) =Pa( t)  +Pb(t) +Pc(t)-  
By using formulas (1.117), (1.118), (1.119) and (1.120), we get

3Vm/ m VmI,n
p{t) =  — -—  cos tp + ■— cos(2uif - < p ) +  cos ^2uit -

{  4тгУ+ cos I 2uit -  ip -  —  I .

(1.117)

(1.118)

V\
(1.119)

( 1.120)

2тЛ
3 )  

( 1. 121)

It is clear that the expression in brackets in the last formula is equal to 
zero, because the sum of three sinusoidal functions of the same frequency
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and phase-shifted by ~  with respect to one another is equal to zero at any 
instant of time. Thus,

3
p(t) =  - V mIm cosip =  const, (1.122)

which means that in three-phase circuits with balanced loads electric energy 
is consumed at a constant rate in time. The last equation also implies that

P  =  p(t) =  ^VmIm cos ip. (1.123)

In the last equation Vm and Im are peak values of phase voltage and current. 
The last formula can be written in the equivalent form

P  =  s / w eIpk cos </>, (1.124)

where V( and Ivh are rms values of line voltage and phase current. It is left 
to the reader as a simple exercise to prove the last formula.
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C h a p t e r  2

2.1 F au lt A nalysis by Using th e  Thevenin  Theorem .

It has been discussed previously that it is very desirable to operate power 
systems under balanced load conditions and usually special efforts are made 
to achieve this mode of operation. However, these balanced load conditions 
may be disrupted by faults in power systems. Power line faults are the 
most common because the power lines are exposed to inclement weather 
conditions such as lightning strikes, icing, high winds, trees falling, etc. Line 
faults may result in very large currents that may damage very expensive 
power equipment. For this reason, proper relay protection systems are used 
to detect faults and minimize their destructive effects. The design of the 
relay protection systems is based on accurate predictions of fault currents in 
power systems. Such predictions can be obtained through accurate analysis 
of line faults.

The most typical line faults are the single line-to-ground (SLG) faults, 
line-to-line (LL) faults and double line-to-ground (DLG) faults. The analy
sis of these faults is discussed in this chapter, and two techniques axe devel
oped to carry out this analysis. The first technique, which is presented in 
this section, is based on the Thevenin theorem, while the second technique 
is based on the very important concept of symmetrical components and 
extensively discussed in subsequent sections of this chapter.

We begin with a basic review of the Thevenin theorem. Consider a 
branch with impedance Z  connected to an active linear circuit (see Figure 
2.1a). The term “active” implies that this circuit contains voltage (and/or 
current) sources. The Thevenin theorem states that as far as the current I  
through this branch is concerned, the linear active circuit can be replaced 
by an equivalent nonideal voltage source shown in Figure 2.1b. If the pa-

159
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rameters Va and Zs of the nonideal voltage source are computed, then the 
current I  can be easily determined:

(2 .1)

The proof of the Thevenin theorem is baaed on the linearity of the active 
circuit and it is usually given in textbooks on electric circuit theory (see, 
for instance, [35]). This proof also reveals the physical meaning of Vj and 
Zs, and this allows to formulate the following three-step technique for the 
analysis of electric circuits based on the Thevenin theorem.

S tep  1. The branch with impedance Z is removed (see Figure 2.2) and the 
open-circuit voltage Voc across the open terminals is computed. Usually, 
the removal of impedance Z  greatly simplifies the circuit and makes its

I  =
Zs +  Z
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analysis relatively easy. It turns out that (see [35])

V, =  V„, (2.2)
S tep  2. In this step, the active circuit shown in Figure 2.3a is transformed 
into a passive circuit by replacing voltage sources by short-circuit branches 
and current sources by open-circuit branches (see Figure 2.3). Then, the in
put impedance Zin of this passive circuit with respect to the open terminals 
is computed (see Figure 2.3b). It turns out that (see [35])

(2.3)Z.  — Zii
S tep  3. Once the open-circuit voltage and input impedance are computed, 
then the finding of current I is accomplished by using formula (2.1).

Now, we proceed with the application of the Thevenin theorem to the 
analysis of SLG fault shown in Figure 2.4a. The location of SLG fault is 
marked by letters a, b and с on lines connected to Va, I4  and Vc, respectively. 
Impedances of these lines before the location of the fault are the same and 
equal to Z ‘. Impedances of the lines after the fault location are connected in 
series with the load impedances and their lumped (equivalent) impedances 
are equal to Z. It is apparent that before the fault the current In through 
the grounded neutral is equal to zero. It is also clear from the circuit shown 
in Figure 2.4a that immediately after the SLG fault this current is equal to 
the fault current If. Thus, the measured current In can be used in principle 
for the detection of fault occurrence as well as its location. The latter may 
be possible because the analysis performed below results in explicit formulas 
for I j  in terms of Z \  which depends on the fault location.

To find the fault current I /  (and subsequently all currents), we shall use 
the Thevenin equivalent circuit shown in Figure 2.4b. The analysis consists 
of the following four steps.
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Fig. 2.4

S tep  1. The branch with impedance Zj  is removed and voltage Voc across 
the open terminals is computed. The removal of Zf  results in the circuit 
shown in Figure 2.5a. This is a three-phase circuit under balanced load 
conditions. For this reason, the potentials of nodes O' and О are the same 
and equal to zero (Vb' =  Vo =  0) and the current In is equal to zero as 
well. To find Voc, the per-phase analysis (see Figure 2.5b) can be used, 
which easily leads to the following formula:

й  =  =  (2-4)
Z j -T

S tep  2. The active circuit shown in Figure 2.5a is transformed into the 
passive circuit (see Figure 2.6a) by replacing voltage sources by short-circuit 
branches. Now, the input impedance of this passive circuit with respect 
to the open terminals a and g must be computed. The computation is
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(b)

Fig. 2.5

appreciably simplified by redrawing this circuit in the form shown in Figure 
2.6b. Indeed, as a result of this redrawing, series and parallel connections of 
different impedances become easily recognizable, and the input impedance 
can be computed as follows:

(2.5)

After simple algebraic transformation, the last formula can be written as

(32' +  Z) Z  +  3Zn (Z' +  Z)
3 (Z1 +  Z)Zg — Zi, (2.6)
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Fig. 2.6

S tep  3. Now, we can compute the fault current / / b y  using the formula

(2.7)

According to formula (2.6), we find

^ „  (3Z' +  Z ) Z  +  3(ZTt +  Z f ) ( Z / +  Z)
Zs +  Z / --------------------3 (Z' +  Z)

By substituting formulas (2.4) and (2.8) into equation (2.7), we obtain

(2 .8)

3 Z
If  Va(3Z' +  Z ) Z  +  3(Zn +  Zf ) (Z'  +  Z)'

(2.9)



'

Step  4. Finally, we can find all currents in the three-phase circuit shown 
in Figure 2.4a. Indeed, it is clear from this figure that Z/  and Zn are 
connected in series. Consequently, we have

L  =  i f .  (2. io)

Then, by using KVL for the loop traced from a to g , from g to О and from 
О to a, we find

i f ( z f  +  z n) - i az  =  o (2.П)

and

4  =  / / ^ —  (2.12)

Next, by applying KCL to the node a, we conclude that

i'a =  i a +  i } .  (2.13)

Now, by applying KVL to the loop traced from О to a, from a to O', from 
O' to b and from b to О , we obtain

+ i aZ - h { Z '  +  Z)  =  Va - V b, (2.14)

which leads to

; V b - V a +I'aZ' +  faZ  ,Л1СЧ
/k = --------- z r T z  • (2-15)

Finally, by using KCL for the node O’, we have

7c = - ( 7 ; + / b) .  (2.16)

Thus, by computing the fault current according to equation (2.9) and then 
by using formulas (2.10), (2.12), (2.13), (2.15) and (2.16), we can compute 
all currents in the three-phase circuit shown in Figure 2.4a. This concludes 
the analysis of a single line-to-ground (SLG) fault.

Next, by using the Thevenin Theorem, we consider analysis of line-to- 
line (LL) fault shown in Figure 2.7a. As before, the central idea of our 
analysis is to reduce the three-phase circuit shown in Figure 2.7a to the 
Thevenin equivalent circuit shown in Figure 2.7b. The analysis consists of 
the following four steps.
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S tep  1. The impedance Zj  is removed and voltage Voc across the open 
terminals is computed. The removal of Zj  results in the circuit shown in 
Figure 2.8. This is a three-phase circuit with balanced load. Consequently,
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(b)

Vc

i a =
vn

Fig. 2.7

lb Otlai Ic =  Cx I a ■ (2.17)
Z' +  Z'

Now, by using KVL for the loop traced from a to О , from О to 6 and from 
b to a, we find

i aZ - i bZ - V oc =  0, (2.18)

which leads to
Vc c = ( i a - h ) z .  (2.19)

According to the first two formulas from (2.17), the last equation can be 
transformed as follows:

(2 -2°)Z' +  Z
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Fig. 2.8

S tep  2. The active circuit shown in Figure 2.8 is transformed to the 
passive circuit shown in Figure 2.9a. This is done by replacing the voltage 
sources by short-circuit branches. Now, the input impedance of this passive 
circuit with respect to the open terminals a and b must be computed. The 
computation is greatly simplified by redrawing this circuit as shown in 
Figure 2.9b. (Please note that the line с branch consisting of Z' and Z  is 
omitted because it is short-circuited.) From Figure 2.9b, we find

Z'Z
7  ■ =  9 -

Z ' Z '
(2.21)

S tep  3. Now, we can compute the fault current Ij  by using the formula

V,
If  =

According to equation (2.21), we have

■Zj'

Z, +  Zf  =
2Z'Z  + Zs {Z‘ +  Z)

(2 .22)

(2.23)
Z ' +  Z

By substituting formulas (2.20) and (2.23) into equation (2.22), we arrive 
at

\ l f  =  Va
( l - Q ) Z

2 Z'Z +  Zf {Z' +  z y
(2.24)
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Z '

(b)

O'

Fig. 2.9

S tep  4. Finally, we can find all currents in the three-phase circuit shown 
in Figure 2.7a. Indeed, by using KVL for the loop traced from O' to a, 
from a to О and from О to O', we find

which leads to

Then,

^Ia +  Ij'j Z' +  IaZ — Va ,

f Vg -  I jZ '  
Z' +  Z '

i ‘a = ia + i}-

(2.25)

(2.26) 

(2.27)
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Similarly, by using KVL for the loop traced from O' to b, from b to О and 
from О to O', we obtain

by using formulas (2.26), (2.27), (2.29), (2.30), (2.31) and (2.32), we can 
compute all currents in the three-phase circuit shown in Figure 2.7a. This 
concludes the analysis of LL fault.

In the conclusion of this section, we shall sketch the analysis of double 
line-to-ground (DLG) fault by using the Thevenin theorem. This fault is 
presented in Figure 2.10a. The central idea of our analysis is to reduce the 
three-phase circuit shown in Figure 2.10a to the Thevenin equivalent circuit 
shown in Figure 2.10b. As before, the analysis consists of the following four 
steps.

Step 1 . The impedance Z j is removed and voltage Voc across the open 
terminals is computed. The removal of Z£ results in the circuit shown in 
Figure 2.11. This circuit is identical to the three-phase circuit of SLG fault 
analyzed at the beginning of this section. By using this analysis Va =  Voc 
can be found.

(2.28)

which leads to

(2.29)

and then

/£ = h  -  If- (2.30)

Current Ic is found by applying KVL to the loop traced from O' to c, from 
с to О and from О to O':

/ ,  - __ l i _
e Z' + Z

(2.31)

By using KCL for node O, we find

Thus, by computing the fault current If  using equation (2.24) and then

Step 2 . The active circuit shown in Figure 2.11 is replaced by the passive 
circuit shown in Figure 2.12a. This is done by replacing voltage sources 
by short-circuit branches. Then, this passive circuit is redrawn as shown
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Fig. 2.10

in Figure 2.12b to make series and parallel connections apparent. The re
drawn circuit is used to compute Zs — Zin.

Step 3. Now, the fault current Ib{ can be computed by using the Thevenin 
equivalent circuit as well as Vs and Zs found in the first and second steps, 
respectively.

Step 4. By using the found value of h f ,  all currents in the three-phase 
circuit shown in Figure 2.10a can be computed. This can be done by 
computing these currents in the following order: Д> I'b, Ic, I'a, Ia and Iaj .  
It is left to the reader as an exercise to perform all the computations and 
derivations sketched in our discussion.
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Fig. 2.11

2.2 Symmetrical Components

The method of symmetrical components was developed in electric power 
engineering for the analysis of unbalanced regimes and faults in power sys
tems. In this section, we present the definition and the basic mathematical 
facts related to the symmetrical components. In the subsequent two sec
tions, these facts are extensively used for the analysis of faults in power 
systems.

Symmetrical components can be introduced for three-phase currents 
and three-phase voltages or any other three-phase quantities. We first con
sider three-phase currents. There are three distinct sets of symmetrical 
components: the positive-sequence set, the negative-sequence set and the 
zero-sequence set. These sets are defined below.

In the case of the positive-sequence set, one deals with three phasors

i t  (2'33)/+  la i Lb >
with the properties

| /+  j _  I r+ _  f / + 1\1a — с  i

/+  _  a f+ /+  =  a2I +

(2.34)

(2.35)

where, as before, a  =  e 3 . It is worthwhile to point out that the prop
erty (2.34) follows from the property (2.35). These three phasors can be
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z f  
Fig. 2.12

considered as the phasors of three electric currents of the same frequency 
and the same peak values but phase-shifted with respect to one another by 
Яр. A phasor diagram for these currents is shown in Figure 2.13a.

In the case of the negative-sequence set, one deals with three phasors

with the properties

1ь. К

4 1 =  К  =  К  .

(2.36)

(2.37)
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(«) (Ь)

rO f0 fO
О О С

(с)

Fig. 2.13

/ Г = а 2^ ,  (2.38)

Again, it is apparent that relation (2.37) follows from (2.38). These three 
phasors can be considered as the phasors of three electric currents of the 
same frequency and the same peak values but phase-shifted by ^  with 
respect to one another. A phasor diagram for these currents is shown in 
Figure 2.13b.

Finally, in the case of the zero-sequence set, one deals with three phasors

tf. ic (2.39)
with the properties

1° =  Д° =  (2-40)

These three phasors can be considered as the phasors of three electric cur
rents of the same frequency and the same peak values and which axe in 
phase with one another. A phasor diagram for these currents is shown in 
Figure 2.13c.
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I ,

Fig. 2.14

It turns out that an arbitrary set of three currents with phasors Ia, h  
and Ic (see Figure 2.14) can be decomposed into symmetrical components. 
Mathematically, this means that

/«  =  4° +  %  +  ! - ,  (2-41)

h  =  i°b (2.42)

ic =  i 0,  + 1+ + (2.43)
By using the properties of symmetrical components expressed by formulas 
(2.34), (2.35), (2.37), (2.38) and (2.40), the last three equations can be 
written as follows:

(2.44)la — la +  la +  4  i
ib =  i°a +  a i +  +  a 2i - ,  

1  =  i°n + a 2i +  + a t .

(2.45)

(2.46)

The last three equations can be construed as linear simultaneous equations 
with respect to /J, I*  and 1~. It is shown below that the solution of the 
simultaneous equations is given by the following formulas:

ia =  I  (fa  +  h  +  Ic ) ,

i+ = ^ (L + a 2ib + aic), 

, =  2  ( i a +  drib +  0 2/c l

(2.47)

(2.48)

(2.49)

The proof of formulas (2.47), (2.48) and (2.49) proceeds as follows. To 
derive formula (2.47), we add up all three equations (2.44), (2.45) and
(2.46). This yields

Ia +  ib +  i c =  3 /0  +  ( l  +  a  +  a2) i +  +  (1 +  a 2 +  a) 7 “ . (2 .50)
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Now, by taking into account that 1 + a +  a2 = 0 ,  we arrive at formula
(2.47). To derive formula (2.48), we multiply both sides of equation (2.45) 
by a 2, both sides of equation (2.46) by a and add them all with equation
(2.44). This yields

la +  a2Ib + ale =  (1 + a 2 + a) /° + ( l  + a 3 + a3) 7+ + ( l  + a4 + a2)
(2.51)

By taking into account that a 3 =  1 and a 4 =  a, from the last expression we 
easily obtain formula (2.48). By using the same line of reasoning, formula 
(2.49) can be derived. Its derivation is left to the reader as a simple exercise.

So far, we have discussed symmetrical components for three-phase cur
rents. Symmetrical components for three-phase voltages can he intro
duced in the identical way. Namely, we consider the positive-sequence set, 
negative-sequence set and zero-sequence set of voltage phasors

V +,V b+ ,V + ; V~,Vb~>K~\ f ? .  (2-52)
which are related to one another by formulas similar to (2.34)-(2.35), (2.37)- 
(2.38) and (2.40), respectively. Then, for an arbitrary set of three voitages 
with phasors Va, Vb and Vc we have relations mathematically identical to 
formulas (2.44)-(2.46) and (2.47)-(2.49):

(2.53)

(2.54)

(2.55) 

and

(2.56)

(2.57)

(2.58)

It is worthwhile to point out that by using formulas (2.47)-(2.49) and (2.56)- 
(2.58) we can compute 1°, /+ ,  l~  and Уа°, 1/+, V~, i.e., symmetrical 
components associated with phase a. Then, symmetrical components for 
phases b and с can be determined by using formulas (2.35), (2.38) and (2.40) 
for currents and similar formulas for voltages.

It is apparent from the above discussion that the transformations from 
three-phase quantities to their symmetrical components are linear transfor
mations. For this reason, any linear combination of three-phase quantities

К  =  v °  +  v +  +

Vb =  V? +  aV+ + a 2 V~, 

Vc -  V° +  a2V+ +  aV~
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can be represented as the same linear combination of their symmetrical 
components.

Now, we consider some examples that will be used in our future discus
sions.

Example 1. Given

fa ^ o ,  Ib = l e =  0, (2.59)

it is required to find symmetrical components /+  and
By substituting formulas (2.59) into equations (2.47), (2.48) and (2.49), 

we find

£  =  £  =  (2-60) J
Example 2. Given

Va =  Vb =  Vc, (2.61)

it is required to find symmetrical components V®, and V ~ .
By using the relation (2.61) in formulas (2.56), (2.57) and (2.58) and 

taking into account that 1 +  ct +  a 2 =  0, we find

v;0 =  Va, while V+  =  V -  =  0. (2-62)

Example 3, Given a set of three-phase voltages

Va, Vb =  aVa, Vc =  a 2Va, (2.63)

it is required to find l/a°, V+  and V ~ .
By using relations (2.63) in formulas (2.56), (2.57) and (2.58), we easily 

establish that

V+ =  % , while V° =  V~ =  0. (2.64)

Example 4. Consider three currents Ia, Д and Ic in three branches 
connected into star (without a neutral) as shown in Figure 2.15. It is 
required to prove that

7° -  0. (2.65)

According to KCL, we have

i a  +  h  +  i c  =  0- (2.66)

Then, by using formula (2.47), we conclude that

4° Л  ( / a +  /b +  / c) = 0 .  (2.67)
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Fig. 2.15

Thus, it can be concluded that a star connection (without neutral) can
be used as a filter of zero-sequence components of three-phase currents. 
It is also easy to prove that a delta connection may serve as a filter of 
zero-sequence components of three-phase voltages.

Next, we introduce some matrices associated with symmetrical compo
nents. To this end, we interpret phasors Уа, 14 and Vc as well as V®, 
and V~  as components of three-dimensional vectors

Then, equations (2.53)-(2.55) can be written in the matrix form as

(2.68)

(2.69)

where

A = (2.70)

Similarly, equations (2.56)-(2.58) can be written in the form

(2.71)

where

(2.72)
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It is apparent from formulas (2.69) and (2.71) that

В — A  1 and A  =  B -1 , (2.73)

i.e., matrices В  and A  are inverses of one another. It is apparent that 
equations (2.44)-(2.46) and (2.47)-(2.49) can also be written in terms of 
matrices A  and B.

It is also useful to write equations (2.53)-(2.55) in the following vector 
form:

%\ / 1 \ / 1 \ / 1 \
=  K? ( 1 ) +  V+ I a  ) +  V -  | a 2 | . (2.74)t

\V CJ \ i / /  \ a /

It is clear from the last formula that vectors

e - (2.75)

serve as basis vectors in the symmetrical component decomposition o f ar
bitrary vector (Va, Vi,, VC)T. It is easy and interesting to demonstrate that 
vectors e°, e + and e -  are orthogonal with respect to inner product

(х >у ) =  (2-76)
*=i

Indeed, we have 

Similarly,

(e + , e °) =  1 +  a  +  a 2 =  0. (2-77)

(e “ ,e ° )  =  1 +  a 2 +  a  =  0. (2.78)

Finally,

(e + ,e “ ) =  1 + 0; (a2)* +  a2a* =  1 +  aa* (a* +  л)

=  l +  |a|2 ( e ^  + с ~ * Ъ )  = l  +  2 c o s y  =  0. (2.79)

(Alternatively, the previous result can be shown by noting that a* =  ar-J 
Thus, vectors e°, e+ and e “  form an orthogonal basis in the decomposition 
(2.74). It is easy to see that the components of these vectors represent the 
zero-sequence set, the positive-sequence set and the negative-sequence set of 
phasors with magnitudes normalized (equal) to one. This explains the use 
of superscripts “0", “+ ” and for these vectors. Furthermore, vectors 
e°, e + and e -  are eigenvectors of specific matrices frequently encountered
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in power systems with balanced loads. In generic form, these matrices can 
be written as follows:

T =  с d + c с , (2.80)

where d and с are arbitrary complex numbers. These matrices have the 
same diagonal elements and the same off-diagonal elements. We shall next 
prove that

Te° =  (d +  3c)e°, (2.81)
T e+ =  de+ (2.82)

and

Т е ” — de~. (2.83)

First, we prove formula (2.81) by using the following calculations:

( d +  c с с \ / 1 \
Te° = |  с d +  c с j j 1 1 

\ с с d +  с/ \ 1 /

/d +  3c\ /1 4
= j d + 3c | = (d + 3c) I 1 | = (d  + 3c)e°. (2.84) 

\d +  З с /  V 1J

Next, we prove formula (2.82):

(
d +  c с с \ /  1 \ 

с d + c  с j I a | 
с с d +  c )  \q2J

/  d +  с (l +  a  +  a 2) \ /  1 \
=  I ad +  с (l +  a  +  a 2) I =  d I a j = d e + , (2.85) 

\a2d +  е(1 +  а  +  а 2) /  \oc2J

where again the fact that 1 +  a  +  a 2 =  0 has been used.
The proof of formula (2.83) is similar to the proof of formida (2.82) and 

is left to the reader as a simple exercise.
Thus, it has been established that e°, e+ and e-  are eigenvectors of 

T-type matrices with eigenvalues d +  3c, d and d, respectively. This means 
that the symmetrical component decomposition (2.74) can be construed 
as an eigenvector decomposition. It is also interesting to observe that the 
columns and rows of matrix A  coincide with the vectors e ,̂ e+ and e ,
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i.e., with the eigenvectors of T  matrices. For this reason, T  matrices can 
be diagonalized by the following similarity transformation:

/d +  3c 0 0\
A -:IT A  =  f 0 d 0 ] . (2.86)

\ 0 0 d j

This fact is well known from linear algebra and it will be instrumental in 
the derivation of the sequence networks discussed in the next section.

2.3 Sequence N etw orks

In this section, we derive the sequence networks for symmetrical compo
nents applicable to a general fault case of three-phase circuits shown in 
Figure 2.16. In the next section, these sequence networks will be used for 
the analysis of particular (SLG, LL and DLG) faults. The derivation con
sists of four distinct steps.

Step 1. In this step, three coupled equations for Ia, Д, Jc and Iл/ , Д /, 
Icf  are constructed. This is done by writing first the following four KCL
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%  — ia +  ia f,

I'b =  h  +  ib f i 

i ' - ! t  +  i Cf ,  

in  =  ia + Л + i c-

equations for nodes o, b, с and О :

(2.87)

(2 .88)

(2.89)

(2.90)

Then, we use these formulas in writing the following three KVL equations 
for the loops that can be easily recognized from the equation structures:

('ia + ia/J z ' + iaz  + ( ia + if, + ic) z n — va, (2 91) 

(Jb + ibf) z 1 + ibZ -+ ( la + Д +  i c)  Zn = Vb, (2.92)

( ie + h })  z ' + icz  + + A + A^ z n — vc. (2.93)

Step 2 . In this step, we transform these coupled equations to the form that 
can be represented in terms of a T-type matrix. In doing so, we combine 
terms with the same currents Ia, Д and Ic and move terms with the fault 
currents to the right-hand sides. These transformations yield

ia (Z' + Z +  z„) +  % zn + icz n = 14  -  iafz', (2.94) 

iaz n + ib{z ' + z  +  z n) +  icz n =  vb -  hfZ ', (2.95) 

iaz n +  ibz n + ic (z' + z  + z n) = ve -  icfZ'. (2.96)

Now, we introduce the matrix

/ Z' + Z + Zn Zn Zn \
T =  I Z' + Z + Zn Zn 1 (2.97)

\ z n z n Z' + Z + ZnJ
and write the coupled equations in the matrix form

( % - i afz'\
=  Й  -  h f Z '  ■ (2 98)

\vc -  icfz ' )

Step 3. In this step, we demonstrate that the last coupled equations can 
be completely decoupled when they are written in terms of symmetrical 
components. To this end, we introduce the following change of variables:

(2.99)
( i a ) (%\
L =  A

ww
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where 7a , 7+ and 7n are symmetrical components of 7a, Д and 7C.
Similarly, we represent the vector in the right-hand side of equation 

(2.98) in terms of symmetrical components,

(va- i afz'\ № - i * fZ'\
Vb -  h fZ '  I =  A  \V+ -  j+ Z '  I , (2.100)

\VC- I c lz > )  \ v - - i - } z ’j

where V ®, T/a+ and V t are symmetrical components of Va, Vb and Vc, while 
laf an^ Iaj  are symmetrical components of / „ / ,  If,/ and f rj -  In writing 

formula (2.100), we also tacitly used the linearity of the transformation 
between three physical quantities and their symmetrical components.

It has been shown in Example 3 of the previous section that for three- 
phase voltages Va, Vb =  aVa and Vc =  a 2Va, we have

V+ =  Va, while V° =  V~ =  0. (2.101)
By using the relations in (2.101), we can rewrite formula (2.100) as follows:

(V a -  ia fZ'\ (  \
I Vb -  i bfZ' I =  A  I Va -  I+f Z' \ . (2.102)
V c - i c f Z ' J  \  - ! - f z '  )

By substituting formulas (2.99) and (2.102) into equation (2.98), we obtain

fn\ ( -%jZ' I
Т А  j 7+ | =  A  | Va -  t f Z ‘ I . (2.103)

\iaJ \ -i-aSz> J
Next, we multiply both sides of equation (2.103) by A -1 to get

( - 4V ' \
A _1T A  7+ =  I Va J f c f Z' | . (2.104)

\ i r j  v  - ' w  1

Now, by recalling formula (2.86) and taking into account that according to
(2.97), d — Z ‘ +  Z  and с =  Zn, we find

iZ ‘ +  Z +  3Zn 0 0 N 
A -1 T A  =  I 0 Z ' +  Z  0 |. (2.105)

\ 0 0 Z ' +  Z /
This means that equation (2.104) can be written in the form

/z' +  z  + 3zn о о \ f  i°\  (  \
| 0 Z ' +  Z  0 I 7+ =  j Va -  I+f Z' I . (2.106)
\ 0 0 Z ' +  Z /  \ i -J  \ J
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Fig. 2.17

Thus, we have arrived at the set of three decoupled equations for symmet
rical components /£, /+  and

Step 4. In this step, each of the decoupled equations (2.106) is interpreted 
as a KVL equation for a specific circuit called a sequence network. We start 
with the first equation,

4° (Z' +  Z +  3Zn) =  -I°a fZ\ (2.107)

and represent it in the form

(jZ  +  % } ' ) z '  +  % (Z  +  3Zn) =  0. (2.108)

Next, we can write the three equations (2.87), (2.88) and (2.89) in terms 
of symmetrical components as follows:

= jo + jo^ (2109)

% +) = %  +  %/, (2.110)

(2-n l )

where Ia°\ Ia+' and la * are symmetrical components of I'b and / ' .  
By using formula (2.109), equation (2.108) is transformed as follows:

I '^ Z ' + I ° {Z  +  3Zn) =  0. (2.112)

Now, it is clear that the last equation can be interpreted as the KVL equa
tion for the zero-sequence network shown in Figure 2.17. It is also clear
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Fig. 2.18

that the KCL equations at nodes a and g are identical to equation (2.109). 
The reason why these nodes are marked as a and g and the voltage across 
these nodes is marked as V°g will be explained later.

The second equation in (2.106) is

f+ (Z‘ + Z) =  Va -  I+Z'. (2.113)

This equation can be written in the form

( J j  +  J jk ) 2 '  +  I + Z  =  V a . (2-114)

By taking into account equation (2.110), we find

T ^ Z 1 +  % Z  =  Va. (2.И5)

Now, it is clear that the last equation can be interpreted as the KVL equa
tion for the positive-sequence network shown in Figure 2.18. Furthermore, 
the KCL equations at nodes a and g are equivalent to equation (2.110). 

Finally, the last equation in (2.106) is

t- [z' + z) = - ! ; fz\ (2.116)

which is equivalent to

( / a-  +  I~f ) Z' +  i - Z  =  0. (2.117)

By using equation (2.111), we find

i ' ^ Z '  +  I~ Z  =  0. (2-П 8)
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The last equation can be interpreted as the KVL equation for the negative- 
sequence network shown in Figure 2.19. It is also clear that the KCL 
equations for nodes a and g are identical to equation (2.111).

To conclude the derivation of the sequence networks shown in Figures 
2.17, 2.18 and 2.19, it is necessary to explain the rationale behind the 
markings of the nodes and the voltages across these nodes in these networks. 
To this end, we shall use the original three-phase circuit shown in Figure 
2.16 and write the following KVL equations for the loops that can be easily 
identified from the equation structures:

Va =  I'aZ' +  Vag, (2.119)

Vb =  7 'Z ' +  Vbg, (2.120)

Vc =  i'cZ' +  Vcg. (2.121)
These three equations can be written in terms of symmetrical components 
as follows:

0 =  i'â Z '  +  V°g, (2.122)

Va =  4 +>Z' +  V+, (2.123)

0 =  % - ’> Z '+ V - ,  (2.124)

where V®g, Ц+ and V~g are symmetrical components of Vag, Vbg and Vcg, 
while the symmetrical components of Va, Vj, and Vc are given by formula 
(2.101).

Now, it is clear that equations (2.122), (2.123) and (2.124) coin
cide with KVL equations written for the zero-sequence, positive-sequence
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Fig. 2.20

and negative-sequence networks, respectively. This justifies the notations 
adopted for the nodes and voltages across these nodes in those networks.

The previous derivation has been performed for the three-phase circuit 
(see Figure 2.16) with the node O' being grounded. Some modification in 
the derivation of the sequence networks is needed in the case when this 
node is not grounded (see Figure 2.20). It is clear that in this case, we have

I'a +  i'b +  4 = 0 .  (2.125)

Furthermore, the following three KVL equations can be written:

t z '  +  IaZ  +  l nZn +  Vgo' =  va, (2.126)

i'bZ' +  i bZ  +  i nZn +  Vgo> =  Vb, (2.127)

l'cZ' + i cz  +  inz n + Vgo< = vc. (2.128)

By summing up the last three equations and by taking into account formula
(2.125) and the fact that for three-phase voltage sources we have

Va + V b +  Vc =  0, (2-129)

we derive

( ia + ib + ic) z  + з ( inz n + vg0‘)  =  o. (2-130)

inZn +  VgO' =  — (/a  +  h  +  ic) ■ (2.131)

This means that
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By substituting formula (2.131) into equations (2.126), (2.127) and (2.128) 
as well as taking into account formulas (2.87), (2.88) and (2.89), we obtain

„ /  97\ . z  _ Z
u (Z‘ + — } -  ib-  -  Ic-  = va-  iafz\

3 J 3
2Z j

i z i  +  ^ ) - i “ = v b - h f ZIV у J у fj
~ Z  .  7. .  /  9 Z\ 
h  3 -  h  3 +  /с ( г  +  T J =  Kc -  / C/Z'.

(2.132)

(2.133)

(2.134)

It is clear that the last three equations can be written in the form (2.98) 
with matrix T  being

(Z '+  f  - f  - f  \

т - z
" 3

v - f

Z
3 (2.135)

- f  z ' +  4-/

Now, by literally repeating the same reasoning which led from equation
(2.98) to equation (2.106), we shall arrive at the following decoupled equa
tions:

fZ' 0 
0 Z' + Z

L 0 0

О \ П °Л  /  - V '  \ 
о \ \ i : \  =  \ V a - n f z '\  

z' + zj \i-J \ -i~fz' J
(2.136)

It is apparent that the second and third equations in (2.136) are identical 
to the second and third equations in (2.106). This implies that the positive- 
sequence and negative-sequence networks for the three-phase circuit shown 
in Figure 2.20 are the same as for the circuit shown in Figure 2.16.

The first equation in (2.136) is

- a  a j  i (2.137)

which is consistent with equation (2.109) because according to formula
(2.125) (see also Example 4 from the previous section) we have Ia°^ — 0. 
This equation is not sufficient to derive the zero-sequence network. To 
accomplish the latter, we shall use the following three KVL equations:

I aZ  + 1п%п Vagi 

ibz + inzn = vbg, 
icz + inzn = vcg.

(2.138)

(2.139)

(2.140)
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By summing up the last three equations and taking into account formula 
(2.90), we find

(ia +  h +  L )  (Z  +  3Z „)  =  +  Vbg +  Vcg. (2.141)
Now, by recalling formulas (2.47) and (2.56), the last equation can be writ
ten as

I ° (Z  +  3Zn) =  V°g. (2.142)
This suggests that the zero-sequence network has the form shown in Figure 
2.21a. It is clear that this circuit is consistent with equations (2.137) and 
(2.142). For the sake of completeness, we present in Figure 2.21 all three 
sequence networks for the three-phase circuit shown in Figure 2.20.

It is worthwhile to stress in the conclusion of this section that the derived 
sequence networks are general in nature and valid for any particular (SLG, 
LL and DLG) fault. They are also remarkably simple in comparison with 
the three-phase circuits shown in Figures 2.16 and 2.20. They represent 
relations between symmetrical components of physical quantities related to 
only one phase a. In this sense, they can be construed as the far-reaching 
generalization of per-phase analysis to unbalanced (fault) conditions.

2.4 Analysis o f  Faults by Using Sequence Networks

This analysis is performed by using the following steps:

a) from the nature of the fault, find the relation between symmetrical com
ponents I°f , I+j and I~f \

b) from the nature of the fault, find the relation between symmetrical com
ponents V+ and V~g\

c) interconnect the sequence networks in accordance with these relations;
d) carry out the analysis of the circuit obtained as a result of interconnec

tion of the sequence networks.

We shall illustrate this outlined approach by the three examples of analysis 
of SLG, DLG and LL faults.

Example 1. SLG Fault
Consider the circuit shown in Figure 2.22.

Step 1. According to the nature of the fault shown in this figure, we find 
that

iaf =  If jtQ,  (2.143)



Fault Analysis 189

(a)

while

h f  =  icS =  0. (2.144)

This implies (see Example 1 from section 2 of this chapter) that

~ 4}  -  hf ~ з tf- (2.145)
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Fig. 2.22

Step  2 . From the nature of the fault shown in Figure 2.22, we observe that

Vag -  I j Z f  =  - i f (3Zf).

Next, we use the relation

V„„ =  V е +  V + 4- V~v a g  у ag  i у ag ^  v a g w

From the last two formulas we derive

К  + K  +  V - 3 =  - I f ^ Z f )

(2.146)

(2.147)

(2.148)

Step 3. From relations (2.145) and (2.148) we conclude that the three 
sequence networks shown in Figure 2.21 (as well as the impedance 3Z f )  

must be connected in series to form the loop as shown in Figure 2.23a. It 
is clear from this figure that the relations (2.145) and (2.148) between the 
symmetrical components are satisfied for the electric circuit constructed in 
this figure.

Step 4. Finally, we shall carry out the analysis of this circuit to find I f  

and all other currents. It is easy to see that the circuit in Figure 2.23a can 
be equivalently transformed into the circuit in Figure 2.23b with

Z  =
Z'Z

Z' +  z +  Z  +  3 [Zn +  Zf) ~
(2Z' +  Z)Z  +  3 (Z n +  Zf)(Z'  +  Z )

Z' +  Z
(2.149)
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I f , ______
i T -

i :{+) * i t
Jz '

)Va

\‘ r

v +ag

9
a i 1'

/ ' ( - )  + гЛ rt

z ' v -  Z
3 Z f

1 -

s ' '

J -, ? '(+ ) ’  ?+  
z'\~ a

9 оru
CL  ̂ a

Vгоr ag

z

3 Z n

l t
3 7'

ag

Va{

(a) (b)
Fig. 2.23

Then, according to the voltage divider rule, we find

_ZZ_
y +  — у  Z +  Z__  _  у --------------------------

“ ZZ Z'Z + Z{Z' + Z) 
Zr H------- —z + z

(2.150)
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Furthermore,

1 V + .  7
I-  =  -M  =  Ka----------- =-------------- . (2.151)

3 '  Z  Z'Z + Z{Z'  +  Z)

Finally, by using formula (2.149), we obtain

(2.152)j  : Л> 3Z________________
f a (3Z' +  Z )Z  +  3(Zn +  Zf ) (Z ' +  Z ) ’

which is identical to formula (2.9) derived by using the Thevenin theorem.
Now, all other currents can be determined by using the same reasoning 

as presented after formula (2.9) or by using the circuit shown in Figure 
2.23a. Indeed, from formula (2.150), we find

v +  7
/+  =  _*£  =  у ---------- - ------------- . (2-153)

Z Z 'Z  +  Z {Z ' +  Z)

Furthermore, we have

T ~  ~ 3 4  Z' +  Z '
and

Z ' , (2.154)
°  1 !  7.1 J . 7. ' У

=  (2.155)

By using symmetrical components /+ ,  I~  and / “ , currents / Q, h  and Ic 
are found according to formulas

A  = 4 ° +  / + + / - ,  (2.156)

i b =  i Qa + a l :  +  a2i (2.157)

1с =  10а + а 21+ +  а 1 - .  (2-158)

Finally,

* ,  -  - / / ,  i'a =  ia +  i f  (2 -159)

This concludes the analysis.
Example 2. DLG Fault
Consider the circuit shown in Figure 2.24.

Step 1. According to the nature of the fault shown in this figure, we find 
that

Jaf =  0 . (2-160)
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Fig. 2.24

On the other hand,

Consequently,
/ « / = &  +  &  +  /,la f

4°/ +  4+/  +  C /  =  o-

(2.161)

(2.162)

Step 2 . From the nature of the fault shown in Figure 2.24, we observe that 

Vag ф 0, Vbg =  Vcg =  0. (2.163)
This means (see Example 1 from section 2 of this chapter) that

■at, (2.164)

Step 3. From relations (2.162) and (2.164), we conclude that the three 
sequence networks shown in Figure 2.21 must be connected in parallel as 
shown in Figure 2.25a. Indeed, it is clear from this figure that the relations 
(2.162) and (2.164) are satisfied by the electric circuit shown in this figure.

Step 4. Finally, we shall carry out the analysis of the electric circuit 
shown in Figure 2.25a. It is easy to see that this circuit can be equivalently 
transformed into the circuit shown in Figure 2.25b, where

2 = 1 ,
Y

1
Z' Z Z +  3 z„

(2.165)
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(a)

(b)

Fig. 2.25

Then, we find

Z Z

V + =  Va— - ■ -  = V _______— ----------  (2.166)
03 Z Z  Z'Z  +  ZvZ'  +  Z)

u 4“
2  +  Z
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Fig. 2.26

Furthermore,

i t  =  ^ =  Va-----------Д ----------- , (2.167)
a} Z Z'Z + Z{Z' + Z)

г  v + ( z ' +  z )
r‘ f ------------ — 1 { 2 m )

z rk - {2169}
As soon as symmetrical components l~j and are found, the fault 
currents Д / and Icf  can he computed by using the formulas

hf =  4°/ +  at+ +  o?iaS, (2.170)

/с /  =  /2/  +  а а/ ^ + а / - / . (2.171)

It is left to the reader as a simple exercise to find all other currents. 
Example 3. LL Fault 
Consider the circuit shown in Figure 2.26.

Step 1. According to the nature of the fault shown in the above figure, we 
have

t f  =  0, (2.172)
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while

h i  =  - I o f  =  i f -

By recalling the relation

iaj =  3 ( i ° f  +  i t f  +  icf^j

from the last three formulas we find

i 0af =  0.

Furthermore, we derive 

1
i a j =  з ( i i i  +  +  “ Д /)  -  — 3— i f  >

and

- u la f  +  QAf +  a  Iaf I —) = ~ t ,

The last two equations imply that

4 W : /  =  o-

(2.173)

(2.174)

(2.175)

(2.176)

(2.177)

(2.178)

Step 2. From the nature of the fault shown in Figure 2.26, we observe that

Vcg =  Vbg- i f Z f . (2.179)

Next, we shall use the last formula to derive

^a!j =  g (^a g  +  а 2 14в +  ctVcg) =  -  ( l / as +  a 2Vbg +  OfVtg) — ^ i f z f>

(2.180)

as well as

V -  =  i  (v aa +  aVbg +  a?vcg)  =  ^ (v ae +  aVbg +  a2Vbs)  ~ у
(2.181)

By subtracting formula (2.181) from formula (2.180), we find

\r+ - y -  -  . .r ag  v ag  о  1 f  I ■ (2.182)

By taking into account relation (2.176) in the last equation, we find

4 - K  =  i«sz f- (2.183)

Step 3. It follows from formulas (2.178) and (2.183) that the positive- 
sequence and negative-sequence networks shown in Figure 2.21 must be
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(b)

Fig. 2.27

connected in the manner illustrated by Figure 2.27a. Indeed, it is clear 
from this figure that the relations (2.178) and (2.183) are satisfied by the 
electric circuit in this figure.

Step 4. Next, we shall carry out the analysis of the electric circuit presented 
in Figure 2.27a. To this end, the above circuit is equivalently transformed 
into the circuit shown in Figure 2.27b. This transformation implies that

Z 'Z  Z 'Z  +  Z f (Z' +  Z)
Z  — Zf  +

Z' +  Z Z' +  Z
(2.184)
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Then, we find that

V l  =  V„

zz 
z  + z

as
Z '+

zz =  Va
z z

Z'Z + Z (Z' + Z)
(2.185)

Z I- Z

Furthermore,

V+
Z Z 'Z +  Z (Z' + Z)

Now, by substituting formula (2.184) into the last equation, we derive

(2.186)

/+  ■_ у ____________________
a2 Z 'Z  +  Zf {Z' +  Z)

Next, we recall that

if = ibf = i°f + a /+  + a2i;f, 
which, according to formulas (2.175) and (2.178), leads to

By substituting formula (2.187) into the last equation, we find 

j  „ у  ^ ~ a ) z
5 a 2 Z ' Z + Z f ( Z '  + Zy 

Since V), =  aVa, we obtain

(1 - a ) Z
2Z ’Z + Zf (Z' + Z) ’

(2.187)

(2.188)

(2.189)

(2.190)

(2.191)

which is consistent with formula (2.24) derived by using the Thevenin the
orem. Actually, these two formulas are identical after the proper change 
of phase markings. It is left to the reader to derive the expressions for all 
other currents.
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C h ap ter 3

3.1 Design and Principle o f  O peration o f  the Transform er;
T he Ideal Transform er

A transformer is a device that finds numerous applications which range from 
power systems to power electronics and further to computer-communication 
networks. In power systems, transformers are used to step up and step 
down ac voltages. For this reason, they are essential for the transmission, 
distribution and utilization of electric power. Transformers can also be 
used to electrically isolate sources from loads and for impedance matching 
purposes. This explains why transformers are vital components in many 
low-power and high-frequency applications.

A power transformer is a static device in which two (or more) coils (usu
ally called windings) are strongly electromagnetically coupled. One of the 
windings, known as the primary, receives power at a certain voltage and fre
quency from the source, while the other winding, known as the secondary, 
delivers power to the load at a different voltage but the same frequency. 
To enhance electromagnetic coupling between the primary and secondary 
windings, they are placed around the same leg of iron (ferromagnetic) core. 
This iron core is subject to a time-varying magnetic flux which links the 
primary and secondary windings. Since the iron core usually has a finite 
(nonzero) conductivity, this time-varying magnetic flux induces eddy cur
rents in the iron core. These eddy currents may produce substantial power 
losses called eddy current losses (see section 3.5 of Part I). To reduce eddy 
current losses, the iron core is laminated. This means that the iron core 
is assembled of a very large number of very thin steel laminations which 
are electrically isolated from one another by very thin oxidation or varnish 
layers. The steel used for transformer laminations is customarily called

199
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transformer steel. It is usually deliberately doped with silicon to reduce 
its intrinsic conductivity without appreciably affecting its high magnetic 
permeability. This reduction in steel conductivity further diminishes eddy 
current losses. Transformer steel is a soft magnetic material with a narrow 
hysteresis loop, and this leads to the reduction of hysteresis losses. Eddy 
current and hysteresis losses are called core losses. There are also winding 
(joule) losses due to winding resistances as well as stray losses due to eddy 
currents induced by stray (leakage) magnetic fields in conductive materi
als of the transformer’s support structures. High-power and high-voltage 
transformers have elaborate cooling and insulating systems. For instance, 
such transformers can be placed in metallic tanks filled with transformer 
(highly refined mineral) oil that both cools and insulates the windings.

The basic design of small high-frequency transformers used in power 
electronics and communication networks is quite different from the design 
of power transformers. To illustrate this point, consider briefly the design 
of Ethernet transformers widely used for interfacing computers with com
munication networks. The main function of these transformers is not to 
step up or step down ac voltages but rather to suppress common-mode 
(noise) signals and transmit with minimal distortions the differential-mode 
(information carrier) signals in the wide frequency range of 0.1 MHz-100 
MHz. In these wideband Ethernet transformers, toroidal ferrite cores are 
used, and their primary and secondary windings usually have the same 
number of turns and they are wound together in bifilar manner. The mid
points of primary and secondary windings are grounded, and this midpoint 
grounding results in low impedances of primary and secondary windings to 
common-mode signals and their effective filtering out.

To stress better the main principle of operation of transformers, we shall 
first consider a two-winding ideal transformer whose schematic depiction is 
shown in Figure 3.1. In the case of the ideal transformer, we neglect the 
small resistances Я] and R? of the primary and secondary windings, respec
tively. We also neglect leakage flux linkages ij>t, which axe due to the small 
number of magnetic field lines that partially (or completely) go through 
air and link only one of the two coils. In other words, it is assumed that 
all magnetic field lines are entirely confined to the ferromagnetic core and, 
consequently, all these magnetic field lines link both coils. We also assume 
that the magnetic permeability jir of the ferromagnetic core is infinite, while 
the conductivity of the same core ac is equal to zero. All the mentioned
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«2 ( t ) f ]Z L

Fig. 3.1

assumptions are summarized below:

Ri =  R2 =  0, -фе =  0, цс — оо, <rc =  0. (3.1)

As mentioned above, by neglecting the leakage flux, we assume that all 
turns of the primary and secondary windings are linked with the same flux 
Ф(£) which is formed by the magnetic field lines entirely confined to the 
core. This means that the flux linkages ^ i(t) and ^ ( t )  of the primary and 
secondary windings are given by the following formulas, respectively:

=  (3.2)

Mt) = N2*(f)> (3.3)
where Nj and N2  are the numbers of turns of the primary and secondary 
windings. Since we neglect the resistances of the primary and secondary 
windings, the primary and secondary voltages are equal to the voltages 
induced due to the time variations of Tpi (i) and

V 2 ( t )  =

a! 
dipiit) 

d t

at
d < b { t )

d t

From the last two equations we find
tn(t) лг,

(3.4)

(3.5)
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It is customary to introduce the turns ratio

a —
Ni 
N2

and to write equation (3.6) in the form

v2(t)

(3.7)

(3.8)

If the applied (source) voltage Ui(f) of the primary winding is sinusoidal,

ui(f) =  Vml cos(ut +  w ) ,  (3-9)
then, according to formula (3.8), the secondary voltage v2 (t) is sinusoidal 
as well and it has the same frequency and the same initial phase. This 
means that

V2 (t) =  Vm2cos(ujt +  <pv). (3.10)
It is also clear from formula (3.8) that

^21
Vm2

— a. (3.11)

If we introduce the phasors V'i and V2 of the primary and secondary volt
ages, then from formulas (3.9), (3.10) and (3.11) we find

g
V2

= a. (3-12)

Expressions (3.8) and (3.11) clearly reveal the principle of operation of the 
power transformer. They suggest that by manipulating the turns ratio a, 
the desired peak value of the secondary voltage can be achieved.

In the case of Ethernet (signal) transformers when a — 1, formula (3 8) 
suggests that the secondary voltage viit) replicates the primary voltage 
ui (t) without any distortion. This implies that it is very desirable that the 
performance of signal transformers closely imitates the performance of an 
ideal transformer.

Next, we shall derive the expression for the ratio of primary and sec
ondary currents. To this end, we shall use the assumptions that R\ =  
R2 =  0 and ac =  0. These assumptions imply that there are no power 
losses in the ideal transformer. Consequently, the instantaneous primary 
power pi (t) delivered to the terminals of the primary winding must be equal 
to the instantaneous secondary power p2(t) delivered to the load,

P i(* ) =  P2(t)- ( 3 -13 )
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By taking into account that

and

P2(0 =  v2(t)i2(t), 

formula (3.13) can be written as

v i(t ) i i ( f )  =  v2(t)i2{t). 

The last equation implies that

4 (t) _  V2(t) 
i2[t) i>i(t)’ 

Now, by recalling formula (3.8), we find

■<(t) _  1 
i2(t) a'

In the case when the primary current is sinusoidal, 

h(t)  =  Im\ cos(wt +  ¥>/),

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

the formula (3.18) implies that the secondary current is sinusoidal as well 
and it has the same frequency and the same initial phase:

i2(t) =  / m2 cos(wf +

Moreover, it is also clear from formula (3.18) that

I-m 1 _ 1
x m2 ^

If we introduce the phasors 1\ and / 2 of the primary and secondary currents, 
then from formulas (3.19), (3.20) and (3.21) we find

(3.20)

(3.21)

It is convenient to write equations (3.12) and (3.22) in the form

(3.22)

(3.23)

(3.24)

which provides complete terminal characterization of the ideal transformer. 
These terminal relations should be combined with KVL and KCL equations
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a 2 Z L

(a)

Fig. 3.2
(b)

for electric circuits connected to transformer terminals to completely ana
lyze electric circuits with ideal transformers.

Now suppose that some load impedance Zl is connected to the terminals 
of the secondary winding as shown in Figure 3 2a. This figure also presents 
the concise circuit notation for a two-winding transformer. This notation is 
used in drawings of electric circuits with transformers instead of schematics 
shown in Figure 31. We want to find the input impedance of a loaded ideal 
transformer. This input impedance is defined as

V!
h

(3.25)

By substituting terminal relations (3.23) and (3.24) in the last formula, we 
find

Zin =  a — . (3.26)

However, the ratio of V2  to I2  is the load impedance

* 4
By combining the last two formulas, we derive

Zin =  a Zt,.

(3.27)

(3.28)

It is clear from the last expression that, with respect to the primary ter
minals, the ideal transformer can be represented by the equivalent circuit 
shown in Figure 3.2b. The equivalence here is understood in the sense that, 
as far as the relationship between the primary voltage \\ and primary cur
rent Ii is concerned, the ideal transformer and the circuit shown in Figure 
3.2b are indistinguishable. It is a very powerful idea to replace an actual 
complicated device by a simple equivalent electric circuit which replicates
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forward forward
-O-

backward
R l

(a) m
Fig. 3.3

the terminal relations between the voltages and currents of the actual de
vice. This idea permeates many different areas of electrical engineering.

Formula (3.28) implies that the load impedance Z i  viewed from the 
primary terminals of the ideal transformer is equal to o?Z l- This fact sug
gests that ideal (and real) transformers can be used for impedance matching 
purposes. We shall illustrate this point by the following example. Consider 
a lossless transmission line with some load resistance R l  (see Figure 3.3a). 
If this resistance is not equal to the characteristic impedance Z q,

then there will be forward and backward propagating waves. If the load 
resistance R l is connected to the transmission line through an ideal trans
former with turns ratio a such that

then there will be no reflection at the end of the transmission line. This 
is because load resistance Rl acts as impedance Zq with respect to the 
terminals of this line.

3.2 Coupled Circuit Equations and Equivalent Circuit for 
the Transformer

In this section, we proceed to the discussion of the transformer theory by 
removing the first three assumptions in (3.1). The only assumption that 
still will be in place is that ac is equal to zero, which is tantamount to 
neglecting eddy current losses. These losses will be taken into account at 
the very end of our discussion, albeit in a somewhat ad hoc manner.

(3.29)

a2 R l — Za, (3.30)
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Our discussion will be based on the coupled circuit equations for the 
primary and secondary windings. These equations can be written as follows:

Vi(t) =  fli*i(t) +  . L i ^ 4 ^ - M ^ ^ ,  (3-31)az ai

v2(t) =  R2i2(t) +  L2^ - - M ^ - .  (3.32)

Each right-hand side of the last two equations contains three terms which 
have distinct physical meanings. The first terms represent drops of volt
ages due to the finite resistances of the windings, the second terms represent 
voltages induced due to the time variations of self-flux linkages of the wind
ings, while the third terms represent voltages induced as a result of time 
variations of mutual flux linkages of the windings. We remark that, in gen
eral, there may be some ambiguity concerning the signs of the third terms 
in the right-hand sides of the last two equations. This ambiguity may exist 
because mutual flux linkages may add to or subtract from self-flux linkages. 
Which of these two cases occurs depends on the relative winding directions 
of the two windings as well as the relative reference directions of their cur
rents. This ambiguity can be removed by introducing the dot convention. 
However, in the case of transformers, the form of coupled circuit equations 
with negative signs is somewhat preferable from the physical point of view. 
This is the case because the second winding does not have an independent 
source of excitation and it is excited due to the electromagnetic coupling 
with the first winding. In accordance with Lenz’s law, the current i2(<) in 
the second winding is always induced in such a way as to counteract the 
cause of induction. The cause of induction is the primary voltage Wj (t) and 
the minus sign in equation (3.31) is the reflection of counteraction.

In the case of ac steady state, the coupled circuit equations can be 
written in the phasor form as follows:

jV i  =  R\Ii + jX u I i  — jX i2l2, (3.33)

1^2 =  R2I2 +  j X 22I2 — jX i 2h ,  (3.34)

where Х ц  and X 22 are self-reactances of the primary and secondary wind
ings, respectively, while Х ц  is the mutual reactance. These reactances are 
given by the formulas

Х ц  ■ uiLi, X 22 — i*jL2, 
X\2 — UlM.

(3.35)
(3.36)
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Next, we shall use the coupled circuit equations to derive the expression for 
the secondary (load) voltage in terms of the load current I2- To this end, 
we find from the first equation (3.33) that

Vi , jX  и
-h - (3.37)

Ri + j X  11 Ri + j X u  
By substituting the last formula into the second equation (3.34), we obtain

Vo =  — - j X  12
+  jX i

■Vi +  (R% +  7X 22) 1 -

U X 12)2

(R 1 +  j X n )(R 2 + j X 22) h -

(3.38)

It is apparent that the expression for V2 has two distinct terms. The first 
term

j X  12 T>v ind =
Bl + j X n ‘  ^

has the meaning of the secondary voltage in the case when I2 =  0- This 
means that this voltage can be physically interpreted as the voltage induced 
in the secondary winding by the magnetic flux created by the current in 
the primary winding. This explains the use of the superscript “ind" for V2 
in the last formula.

Now, we shall discuss the second term in the right-hand side of equation 
(3.38):

( jX 12)*
V2drop =  (R2 + j X 22) 1 - I2- (3.40)

(Я1 + J ) (j?2 + j X 22)
It is clear that this term has the physical meaning of the voltage drop due 
to the load current I2■ It is very desirable to have this term as small as 
possible in order to maintain the secondary voltage (voltage across the load 
terminals) as constant as possible in the face of continuously changing load 
and load current / 2- It is understandable that the smaller V fTOp, the better 
the quality of the transformer.

Next, we consider another important quantity, namely, secondary short- 
circuit current / f c. This current occurs when the secondary winding is 
accidentally short-circuited, that is, when

V2 = 0 .

Prom formulas (3.38) and (3.41) we find

(3 .4 1 )

T 3 C  ___2 —
X 12Vi

(Ri + jX n ) (R i  + j X  22) (jX l2 )2
(iii +  jX n )(R o  +  j X 22)_
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It is apparent that the same quantity

D =  1 -  7 ------------- (з 43)
( R i + j X n )(R 2 + j X 22)

appears in formulas (3.40) and (3.42) for V’2<lrop and /jp, respectively. The 
smaller D, the better the quality of the transformer with respect to its 
ability to maintain more or less constant voltage across the load terminals 
in the face of changing load current I2. On the other hand, small D may 
result in large short-circuit current Ц с, which is not desirable. This implies 
that transformers with small D are more vulnerable to fault occurrence and 
must be properly protected against such faults.

The previous discussion reveals the importance of D. This suggests the 
careful analysis of this quantity which is presented below. We start with the 
remark that usually the resistances are much smaller than the reactances,

Й1 < Х 1Ь R2 <ZX22. (3 44)

By using this fact, formula (3.43) for D can be simplified as follows:

D & l - -_X b. ■ (3-45)
-ЛцЛ'22

By using equations (3.35) and (3.36) in (3.45), we find

(3.46)
L\L2

As discussed in section 3.2 of Part I, inductance L\ can be split into two 
distinct components,

L\ =  L™ +  L[, (3-47)

where L™ is the main inductance which is due to the flux formed by the 
magnetic field lines that are entirely confined to the ferromagnetic core and 
link all turns of the first winding, while L\ is the leakage inductance which 
is due to the magnetic field lines that “leak” out of the ferromagnetic core 
and may not link all the turns of the winding.

Next, we shall establish the connection between mutual inductance M  
and the main inductance Ljf*. First, we recall that

(3-48)

It is also clear that

Ф21 =  Л Г аф Ю , (3.49)
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where, as before, is the magnetic flux through the core created by 
ij. This flux links all N2 turns of the secondary winding. By substituting 
formula (3.49) into equation (3.48), we find

=  (3.50)
u  N 1 n  K J

If the two windings are placed around the same leg of the core (which is
usually the case in order to achieve strong electromagnetic coupling), then

N, ф£°
L ?  =  - 2 p _ ,  (3.51)

it
and, according to (3 50), we have

M  =  ^ L? .  (3.52)

By literally repeating the same line of reasoning as has been used in the 
derivation of formula (3.52), we find

L2 =  L™ +  Li, (3.53)

M  =  ^ LГ  (3.54)
No

From equations (3.47) and (3.52) as well as equations (3.53) and (3.54), we 
obtain

^ M  =  L l - L { ,  (3.55)
iV2

^ M  =  L2 - L e2. (3.56)

By multiplying the last two equations, we arrive at

M 2 =  L l L2 - L 1Le2 - L 2L [ + L { L e2, (3.57)

which can be further transformed as follows:
M 2 , L{ Ll2 L {L l2=  I _  ±2 _  t l  +  _J_2. (3.58)

L 1L 2 L\ Z/2 LiL?
It is clear that the last term in formula (3.58) is quite small in comparison 
with the preceding two terms. Consequently,

A / 2 .  L[ Liъ  I _  ±1 _  (3.59)
L 1 L 2  J-ч L2

г l rl
+  (3.60)

L 1 Li

By substituting the last formula into equation (3.46), we find
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The last expression clearly reveals the importance of leakage inductances. 
These inductances determine the value of D, which, in turn, controls the 
ability of the transformer to maintain more or less constant voltage across 
the load terminals as well as the vulnerability of the transformer to acci
dental shorts of the load terminals.

The importance of leakage inductances can also be elucidated from the 
purely mathematical point of view. Consider the coupled circuit equations
(3.33)-(3.34) as a set of two linear simultaneous equations with respect to 
I\ and I2. It is clear that the determinant Д of these equations is equal to

A  =  (R1 + j X l l )(R 2 + j X 22)D. (3.61)

It is evident from formulas (3.60) and (3.61) that this determinant is quite 
small and it is equal to zero when the leakage inductances (along with small 
resistances R\ and R2) are neglected. This means that the set of coupled 
circuit equations (3.33)-(3.34) becomes degenerate (singular) if the leak
age inductances are neglected. In mathematics, the problems that become 
degenerate if some small parameters are neglected are called singularly per
turbed problems. Thus, in the case of strong electromagnetic coupling be
tween the windings, the coupled circuit equations are singularly perturbed. 
It has been understood in mathematics that small parameters in singularly 
perturbed problems are very important because these small parameters 
make the singularly perturbed problems well defined (nonsingular). This 
discussion brings mathematical evidence for the importance of the leakage 
inductances and also suggests that these inductances are important for any 
strongly electromagnetically coupled systems.

The coupled circuit equations (3.33)-(3,34) do not contain the leakage 
inductances (and corresponding reactances) explicitly. These leakage re
actances are absorbed by and hidden within the total reactances Х ц  and 
X 2 2  and, as a result, their significance is masked and not immediately ap
parent. For this reason, it is highly desirable to modify the coupled circuit 
equations (3.33)-(3.34) in such a way that the leakage inductances will be 
exposed and explicitly accounted for. This will also lead to the equivalent 
electric circuit of the transformer.

The modification of coupled circuit equations and the derivation of the 
equivalent circuit consists of the following four steps.

Step 1 . As is typical in singularly perturbed problems, the small parame
ters, i.e., leakage inductances, can be exposed as a result of the appropriate 
scaling. The essence of this scaling is the introduction of scaled (primed)
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secondary voltage and secondary current

Vi =  aV2, (3.62)

% =  1^2, (3.63)

where, as before, a is the turns ratio. Then, the coupled circuit equations
(3.33)-(3.34) can be written in terms of V2 and I'2 as follows:

f ^ i =  R ih  +  jX n i i  — ja X  12-/̂ , (3.64) 

— a?R2 I2  За^Х221̂  ‘ jkiX12 A ■ (3.65)
Now, we introduce the scaled secondary resistance and secondary reactance

R2 =  a2R2, (3.66)
X'22 =  0^ X 2 2 , (3.67)

and rewrite equations (3.64) and (3.65) in the form

Vi =  R] i\ + j X u h  — jo-X^l^, (3.68)

f t  =  R^I‘2 +  -  ja X n h .  (3.69)
Step 2 . Next, we perform the following mathematical transformation of 
the last two equations:

V ,  =  Л, /1 +  j ( X n  -  a x 12)h  +  ja X 12 (Л  -  / ' )  , (3.70)

%  =  +  3 (X 2 2  -  К  +  заХ 12 (К  -  л ) . (3.71)

Step 3. Now, we consider the physical meaning of the coefficients in the 
above coupled equations. By using formulas (3.35), (3.36) and (3.52), we 
derive

a * 12 = = Y “ Wl L ' 1 = = X " ’ (372)
where A-™ has the physical meaning of the main reactance of the primary 
winding.

Next, by using formulas (3.35), (3.47) and (3.72), we find

X n -  aX l2 =  X u  - X R  =  uLi -  w L? =  uib[ =  X {, (3.73)

where X f  stands for the leakage reactance of the primary winding.
Finally, by using formula (3.67), we find

X ’2 2  — aX  12 =  a2 ( X 22 — — X j2 ^  , (3-74)
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which, according to equations (3.35), (3.36) and (3.54), can be further 
transformed as follows:

^ 22 ~  =  A i - ^ 2 2 -------^12 1 =  0^ ( LdLt2 — —— LmjA I  ] =
\ CL J \ JVj )

=  № ) ' ,  (3-75)

where X| =  uLi is the leakage reactance of the secondary winding, while 
(X j)  is the scaled value of this reactance. By substituting formulas (3.72), 
(3.73) and (3.75) into coupled equations (3.70) and (3.71) we end up with

| Vi =  R j i  +  j X [ h  +  jX %  (Д  -  I'2)  , (3.76)

I 4  = Я A  + 3 №)' i '2 + jXTi (i'2 -  Л) - (3.77)

Step 4. Thus, by using equivalent mathematical transformations, we have 
reduced the original coupled circuit equations (3.33)-(3.34) to the coupled 
equations (3.76) and (3.77) in which the leakage reactances are exposed and 
explicitly accounted for. The useful by-product of these transformations is 
the fact that equations (3.76) and (3.77) coincide with KVL equations for 
the electric circuit shown in Figure 3.4. This circuit can be considered as an 
equivalent circuit for the transformer. This is because this circuit and the 
transformer are described by mathematically identical sets of equations. 
For this reason, the transformer and the circuit shown in Figure 3.4 are 
indistinguishable as far as the relationship between the terminal voltages 
and terminal currents is concerned. In other words, if the circuit in Figure 
3 4 were connected to a network instead of the transformer, the currents 
and voltages in the network would not be changed because in both cases 
the network is described by identical sets of equations.

The load impedance of the transformer is modeled in the equivalent 
circuit by its scaled value a2Z^ (see Figure 3.4). Indeed, from formulas
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т R\ X\\ — ciX 12 ft X<yo — C1JC12

Fig. 3.5

(3.62) and (3.63) we find

S = - 5 
h  hi.

2 2 =  a V2-j- — а и i- 
‘ 2

(3.78)

It is interesting to point out that the equivalent circuit for the transformer is 
not unique. Indeed, coupled equations (3.70) and (3.71) have been derived 
from the original coupled circuit equations (3.33) and (3.34) by using scaling
(3.62) and (3.63). This derivation is valid for any value of the scaling 
parameter a, not only when a is the turns ratio. The coupled equations
(3.70) and (3.71) coincide with KVL equations for the circuit shown in 
Figure 3.5. Consequently, this circuit can be considered as an equivalent 
circuit for the transformer as well. The choice of a as the turns ratio leads to 
the exposure of the leakage reactances. This choice is preferable in the case 
when the primary and secondary windings are strongly electromagnetically 
coupled because in this case the leakage parameters are very important. 
However, for not strongly coupled windings, another choice of a and another 
equivalent circuit may be preferable.

Now, we shall return to the discussion of the equivalent circuit shown 
in Figure 3.4. In deriving this equivalent circuit, we neglected eddy current 
losses in the transformer core by assuming that ac =  0. These losses can 
be accounted for in the equivalent circuit in the following ad hoc manner. 
It has been shown in section 3.5 of Part I that the eddy current losses are 
proportional to where Bm is the peak value of magnetic flux density 
in the core:

Pec ~  B l ,  (3-79)

However, Bm is proportional to the peak value of magnetic flux Фет 
through the core which, in turn, is proportional to the peak value of the 
voltage induced by the core flux. In the equivalent circuit shown in Figure
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Fig. 3.6

3.4, this voltage can be identified as voltage Vmi2  across the terminals 1 
and 2. Thus, we conclude that

V 2vml2 • (3.80)

The last formula suggests the idea of modeling the eddy current losses in 
the transformer iron core by the ohmic losses Prc in an equivalent resistor 
connected across the terminals 1 and 2, i.e., in parallel with X™  (see Figure 
3.6). The rationale behind this idea is the fact that the ohmic losses in R e 
are also proportional to V^12:

PRC -
V 2

2 R, '
The resistor Rc can be chosen from the condition

Pec — PRc

which leads to

Rc =
v 2ml 2

(3.81)

(3.82)

(3.83)

The electric circuit shown in Figure 3.6 is the complete equivalent circuit 
for a power transformer. It is worthwhile to stress again that the important 
feature of this equivalent circuit is that leakage reactances are explicitly ac
counted for. In power system applications, this equivalent circuit is often 
simplified by neglecting small (in comparison with X [  and (X£) ) resis
tances Ri and R!7 and by assuming that Re and X ,T\ are very large so that 
the 1-2 branch can be regarded as open. This leads to the equivalent circuit 
shown in Figure 3.7, which clearly reveals the unique importance of leakage 
reactances in the performance of power transformers. It is also clear that 
the last equivalent circuit is reduced to the equivalent circuit of the ideal 
transformer (see Figure 3.2b) if the leakage reactances are neglected.
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In our derivation of the equivalent circuit shown in Figure 3.6, resistance 
Re takes into account the core losses which are due to the macroscopic eddy 
currents induced in laminated ferromagnetic cores. In power electronics (as 
well as in other areas of electrical engineering) toroidal transformers (see 
Figure 3.8) with ferrite cores are used for high-frequency applications. For 
ferrite cores, losses can be modeled by using complex magnetic permeability

(3.84)

The imaginary part / / '  of such permeability accounts for losses, and fiN (as 
well as fj/} is frequency dependent. The equivalent circuit for such trans
formers can be derived by using the somewhat different reasoning presented 
below.

As before, we shall make the distinction between the magnetic field lines 
that are entirely confined to the ferrite core and field lines that partially 
leak out (see Figure 3.8). This means that the coupled circuit equations
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can be written in the form

' Ъ - R i h + j X l i t + V f ,  (3.85)

I V2 =  R2t 2 + j X i i 2 +  V2c, (3.86)

where V\c and Vic are the voltages induced in the primary and secondary 
windings, respectively, by the core magnetic flux formed by the field lines 
confined to the core, while leakage reactances X\ and X i  account for volt
ages induced by leakage fluxes.

To compute voltages V\c and consider a magnetic field line £c- By 
applying Ampere’s Law, we find

i i l c ■ d£ =  N j i  +  N2h .  (3.87)

The right-hand side in the last formula can be modified as follows:

Lt l l c d t =  N1 (A  +  , (3.88)

where % =  12 =  i / 2.
By assuming that the magnetic field in the ferrite core is uniform, from 

equation (3.88) we derive

« . ( / .  + /5 )
1Л г . . (3.89)

where £c in (3.89) can be construed as some average length of the toroidal 
core. Prom the last formula we find

. /iN, ( Д + / Л
Вс =  /хЯс = -------\ (3.90)

С
and

=  Ni ACBC =  (Д  +  / ' )  , (3.91)
V

where ■ipi1'1 is the phasor of the flux linkages of the primary winding formed 
by magnetic field lines confined to the core, while A c is the cross-sectional 
area of the core.

Now, Vlc can be computed as

Vlc =  =  Zc (Д  +  f£) , (3.92)

2  =  jujfiAcN f =  U) (n" +  jn ‘ ) A cN l  93J
where
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where

It is clear that Zc can be presented as

Zc ^ R c + j X c, (3.94)

and

(3.95)

X e =
u>fi'AcN l

(3.96)

Similarly,

W  =  N2AcBc =  ^ N ,  ACBC =  (3.97)

where lie ' is the phasor of the flux linkages of the secondary winding due 
to the magnetic field lines confined to the toroidal core.

It is clear from the last formula that

v2c -  = -Vlc = ~zJh+t2). (3.98)
q, a \ *

Now, by substituting formulas (3.92) and (3.98) into equations (3.85) and 
(3.86), respectively, and then multiplying both sides of equation (3.86) by 
a and taking into account that I2 =  al2 and V2 =  aV2, we derive

| Vi =  R ih  +  j X f i i  +  Zc (h  +  f 2 ] , (3.99)

I Щ =  #> /a +  3 (X D 'ft  +  Zc ( h  +  /2)  . (3-100)

where, as before, R2 =  a2R2 and (X 2)' =  a?X2.
It is clear that equations (3.99) and (3.100) coincide with KVL equa

tions for the electric circuit shown in Figure 3.9. In this sense, this circuit 
can be construed as the equivalent circuit for the toroidal transformer with 
ferrite core. It is worthwhile to stress that Rc and X c in this equivalent 
circuit are explicitly expressed by formulas (3.95) and (3.96) in terms of ge
ometry of the toroidal core and the real and imaginary parts of its magnetic 
permeability.
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Fig. 3.9

(a)

Fig. 3.10

3.3 Determination o f Parameters o f Equivalent Circuits; 
Three-Phase Transformers

We start this section with the discussion of how some parameters of the 
transformer equivalent circuit shown in Figure 3.6 can be computed. Such 
computations are possible for X ™ and Rr by using the magnetic circuit 
theory presented in Chapter 3 of Part I. We shall illustrate these compu
tations for a shell-type transformer shown in Figure 3.10a. According to 
formula (3.72), we have

X ?1 = u L ? .  (З.Ю1)

On the other hand, according to formula (3.83) from Part I, we find
N }T m  ___ * 1

1 “  vT ~
(3.102)

where TZme is the equivalent magnetic reluctance of the magnetic circuit 
shown in Figure 3.10b with respect to the terminals of mmfj representing 
the primary winding.
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K me =  ^ i  +  / mf | 3 , (3.103)
*<-тп2 т  'vm3

where

n mk =  - ^ ~ ,  (* =  1,2,3), (3.104)
VcA-k

and the meaning of the notations is the same as in Chapter 3 of Part I. 
Typically, legs 2 and 3 have the same geometry and permeability. Conse
quently,

1Zm2 ~  (3.105)

and formula (3.103) can be written as

П те = K ml +  (3.106)

Furthermore, shell cores are often designed in such a way that

A i = A 3 =  y  ■ (З.Ю7)

In this case, from formulas (3.104) and (3.106), we obtain
i-> £ i +  2̂ 
ft-me =  ----- 1—Mc^l

Finally, by combining formulas (3.101), (3.102) and (3.108), we find

It is clear that

П те =  (3.108)

(3.109)

Next, we consider the computation of Re by using formula (3.83) of Part 
II. It is clear that total eddy current losses Pec in the ferromagnetic core 
are equal to the sum of losses in legs 1, 2 and 3:

Pec «  Peel +  P.cl +  (3.110)
According to formula (3.235) from Part I, we have

Peel =  ^ V c V ^ B ^ T 2, (3.111)

Pec 2 =  (3.112)

Pe*  =  ± < tcV3w*B 13t\  (3.113)

where Vi, V? and V3 are the volumes of legs 1, 2 and 3, respectively, Bmi, 
Bm2 and Bmз are peak values of magnetic flux density in those legs, and
т — — is the thickness of core laminations.tl
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It is apparent that

—

Bm2 =  

^m3 =

Фml

l

Furthermore,

and

A t ’
$ m 2  __________________________

A2 A 2 7Zm2 +  TZm3
^ т З  __ 1  ^ - m 2

A $  A %  7 2 m 2 +  'К 'т п З

Vml 2  =

Ф«11!

= ojÂ i

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

Substituting the last expression into formulas (3.114)-(3.116) and then by 
inserting these formulas into formulas (3.111)-(3113), using the last formu
las in equation (3.110), we derive

P - v *  £ £ l_  -ec - m  1224N2
Vi Vi (  n mZ V3 /  TCm2

.А2 \ 72.m2 +  7^m3 J -^з V ^ m 2 +  T̂ -m.3

By using the last formula in equation (3.83), we obtain
12^Я, =

Vi V2 ( nm3 у  Уз (  к т2 V
J  Ai 1.7гт2 +  тгт 3 ;

(3.119)

(3.120)

А 2 Л 2 V 7Zm2 +  Т̂ тЗ )  V ,

This is a general formula for Re which can be simplified by taking into 
account relations (3.105) and (3.107). This leads to

Re =
12 AlN ?

acT2(V1 + 2 V 2) ‘
(3 .121)

Resistances R\ and R2 of the primary and secondary windings in the trans
former equivalent circuit can be computed by using standard formulas pro
vided that the skin and proximity effects are negligible. The most chal
lenging are the computations of leakage inductances L\ and Le2 and the 
reactances X f and X* corresponding to them. Such computations cannot 
be performed by using the magnetic circuit theory because this theory ne
glects leakage phenomena. Such computations are performed through solv
ing magnetic field equations by using existing numerical techniques such as 
finite elements or integral equations, for instance. The discussion of this 
matter is beyond the scope of this text.
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Fig. 3.12

Next, we turn to the discussion of how parameters of the transformer 
equivalent circuit can be determined experimentally. This is usually done 
by performing open-circuit (ОС) and short-circuit (SC) tests. These tests 
are actually used for the determination of parameters of the approximate 
equivalent circuit shown in Figure 3.11. This approximate equivalent circuit 
is obtained from the equivalent circuit shown in Figure 3.6 by moving the 
parallel connection directly across the primary terminals. This
transformation is usually justified on the grounds that Re and X™ are 
fairly large and, consequently, current Д -  P2 (see Figure 3.6) is small in 
magnitude. For this reason, current Д through Ri and X (  is almost equal 
to the current I'2. Moreover, since R\ and X f  are small, the voltage across 
the terminals 1-2 is almost equal to Vi. The above approximations are 
consistent with the equivalent circuit shown in Figure 3.11.

The open-circuit test is illustrated by Figure 3.12a. In this test, the 
secondary winding is open and, consequently,

Д =  al'2 =  0. (3.122)
Furthermore, the rms value of the applied primary voltage Vi in this test 
is usually equal to the rated voltage Vrat of the transformer,

Vi =  V ^ .  (3-123)



222 Fundamentals of Electric Power Engineering
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r R i +R'2 X f  +  (X|)'
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(a)

The measurements produce

(b)

Fig. 3.13

I°c and P oc, (3.124)

which are called the primary open-circuit current and the open-circuit 
power, respectively.

Since /5 =  0, the approximate equivalent circuit shown in Figure 3.11 
is reduced to the circuit shown in Figure 3.12b. From this circuit, we find

V 2 ,poc _  rat
R, '

and

V 2 ,R — rat 
1'r poc

Next, from Figure 3.12b we obtain 

which leads to

XI? — 1

( £ ) ‘ - ( i )
2

(3.125)

(3.126)

(3.127)

(3.128)

Thus, by using formulas (3.126) and (3.128), parameters Re and X™  can be 
identified from the measurements obtained through the open-circuit test.

The short-circuit test is illustrated by Figure 3.13a. In this test, the 
secondary winding is short-circuited and, consequently,

l/2' =  aV2 =  0. (3.129)
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Next, the rms value of the primary voltage is gradually increased until the 
rms value of the primary current reaches the rated value I rat,

Vi =  У Г  - * - h =  b, (3.130)

where V^c is called short-circuit voltage. This voltage is usually quite small; 
it is mostly below 6% of the rated voltage.

As soon as V'i =  V ’ c, the short-circuit power P sc is measured.
When the secondary winding is short-circuited, the approximate equiv

alent circuit in Figure 3.11 is reduced to the circuit shown in Figure 3.13b. 
This is the case because Ri +  R'2 and X f +  (X j)  are much smaller than 
Re and Х™. From the circuit in Figure 3.13b, we find

P sc =  i 2ral №  +  ^ ) ,

and
р а с

R\ +  J?2 — —j—.

Next, from Figure 3.13b we obtain

V{
\ * \  =

which leads to

(3.131)

(3.132)

(3.133)

(3.134)

Thus, by using formulas (3.132) and (3.134), parameters R\ -I- Rr and X { +  
can be identified from the measurements obtained through the short- 

circuit test. Now, the conclusion can be drawn that by using the open- 
circuit and short-circuit tests the parameters of the approximate equivalent 
circuit in Figure 3.11 can be completely identified. After this identification 
is performed, the above equivalent circuit can be used for the analysis of 
the transformer at any loading conditions.

Next, we turn to the discussion of three-phase transformers. These 
transformers have three primary windings and three secondary windings. 
The three-phase transformers can be designed in the way that three sets 
of phase windings share the same ferromagnetic core, or three single-phase 
transformers with separate ferromagnetic cores can be combined to form a 
three-phase transformer. These different core designs of three-phase trans
formers are illustrated in Figures 3.14a, b and c. In these figures, the 
terminals of primary phase windings are marked by capital letters, while
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Fig. 3.14

the secondary terminals are marked by lowercase letters. The main ad
vantage of the designs shown in Figures 3.14a and 3.14b is that there are 
some savings in core materials which make these designs cheaper and reduce 
overall core losses. However, a fault in any phase may damage the entire 
three-phase transformer, while a similar fault in the design shown in Figure 
3.14c may damage only one single-phase unit. Furthermore, single-phase 
units can be separately shipped and installed, which may facilitate on-site 
construction.
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Fig. 3.15

As far as connectivity of the primary and secondary phase windings is 
concerned, there are four distinct possibilities listed below:

Y-Y, Д-Д, Y -Д and Д-Y. (3.135)

Some of these connections are illustrated in Figures 3.14a, b and c. It is 
worthwhile to mention that Д-Y connection (with Y on the high-voltage 
side) is often favored for the following reasons. There is line voltage gain of 
л/З achieved beyond the voltage gain due to the turns ratio and there is a 
possibility of having neutral on the high-voltage side. The Y-Д connection 
is often used at the receiving ends of power transmission lines because it 
provides step-down line voltage ratios larger by V3. In both (Д-Y and Y- 
Д) connections there is a | phase shift between the primary and secondary 
line voltages. To illustrate these facts, consider a Д-Y connection shown in 
Figure 3.14a. It is clear from this figure that the primary and secondary 
windings corresponding to the same phase are linked by the same core 
flux. Consequently, in the framework of ideal transformer assumptions, the 
primary line voltage Va x  =  Va b  and secondary phase voltage Vax have the 
same phase and

-V AB =  Vax, (3.136)
a

provided that the primary and secondary windings have the same winding 
directions (i.e., A and a are the “dotted” terminals). Formula (3.136) is 
illustrated by the phasor diagrams (a) and (b) shown in Figure 3.15. In 
these diagrams, vectors representing phasors Vab  and Val are parallel as
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Fig. 3.16

required by formula (3.136). From Figure 3.15b, we easily conclude that

Vab =  V w axej %. (3.137)

From the last two formulas we find

(3.138)

which clearly reveals the ^ phase shift between line voltages as well as л/3 
line voltage gain due to the Д-Y connectivity.

The theory of the single-phase transformer discussed in the previous 
section can be extended to three-phase transformers. Indeed, for each pair 
of primary and secondary windings corresponding to the same phase we 
can write coupled circuit equations of the type (3.33)-(3.34) and mathe
matically transform them to obtain equations of the type (3.76)-(3.77). On 
the secondary side, these equations can be coupled to the circuit equations 
for the three-phase loads written in terms of primed (scaled) voltages and 
currents. In this way, complete sets of equations can be obtained. In the 
case of balanced loads, substantial simplifications can be achieved by using 
per-phase analysis. We shall illustrate this point by considering the case of 
Д configuration of secondary windings connected to Y  configuration of bal
anced load (see Figure 3.16). In order to construct the per-phase equivalent 
circuit of the three-phase transformer with the depicted secondary wind
ing and load connectivities, we have to find the equivalent load impedance 
which is equal to the ratio

Vab =  — VABej * .
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(a) (Ь)

Fig. 3.17

To this end, we first remark that according to KCL

/«  =  # « - & ■  (3-140)

By using the phasor diagram shown in Figure 3.17a, we derive

/ а =  л /3 /£ е -^ .  (3.141)

Then, from Figure 3.16, it follows that

К ь =  (A. -  h )  ZL. (3.142)

By using the phasor diagram shown in Figure 3.17b, we obtain

Ia - I b =  y/5fae* i, (3.143)

and, according to formula (3.142), we have

VS =  a/3 i a ^ Z b .  (3.144)

By substituting formula (3.141) into the last equation, we find

V S = 3  ISLZl - (3.145)

This implies in accordance with formula (3.139) that the equivalent load 
impedance is

S = a 2S  =  3a2Z L. (3.146)
2 Wa

This leads to the per-phase equivalent circuit shown in Figure 3.18.
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Synchronous Generators

C h a p te r  4

4.1 Design and Principle of Operation of Synchronous Gen
erators

Synchronous generators are electrical machines that convert mechanical 
energy of prime movers (turbines, water wheels, etc.) into electric energy 
supplied to power systems. This energy conversion is often called electric 
power generation. Most of the electric power in conventional (utility) power 
systems is generated by using synchronous generators. In this sense, these 
generators are indispensable components of power systems.

Synchronous generators have two major parts (see the schematic cross 
section in Figure 4.1): stator and rotor separated by an air gap. The 
stator is stationary as implied by its name and it is also referred to as 
the armature. The stator has a laminated structure; this means that it 
is usually assembled of a very large number of very thin varnished (or 
oxidized) silicon steel laminations. This is done to reduce eddy current 
losses. The stator has slots uniformly distributed over its interior surface. 
A three-phase winding is embedded in these slots. This is a distributed 
winding. The latter means that each phase of the stator winding consists 
o f several coils connected in series and embedded in different (but adjacent) 
slots. Furthermore, these phase windings are shifted with respect to one 
another along the interior circumference of the stator by 120° in the case 
of two-pole machines (or by 240°fp  in the case of p-pole machines). As 
discussed later in this chapter, these three-phase stationary windings create 
uniformly rotating magnetic fields when energized (excited) by three-phase 
electric currents of the same frequency and peak value but phase-shifted 
(in time) by Щ (or 120°). This creation of uniformly rotating magnetic 
fields is the main reason for the special design of stator windings outlined

229



230 Fundamentals of Electric Power Engineering

Fig. 4.2

above. The magnetic fields created by the stator windings are usually called 
armature, reaction magnetic fields.

Rotors are rotating parts of synchronous generators which are mechan
ically driven by prime movers connected to the rotor shafts. There are two 
distinct designs of rotors of synchronous generators: cylindrical rotors and 
salient pole-type rotors. The basic design of cylindrical rotors is illustrated 
by Figure 4.2, which schematically depicts rotor cross sections in the case 
of two- and four-pole machines. Two-pole machines are typical for fossil 
fuel power plants, while four (or six)-pole machines are typical for nuclear 
power plants. These rotors are usually driven by steam or gas turbines. For 
this reason, synchronous generators with cylindrical rotors are called turbo-
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generators. Cylindrical rotors are not laminated but forged solid pieces of 
conducting ferromagnetic (steel) material. Cylindrical rotors have slots and 
the conductors of distributed rotor windings (also called field windings) are 
embedded in these slots. Rotor windings are excited by dc currents which 
create static (with respect to the rotor) magnetic fields. The lines of such 
magnetic fields are illustrated in Figure 4.2. It is clear from this figure that 
the large (wide) teeth of cylindrical rotors serve as north (N ) or south (S ) 
poles where the magnetic field lines emanate from the rotor and enter the 
rotor, respectively. Recently, permanent magnet synchronous generators 
have been developed and used in certain applications such as, for instance, 
wind power generation. In such generators, the rotor field windings are 
replaced by permanent magnets. The main advantage of such generators 
is that they do not need dc power supplies for excitation of rotor wind
ings. However, large permanent magnets are costly and the magnetic field 
strength of permanent magnets is limited and not controllable.

The design of salient pole rotors is illustrated by Figure 4.3 for the case 
of four-pole rotor machines. In most applications, salient pole rotor syn
chronous generators have a large number of poles (72 poles, for instance). 
These rotors are usually driven by water wheels and, for this reason, syn
chronous generators with salient pole rotors are called hydro-generators. 
As seen from Figure 4.3, salient poles have concentrated (not distributed) 
windings which are wrapped around each protruding pole. These windings 
are excited by dc currents which create static (with respect to the rotor) 
magnetic field. The poles have pole shoes whose geometry is chosen to 
create sinusoidal magnetic field distribution in the air gap. This air gap
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is strongly nonuniform and has two symmetry axes called the direct axis 
(d-axis) and quadrature axis (g-axis). It is apparent (see Figure 4.3) that

Sd < S q, (4.1)

where and Sq are the lengths of the air gap along the ci-axis and q-axis, 
respectively. The nonuniformity of the air gap has important implications in 
the theory of synchronous generators with salient pole rotors (see section 4.4 
of this chapter). Salient poles have laminated structure and their pole shoes 
are provided with damper windings consisting of embedded conducting bars 
interconnected at their ends by conducting rings. These windings are used 
to damp electromechanical rotor oscillations caused by disturbances. There 
is no need for such damper windings in the case of cylindrical solid rotors 
because of their intrinsic conductivity.

Each synchronous generator is equipped with an exciter which provides 
dc current for the rotor (field) winding. The structure of the exciter is 
usually quite complex and it has evolved over the years due to the progress 
in power electronics and in permanent magnet technology. The current 
tendency is to avoid sliding contacts (i.e., slip rings and brushes) and gen
erate needed dc currents in the frames of rotating rotors. This is done, 
for instance, by using rectifiers mounted on rotor shafts. As a result, dc 
current produced by these rectifiers can be supplied to the rotor wind
ing by a direct connection. The ac inputs to rectifiers may be obtained 
from ac armature windings of an auxiliary (small) synchronous generator. 
These small auxiliary generators have an inverted structure in the sense 
that their ac armatures are mounted on the rotor shafts of the main syn
chronous generators, while their “rotors” are stationary and produce static 
(dc) magnetic fields by using, for instance, permanent magnets. In this 
way, the synchronous generator may operate without depending on exter
nal sources of electricity. There are many modifications of the described 
excitation system (using, for instance, a pilot exciter), and a particular 
choice of excitation system depends on the unit power of a synchronous 
generator.

Synchronous generators are usually designed to maximize their power 
per unit weight. This is achieved by using high currents in the rotor and 
stator windings. The latter necessitates efficient cooling of these windings. 
Synchronous generators are equipped with sophisticated cooling systems, 
which typically employ direct water cooling of stator windings and hydrogen 
cooling of rotor windings. Detailed discussion of synchronous generator 

cooling systems is beyond the scope of this book.
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Fig. 4.4

Now, we shall proceed to the discussion of the principle of operation 
of the synchronous generator. During synchronous generator operation, its 
rotor is driven by a prime mover (see Figure 4.4) with a certain speed n3yn, 
called synchronous speed and measured in terms of revolutions per minute 
(rpm). This speed depends on the number of poles p of the synchronous 
generator and it is chosen (as discussed below) to guarantee a desired fre
quency (60 Hz in US utility power systems) of generated ac electric power. 
As the rotor of the synchronous generator is driven by the prime mover, an 
exciter provides dc current excitation to the rotor winding. This excitation 
results in a magnetic field static (time-invariant) with respect to the rotor 
but rotating with speed nsyn with respect to the stator. This rotor mag
netic field induces emfs (internal voltages) in the three phases of the stator 
windings. Due to the special design of the stator windings (i.e., their spa
tial shift by 120°), these emfs have the same frequency and peak values but 
are phase-shifted, (in  time) by When the stator winding is connected 
to a balanced load, the currents of the same frequency and peak values but 
phase-shifted (in time) by 4  ̂ will flow through the three phases of the sta
tor winding. These currents create the magnetic field which is called the 
armature reaction field. It turns out (and this is demonstrated in the next 
section) that the armature reaction magnetic field is uniformly rotating and 
the speed risyn of rotation of this field is equal to the mechanical speed of 
the rotor, namely,

(4.2)

In other words, the rotor and the armature reaction magnetic field rotate in 
synchronism. This is the reason for the name “synchronous generator.” As 
a result of interaction between the armature reaction field and dc current 
in the conductors of the rotor winding, the electromagnetic torque appears 
which tends to slow down the speed of the rotor. The latter is true because, 
according to Lenz’s law, the stator currents are always induced in such a
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way to counteract the cause of induction, which is in our case the rotating 
rotor and its magnetic field. The mechanical power of the prime mover is 
needed to maintain the constant synchronous speed nsyn of the rotor in 
the presence of the “slowing down” action of electromagnetic torque. An 
increase in consumption of electric power from the generator terminals re
sults in an increase in currents in the stator three-phase windings because 
the voltage across the generator terminals is usually maintained more or 
less constant. The increase in stator currents results in the increase in 
the armature reaction magnetic fields which leads to the increase in elec
tromagnetic torque which tends to reduce the rotor speed. Consequently, 
more mechanical power of the prime mover needs to be supplied to main
tain the synchronous speed nsyn of the rotor constant. On the other hand, 
a decrease in consumption of electrical power from the generator termi
nals results in the decrease in stator currents which leads to the reduction 
of braking electromagnetic torque caused by interaction between the arma
ture reaction magnetic field and currents in the rotor windings. This means 
that the prime mover mechanical power must be reduced to maintain the 
synchronous speed nsyn of the rotor constant. Thus, it is clear that preserv
ing the speed o f the rotor nsyn constant in the face of continuously varying 
interaction between armature reaction magnetic field and rotor currents is 
the physical mechanism fo r conversion of mechanical energy into electric 
energy. It is also clear from the above discussion that through maintaining 
constant synchronous speed of the rotor the electric power is generated on 
demand. Furthermore, it is worthwhile to stress here again that preserving 
constant synchronous speed nsyn of the rotor is needed for maintaining the 
constant frequency of generated ac electric power. In addition, the loss of 
synchronism is very detrimental to the operation of the generator because it 
may result in induction of appreciable eddy currents in the solid conducting 
rotors of turbo-generators and large losses. The same detrimental effect of 
eddy current induction in solid rotors occurs in the case of unbalanced loads 
o f synchronous generators. Indeed, in the case of such loads, currents in the 
stator three-phase windings can be decomposed into positive, negative and 
zero-sequence symmetrical components. Currents of positive sequence will 
create armature reaction magnetic fields rotating in synchronism with the 
rotor. However, as can be shown, currents of negative sequence will create 
armature fields rotating with speed nsyn in the direction opposite to the 
rotation o f the rotor. As a result, eddy currents of double frequency (120 
Hz) will be induced by these fields. Zero-sequence currents will also cause 
induction of eddy currents. However, these zero-sequence currents can be
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eliminated by using star without neutral connection of the stator winding. 
Thus, it is clear that synchronous generators are vulnerable to unbalanced 
loads and every effort must be made to maintain more or less balanced load 
across the generator terminals.

It is evident from the presented discussion that the frequency of ac volt
age across the synchronous generator terminals is maintained by preserving 
the mechanical speed nsyn of the rotor, while the peak value of terminal 
voltage can be controlled through proper adjustment of dc excitation of 
the rotor winding. However, there is no way to control the initial phase of 
the terminal voltage of the synchronous generator. This phase varies with 
changes in loading conditions. For this reason, a synchronous generator 
cannot be construed as an ac voltage source; it is rather a (P , K)-source. 
The latter means that the real power P  supplied to the power network and 
the peak value Vm of the terminal voltage can be controlled by controlling 
the mechanical power of the prime mover and dc excitation of the rotor 
winding, respectively. This representation of the synchronous generator as 
a (P , l/)-source is very instrumental in the analysis of power flow in power 
networks (see the next chapter of this part of the book).

Next, we shall derive the important formula for the mechanical syn
chronous speed n3yn of the rotor that is required to generate ac electric 
power of specific (desired) frequency f .  The starting point of our derivation 
is the observation that one cycle (i.e., one positive half-cycle and one neg
ative half-cycle) is induced in the stationary stator winding when adjacent 
north and south poles of the rotor pass by this winding. This observation 
implies that one revolution of the rotor results in the induction of p/2  cycles 
where, as before, p is the number of rotor poles. This, in turn, suggests that 
nsynp/2  cycles are induced per one minute because nsyn has the meaning 
of number of revolutions per minute. Since the frequency / of induced emf 
is measured in number of cycles per second, we find

, njy »p  ,4 3 ^
J 120

which leads to

' 120/ (4.4)

The table below presents the typical values of nsyn for synchronous gener
ators with different numbers of poles.
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Tab le

/ P
60 Hz 2 3600 rpm
60 Hz 4 1800 rpm
60 Hz 6 1200 rpm
60 Hz 72 100 rpm
400 Hz 2 24000 rpm

As mentioned before, the case p =  2 is typical for turbo-generators in fossil 
fuel power plants, the case p =  4 is usual for turbo-generators in nuclear 
power plants, the case p =  72 is representative for hydro-generators and 
the case f  =  400 Hz is realized in aviation. It is clear that the smaller 
p, the faster the synchronous generators and the smaller their geometric 
dimensions for the same output electric power. The latter is true because 
in faster synchronous generators the same input mechanical power can be 
achieved for smaller rotating masses. Fast synchronous generators also have 
large air gaps which may approach 15 cm. One may say that “an air gap of 
a synchronous generator is so large that birds can fly through it." As will 
be seen in subsequent discussions in this chapter, large air gaps decrease 
the reactances of the stator windings and this is beneficial to the overall 
quality of the synchronous generators.

Synchronous machines can also operate as motors. Nowadays, synchron
ous motors with permanent magnets on rotors are widely used in various 
applications. One example is spindle motors of hard disk drives in magnetic 
data storage. The mechanical speed of synchronous motors is given by 
formula (4.4). It is clear from this formula that this speed can be controlled 
by varying frequency / of the ac voltage applied to the stator windings of 
the synchronous motors. This frequency control of speed can be realized by 
using ac-to-ac converters or dc-to-ac inverters which are discussed in Part 
III of this book, which deals with power electronics.

4.2 Ideal Cylindrical Rotor Synchronous Generators and 
Their Arm ature Reaction Magnetic Fields

In this section, ideal cylindrical rotor generators are discussed and their 
armature reaction magnetic fields are analytically studied. In the case of 
ideal cylindrical rotor machines, the analysis of electromagnetic fields is 
performed under the following assumptions.
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Fig. 4.5

(1) Rotor and stator slots are neglected and the air gap is assumed to 
be uniform.

(2) Magnetic saturation of the rotor and stator steel is neglected and 
the magnetic permeabilities of the stator and rotor are assumed to 
be infinite.

(3) Electromagnetic fields in the air gap are assumed to be two- 
dimensional.

(4) Each phase of the stator winding is modeled as surface current 
continuously distributed along the stator interior boundary.

For phase a, the surface density of these currents is given by the formula

•a(<M) =  e2im cosi^sinwi, (4.5)

where е г is the unit vector along the rotational 2-axis normal to the cross- 
sectional plane of the generator, while в is the polar angle in this plane (see 
Figure 4.5a). It is apparent from formula (4.5) that the surface density is 
periodic with respect to 9 and v is the number of periods per one revolution 
(i.e., for 0 <  в <  27t). It turns out that each period of surface current 
density can be associated with two (north-TV and south-5) poles. This is 
illustrated in Figure 4.5b in the particular case when v — 1 and

ia(0,t) =  e=im cosflsintdi. (4.6)

In this figure the signs of га(в, t) are shown for time intervals when sinwt >
0, and it is clear that magnetic field lines emanate from the area of the 
stator marked by N  and enter the stator in the area marked by S. It is 
also clear that for time intervals when sin uit <  0 the signs of ia (в, t) are
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reversed along with directions of magnetic field lines, however the two-pole 
structure of the magnetic field is preserved. This implies that p =  2 for 
v =  1. It is easy to conclude that in the general case

(4.7)

It is customary and convenient to deal with continuously distributed mag
netomotive force (mmf) associated with continuous distribution of surface 
currents. In the theory of electric machines this mmf is denoted by F  and 
is defined as

rQ pQ
Fa{6 ,t )=  j  ia(6',t)d£e’ =  b j  ia(0',t)de', (4.8)

Jo Jo
where b is the interior radius of the stator.

From formulas (4.5) and (4.8), we find

Fa(0, () =  Fm sin v6 sinwi, (4-9)

where

Fm =  H  (4.10)
V

The windings for phases b and с are also modeled by continuously dis
tributed surface currents with the same im and v , but phase-shifted in 
time with respect to one another by 4“  and shifted along в by . Conse
quently, the mmfs of these phase windings are described, respectively, by 
the following formulas:

F b(e, t) — Fm sin ^v9 -  ^  ̂  sin ,

F c(6, t ) =  Fm sin { vQ -
V °  J

(
sin I wt

\

4-лЛ

у ;

(4.11)

(4.12)

For the sake of conciseness, we shall refer in our subsequent discussion to 
this three-phase winding as being shifted in space by In other words, 
it will be tacitly understood that the polar angle shift is scaled by -<

Now, the total magnetomotive force created by the ideal three-phase 
winding can be computed as

F {0 ,t ) =  F a{6, t )  +  Fb{6, t ) +  F c{9,t)

27t'
-  F„ sin ив sin ujt +  sin

+  s in (4.13)
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By using the trigonometric identity

sin q  sin P — -  [cos(q -  /3) -  cos(a +  /?)], 

formula (4.13) can be transformed as follows:

F ( 6,t) =  cos (wt — ив)

(4.14)

2
/" „ 2тг\ / „ 4тг\ 

cos(cj£ +  i/в) +  cos I wt +  ив — —  ) -f cos I wt +  ив — r— \ .
V з / \ 3 )

(4.15)

By recalling the fact (see the remark after formula (1.17) in this part of 
the book) that the sum of sinusoidal quantities of the same peak value and 
frequency but phase-shifted (in time) with respect to one another by 4p is 
equal to zero, we find from the last equation that

(4.16)

Next, we shall demonstrate that formula (4.16) represents a uniformly ro
tating mmf. To do this, consider an “observer” that moves around the 
interior surface of the stator and whose polar angle position at any instant 
of time is defined by function B(t). This “observer” will “see” at any time 
t the magnetomotive force

F  ^ ( ( ) ,  zj =  —5^ cos -  i'0 (i)j ■ (4.17)

Now, the question can be asked how the “observer” should move in order 
to see at any instant of time t the same value of F . It is clear that this will 
be the case if

wt — v6{t) =  const.

By differentiating the last equation with respect to t, we find

and

§  =  “  -  a  M / s ) .  
dt v p

(4.18)

(4.19)

(4.20)

Thus, if the “observer” moves around the stator with constant angular 
speed

. d6 4тг/  . .
n syn =  T = ----  (rad/s),

at p
(4.21)
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then the same value of F  is observed. However, this is oniy possible if 
magnetomotive force F  uniformly rotates with angular speed f l3yn. This 
speed is measured in terms of radians per second. To represent this speed 
in terms of revolutions per minute (rpm), we use the relation

__ * ьзуп

2ir
60 (rpm).

By substituting formula (4.21) into the last equation, we find

120/

(4.22)

(4.23)

If the number of poles of the stator windings is the same as the number 
of poles of the rotor and frequency / is the same as the frequency o f the 
internal voltage induced in the stator windings by the rotating magnetic 
field of the rotor, then by comparing formulas (4.4) and (4.23), we find

(4.24)

In other words, the magnetomotive force F  rotates in synchronism with 
the rotor. As we shall see below, this uniformly rotating mmf of the stator 
winding creates uniformly rotating magnetic field which moves with the 
same speed as the mmf. This implies that formula (4.24) has the same 
meaning as formula (4.2), which means that the stator armature reaction 
magnetic field and the rotor rotate in synchronism.

Now, we shall proceed to the analysis of magnetic field created by the 
ideal three-phase stator winding with magnetomotive force specified by 
formula (4.16). It is clear from formulas (4.8) and (4.13) that the total 
surface current density

i ( 8, t) =  i a(0, t) +  tb(0, £) +  i c{6, t ) (4.25)

of the ideal three-phase stator winding is related to the total mmf, F (9 ,t ) ,  
by the equation

1 dF (9 ,t )
'  о d.0

which, according to formula (4.16), leads to

*) =  sin(wf -  ив).

(4.26)

(4.27)

It is clear that the phasor i(9 ) of this current density can be written as

i (e ) =  ~ j ^ - F me - ^ e. (4.28)
lb
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The phasor of the magnetic field created by the ideal stator winding inside 
the air gap satisfies the following homogeneous equations:

curl H  =  0, (4.29)

div В =  0, (4.30)

В =  /*0Н  (4.31)

and the boundary conditions

Щ 1 - Щ  =  i for r  =  b, (4.32)

Hgot -  H% =  0 for r  =  a, (4.33)

where Hgl , Hgot and H| are tangential ^-components of magnetic field from 
the stator, rotor and gap sides, respectively, while a is the rotor radius.

Since the phasor of magnetic flux density В is always finite, by using 
the second assumption of the ideal machine we find that

B sel 

”  “  
Similarly, we conclude that

I f f  =  - f i-  -> 0 as / j-ю о .  (4.34)

H ’eot =  0. (4.35)

By using the last two formulas in boundary conditions (4.32) and (4.33), 
we obtain

Щ  — —i for r  =  b, (4.36)

Hg =  0 for r  =  a. (4-37)

Now, we introduce the vector magnetic potential A (r, в ) by formulas

В =  curl A , (4.38)

div A  =  0. (4.39)

Since the magnetic field in the air gap is assumed to be two-dimensional, 
the vector potential has only one (z ) component,

А  (г ,в ) =  ezA (r ,6). (4.40)

From equations (4.29)-(4.31) and (4.38)-(4.39) follows that A (r,9 ) satisfies 
the Laplace equation, which in the polar coordinates (г, в) can be written 
as follows:



Furthermore, this vector potential satisfies the following boundary condi
tions:

=  -  (4.42)

8A
^ ( M )  =  0. (4.43)

These boundary conditions follow from the relation

(4.44)
Mo dr

boundary conditions (4.36) and (4.37), respectively, and formula (4.28).
Thus, the analysis of magnetic field in the air gap of the ideal machine 

is reduced to the solution of boundary value problem (4.41)-(4.43). To  
find the solution to this problem, we shall use the method of separation o f 
variables and represent A {r , 9) in the form

А (г ,в ) =  Т(г)Ф (0). (4.45)

By substituting formula (4.45) into the boundary condition (4.42), we find

Т '(Ъ )Ф (в) =  (4.46)

From the last equation follows that

ф(б) =  e~iue (4.47)

and, consequently,

A (r,e ) =  T ( r )e - jv9. (4.48)

Next, by writing the Laplace equation (4.41) in the form

2д2А дА д2А
r  'rr-ir +  т —----h -ТГГ = 0  for a < г <  b (4.49)

o r 2 o r  d92
and by substituting formula (4.48) into the last equation as well as in bound
ary conditions (4.42) and (4.43), we derive that function T (r )  is the solution 
o f the following boundary value problem:

r 2T " ( r )  +  r T ‘ ( r )  — v2T (r )  = 0  for a < r <  b, (4.50)

T '(b) =  (4.51)
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T '(a ) =  0. (4.52)
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Equation (4.50) is the Euler equation whose solution can be sought in the 
form

T (r )  =  C r° ,  (4.53)

where С  and a are some constants.
By substituting the last formula into equation (4.50), we find

q (q  — 1) +  a — v 1 =  0, (4.54)

and, consequently, function (4.53) satisfies equation (4.50) for the following 
two values of a:

a i =  v, c*2 =  —v. (4.55)

This implies that a general solution of equation (4.50) has the form

T (r )  =  C iru +  C a r- ', (4.56)

where C\ and Ca are some constants. These constants can be found from 
the boundary conditions (4.51) and (4.52), which lead to the following 
equations for C\ and C2:

Сф 1' - 1 -  Cab-"-1 =  (4-57) 

C ia "-1 -  C a tT "-1 =  0. (4.58)

These two equations can be easily solved and the following formulas for C\ 
and C2 can be derived:

Г  -

! J2 b ib " - 1 - a 2‘'b - u- 1) ’ ’

3/£oa2l'F m /

c * ~ - h i ( eo) 

Finally, by using formulas (4.48), (4.56), (4.59) and (4.60) as well as simple 
algebra, the following expression for A(r, 9) can be derived:

3
А /V i #i IT n u hv s r + ( - Г<Qr*

A \ T b U ) — 2 m b2" - S  6 •
(4.61)

The last equation can be simplified by using the relation

a — b — 6 (4-62)

where

6 <£ b. (4.63)
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Indeed, from the last two formulas we derive that

b2v -  a2v ?= (4.64)

avbv w b2v. (4.65)

By using the last two formulas in equation (4.61) we arrive at

<«•>
Further simplification is also possible because a <  r  <  b and according to 
formulas (4.62)-(4.63)

<“ 7>

(4.68)

This leads to

A ( r , e ) ^ - j 3-̂ F me - ^ .
IV Q

The last formula implies that

A (r, 9, t ) w Fm sin(u t -  и в ) . (4.69)

It is evident from formulas (4.16) and (4.69) that the mmf and A  have 
spatial and temporal dependence on the same argument (ut — ив). This 
suggests that the vector magnetic potential is uniformly rotating with syn
chronous speed n3yn. The latter can be proved by literally repeating the 
same reasoning which led to the derivation of formula (4.23) from formula
(4.16). Since it is known that in 2D the level lines of the vector potential 
coincide with magnetic flux density lines, it is naturally concluded that the 
magnetic field in the gap represented by this vector potential is uniformly 
rotating with synchronous speed n syn. A  similar conclusion can be achieved 
by deriving the expression for the radial component of the magnetic flux 
density by using formula (4.69).

The previous discussion is based on formula (4.69) derived for cylindrical 
rotor machines with uniform air gaps. However, the conclusion that the 
surface current density (4.27) creates uniformly rotating magnetic field is 
valid for salient pole machines (with nonuniform air gaps) as well under 
the condition of synchronism nsyn — fisyn. Indeed, under the condition of 
synchronism, the surface current density does not depend on time in the 
rotor frame of reference and creates static magnetic field in this reference 

frame. Consequently, this field is uniformly rotating in the stator frame of 
reference.
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Fig. 4.6

4.3 Design of Stator Wm dings and Their Reactances

In the previous section, the idea] three-phase stator windings have been 
discussed. Actual stator windings are designed as discrete approximations 
o f ideal windings. This can be accomplished in many ways and, for this 
reason, there are many different designs of stator wmdings. We shall not 
attempt the detailed discussion of these designs, but rather we shall illus
trate the central ideas and stress the basic facts involved in the design of 
stator windings.

It is quite often that two-layer windings are used. In such windings, 
there are “top” and “bottom” conductors embedded in each slot (see Figure
4.6). Furthermore, each phase winding consists of several coils connected 
usually in series and embedded in several adjacent slots. The parts of coils 
which are embedded in slots are called active parts, while the parts of 
coils outside the slots are called end parts (see Figure 4.7). Usually, one 
active (direct) part of a coil is embedded in a slot as a top conductor, while 
another active (reverse) part of the same coil is embedded in a different slot 
as a bottom conductor. An example of the described design of stator phase 
windings is illustrated (in developed view form) by Figure 4.7 for the case of 
one phase (phase a) consisting of four coils for a two-pole machine with 12 
slots in the stator. It is clear from this figure that the active parts of coi] 1 
are embedded in slots 1 and 7 as top and bottom conductors, respectively; 
those of coil 2 are in slots 2 and 8; those of coil 3 are in slots 3 and 9; 
and those of coil 4 are in slots 4 and 10. It is apparent that these coils are 
connected in series and that the difference between polar angles 9k and в'к 
of the centers of the slots in which top and bottom parts of the same coil
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coil 1 coil 2 coil 3 coil 4

Fig. 4.7

Occupancy Table 1
slot # 1 2 3 4 5 6 7 8 9 10 n 12
top a ; Л +2 A t p i ВГ Bt B t СГ C?+ c l С.Г
bottom b3 B4- c r C2 c 3 AT л - ^3 л ; b t Щ

number к are embedded is equal to ж, i.e.,

6k -  6'k =  7t. (4.70)

This is the so-called full-pitch winding. Arrows in Figure 4.7 mark the 
reference directions of coil currents and they reveal why the top and bottom 
parts of the coils can be called direct and reverse, respectively. The stator 
windings for phases b and с are designed in the same way as for phase a, 
but shifted in space with respect to one another by 120°, i.e., by four slots. 
It is somewhat cumbersome to show all three phase windings in the same 
Figure 4.7. However, the described design of the stator three-phase winding 
can be illustrated by the Occupancy Table I. In this table, A J, B f  and 

(with к =  1,2,3,4) correspond to active parts of coil number к o f the 
stator windings for phases a, b and c, respectively. It is clear from this 
table that each phase has four full-pitch coils embedded in adjacent slots
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©  ©  / 0  ф ©  о * ,  q  e ■в

Fig. 4.8

and that the three windings are shifted with respect to one another by 120° 
along the stator interior circumference.

Next, we consider the mmf of each phase winding. To simplify the 
reasoning, we represent each coil of the phase winding by two (direct and 
reverse) filamentary conductors located on the stator surface at polar angles 
9  ̂ and 6,., respectively (see Figure 4.8). By using the definition of mmf 
given by formula (4.8) and taking into account that each current-carrying 
filamentary conductor can be construed as a delta-type function of surface 
current density, we find after integration that the mmf Fa of phase a is a 
piecewise step function represented by the solid line in Figure 4.8. It is clear 
that this multi-step function is a discrete approximation of sinusoidal mmf 
shown in Figure 4.8 by a dashed line. Actually, this sinusoidal mmf is the 
first (fundamental) harmonic of the Fourier series expansion of the multi- 
step mmf of the actual phase winding. Since the stator windings for phases 
b and с are identical to the stator phase a winding except that they are 
shifted in в by 120° and 240°, respectively, then the fundamental harmonics 
of Fb and Fc have the same peak values as the fundamental harmonic for 
F a but are shifted in в by 120° and 240°, respectively. When the phase 
windings are excited by currents of the same peak values and frequency 
but phase-shifted in time by ^  and ^ , respectively, then the fundamental 
harmonics of their mmfs will have the same mathematical forms as given by 
formulas (4.9), (4.11) and (4.12). This implies that the total fundamental 
harmonic of the mmf of the three-phase winding is given by formula (4.16). 
In other words, the fundamental harmonic of mmf of the actual three-phase 
stator winding replicates the mmf of the ideal machine and, consequently, 
creates magnetic field that rotates in synchronism with the rotor. However,
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Occupancy Tab le 2
slot # 1 2 3 4 5 e 7 8 9 10 l l 12
top A t A t Лз+ A t B t B+ n t B t c t c t C t c t
bottom c r C2 c 3 c , a : ^2 A3 a ; t i B2- 53-

Occupancy Tab le 3
slot # 1 2 3 4 5 6 7 8 9 10 l i 12
top ЛТ At Bt Bt ct Ct a; At в; ДГ ct
bottom At At Bt Bt Cf Ct 7̂ A3 Bt B3 ci Cl

the multi-step nature of mmfs of actual stator windings results in higher- 
order spatial harmonics of mmf -which correspond to higher-order terms 
in Fourier series expansions of these mmfs. These higher-order harmonics 
create magnetic fields which are not in synchronism with the rotor. As 
a result, these fields generate eddy currents in the solid conducting rotor 
which are detrimental to the overall performance of synchronous generators. 
For this reason, it is desirable to suppress (or “filter out” ) these higher-order 
spatial harmonics. This can be accomplished by using stator windings 
whose coils have fractional pitch. The latter means that the relation (4.70) 
is replaced by the following:

ek - e 'k =  pir, (0 <  /3 <  1). (4.71)

An example of the design of a fractional-pitch winding is illustrated by Oc
cupancy Table 2. It is clear that /3 — 5/6 for the winding design presented 
in this table. However, this design of fractional-pitch winding is not prac
tically useful. The reason is that the mmf of each coil of such winding does 
not have half-wave symmetry, and this leads to the appearance o f even har
monics in this mmf and, consequently, in the total mmf of the winding. This 
difficulty can be circumvented by fully exploiting the two-layer structure of 
the winding. This is first accomplished by designing the full-pitch winding 
as illustrated by Occupancy Table 3. Then, the fractional-pitch winding 
with 0  =  5/6 is produced by shifting the bottom layer by one slot as shown 
in Occupancy Table 4. It is clear from this occupancy table that even coils 
(2 and 4) and odd coils (1 and 3) have the same pitch /3 =  5/6 when the 
inner circumference of the stator is traversed in opposite directions. This 
preserves the half-wave symmetry of the total mmf of each phase winding. 
Another way to illustrate this fact is to observe that a two-layer fractional-
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Occupancy Table 4
slot # 1 2 3 4 5 6 7 8 9 10 11 12
top A t A t В? в$ c t C t a2 AT Вг ВТ CT С7
bottom c 3~ л : B l B t c+ C t Л3 в ; ВТ с г

pitch phase winding represented in Table 4 can be viewed as two single-layer 
full-pitch windings shifted with respect to one another by the angle (1—J3)n 
and connected in series. Indeed, for phase a, these two full-pitch windings 
are formed by conductors A f -A% , A$ -A^  in the top layer and by conduc
tors A%-A^ , A^-A^ in the bottom layer. This equivalent representation of 
the two-layer fractional-pitch winding as two (top and bottom) full-pitch 
windings shifted by angle (1 — /3)тг is legitimate because all winding coils are 
connected in series. It is also apparent that half-wave symmetry holds for 
any full-pitch winding and, consequently, for the fractional-pitch winding 
designed as shown in Occupancy Table 4 there is no generation of even har
monics in the mmf, while some odd mmf harmonics can be suppressed by 
using the fractional pitch (as discussed somewhat later). It is worthwhile 
to note that the fractional-pitch design of stator windings is also beneficial 
for suppression of higher-order time harmonics in induced internal voltage 
(emf). These time harmonics appear because the distribution of rotor mag
netic field deviates from the sinusoidal case. Thus, it can be concluded that 
three-phase stator windings are designed as filters of higher-order spatial 
and temporal harmonics.

The design of stator windings has been discussed above for the case of 
two-pole machines. When the number of poles is larger than two, the pat
tern of the winding is periodically repeated along the stator circumference. 
This results in v identical groups of coils which can be connected in series 
or parallel.

Next, we proceed to the calculation of reactances of stator windings. For 
this purpose, we shall recall that the magnetic flux which links a filamentary 
conductor L  (see Figure 4.9) can be computed by using Stokes’ theorem 
and magnetic vector potential. Namely,

Ф =  JJ В ■ ds =  J J curl A  - ds =  A  ■ dt. (4-72)

Thus, the flux Ф* which links one turn of the coil number к can be computed
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as follows:

Ф* =  ^  A  d t =  j f  A  d£ +  J A  d £ +  J A  d£, (4.73)

end
parts

where £* and £'k are direct and reverse active parts of the coil (see Figure
4.7). In our calculations below, we shall neglect the last integral (over “end 
parts” ) in formula (4.73), while the integrals over f t  and £‘k can be simplified 
by assuming that A  has only z-components and, consequently, is parallel 
and anti-parallel to dt. for £k and , respectively. Furthermore, it will be 
assumed that t k and t ‘k are active parts of full-pitch top (or bottom) coils 
in the equivalent representation of double-layer fractional-pitch winding 
discussed above. This yields the expression

ф1‘ор )^ И ( г М ) - л ( 0 ) Ь  (4-74)

where £ is the length of the active parts, which is the same as the stator 
length, while superscript “ (top)” denotes that the flux is computed for a 
top full-pitch coil.

Next, we shall use the expression (4.69) for A  that was derived for the 
ideal machine. It is understandable and in agreement with the previous 
discussion that Fm in this expression can be construed as the peak value o f 
the fundamental harmonic of mmf of the actual ( “discrete” ) stator phase 
winding. For the sake of simplicity of derivations, we consider the case of 
the two-pole machine when v =  1. Now, by substituting formula (4.69) 
into equation (4.74), we obtain

ф(«ор) (t) =  ^ e F m  [sinM _  в к )  _  sin M  _  в'к )], (4.75)

In the case of full-pitch coils when formula (4.70) is valid, the last formula 
can be simplified as follows:

ф(.ор)(0  =  3M ^ FmSin(uJt __ в к )  (4 76)
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It is apparent from the last formula that fluxes linking different coils have 
the same peak value but different initial phases. The latter is the manifes
tation of the distributed nature of the winding. Similarly, for the bottom 
full-pitch coils, shifted with respect to the top full-pitch coils by the angle 
(1 — /3)ir, we can write

ф(ЬоО {t) =  sin [u t _  Qk +  (1 _  . (4.77)

The total flux linkages ip(t) of the phase winding can be computed as 
follows:

m  =  N c j 2  [ * [ tOP)W  +  * i bOt)(0 ] , (4-78)
A:=l

where N c is the number of turns of each coil, while q is the number of 
full-pitch coils in the top (or bottom) layer.

By substituting formulas (4.75) and (4.77) into equation (4.78), we find

m  =  l Fm A  {sin(wt _  вк) +  sin [ut _ в к + (1 _  , (4.79)

2<5<Z ^

where

N  =  2qNc (4.80)

is the total number of turns in the phase winding.
Formula (4.79) can be written in the phasor form as

.  = _ j 3 ? o M N Fm - y  r j9k + f (4.81)

t i V ' 
which can be further transformed as follows:

ф =  (1 "  * - * * )  £ * " '* *•  (4'82) 

Next, we can write that

Bk =  fli +  {k -  1)q, (4.83)

where

at =  вк — вк- i  (4.84)

is the polar angle increment between two adjacent slots.
By using formula (4.83), we find

_  e- i « .  (4.85)

t= i fc=i
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The sum in the right-hand side of the last formula can be recognized as the 
finite geometric series with the ratio e~ja . Consequently, the last formula 
can be further transformed as follows: 

я
= e - i *

1 _  p-]qa

By substituting formula (4.86) into formula (4.82), we find

1 —  p .~ l q a  

(1 -  e — -e- ja

Consequently,

2 5q |1

Next, we shall use the formula

| l - e  3X\ =  2 sin

(4.86)

(4.87)

(4.88)

(4.89)

assuming that 0 <  x  <  ir. The latter formula is derived as follows: 

1 -  e~jx =

This implies that

1 — e 3X =  1 — cos x  +  i  sin x =  2 sin — I- j 2 sin — cos - .
2 2  'L

2 X , „о X *  (4 .90)

„ . X Г . X
1 -  e 3 =  2 sm -  |sin -  +  j COS (4.91)

which leads to formula (4.89).
By using equality (4.89), formula (4.88) can be written as follows:

3unMN _  . /?7r sin 3̂  
Фт =  ---- ;----r mSin- (4.92)

<5 2 q sin ^

Now, we shall introduce two very important coefficients (factors): the pitch
coefficient

- sin

and the distribution (or breadth) coefficient

sin

(4.93)

(4.94)

These two coefficients are usually combined into one winding coefficient

kw =  kvkd. (4.95)
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A i^ top)(6>)

Fig. 4.10

By using the last three formulas, equation (4.92) can be written in the form

(4.96)Здо b (N kw
Фт =  ------J------Frr.

This implies that the peak value of the voltage induced by flux linkages 
ip (t) can be computed as

3^o M N kw 
Vm =  u)$)n ----------— — wFm. (4.97)

Next, we shall compute Fm in terms of peak value I m of the phase 
winding current. To this end, we shall first consider the mmf (9) of 
the filamentary full-pitch coil number к in the top layer at the moment of 
time when the current in the phase winding achieves its maximum value. 
This mmf is represented in Figure 4.10. The Fourier coefficients for the 
first-order terms of the Fourier expansion of Ff,lop^(6) can be computed by 
using the formulas

1 л2зг-{-б*
a\k) =  - j  F l top) (в ) cos вйв,

*  Jek
1 r2ir+$k

b\k) =  - j  F f op)(0}sin0d0. 
7Г Jek

After integration, we find

2NC1„
a, -  ~

b\.W -
2 N J n

7Г

sin0fc, 

cos вк,

(4.98)

(4.99)

(4.100)

(4.101)
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where, as before, N c is the number of turns of the coil. Thus, the funda
mental harmonic F ^01̂  оГ the coil mmf can be found as follows:

(в ) =  cos 0 +  6 ^  sin в 
o n  j

=  — ^  [— cos в sin Ok +  sin# cos 0 J . (4.102)
7Г

After simple trigonometric transformations, we derive

f £ op)(0) =  s\n{e -  flfc). (4-103)

Since the full-pitch coils of the bottom layer are shifted by the angle (1—/3)n, 
we find

2 N CI„
sin [9 -  flit +  (1 -  /3)тг]. (4.104)

Now, the fundamental harmonic of the phase winding mmf can be computed 
as follows:

ч
(4.105)

fc=i

From formulas (4.103), (4.104) and (4.105), we find

F i(0 ) =  'У '  {sin(6 -  вк) +  sin[0 -  вк +  (1 -  /?)7г]} , (4.106)
*4

where N  is given by formula (4.80).
It can be observed that the mathematical form of the sum in formula

(4.106) is similar to the mathematical form of the sum in formula (4.79); 
they become formally identical if uit is replaced by в. This means that 
by literally repeating the same line of reasoning used in the derivation of 
formula (4.96) for t/v> we can derive the following expression for the peak 
value F m of F i (6):

__ 2N k w
I  m  — 71 (4.107)

By substituting the last formula into equation (4.97), we obtain

The last formula implies the validity of the following expression for the 
main reactance of the stator phase winding:

(4.108)

(4.109)
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This reactance is termed “main” reactance (and marked by the superscript 
“ (m )” ) in order to emphasize that this is not the total reactance of the 
stator phase winding but rather its main part. Indeed, in the derivation 
of expression (4.109), the formula (4.69) was used. The latter formula was 
derived for the ideal machine by neglecting end parts of the stator winding 
as well as slots on the stator and rotor and by assuming that the armature 
reaction magnetic field has only the fundamental spatial harmonic. For 
this reason, the actual stator winding reactance is somewhat different from 
Xs™  ̂ and can be represented as follows:

X s =  X ^ + X et , (4.110)

where X f  is the so-called leakage reactance that accounts for end-part leak
age, slot leakage and differential leakage associated with higher-order spatial 
harmonics of magnetic field.

Another very important point is that formula (4.109) has been derived 
by using the expression for vector potential A of the rotating magnetic field,
i.e., magnetic field created by three currents in three stator phase windings. 
In this sense, reactance X s accounts for self and mutual reactances of the 
three stator phase windings. It is interesting to find the relation between 
X s and self and mutual reactances. To do this, consider the K V L  equation 
for phase a:

Va =  j X aai a +  j X abI b +  j X aJ c> (4.111)

where X aa is the self-reactance, while Х аь and X ac are mutual reactances. 
It is apparent that due to the symmetry of the three-phase stator winding 

under rotation by 120°, we have

X ab =  X ac. (4.112)

Furthermore, in the case of a balanced load,

Д  =  Д е ^ ,  Л  =  Д е " ^ .  (4.113)

By using formulas (4.112) and (4.113), we easily derive that

Va =  j ( X aa -  X ab) f a. (4-114)

The latter implies that

Vm =  (X aa -  X ab) I m, (4.И5)

which means that

X s =  X aa -  X ab. (4-116)
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Thus, in the case of balanced load, self and mutual reactances can be ac
counted fo r by one reactance X s, which is quite often called synchronous 
reactance.

harmonics of the stator winding, As was mentioned before, even spatial 
harmonics are absent due to the half-wave symmetry of the stator winding 
mmf. Next, we illustrate that all “multiple of three” higher-order harmonics 
are equal to zero as well. The illustration is based on the fact that for a 
full-pitch coil number к of phase a the 77-th harmonic of its mmf at time t 
is given by the formula

The derivation of the last relation is similar to the derivation of formula 
(4.103) and it takes into account that 77 is an odd number. Since the coils 
number к of phases a, b and с are shifted with respect to one another by

Now, by taking into account that 77 is a multiple of three and that for a 
balanced load

The latter implies that there are no multiple of three spatial harmonics in

design. Indeed, it can be shown that for 77-th spatial harmonics equation
(4.107) has the form

Now, we shall briefly return to the discussion of higher-order spatial

(4.117)

i a(t ) +  ib(t) + i c(t )  =  0, (4.120)

we conclude that

F£n(e,t) +  F i,{e l t) + F£n{e,t) =  o- (4.121)

the mmf of the three-phase winding in the case of balanced load. The fifth 
and seventh harmonics can be suppressed by using fractional-pitch winding

(4.122)

w h ere

(4.123)
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v .Q z ,

Fig. 4.11

and

(4.124)

For the fractional pitch 0 =  5/6, we find

. 257Г 7Г
fcp5 =  sin —  =  sin —  ж 0.26,

, . 357Г 7Г
kp7 =  sin —— =  sin —  =s 0.26,

(4.125)

(4.126)

while kp =  kpl =  sin ^  rs 0.97. Thus, the fifth and seventh spatial harmon
ics are equally suppressed by the small values of kp5 and kp7 in comparison 
with kpi. Additional suppression occurs due to the appearance of tj in the 
denominator of formula (4.122).

Next, we shall discuss the equivalent circuit of the synchronous genera
tor in the case of balanced load. By using per-phase analysis, this equivalent 
circuit can be represented as shown in Figure 4.11, where R s stands for the 
phase resistance of the stator winding. This equivalent circuit is convenient 
for the analysis of terminal voltage of a synchronous generator supplying 
an isolated system characterized by load impedance Z £,.

From the equivalent circuit shown in Figure 4.11, we find

£s =  R SI S +  j X sI s +  V » (4.127)

which leads to

Vs =  £s -  R sh  ~  j X 3L (4.128)

Usually,

R s X s (4.129)

and

(4.130)
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Fig. 4.12

Consequently,

Vs ^  £s -  j X ^ ' f 3. (4.131)

It follows from the last formula that the smaller Jfjm\ the less the terminal 
voltage К, is sensitive to the variation of load current I s. The smallness of 

can be achieved according to formula (4.109) by increasing the length 
6 of the air gap. The case of a synchronous generator supplying an isolated 
load is not typical for utility power systems where usually a large number 
of synchronous generators are connected to the same power network. In 
the latter case, the terminal voltage of a single generator and its frequency 
are by and large fixed by the presence of other generators in the network. 
This situation is usually described as a synchronous generator connected 
to an infinite bus, and it is discussed in the next section. Nevertheless, the

(m)
smallness of X ] that can be achieved for large S is still very important 
from the point of view of static stability of the synchronous generator. This 
issue is also discussed in the next section.

We shall conclude this section by discussing how the synchronous reac
tance As can be determined experimentally. This is usually done by per
forming two tests, the open-circuit test and short-circuit test. Remarkably, 
these tests can be performed without connecting a synchronous generator to 
an outside power network but rather only using the available dc excitation 
of its rotor winding. The schematics of the open-circuit test are presented 
in Figure 4.12. It is apparent from this figure that by measuring the peak 
value of open-circuit voltage V°tc we find the peak value £sm of the internal 
voltage (em f) for a fixed level of rotor winding excitation:

£sm =  V °c . (4-132)

The schematics of the short-circuit test are presented in Figure 4.13. By 
measuring the peak value of the short-circuit current 1^  for the same level 
of rotor winding excitation, according to formula (4.132) and Figure 4.13,
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the synchronous reactance X , can be found by using the formula
y o c

X s = (4.133)

It is evident that by using the last formula we neglect the phase resistance 
R s of the stator winding, which is usually very small in comparison with 
X .,.

4.4 Two-Reactance Theory for Salient Pole Synchronous 
Generators; Power of Synchronous Generators

In the previous section, we have discussed the design of stator windings and 
derived the formula (4.109) for their reactance. This derivation has been 
carried out for cylindrical rotor machines whose air gaps are mostly uniform. 
In the case of salient pole machines, the air gaps are strongly nonuniform; 
they assume the smallest values S4 along the direct axes and the largest 
values Sq along the quadrature axes. For this reason, it is not clear what 
value of S can be used in the formula (4.109) or even if this formula is 
still applicable to salient pole synchronous machines. It is clear that the 
value of 5 depends on the spatial orientation of armature reaction magnetic 
field with respect to the salient pole rotor. In other words, it is clear that 
different values of 5 must be used when magnetic field fines of armature 
reaction field are mostly aligned along the direct axis than when these field 
lines are aligned along the quadrature axis. Here, an interesting physical 
phenomenon occurs. I t  turns out that the spatial orientation of armature 
reaction magnetic field with respect to a salient pole rotor is controlled by 
the phase shift in time between internal voltage (induced emf) £s and stator 
current i 3. To illustrate this, consider two particular cases when a) Ss and 
I s are in phase and b) I s lags behind £, by For the sake of simplicity 
of our reasoning, we consider a two-pole machine and represent the stator
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phase windings by single coils A X , B Y  and C Z  shifted in space by 120° 
(see Figure 4.14a). Magnetic field of the rotor is shown in Figure 4.14b.

We start with the case a) which is illustrated by the phasor diagram 
in Figure 4.15a. We shall also consider a special instant of time when the 
position of the rotor is such that its direct axis is in the plane o f the A X  
coil (see Figure 4.15b). We shall use this instant of time as the initial time 
instant t =  0. It is clear from the structure of the magnetic field lines of 
the rotor shown in Figure 4.14b that at this time instant the flux linkage 
of the coil A X  is equal to zero. Since flux linkage is sinusoidal in time, its 
derivative achieves its maximum at the time instant when the flux linkage 
is equal to zero. Consequently, the internal voltage induced in the coil A X  
assumes its maximum value at t =  0. Since the current in this coil is in 
phase with the induced internal voltage (see the phasor diagram in Figure 
4.15a), this current also assumes its maximum positive value at t =  0. This 
means that this current can be written as

ia (t) =  Im coswt. (4.134)

Since we deal with the case o f balanced load, currents in coils B Y  and C Z

(ь)
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are given by the formulas

ib (t) =  Im cos (u t  -  , (4.135)
V J у

* c ( t )  =  L c o s  ( u t  -  y ' )  . (4.136)

At time instant t — 0, from the last three formulas we find

ia(0) =  Im >  0, *6(0) =  ic(0) - <  0. (4.137)

These current signs are marked in Figure 4.16, and it is clear that due to 
the symmetry of the current distribution the lines of magnetic field cre
ated by these currents are directed along the quadrature axis. This fact is 
established for the time instant t =  0, that is, for a very specific position 
of the rotor. However, since the rotor and the armature reaction magnetic 
field rotate in synchronism (i.e., with the same speed), it can be concluded 
that the lines o f the armature reaction magnetic field are directed along the 
quadrature axis at any instant of time, i.e., fo r any position of the rotor. 
This suggests that 5g can be used instead of 6 in formula (4.109) and this 
leads to the reactance

, , =  i (4. 138)  
oq

(»)
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which can be called quadrature axis main reactance.
Now, we turn to the discussion of the case b) when the stator current in 

each phase winding lags behind induced internal voltage by ~ as illustrated 
by the phasor diagram shown in Figure 4.17a. We shall also consider a 
special instant o f time when the position of the rotor is such that its direct 
axis is normal to the plane of the A X  coil (see Figure 4.17b). We shall
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Fig. 4.18

use this instant of time as the time instant t =  0. It is clear from the 
structure of magnetic field lines of the rotor (see Figure 4.14b) that at this 
time instant the flux linkage of the coil A X  achieves its maximum value. 
This implies that the time derivative of this flux linkage is equal to zero. 
The latter indicates that the internal voltage induced by the rotor magnetic 
field in the coil A X  is equal to zero at t =  0. Since the current in this coil 
lags behind the induced internal voltage by | (see the phasor diagram in 
Figure 4.17a), we conclude that this current achieves its maximum positive 
value at t =  0. This means that this current can he written as

Since we deal with the case of balanced load, currents in coils B Y  and C Z  
are described by the formulas

From the last three formulas we find that at time instant t =  0 we have

These current signs are marked in Figure 4.18, and it is clear that due to the 
symmetry of the current distribution the lines of magnetic field created by 
these currents are along the direct axis of the rotor. This fact is established 
for the time instant t =  0, that is, for a very specific position of the rotor.

ia(t ) =  I m cos ut. (4.139)

(4.141)

(4.140)

<„(0) =  I m >  0, h (0 ) =  ic( 0) =  - J- f  <  0. (4.142)
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However, since the rotor and the armature reaction magnetic field rotate in 
synchronism (i.e., with the same speed), it can be concluded that the lines of 
the armature reaction magnetic field are along the direct axis at any instant 
of time, i.e., fo r any position of the rotor. This suggests that бд can be 
used instead of S in formula (4.109) and this leads to the reactance

which can be termed the direct axis main reactance.
Now, consider a general case when the phase shift in time between the in

duced internal voltage and stator current is equal to some angle 0 <  ф S  $ 
(see Figure 4.19a). It is clear that in this general case the positive maxi
mum value of current i a(t ) will be achieved at some position of the rotor 
(see Figure 4.19b) which is intermediate between the rotor positions shown 
in Figures 4.16 and 4.18. It is also clear that this rotor position depends on 
the phase shift ip between t 3 and I s. Thus, the conclusion can be reached 
that the orientation of field lines of the armature reaction magnetic field 
with respect to the salient pole rotor is controlled by ip, and different syn
chronous reactances A’^ 1̂ should be used for different phase shifts ip- The 
phase shift ip does not remain constant but changes with load variations. 
This clearly suggests that for salient pole machines the stator windings

(4.143)
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cannot be characterized by one reactance as in the case of cylindrical ro
tor machines. Luckily, the stator windings of salient pole machines can 
be characterized by two reactances: direct axis and quadrature axis reac
tances. This characterization is based on the superposition principle and 
the following decomposition of stator current I s'.

I s = i s 4 +  U  (4.144)

which is illustrated by the phasor diagram shown in Figure 4.20. It is clear 
from the previous discussion that the current I sq will produce the magnetic 
field whose lines are directed along the quadrature axis, while the current 
I 3d will produce the magnetic field whose lines are along the direct axis. The 
actual magnetic field is the superposition of these two magnetic fields. This 
implies that the flux linkage of the stator windings ф, can be represented 
as the sum of two flux linkages

Фэ =  Ipsq +  Фай, (4.145)

which are due to the magnetic fields created by currents I 34 and /,j, re
spectively.

From the last formula we find that the K V L equation for a stator phase 
winding can be written in the form

£s =  Vsq +  Vsd +  Vs, (4.146)

where V3q is the voltage induced due to the time variations of flux linkage 
created by the component of the armature reaction magnetic field whose
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lines are directed along the quadrature axis, while Vsd is the voltage induced 
due to the time variations of flux linkage of the stator winding created by 
the component of the armature reaction magnetic field whose lines are along 
the direct axis. Consequently, these two voltages can be written as

sqlsqiV.q =  jX .

Vsd j  X sdlsd\

(4.147)

(4.148)

where reactances X sq and X sd include not only the main reactances (see 
formulas (4.138) and (4.143)) but leakage reactances as well.

By substituting formulas (4.147) and (4.148) into equation (4.146), we 
end up with the following expression for the terminal voltage Vs\

* * • A

t [Ь'" jXsdlsd j X  Sq l 3q. (4.149)

The last formula is illustrated by the phasor diagram shown in Figure 4.21. 
This phasor diagram as well as equation (4.149) is the essence of the two- 
reactance theory that was first developed by A. Blondel.

It must be remarked that the two-reactance theory is only applicable 
under steady-state conditions and balanced loads. In the case of transients, 
this theory is not applicable and one is resigned to use coupled circuit 
equations which account for coupling between stator phase windings and 
rotor dc and damper windings. These are quite complicated equations with
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variable-in-time coefficients. The latter is the consequence of the fact that 
inductances and mutual inductances of windings depend on the temporal 
position of the salient pole rotor. It turns out that by using special Park 
transformations associated with rotating direct and quadrature axes of the 
rotor these coupled equations with variable coefficients can be reduced to 
differential equations with constant coefficients. The detailed discussion of 
the Park theory is beyond the scope of this book.

Now, we shall proceed to the discussion of electric power generated by 
the synchronous generator. In the case of balanced load, this power can be 
written as

P  =  ? VsmI sm c o s (4.150)
2

and if we use rms values К, and I 3 instead of peak values VSTn and I sm, 
then

P  =  3VSI S cosip. (4.151)

It is clear from Figure 4.21 that

cost^ =  cos {ф — 0) =  cos ip cos в +  sin^rsin#. (4.152)

By substituting the last formula into equation (4.151), we arrive at

P  =  3VSI S cos ф cos в +  3VSI S sin ̂  sin 0. (4.153)

It is apparent from Figure 4.21 that

I s cosil) =  I sq, (4.154)

I 3 sin ф =  I sd- (4.155)

By substituting the last two equations into formula (4.153), we find

P  =  3VsI sq cos6 +  3VsI sd sin в. (4.156)

From the phasor diagram in Figure 4.21 we derive

£, =  X adI ed +  V. cosO, (4.157)

which leads to

£s ~  Vs cos в
*sd “'  y

sd

Similarly, from the same phasor diagram we find

X g q l s q  =  К  Sin 6,

(4.158)

(4.159)
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which results in
V, sin в

isq (4.160)

By inserting formulas (4.158) and (4.160) into equation (4.156), we obtain

P  =
зyi
X s„

sin в cos в +
ЗУ3( £ „ -  y g cos(?) 

Xsd
sin в,

which leads to
т/• я

sin6 +  3Vfi2 f ~ -  J - '
-Л-sd \s^sq

sin 9 cos в.

Finally, taking into account that

sin в cos в =  -  sin 20,

we arrive at

X s d

(4.161)

(4.162)

(4.163)

(4 .1 6 4 )

The last formula has two distinct terms. The first term contains the in
ternal voltage £s induced by the rotating magnetic field of the rotor. The 
second term does not contain Es and appears due to the saliency of the 
rotor, that is, due to the difference in magnetic reluctance along the direct 
and quadrature axes. For this reason, this second term is sometimes called 
reluctance power. Usually, this reluctance power has a value of about 20% 
to 25% of the total (rated) power of the synchronous machine. This sec
ond ( “reluctance” ) term in the expression of the power is quite interesting 
from the physical point of view because it reveals that the electric power 
can be generated without dc excitation of the rotor but solely due to its 
saliency. However, due to the relative smallness of this “reluctance power,” 
this possibility of power generation without rotor excitation is practically 
not utilized in conventional power systems.

In the case of cylindrical rotor turbine generators we have

=  X sq =  X 3 (4-165)

and formula (4.164) is reduced to

P  • aP  =  ———  sin в.

The last formula can also be written as

P{6) -  Pm sin 6,

(4.166)

(4.167)
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where

(4.168)

A plot of P ( 6) defined by formula (4.167) is presented in Figure 4.22a. It 
is apparent from this figure that a supplied load power P i is delivered at 
some angle вс which is called “load” or “power” angle. It is also clear from 
the same figure that P ( 6) is equal to Pg at the angle 8}. However, the 
performance of the synchronous generator is unstable at this angle. This is 
discussed in the last section of the next chapter, where it is demonstrated 
that 6*t corresponds to the saddle point of synchronous machine dynamics.

It is interesting to discuss the geometric (or mechanical) meaning of 
load angle 6. According to the phasor diagram shown in Figure 4.21, в is 
the phase shift in time between £s and Vs. £3 is induced by the rotating 
magnetic field of the rotor, while V-* is induced by the total rotating field in 
the gap of the synchronous generator (as before, we neglect here the small 
resistance of the stator winding). This total field is the superposition of 
the rotating magnetic field of the rotor and the rotating armature reaction 
magnetic field. As a result of this superposition, the axes of these two fields 
do not coincide. In other words, these two magnetic fields move in synchro
nism, however the total magnetic field lags behind the rotor magnetic field 
by some angle. It is clear that this angle is equal to 9, that is, to the time 
phase shift between £s and Vs induced by these fields. The axis of the 
rotor magnetic field coincides with the rotor axis. For this reason, it can 
be stated that the axis of the total rotating magnetic field lags behind the 
rotor axis by angle в,
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Formula (4.167) has been derived under the tacit assumption of syn
chronous steady-state balanced load operation of the synchronous genera
tor. For this reason, Pm can be interpreted as the maximum of power that 
can be generated by the synchronous generator without losing synchronism. 
In other words, if a synchronous generator is loaded above P m, the synchro
nism between the mechanical speed of the rotor and the armature reaction 
magnetic field will be broken. As a result, large eddy currents may be 
induced in the conducting solid rotor, which may result in large heat dissi
pation and eventual damage of the synchronous generator. Thus, Pm can 
be considered as a limit of static stability. The larger this limit, the better 
the quality of the synchronous machine. It is clear from formula (4.168) 
that for fixed £s and V ,̂ larger Pm can be achieved by making X s smaller. 
Since X s Д5 Xs™  ̂ and X i” '1 according to formula (4.109) can be reduced 
by increasing the air gap length <5, it can be concluded that the larger the 
air gap, the better the quality of the synchronous generator. This explains 
why synchronous generators, especially two-pole turbine generators, have 
large air gaps which may approach 15 cm.

A plot of P  given by formula (4.164) is shown in Figure 4.22b. It 
is apparent that this plot is somewhat similar in the qualitative sense to 
the plot shown in Figure 4.22a for a cylindrical rotor machine. The main 
difference is that due to the second (saliency) term in equation (4.164) the 
maximum power Pm is achieved at the load angle втах which is less than

I-
In the conclusion of this chapter, we shall briefly discuss the performance 

of a synchronous generator connected to an infinite bus. The latter means 
that a synchronous generator is connected to a power network with a large 
number of other synchronous generators whose overall delivered power is 
much above the power of the single generator. Under these conditions, the 
terminal voltage of a single generator and its frequency are by and large 
fixed by the presence of other generators in the power network:

Vs =  const, f  — const. (4.169)

We shall also consider the situation when the active power delivered by a 
generator is also fixed,

P  — const, (4.170)

and we are interested what can be achieved under these circum stances by 
varying the rotor excitation current i j  of the generator. We shall limit 
our discussion to the case of cylindrical rotor machines, although it can be 
extended to  the case of salient pole rotor machines as well.
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Rom  constraints (4.169) and (4.170) and formulas (4.151) and (4.166) 
immediately follows that during the variations of rotor excitation current 
i f  the following two quantities are conserved:

I 3 cos ф =  const, (4-171)

£s sin# -■ const. (4.172)

These two conservation equations can be geometrically interpreted as fol
lows: the end of the phasor I s moves along the line AB, while the end of 
the phasor £s moves along the line C D  as the excitation current i f  is varied 
(see Figure 4.23). In this figure, the phasor diagrams of the equation

& j - P , + j X j ,  (4.173)

are presented for three distinct cases: a) when <p =  0, b) >  0, i.e., I s lags 
behind and c) <p <  0, i.e., I 3 leads V3. These phasor diagrams reveal 
that I 3 achieves its minimum value for ip =  0 and cos tp =  1 . is increased 
as ip >  0 is increased and this results in increase of £s, which can only 
be achieved by increasing i f .  Furthermore, I s is increased as tp <  0 and 
the magnitude of tp is increased. This results in decrease of £s, which can
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only be achieved by decreasing i f .  This discussion implies that the relation 
between I s and i f  is represented by a V-type curve k shown in Figure 4.24 
for some fixed value of active power Pfc. As the value of the power is 
changed, this results in the change of the positions of lines A B  and C D  in 
Figure 4.23; this yields different V-type curves. The line that goes through 
the minima of the V-curves is the line of cos <p =  1. This line divides the 
I s- i f  plane into two parts with leading power factors and lagging power 
factors, respectively. A decrease in i f  results in a decrease of £„ and Pm 
(see formula (4.168)), which eventually results in loss of synchronism when 
Pm <  Pfc. This occurs along the line M N .

It is immediately evident from the V-curves shown in Figure 4.24 that 
by varying the excitation current i f  the power factor of the synchronous 
generator and its reactive power can be controlled. The achieving o f lead
ing power factor is especially intriguing. However, this possibility is limited 
only to very small angles tp because it is associated with reduction of £s 
and P m, which is detrimental to the stability of the synchronous generator. 
Nevertheless, this possibility to generate reactive power with leading power 
factor can be realized if a synchronous machine is used as a motor with 
practically no mechanical load. It can be shown that for a synchronous 
motor the regions of lagging cos <p and leading cos (fi are switched. For this 
reason, an appreciable reactive power with leading power factor can be 
generated by increasing excitation current i f .  In this case, a synchronous
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machine is operated as a synchronous condenser which can be used in
stead of capacitor banks for adjustment of power factor in power systems. 
The main advantage of such condensers over capacitor banks is that their 
reactive power can be continuously controlled through the variation of ex
citation current i f ,  that is, without any switching as required in the case 
of capacitor banks.





Chapter 5

Power Flow Analysis and Stability of 
Power Systems

5.1 Pow er F low  Analysis

In this section, the power flow analysis in power systems is discussed. This 
analysis provides voltage profiles in power systems. Namely, it leads to 
the determination of voltage at load terminals at various operational con
ditions. The knowledge of voltage profiles is very important because the 
delivering of electric power at voltages with more or less constant peak 
(or rms) values despite continuously changing loads is one of the main chal
lenges and obligations in operating power systems. The power flow analysis 
is also very important for contingency studies of cases when, for instance, 
one or more generators may go off-line due to some accidents and this may 
affect voltage profiles and also may result in overloading of the generating 
units remaining in operation. Finally, the power flow analysis is very useful 
for the planning of future developments and extensions of existing power 
systems. For the reasons presented above, the power flow analysis is one of 
the most common computer calculations routinely performed in operation 
of power systems.

As it is usually done, the power flow analysis is discussed below on the 
transmission level when it is assumed that different generators and bulk 
loads are interconnected by transmission lines. However, the technique of 
power flow analysis presented here is applicable to different levels (layers) 
of power systems as well. In particular, it can be used for the analysis 
of “subtransmission” systems used for distribution and further dispersal of 
electric power to actual loads.

Conceptually, power flow analysis is the nodal analysis of electric net
works formulated in terms of nodal electric powers. For this reason, the 
power flow equations are strongly nonlinear even if the underlying nodal

275
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potential equations are linear. According to the terminology used in power 
systems, nodes of a power network are called “buses.” We shall be con
cerned with three-phase balanced load operation of power systems when 
per-phase analysis can be used. In per-phase analysis, three-phase loads 
as well as three-phase generators can be represented by single buses. Each 
bus can be fully characterized by four quantities, i.e., active power, reactive 
power, peak value of the voltage and its initial phase:

Pk,Qk,Vmk,<Pk, {k =  1,2,..., N ),  (5.1)

where N  is the total number of buses. It is tacitly assumed that voltages 
Vmk are specified with respect to the common neutral which is regarded as 
the reference node (bus).

It turns out that all buses can be divided into two groups:

(1) Generator buses where

Pk and Vm/t, (к =  1,2,..., G ), (5.2)

are specified. This specification is consistent with the interpreta
tion of synchronous generators as (P , V ) sources as discussed in 
the previous chapter (see section 4.1). In a typical power system, 
generator buses are about 15% of the total number of buses.

(2) Load buses where

Pk and Qk, (k =  G  +  l ,G  +  2 ,. . . ,N ), (5.3)

are specified.

Besides generator and load buses, it is very convenient in practice to 
introduce the so-called “slack bus.” This is a special generator bus used to 
enforce the balance between demanded power by all loads and the overall 
power delivered by all synchronous generators. In our subsequent discus
sion, we shall ignore this technical detail and for the sake of conceptual 
simplicity deal with generator and load buses characterized by formulas
(5.2) and (5.3), respectively.

Now, the problem of power flow analysis can be stated as follows: given 
the quantities specified in formulas (5.2) and (5.3), find

Q k and tpk, (k =  1,2, ...,G), (5-4)

for generator buses and

Vmk. and ipk, { k - G + l , G  +  2 ,... ,N ), (5-5)

for load buses.
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To solve the stated problem, power flow equations will be derived. The 
derivation is based on the nodal analysis. The first step of the derivation 
is to write KCL for each bus:

/V

Л  =  (*  =  1,2,...,JV)> (5.6)
n=l

where I k is the phasor of the current from the bus number к to the neutral, 
while I kn is the phasor of the current between buses number к and n.

According to the nodal analysis, currents 1кп can be expressed in terms 
of branch admittances and bus (nodal) voltages Vn. This leads to the 
following formulas:

N

h  =  Y . Y^ n ,  (*  =  1,2 .....JV). (5.7)
71= 1

It is convenient to represent these formulas in the matrix form

( V \ \  
v2

(5.8)

( Y u  У 12 -

h
—

Y u  У22 ■

Ч * ! \ Y n i  Yn2 ■

У>ЛГ

The following expressions are valid for the elements of the admittance ma
trix in (5.8):

Ykk =  J2 Yi ’ (5-9)
i

where the sum is taken over all admittances connected to the bus number 
k, while

(5-10)
i

where the sum is taken over all admittances connected between buses num
ber к and n. These expressions are usually derived in the discussion of 
nodal analysis (see [35]).

Since not all buses are interconnected with one another, this implies 
in accordance with formula (5.10) that many off-diagonal elements of the 
admittance matrix in equation (5.8) are equal to zero. In other words, this 
admittance matrix is usually quite sparse.

The further derivation of power flow equations proceeds as follows. The 
complex power Sk at each bus can be written in the form

Sk = ̂ Vjk, (k=l,2,-,N). (5.11)
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According to formulas (5.7), we find

=  (*  =  1 ,2 ,... ,* ) .  (5.12)
n=l

By substituting the last formulas into equations (5.11), we get

Sk =  \ v k ^ 2 YZnV :,  (к — 1,2,..., N),  (5.13)
”  71=1

which is equivalent to

=  (*  =  1 ,2 ,... ,* ).  (5.14)
— n— 1

Equations (5.14) are written for complex quantities. We shall next trans
form them into equations for real quantities Pk, Qk, Vmk and ipk. To this 

end, we shall first recall that

Vk =  Vmke?'<,\  (5.15)

V* -  Vmne -t*~ . (5-16)

Consequently,

VkV* =  УткУтп^ - ^ \  (517 )

which is tantamount to

V iV * =  VmkVmn [cos(<£fc -  ipn) +  j  sin{tpk -  4>n)\ ■ (5- lg) 

Furthermore,

Укп =  С кп+ з В кп, (5.19)

where G kn are conductances, while Bkn are susceptances.
Formula (5.19) implies that

Ykn =  G kn — j B kn. (5-20)

Finally,

Sk =  Pk+ j Q k, (fe= 1,2, ...,*)■ (5.21)

Now, by substituting formulas (5.18), (5.20) and (5.21) into equations

(5.14), we obtain

1 N
Pk +  jQk =  T У \  VmkVmn [cOs(<Pfc -  tpn) +  j  Sm(v?fc -  4>n)\ (Gkn ~  jBkn )>9

П= 1

(*  =  1,2,..., N ).  ( 522)
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After simple algebraic transformation, we find 

1 N
Pk + j Q k  =  r  ^ 2  Vmkvmn [G kn cos(ipk -  (fn) +  B kn sin(<pk -  p „)]

n = l  

. N

■I" о ^  ' VmkVmn [Gfc„ sin(v3fc — <pn) — B kn cos(tpk — <fin) ] :
n=l

(Jfc= 1,2...../V). (5.23)

Now, by separating real and imaginary parts in the last equations, we derive 

1 N
Pk 2 ^  [^fcn cos(y>/; фи) ~b B^rt sm [tfik V̂ n)] i (5-24)

n = 1 

1 *
Qk ^ ^mfc r̂nn [G kn Sm(^fc “  *Pn) B kn cos((^£ V̂ n)] i (5.25)

71=1

(fe =  1,2.....JV).

Finally, by introducing rms values Vk and Vn instead of peak values Vmk 
and Vmn, equations (5.24) and (5.25) can be written as follows:

(5.26)

(5.27)

This is the final set of power flow equations. The power flow equations can 
also be written in another (more compact) form. To arrive at this form, we 
shall use the following expression

П «  •= I Yknle-™ " (5.28)

instead of (5.20).
Then, by substituting formulas (5.17), (5.21) and (5.28) into equations

(5.14), we find

Pk + jQ k  =  \ £
"" n—1

(k =  1,2,..., ЛГ). (5.29)

p k =  Y l VkVn [G'fcn c0S(Vk ~  Vn) +  B kn sm(ipk -  ,
n=l
N

Qfc =  E  VkVn sin( ^  -  Vn) -  B kncos(<pk -  <Pn)] ,
П — 1

(* = 1 ,2 , . . . ,^ ) .
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By separating real and imaginary parts in the last equations and replacing 
peak values of voltages by their rms values, we end up with power flow 
equations in the form

(5.30)

(5.31)

It is apparent that this is a set of 2N  nonlinear simultaneous equations. 
These equations are nonlinear with respect to voltages because of product 
terms VfcVn and with respect to initial phases сpk because of cosine and sine 
terms. In these equations, |yfcn| and jkn  are regarded as known and they 
are determined from the connectivity of buses in the power transmission 
network. In these equations, Pk and V*. for к =  1,2,..., G  as well as Pk and 
Qk for к — G  +  1, G +  2,..., JV are also known because the corresponding 
buses are generator and load buses, respectively. Thus, it can be concluded 
that the 2N  nonlinear equations (5.26) and (5.27) have 2N  unknowns, 
which are Qk and <pk for к =  1,2, ...,G  as well as Vmk and <pk for к =  
G  +  1, G  +  2,..., N . By solving these nonlinear equations numerically, these 
unknowns can be found. It must be remarked that not all these equations 
are fully coupled. Namely, the so-called P-equations for real powers Pk at 
all buses (equations (5.30) for к =  1,2,..., N )  and the so-called Q-equations 
for reactive powers Qk at all load buses (equations (5.31) for к =  G +  1,G +
2, ...,G  +  L  =  JV) are coupled and constitute N  +  L  nonlinear equations 
with respect to ipk (fc =  1,2,...,N ) and Vk (к -  G + l ,G + 2 ,  . . . ,G + L  =  N ).  
As soon as these N  +  L  coupled nonlinear equations are solved, reactive 
power Qk at generator buses can be computed by using formulas (5.31) for 
к =  1,2,

One of the most powerful techniques for the solution o f these N  +  L  
nonlinear algebraic equations is the Newton-Raphson method which is dis
cussed in the next section. Here, however, it is worthwhile to mention 
some intrinsic difficulties associated with power flow equations (5.30) and 
(5.31) which stem from their nonlinear nature. First, these real nonlinear 
equations may not always have solutions. Physically, it means that not 
all regimes of power systems specified by the conditions at generator and 
load buses are realizable. A  simple example of this situation is when the 
total power demand exceeds the total power generating capacity. Second,

Pk — ^  COs(^k ipn '7fcn)>
71=1

N

Qk | SHl(( f̂c tPn 7fcn)j
nsl

(k  =  1 , 2 , N ).



nonlinear equations usually have not a single but multiple solutions. This 
raises an immediate question which of these solutions are relevant to the 
operation of power systems and under what circumstances one or another of 
these solutions is physically realizable. Third, numerical solution of nonlin
ear equations is carried out by using iterative techniques. These techniques 
usually have local convergence. The latter means that iterations converge 
to one of the possible solutions if an initial guess (i.e., a starting point of 
iterations) is sufficiently close to this solution. How to choose the initial 
guess in order to converge to a desired (relevant) solution is still by and 
large an open question. Finally, if a specific solution of the power flow 
equations is found, it is not always clear that this solution may correspond 
to stable operation of the power system. Interesting research on the aspects 
mentioned above has been carried out and published in such papers as [3], 
[28], [56].

5.2 N ew ton-R aphson  and Continuation M ethods

The Newton-Raphson method is a very powerful iterative technique for the 
solution of nonlinear equations. It has a quadratic rate of convergence. Con
ceptually, it is based on local linearization of nonlinear equations on each 
iteration step. For pedagogical reasons, we shall first discuss this technique 
for the one-dimensional case, i.e., for a single nonlinear equation with one 
unknown and shall prove its quadratic rate of convergence. Subsequently, 
we shall discuss the m-dimensional case, i.e., the case of m  simultaneous 
nonlinear equations with m  unknowns.

Consider the nonlinear equation

f ( x )  =  0, (5.32)

where / is a nonlinear function of a single variable x. We are looking for 
a solution x m of this equation. This means that we want to find such a 

number x , that

f { x t ) =  0. (5.33)

The essence of the Newton-Raphson method is that we start from some 
initial guess Xq and linearize function f ( x )  around Xq by using the first two 

(linear) terms of the Taylor expansion:
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f ( x )  «  f ( x 0) +  f ' { xo ) {x  -  x0). (5.34)
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Since we want to solve equation (5.32), we consider the solution x i  o f linear 
equation

/(•'Ко) +  f ( x o ) ( i i  -  я0) =  0 (5.35)

as the next (hopefully better than x0) approximation to the actual solution 
x * . Prom the last formula we find

«■ —  - T S T  (5 '36)

Having found .Ti, we shall lineai'ize function f ( x )  around X\ by using the 
first two terms o f the Taylor expansion,

/ ( * ) » / ( a n )+  / ' ( * i ) ( z - s i ) ,  (5.37)

and consider the solution x 2 of linear equation

/(an) +  f ‘ { x i ) ( x 2 - X i )  =  0 (5.38)

as the next approximation to the actual solution x+.
From the last formula we find

1 2 = 11 “  / Ы '  ( 5 ' 3 9 )

Now, we shall linearize function f ( x )  around by using the first two terms 
of the Taylor expansion and solve the corresponding linear equation. We 
shall continue local linearizations for f ( x )  around each iteration and find 
the solution o f the corresponding linear equations until the convergence of 
such iterations is achieved with desired accuracy. It is apparent that on 
iteration number к we have to solve linear equation

/(art) +  / '(я *)(:е*+1 -  xk) =  0, (5 40)

which leads to

f { x  t ) '

(5.41)

Thus, the same formula (5.41) has to be repeatedly used to find new ap
proximations.

The geometric interpretation of the Newton-Raphson method is illus
trated by Figure 5.1. It is clear that linear equation (5.34) is the equation 
of the tangent line to the graph of function / (x)  at the point ( xo , f ( xo ) )  
and that X\ is the point of intersection of this tangent line with the я-axis. 
The same geometric interpretation is valid for any Newton-Raphson itera
tion. This geometric interpretation is the reason why the Newton-Raphson 
method is also called the method of tangents.
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We shall next prove the convergence of the Newton-Raphson method 
and establish its quadratic rate of convergence. To this end, by using 
formula (5.33), we shall make the following equivalent transformation of 
formula (5.41):

_  f ( x k ) - / (x . i
Xk+1 X t — Хк -  X ,  /'(Xfc)

The next step is to rewrite the last formula as

f ’ ( X k ) ( X k  ~  x . )  _  f ( x k )  f ( x . )

f ' M
x k+1 -  x ,  =

(5.42)

(5.43)
к )

Now, we shall use the mean value theorem to represent the difference 

f ( x k) — f ( x t ) in the form

f{xk) ~ /(*.) = f  (ifc) Ы  ~ x.),
where is between x/t and x*. The latter implies the inequality

- i f c !  <  |z* -  3*|.

By substituting formula (5.44) into equation (5.43), we obtain

Г Ы - Г ( х к)

which leads to

Next, we have

, № )-т ж _  
,Ifc+1-Xtl = — \m W  -

I/'0е*) -  / '(ifc)l S  max I/" 0е) I к *  -  **■-!-

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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From formula (5.45) and the last inequality follows that

If ' { x k) -  /'(ifc)| <  max | / " ( ^ ) l ~  z*l- (5-49)

By taking into account the last inequality in formula (5.47), we derive

\xk+ i - I , | < C\xk -  x,\2, (5.50)

where

(5.51)
mm \f'{x)\

By using inequality (5.50) the local convergence of Newton-Raphson itera
tions can be established. Indeed, let us suppose that we can find such an 
initial guess xq that

C\x0 -  ж*| =  q <  1. (5.52)

Then, from inequality (5.50) written for fc =  0, we find

l n - s - I s S -  (5-53)

Next, by using inequality (5.50) for /с =  1, we obtain

N 2 -  x*| <  C\xi  — x,\2. (5.54)

The last two inequalities imply that

\x2 - x . \ $ £ .  (5-55)

Now, by using the induction argument, it is easy to establish that

2k
|lfc-X.| <  -Q (5.56)

Since q <  1 (see formula (5.52)), the last inequality implies that

lim |:cfc -  =  0. (5.57)
fc—юо

Thus, the convergence of the Newton-Raphson iterations is established. 
This is very fast convergence because according to (5.50) the deviation of 
new iteration from the solution x,  is of the second order of small
ness in comparison with the deviation of the previous iteration x k from 
the same solution x„. This is the reason why it is said that the Newton- 
Raphson method has the quadratic rate of convergence. However, it must 
be stressed that the convergence of the Newton-Raphson iterations has been 
established under the condition that the initial guess xo is chosen in such a 
way that the inequality (5.52) is satisfied. In other words, the convergence
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is established when the initial guess xq  is sufficiently close to an actual so
lution x t . It is quite possible that the convergence may occur even when 
the inequality (5.52) is not satisfied and that this possibility is not captured 
by the presented proof o f convergence. Nevertheless, it can be graphically 
illustrated that in general Newton-Raphson iterations do not converge for 
any choice of initial guess x0. This illustration is presented in Figure 5.2. 
Thus, it can be concluded that in general the Newton-Raphson technique 
has local convergence. This is especially true when equation (5.32) has 
many solutions.

Now, we shall proceed to the discussion of the multi-dimensional case, 
that is, the case when we deal with many simultaneous equations with 
respect to many unknowns. Conceptually, our discussion will replicate the 
presented discussion of the one-dimensional case.

Consider m  simultaneous nonlinear equations with m  unknowns:

) F 1 ( x i , x 2,...,x m) =  0,
, X2, "  > xm) =  0, .

(5.58)

^m(^l ч Xm)

These simultaneous equations can be written in concise vector form asF (x ) =  0, (5.59)
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where F  and x  are m-dimensional vectors

F (x ) =

/ * l ( x ) \ / x A

X2
X =

\ Я » ( х ) у \%тп/

( 5 .60)

We are interested in numerical solution of simultaneous equations (5.59) by 
using the Newton-Raphson iterations. To start these iterations, we choose 
some initial guess x 0 and we linearize the nonlinear vector function F (x ) 
around this guess. This is done by using the first two (linear) terms of 
the Taylor expansion of F (x ) at Xq. In vector form these two terms of the 
Taylor expansion can be written as

F (x ) и  F (x 0) +  J (x 0) ( x -  x 0), (5.61)

where J (xo) is the Jacobian matrix of F (x ) at xq. The elements of this 
matrix are the first derivatives of functions F j(x ) evaluated at xq- Namely,

J (* o ) =

dxT

o)
(5.62)

^ ( * o )  $ & ( * » )  -
The first approximation (the first iteration) Xi to the solution of simul
taneous equations (5.59) can be found by equating the right-hand side of 
formula (5.61) to zero. This leads to

j ( x 0) (x i  -  x 0) =  —F (x 0). (5-63)

By introducing vector

X i = x i - x 0, (5.64)

the last formula can be written as

J (x o )X ! =  -P (x o ).  (5.65)

These are linear simultaneous equations for the components of X i-  By 
solving these linear equations, we can find X i and then according to formula 
(5.64) we can compute the new iteration vector x i:

x i = x 0 +  X i.  (5.66)

Having found x i, we shall linearize nonlinear vector function F (x )  around 
Xi by using the first two terms of the Taylor expansion. Then, we equate
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these two linear terms to zero to find the new iteration хг- Afterwards, the 
process is repeated to find subsequent iterations. These Newton-Raphson 
iterations can be summarized by the following recurrent relations:

(5.67)

(5.68)

Thus, numerical realization of Newton-Raphson iterations requires the so
lution of simultaneous linear equations (5.67) with the Jacobian matrix 
J(xfc) and the right-hand side —F(xjt) being computed by using the previ
ous iteration x^. After simultaneous linear equations (5.67) are solved, the 
new iteration is computed by using formula (5.68).

Formulas (5.67) and (5.68) are convenient for performing computations. 
However, for the convergence study of the Newton-Raphson technique it is 
convenient to represent these formulas in another equivalent form,

J(xfc)(xfc+i -  x fe) =  -F (x fc ), (5.69)

which leads to

х ь+1 =  x* -  „ r 1(x * )F (x *)> (5.70)

where j - I (xfc) is the inverse of the Jacobian j(x jt ). Let x . be a solution 

of equations (5.59), i.e.,

F (x . )  =  0. (5.71)

By using the last formula, the recurrent relations (5.70) can be represented 
in the following equivalent form:

x fc+i -  x , =  xit -  x* -  J -1 (x fc)[F(xfc) -  F (x .)].  (5.72)

Next, we shall derive the integral formula for the difference F (x * ) — F (x „). 

To this end, we introduce the vector

x (A ) =  x , +  A(xfc -  x , ) ,  0 <  A <  1- (5.73)

It is clear that

x (0 ) =  x , and x ( l )  =  x*. (5-74)

Now, it is clear that

F(xft) -  F (x . )  =  Jo (5.75)

=  Д Х(А) Ж  - x »)- (5-76)«Л

By performing differentiation, we find

J(x fc)X fc+1 =  —F(xfc), 

x fc+1 =  x fc +  X fc+I-



By substituting the last formula into equation (5.75), we obtain
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F (x * ) -  F (x . )  = / j(x(A))dA 
vo

(x fc - x * ) . (5.77)

The last formula is the substitute for the mean value relation (5.44) in the 
multi-dimensional vectorial case.

Next, we insert the last formula into equation (5.72),

ri
Xfc+l -  x ,  = I  +  J- ■'(Xfc) /  J (x (A ))dA  

J 0
( x fc -  X . ) ,

where I  is the identity matrix, which can be represented as

i  =  j _1(x jt ) j (x i ) .

By inserting the last formula into equation (5.78), we derive

x fc+i -  x , =  J “ l ( x fc) J ( x k) ~  I J (x (A ))dA  ( x fc- x , )

(5.78)

(5.79)

(5.80)J (x * ) -  f j(x (A ))d A  
Jo

Prom the last formula follows the inequality

llxfc+i -  x.ll < I j ( x t) -  J '  J(x (A ))dA

where Ц Ц is a norm (for instance, ^-norm) in m-dimensional space. Next, 
we find that

||xfc-x,||, (5.81)

■H*k) -  [  i (x (A ))d A  =1 Г f j f x * ) -  J (x (A ))ld A  
Jo Jo 1

(5.82)

(5.83)

The elements of matrix j ( x fc) — j (x (A ) )  are

dF i dFi

By assuming that the second-order derivatives of functions F t( x )  are 
bounded, it can be concluded that

dFi .
<  L\|xfc — x(A)||,

where L  is some constant. This, according to (5.73), implies that 

, dFi
.Kj Oj r.Я£Г(Х*) “Л*-  OXj (X(A ))

'■] UJ-i
Prom formula (5,83) and the last inequality follows that

<  (1 -  X)L\\xk -  x .

J (x fc) -  f l j(x (A ))d A  
Jo

<  D||xfc -  x.||,

(5.84)

(5.85)

(5.86)

where D  is some constant.
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Now, by taking into account the last inequality in formula (5.81) and 
assuming that norms |jj_ 1(x*;)| are bounded, we conclude that for some 
constant С the following inequality is valid:

||xfc+1 x*j| < C||xfe -x ,| (5.87)

This inequality is similar to inequality (5.50) derived for the one
dimensional case. Consequently, by using the same line of reasoning as 
before, it can be established that if the initial guess Xo is chosen in such a 
way that

C||x0 — x*|| =  q < 1, (5.88)

then

| | х * -х ,| | < ^ , (5.89)

which implies the convergence of the Newton-Raphson iterations. This 
establishes local quadratic convergence of iterations (5.67)-(5.68).

Now, we shall apply the Newton-Raphson technique (5.67) and (5.68) to 
the solution of the power flow equations (5.30)-(5.31). As was pointed out 
in the previous section, not all these equations are fully coupled. Namely, 
all P-type equations for active power at all buses and Q-type equations 
for reactive power at all load buses constitute N + L coupled nonlinear 
equations for N  +  L unknowns which are the initial phases of voltages at 
all (N ) buses and rms values of voltages at all (L) load buses. We shall 
write these equations again in the form (5.58) by using different notations 
for indices and numerating first all load buses instead of generator buses. 
Then, these nonlinear equations are

N

Ft(x) =  P i ~ Y l  ViVA Yi}\C0S(Vi -  Vj -  = ° ’ (5-90)
j = l

(i =  1.2..... ЛГ),
N

FN+i(x) =  Q i -J 2  Sin{ n  -  Vi -  Ъз) =  0, (5.91)
J = 1

where the unknown vector x has the components

0  =  1р2, —>N), (5.92)
x N+3 =  V,, ( j  =  1,2,..., L). (5.93)
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It is clear now that the Jacobian J (x) has four major blocks:

J =

8Fi
d<Pj 8Vj

N

N L

9FN+i r dF^+i
dVj dVj

(5.94)

From formulas (5.90) and (5.91) we easily derive the elements of the Jaco
bian matrix:

difij

dFj 
dipt

dffij 

dFN+i
d<Pi 

dF\

Щ
dF\
dVt

dFN+l 
dVj

9FN+i
m i

Having specified the above formulas for the computation of the matrix 
elements of the Jacobian, the numerical realization of the N ew ton -R aphson  
iterations (5.67)-(5.68) becomes transparent.

=  -  Vi Vj \Yi} I sin(^j - < p j -  щ )  if i /  j, (5.95)

N

=  -  1fij -  7г>). 
j= l

(5.96)

=  Vi Vj |Yi} | cos(v?t -  tpj -  7у ) if i Ф j, (5.97)

N
=  -  £  ViV- IKj l cos((^i -  ipj -  7y ), 

I
(5.98)

=  — V|Yij| cos(<pi — ipj — 7ij) if % ф j, (5.99)

N

=  Vj|yi;j|cos {ip i-V j  -  7tj) -  2V'|Vii[ cos7ti,
J

(5.100)

= - V|Fy | sin(v?i -  ^  -  7У) if i ф j , (5.101)

N

=  ~  Vj | sin(<pi — <Pj — 7ij) +  2V|y,i| sin7„ . (5.102)
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Next, we shall discuss another efficient method for numerical solution 
of nonlinear algebraic equations which is often used in combination with 
the Newton-Raphson method. This is the continuation method.* The 
central idea of this method can be briefly described as follows. Consider 
two separate sets of simultaneous nonlinear equations

F 0(x) =  0 (5.103)
and

F i(x ) =  0. (5.104)

Suppose that a solution xo of nonlinear equations (5.103) is known (or 
found), i.e., F(xo) =  0. We want to find a solution of equation (5.104). 
For this purpose, we introduce a new vector-function F(x, A), where A is a 
parameter (i.e., a real number) which varies (for instance) between 0 and 
1,

0 < A < 1. (5.105)

This parameter is introduced in such a way that

F(x ,0) =  Fo(x) (5.106)
and

F (x ,l )  =  F ,(x ). (5.107)

In other words, by continuously varying the parameter A, the vector- 
function F (x , A) is continuously deformed from Fq(x) into F i(x ) .

One example (just an example) of such introduction of parameter A is 
illustrated by the formula

F (x, A) =  (1 -  A)Fq(x ) +  AFi(x). (5.108)
Next, for each value of A we consider simultaneous nonlinear equations

F(x(A), A) — 0. (5.109)

Here, we use the notation x(A) for a solution of nonlinear equations (5.109) 
because this solution varies with variations of A and, consequently, this 
solution is a function of A.

Now, by differentiating both sides of formula (5.109) with respect to A, 
we obtain

Л (х (  А ) , А ) ^ ^  +  ^ Г̂ = 0 ,  (5.110)
ил  O A

‘ T his m ethod was proposed by Russian mathematician D. F. Davidenko for numerical 
solution o f nonlinear algebraic equations, although for analysis of PDEs it was much 
earlier developed by S. N. Bernstein.
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where Jx is, as before, the Jacobian matrix of F{x(A), A) whose elements 
are the first-order partial derivatives of F with respect to the Cartesian 
components of vector x(A) (see formula (5.62)).

The last formula can be written as

j * ( x ( A ) ,A ) ^ ^  =  _ dF (xfA) ’ Al  (5.111)
(LA 0 Л

and treated as the differential equation for x(A) with the initial condition

x (0 )= x o ,  (5.И2)

where, as mentioned above, xo is a solution of equation (5.103).
By numerically integrating the initial value problem (5.111)-(5.112) in 

the closed interval (5.105), vector x ( l)  may be found. According to formulas 
(5.107) and (5.109), this vector is a solution of nonlinear equations (5.104). 
This is, in a nutshell, the essence of the continuation method, which reduces 
the numerical solution of algebraic equations to numerical integration of 
specific differential equations.

If the Jacobian in equation (5.111) is invertible for all A (which is not 
always the case), then this equation can be written in the form

^ Э - - 4 - ' ( . ( Л ) . Л ) № (х(Л )' -̂  (5.113)
аЛ ОЛ

and numerically integrated with the initial condition (5.112). This integra
tion can be accomplished by introducing some mesh

0 < A i  < A 2 < • < A„  =  1 (5-П4)

and by replacing the differential equation (5.113) by the finite-difference 
equation

»  - i -  м а д , л „ ) ^  М А О .Л ,). (5.115)
Afc+l -  At oA

The last equation can also be written in the form

x(Afc+1) ~  x(Ajt) -  (Afc+1 -  AJt)Jx'-1(x(Afc),A fc) ^ ( x ( A fc),A fc). (5-U6)

By using the last formula, x(A*) can be consecutively computed until 
x(An) =  x ( l)  is found. However, more accurate results can be obtained 
if the accuracy of х(Ац..) is improved (for each At) by using the Newton- 
Raphson iterations. In this case, x(A)t) computed by means of formula 
(5116) is used as an initial guess (i.e., as a starting point) for the Newton- 
Raplison iterations.
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It is clear from the above description of the general scheme of the con
tinuation method that there is freedom in choices of function Fo(x) and 
the continuation parameter A. Function Fo(x) is usually chosen to simplify 
numerical solution of equations (5.103), i.e., to simplify the computing of 
initial condition xo in (5.112). Fo(x) can even be, for instance, a linear 
vector-function. As far as A is concerned, it is beneficial to introduce pa
rameter A in the load terms of the power flow equations. Such a parameter 
can naturally be called a “load parameter.” Then, by using the continua
tion method (i.e., by integrating the appropriate differential equations), the 
nonlinear power flow equations can be solved for different loading condi
tions. In other words, in this case, solutions of equations (5.109) for various 
values of A (not only for A =  1) become physically and practically mean
ingful. The detailed discussion of this and other issues is beyond the scope 
of this book and can be found in [2], where the continuation technique is 
extensively used for voltage stability assessment and control in power sys
tems. It is worthwhile to mention that the continuation method has been 
widely used for solution of various nonlinear problems. For instance, it has 
been used in [31] for solution of nonlinear magnetostatic problems when 
saturation of ferromagnetic cores must be accounted for.

5.3 Stability o f  Pow er Systems

In the previous chapter (see section 4.4), we have discussed static stability 
of the synchronous generator under the condition of complete balance be
tween loads and generation, that is, when synchronism is maintained. In 
this section, our discussion will be concerned with the transient stability of 
synchronous generators when this balance is perturbed. Transient stabil
ity implies the ability of the synchronous generator to attain synchronism 
(or close to synchronous performance) after sudden disturbances. These 
disturbances create imbalances between generation and loads which cause 
rotor speed deviations from synchronous speed. Thus, it is clear that the 
transient stability study should be based on the analysis of dynamics of 
mechanical motion of rotors of synchronous generators. For this reason, we 
shall start with the derivation of the so-called “swing” equation which de
scribes nonsynchronous dynamics of the rotor. We shall limit our discussion 
of transient stability to the case of a single generator. The case of multiple 
generators is very difficult from the mathematical point of view and will 
not be addressed in this text. Even in the case of a single generator, our
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rotor

Fig. 5.3

analysis will be limited to the discussion of the very basic facts and many 
important details will not be covered.

First, we shall demonstrate that the dynamics of the rotor is described 
by the following equation:

(5.117)

where 7 is the moment of inertia of the rotor, Tap is the torque applied to 
the rotor, while Q(t) is the instantaneous angular speed of the rotor. This 
speed is given by the formula

= d a p )  { 5  n 8 )

at
with aft) being an angle between some chosen axis of the rotating rotor 
and the fixed (stator) axis (see Figure 5.3). To derive equation (5.117), we 
shall start with the second Newton’s law for mfmitesimally small volume 
dV of the rotor,

adm = rpdm =  dF, (5.119)

where dF is a force applied to this volume, dm is its mass, a is its acceler
ation, while /3 is its angular acceleration.

It is apparent that
dn(t) (5120) 

dt
Next, we shall multiply all sides of equation (5.119) by r and integrate over 
the volume V of the rotating rotor. This yields

13 f  r2dm = I rdF. (5.121)
Jv Jv

d m  _

' dt -  ap

rotor axis
magnetic 

field 
axis

fixed
(stator)

axis
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It is apparent that

f  rdF = Tap, (5.122)
Jv

while
r

r2dm =  I. (5.123)

Now, by substituting formulas (5.120), (5.122) and (5.123) into equation 
(5.121), we shall arrive at equation (5.117).

By using formula (5.118), the dynamics equation (5.117) can be written 
as the following second-order differential equation:

(5.124)

It is very convenient to replace the angle a(t) between the rotor and stator 
axes by the angle 9(t) between the rotor axis and the axis of the in-gap 
magnetic field rotating with constant synchronous speed fisyn with respect 
to the stator. This can be done by using the formula (see Figure 5.3)

a(t) =  6 (t) +  Qsynt. (5.125)

By twice differentiating the last equation with respect to time, we find

(Pa(t) _  <P0 {1) 
dt2 dt-

and, consequently, equation (5.124) can be written as

(5.126)

I ^ - = T ap. (5.127)
de-

Next, we shall multiply both sides of equation (5.127) by

m(t)^- = Tapm- (5128)

The right-hand side of the last equation has the meaning of total power 
applied to the rotor. This power is the difference between the mechanical 
shaft power Pmech supplied by the prime mover, which drives the rotor, 
and the generated electric power P supplied to the power network. Pmech 
corresponds to the mechanical shaft torque applied by the prime mover, 
while P  corresponds to electromagnetic torque caused by interaction of 
armature reaction magnetic field and rotor currents. Thus,

TapQ (t)  =  Pap -  Pmech ~  P- (5.129)



296 Fundamentals of Electric Power Engineering

The product IQ.{t) in the left-hand side of equation (5.128) is called angular 
momentum M,

M  =  m (t). (5.130)

This angular momentum varies with time. However, it is usually assumed 
in transient stability studies that deviations of rotor angular speed are small 
in comparison with synchronous speed, i.e.,

m * n syn. (5 .i3i)

For this reason, it can be assumed that

M const. (5.132)

By substituting formulas (5.129) and (5.130) into equation (5.128), we end 
up with

=  PTnech -  P. (5.133)

As discussed in the last section of the previous chapter, geometric angle 
6 (t) can be construed as a load (or power) angle which is the phase shift 
in time between the induced internal voltage £s and terminal voltage Vs 
This fact is used as a justification for using the following expression for P  
in the case of cylindrical rotor turbine generators:

P =  Pm sin 6, (5.134)

where as before Pm stands for the maximum of P. By substituting the last 
relation into formula (5.133), we arrive at

rd26 (t) 
dt2M ---ГТо =  Ртеch ~ Pm sin i (5.135)

This is the so-called “swing” equation which has been traditionally used 
in the analysis of transient stability. It is worthwhile to stress here that 
the derivation of this equation has been based on some approximations. 
First, it has been assumed that the total in-gap magnetic field rotates with 
constant angular synchronous speed ftsyn despite the fact that the rotor and 
its magnetic field rotate with variable angular speed fi(i) different from 
fisj/n- This assumption can be justified by accepting the approximation 
(5.131) which limits the analysis of transient stabilities to relatively small 
deviations of rotor angular speed from synchronous angular speed. Second, 
it has been assumed in the derivation of the “swing” equation (5.135) that 
formula (5.134) is valid for electric power generated by the synchronous
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machine. However, this formula has been derived in the last section of the 
previous chapter for steady-state operation of the synchronous generator, 
that is, when the rotor and the armature reaction magnetic field rotate 
in synchronism. When this synchronism is maintained, no eddy currents 
are induced in the solid rotors of turbine generators. This is not the case 
for transient performance of synchronous machines when appreciable eddy 
currents may be induced in solid rotors. Furthermore, these eddy currents 
may result (among other things) in additional mechanical torque which is 
not accounted for in the “swing” equation (5.135). This torque usually has a 
damping effect on the rotor dynamics. Phenomenologically. the stabilizing 
effect of such damping torques is discussed at the end of this section. The 
approximate nature of the “swing” equation (5.135) implies that the results 
of transient stability study obtained by using this equation are suggestive 
in nature rather than being unquestionably valid.

The swing equation (5.135) is written for cylindrical rotor machines and 
the following discussion deals exclusively with these machines. However, a 
similar equation can be written for salient pole rotor machines, and many 
results of our subsequent discussions can be extended to those machines.

It is convenient to carry out the study of transient stability by writing 
the “swing” equation (5.135) in the “state space” form, that is, as coupled 
first-order differential equations. This can be done by introducing a new 
variable

l (t)  -  S  (5.136)
at

which according to formulas (5.118) and (5.125) is the measure of deviation 
from synchronism

Now the “swing” equation can be written as the following two coupled 
equations:

7 (i) =  Q(t) -  fisy„. (5.137)

(5.138)

Ц ^ =  1-1Ртеск- Р т3тв}. 
dt M

(5.139)

Next, we introduce the function

-v2 1 Г  
# ( 7 , 0) =  -----------I (Pmech -  Pm Sm u)du (5.140)
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or, after the integration,

=  Y  +  “ [ f U ( l - c o s 0 ) -  Pmech6 }.

It is clear that

and

dH
d-y =  7,

(5.141)

(5.142)

(5.143)

The last two formulas imply that the dynamics equations (5.138) and
(5.139) can be written as

dd(t) dH
dt З7 ’

dry(t) dH
dt дв

(5.144)

(5.145)

The last two relations are Hamiltonian equations and the function H (7 , 0) 
is the Hamiltonian, which is why the letter H is used for its notation. 
Equations of this type are encountered in many different areas of physics. 
Usually, function H in Hamiltonian equations has the physical meaning 
of energy. Hamiltonian equations play a central role in modern physics 
because they reveal that the underlying dynamics is controlled by energy. 
This fundamental physical feature is replicated in the structure of quantum 
mechanics where the time evolution of a wave function is controlled by 
the Hamiltonian (energy) operator. The Hamiltonian equations (5.144)- 
(5.145) are highly symmetric and this aspect is extensively utilized in the 
mathematical theory of Hamiltonian equations. We shall use this symmetry 
to demonstrate that the Hamiltonian function is an integral (i.e., conserved 
quantity) of rotor dynamics. Indeed, suppose that 'r(t) and Q(t) are a 
solution of equations (5.144)-(5.145), and consider the following function of 
time:

tf(l) =  tf [7(0, *(<)]■

dH(t) _  dH d7 (t) dH d9{t) 
dt d~i dt дв dt

Then,

(5.146)

(5.147)
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Now, by using equations (5.144) and (5.145) in the last formula, we find

dH(t) ЭНдН дН дН  
dt ~ ~ Э у ~ д в + ~ д в & ^ ~ °  (5'141

The latter implies that

This means that the quantity Я[7 (() ,б (4)] is conserved along any solution 
of equations (5.144)-(5.145) or equations (5.138)-(5.139). In other words, 
H[y(t). 9(t)] is an integral of rotor dynamics. The practical significance 
of this fact is that any solution trajectory of equations (5.138)-(5.139) on 
the (7 , 0)-plane coincides with one constant level line of function H(7 , в) 
given by formula (5.141); and the other way around, each constant level 
line of coincides with a specific solution trajectory of equations
(5.138)-(5.139). This fact allows one to compute the solution trajectories 
for differential equations (5.138)-(5.139). Indeed, we can choose any value 
of H. Then, we can choose в and compute the last term in formula (5.141). 
If the value of this term is smaller than the chosen value of H, then by 
using formula (5.141) we can compute positive and negative values of 7 
corresponding to the chosen values of H and в. Doing this for different 
values of в but the same value of H, we construct point-by-point a specific 
solution trajectory corresponding to the chosen value of H. It is clear from 
the above discussion that if for a chosen value of в the value of the second 
term in formula (5.141) is larger than the chosen value of H, then this value 
of в is not reachable by this specific trajectory corresponding to the chosen 
value of H. Performing these computations for different values of H, we 
can construct a set of solution trajectories which represent a phase portrait 
of the dynamical system described by equations (5.138) and (5.139). It 
is also clear from the presented discussion that solution trajectories have 
even symmetry with respect to the line 7 =  0 (which is the 5-axis on the 
(7 , 0)-plane). This is so because for any value of в reachable by a specific 
trajectory there are positive and negative values of 7 of the same magnitude 
(with only one exception when 7 =  0).

It is also very helpful for the construction of phase portraits to consider 
the critical points of rotor dynamics described by equations (5.138) and
(5.139). The critical points are defined by equations

H[y(t),e(t)} =  const. (5.149)

dt ' dt
(5.150)
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Prom the first equation in (5.150) and formulas (5 
that at the critical points

ft(t) =

and

7 =  0. (5.152)

Prom the second equation in (5.150) and equation (5.139) we conclude that 
at critical points there exists balance of the total power:

P m e a h ~ P m  8Ш  0 =  0. (5-153)

This balance occurs for the following values of в, (0 < в < тг):

01 = s i n - i ( f g * ) < I  (5.154)

and

02 =  7Г -  0! > | . (5.155)

This is illustrated by Figure 5.4. Thus, it can be concluded that the points 
(7 =  0 , в =  ) and (7 =  0 , в =  62) on the (7 , f?)-plane are the critical 
points of rotor dynamics and they correspond to the physical conditions 
when synchronism (see (5.151)) and balance of the total power (see (5.153)) 
occur.

Next, we shall demonstrate that the critical point (0, 8\) corresponds 
to the minimum of Hamiltonian H, while the critical point (0, 6 2 ) is the 
saddle point of H. It is clear from formula (5.141) that for any fixed в, 
Я  is a quadratic function of 7 which achieves its minimum at 7  =  0. In

.136) and (5.137) we find 

(5.151)
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other words, function H[-y,6 ) describes a parabolic well with its bottom 
(its floor) given by the equation

H {0,0) =  -  cos9) -  Pmech9\. (5.156)

We shall now analyze the extremum points of this floor. First, we find that 

dH^e 9) =  Pmech] =  0, (5.157)

which is the same as equation (5.153). Thus, the extremum points of the 
floor coincide with the critical points of rotor dynamics. Next,

d2H(0,9) Pm 
d6 2 M

and according to (5.154)

d2tf(O,0)

cos в, (5.158)

d92

while according to (5.155)

cf2tf(O,0)

=  -^ c o s 0 i> O , (5.159)

d92
=  ^ c o s 0 2 <O. (5.160)

№

It is clear from formulas (5.159) and (5.160) that the critical points (0, 0i) 
and (0, 92) are the points at which the floor function //(0 ,0 ) achieves its 
minimum and maximum values, respectively. A sketch of function //(0 ,0 ) 
is shown in Figure 5.5. Since the second-order mixed derivative 8 
is (identically) equal to zero, it is easy to prove that the critical point (0, 
вi) is the point at which H(7 ,0) achieves its minimum value, while the 
critical point (0, 02) is the saddle point. The latter is transparent from the 
geometric point of view because # ( 7 , 02) achieves its minimum at 7 =  0 
and # (0 ,0 )  achieves its maximum at в =  02- The fact that point (0, 0i) 
is the point of minimum of H and the point (0, 6 2) is the saddle point of 
H simplifies the construction of the phase portrait of the rotor dynamics 
described by the equations (5.138) and (5.139). Indeed, this fact implies 
that there are level lines of H{7 , 0) that enclose the critical point (0, 0i) 
at which the minimum of H is achieved. These level lines correspond to 
the values of H which are between Нт,п = H(0 ,0i) and Hsad =  H(О,0г)- 
The structure of these level lines is changed for level values above Hsad as 
illustrated by Figure 5.6, where the level lines (and consequently, the phase 
portrait of rotor dynamics) are presented for some particular values of Pmech 
and Pm. In this figure, 6 \ is labeled as 9eq, while 02 is labeled as 6sad-
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Fig. 5.5

The first labeling is justified because it is clear from the phase portrait 
that the critical point {0, 9i =  eeq) corresponds to stable (equilibrium) 
synchronous performance of the generator. Indeed, small perturbations 
can only result in rotor dynamics (rotor swings) around this critical point 
along closed trajectories (trajectory 1, for instance) and no “run away” 
(unstable) rotor dynamics can be observed. The second labeling reflects 
that (0, 02 =  6sa/t) is the saddle point of the dynamics, which is unstable 
equilibrium. Indeed, small perturbations may result in values of H above 
Hsad and this will cause the “run away” rotor dynamics along trajectory 
2, for instance. The solution trajectory (level line of H) that goes through 
the saddle point separates stable and unstable regions. For this reason, it 
is called the “separatrix.” Thus, it can be concluded that the region on the 
{Hi $)-plane specified by inequality

Н{Ъ в ) < Н ааЛ (5-161)

is the region of stability, while the region specified by inequality

t f ( 7 , 0 ) > f f <nd (5.162)
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Fig. 5.6

is the region of instability.
The “size” of the stability region (or the depth of the “energy” well) 

which is measured by the difference Hsad — Hrn{n depends on the values of 
Pmech and Pm. Indeed, by using formulas (5.154), (5.155) and (5.156), it 
can be shown that

HSad. ~ Hmin =  ~  [2Pm cos 6 i + P mech(20i -  тг)]. (5.163)

It is clear from the last equation and formula (5.154) that the difference 
Hsad — Hmin goes to zero as Pmech approaches Pm. This fact has an impor
tant practical implication: since the stability is compromised when Pmech 
is close to Pm and since at synchronism Pmech — P, generators are usually 
operated at powers P  substantially below Pm.

In power systems, the transient stability analysis is usually performed 
for sudden changes of P m ech and/or Pm. Consider one example of such an 
analysis. Assume that before time instant t =  0 a generator was delivering 
power under the conditions that mechanical shaft power was equal to P l̂ch. 
and P m  was equal to P m * -  The synchronous performance of the generator 
under these conditions is characterized by a load (power) angle O'eq at 
which Pm * sin в is equal to P^lch (see Figure 5.7). Then, at time t =  0 
the mechanical shaft power is abruptly (very quickly) changed to a new
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value . It is required to find out if the performance of the generator
will remain stable after this change. To solve this problem, we shall first 
find the initial conditions for the rotor dynamics caused by the change in 
Pmech• It is apparent that these initial conditions are the values of 7 and 0 
immediately before the change in Pmech, namely,

/  p io) \
7 (0) =  0, 0(0) =  -  sin-1 ( - J . (5.164)

\ 1 rn /
Then, we shall use the Hamiltonian Hnew for new value P^^k'

JSP— (7 l*) =  £  +  ^  [p™ { 1 -  COS0) -  P ™ he\ , (5.165)

and evaluate this Hamiltonian at initial conditions (5.164) and at the saddle 
point (0, 9%+?), respectively:

(0,0<?>) =  ~  [^ > (1  _  cos0№>) -  P"7chd ^ ]  , (5.166)

•ЙЙГ(0 .С Л  =  ~  [ f i 0)(i -  соз0"й7 )  -  P ^ he% ?] , (5.167) 
where (see formulas (5.154) and (5.155))

(
ту n e w  \

-sjjgfc \ . (5-168)
P m  J

Next, we check the stability condition (5.161). Namely, we check the valid
ity of inequality

H new (o,0C°>) <  (5.169)
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Fig. 5.8

for Hnew(O,0i^) and computed by using formulas (5.166), (5.167)
and (5.168). If this inequality is satisfied, then the rotor dynamics after 
the sudden change in Pmech will be stable. Otherwise, it is unstable. It 
is apparent that the verification of inequality (5.169) is tantamount to the 
verification that the initial condition (5.164) belongs to the new region of 
stability formed after the change in Pmech-

Next, we shall demonstrate that the stability condition (5.169) is equiv
alent to the celebrated equal area criterion for stability of rotor dynamics. 
To this end, we consider the phase portrait of the rotor dynamics after the 
change in Pmech (see Figure 5.8). On this phase portrait, 0"*™ corresponds 
to synchronous operation of the generator for (see Figure 5.7). It is
clear that for rotor dynamics to be stable, initial condition (0, 9 ^ )  must 
be in the region of stability, namely, it should be on some closed trajectory 
in the region inside the separatrix. Consider another point (0, Beq) on the 
same solution trajectory (see Figure 5.8). Since any solution trajectory is 
a level line for the Hamiltonian, we find

Hnew (О, 0e9)  =  Hnew (O, . (5.170)

Now, by using formula (5.140) for the Hamiltonian, we find from the last
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equation that

*Since 6eq < <  9eq, the last equality can be transformed as follows:

j g ‘y  [ « ,  -  sin u] du =  ^  2  LP- 0) sin u -  p™ > ] du- (5172)

It is apparent that the integral in the left-hand side of equality (5.172) is 
equal to the shaded area Ai on Figure 5.7, while the integral in the right- 
hand side of equality (5.172) is equal to the shaded area Л2 on the same 
figure. Consequently,

This is the equal area stability criterion.
It is worthwhile to stress that the reasoning used in the discussed ex

ample can be easily extended to a general case of changes in Pmcch and 
P m  which may be required in the case of fault situations or other emer
gencies. Namely, the first step is always to find the initial condition for 7 
and в from the operational conditions of the synchronous generator before 
the sudden changes in P m ech and Pm occurred. The next step is to form 
the new Hamiltonian by using new (changed) values of Pmech and P,n гп 
formula (5.Ц1) and to find by using formulas (5.154) ond (5.155) 
(please remember that 62 in these formulas is 9Sa&). Finally, evaluate the 
new Hamiltonian at the initial conditions found on the first step and at the 
saddle point (7 =  0, в =  в"'™) and verify the validity of inequality (5.161). 
The outlined procedure of stability verification is quite simple and purely 
algebraic in nature. It can always be recast in terms of the equal area 
criterion as has been demonstrated above.

In our previous discussion, stable rotor dynamics has consisted of peri
odic swings around an equilibrium corresponding to synchronous operation 
of the generator. These undamped swings occur because the structure of 
the “swing” equation (5.135) does not account for any damping which may 
occur due to the induced eddy currents in solid conducting rotors or me
chanical (frictional) losses. One possible way to account for such damping 
is by modifying equation (5.135) through the introduction of a damping

A\ =  A4 . (5.173)

term:

(5.174)
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where it is assumed that D > 0. As before, the last equation can be written 
in the following state space form:

critical points of the dynamics. Namely, the critical points of the dynamics 
described by equations (5.175)-(5.176) are the same as the critical points of 
the dynamics described by equations (5.138)-(5.139). Let 7 (4) and 6 (t) be 
a solution of equations (5.175)-(5.176) starting from some initial condition 
in the region inside the separatrix. Consider / / [ 7 (f), #(£)]), where H is the 
Hamiltonian given by the formula (5.141). Then, we find

By using equations (5.175) and (5.176) as well as formula (5.141), we obtain

where the equality is reached only at synchronism when 7  =  0. Thus, the 
damped rotor dynamics is such that it leads to the continuous decay of 
the Hamiltonian function. This continuous decay may eventually bring the 
damped dynamics to the minimum of Я  which is the equilibrium corre
sponding to synchronous operation of the generator.

(5.175)

^  =  ~ y + ^ [ pmecH - pmsme}. (5.176)

It can be easily shown that the introduction of damping does not change the

riff [7 (f), fl(t)] dH dH d6 {t)
dt dy dt 8 6  dt

(5.177)

dH\'y(t),e{t)} = _D_ 2 <
л  Я.Г f — ’dt M

(5.179)





Induction Machines

Chapter б

6.1 Design and Principle of Operation of Induction 
Machines

In this chapter, induction machines are discussed. Induction machines can 
be operated as motors as well as generators. Induction motors have been 
the workhorse of industry since the very inception of ac power. One of 
the reasons is that the induction motors have been extensively used in 
various power tools, which have dramatically increased the productivity of 
labor. Induction motors achieved and maintained this unique position due 
to the simplicity of their design and relatively low cost. During the past 
thirty years, this position has been somewhat challenged by the advent 
of permanent magnet synchronous motors. However, during the same time 
span, induction machines have found new applications as generators in wind 
energy systems.

Now, we shall discuss the basic design of induction machines. Induction 
machines have two major parts (see Figure 6.1): stator and rotor separated 
by a very small air gap. The design of the stator is conceptually identical 
to the design of the stator of synchronous machines. Namely, it has a lam
inated structure. This means that it is assembled of a very large number 
of very thin varnished (or oxidized) silicon steel laminations. The latter 
is done to substantially reduce eddy current power losses. The stator has 
slots uniformly distributed over its interior (gap-facing) surface. The dis
tributed three-phase windings are embedded in these slots. Furthermore, 
these phase windings are shifted with respect to one another along the in
terior circumference of the stator by 120° in the case of two-pole machines 
or by 240°/p in the case of p-pole machines. These three stationary phase 
windings are usually connected to a three-pliase power network. As a result,
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they are excited by currents of the same peak value and the same frequency 
but phase-shifted in time with respect to one another by 2tt/3 (or 120°). It 
has been demonstrated in Chapter 4 that the stationary distributed three- 
phase windings energized in this way create uniformly rotating magnetic 
field (when higher-order spatial magnetic field harmonics are neglected). It 
has also been shown in Chapter 4 that the speed of rotation of this magnetic 
field measured in terms of revolutions per minute is given by the following 
formula:

120/
Tlsvn —

V
(6 .1)

This rotating magnetic field created by the stator winding is at the very 
foundation of the principle of operation of the induction machine.

The rotor is the rotating part of an induction machine. It also has 
laminated structure to reduce eddy current power losses as well as many 
slots uniformly distributed over the exterior (gap-facing) surface of the rotor 
(see Figure 6.1). The number of slots in the rotor (JVr) and stator (Ns) 
should be carefully chosen to avoid the appearance of very strong parasitic 
torques. Especially strong parasitic torques occur when

Ns =  Nr or NS- N T =  2 p, (6-2)

and these torques are detrimental to the operation of induction machines. 
The detailed discussion of the physical origin of these parasitic torques 
is beyond the scope of this text. We shall only mention that slots are 
sometimes skewed slightly along the length of the rotor to suppress parasitic 
torques caused by the slotted structure of rotors and stators.
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rotor bars

Rotor windings are embedded in slots. As far as the design of these 
windings is concerned, there are two distinct types of rotors of induction 
machines: 1) wound rotors and 2) squirrel cage rotors. In the case of wound 
rotors, distributed three-phase windings are embedded in rotor slots. These 
windings are similar in design to those in stators and they are usually wound 
for the same number of poles as the stator windings. These rotor wind
ings are connected to three slip rings mounted on the rotor shaft. Carbon 
brushes ride over these slip rings, and they electrically connect the rotor 
windings to three equal external resistances. These external resistances are 
usually needed during the start of induction motors in order to increase 
overall rotor winding resistances which result in the increase of the start
ing torque. After the starting of an induction motor is accomplished, the 
carbon brushes are externally short-circuited.

In the case of squirrel cage rotors, the rotor slots are occupied by copper 
or aluminum bars (known as rotor bars) which are short-circuited by two 
conducting end rings of the same material as the rotor bars. As a result, 
the conducting rotor windings have the structure of a squirrel cage shown 
in Figure 6.2. In the case of squirrel cage rotors, the high resistance during 
the start and, consequently, high starting torques can be achieved by using 
double-cage or deep-bar rotor designs illustrated in Figures 6.3a and 6.3b, 
respectively. These designs exploit the skin effect phenomenon to increase 
the rotor winding resistance during the start. Indeed, as is intuitively clear 
and will be discussed in detail later, the rotor frequency f r is substantially 
higher during the start, i.e., when the rotor is originally at standstill, than 
during the normal operation when rotor speed n is close to the synchronous
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Fig. 6.3

speed of the rotating magnetic field nsyn. For this reason, the skin effect 
phenomenon occurs during the start and only outer bars or outer sections 
of deep bars are utilized for current conduction, which results in large re
sistances of rotor windings. During the normal operation with rotor speed 
close to synchronous speed and f r close to zero, both outer and inner bars 
or entire deep bars are utilized for current conduction and this leads to 
small resistances of rotor windings. It must be noted that the manifesta
tion of the skin effect phenomenon in deep bars (or double-cage bars) is 
strongly enhanced by the embedding of these bars in slots surrounded by 
high magnetic permeability ferromagnetic material.

Having described the basic design of induction machines, we shall turn 
our attention to the discussion of the principle of operation of induction 
motors. As mentioned before, the stator winding creates a uniformly ro
tating magnetic field as soon as this winding is electrically connected to a 
conventional three-phase power network. This rotating magnetic field in
duces currents in the rotor winding. These induced currents interact with 
the rotating magnetic field of the stator, and as a result of this interaction, 
electromagnetic forces and torque appear that cause the rotor to rotate in 
the direction of the stator magnetic field. The latter is the case because 
according to Lenz’s law currents are always induced in such a way as to 
counteract (to reduce) the cause of induction. The latter is achieved when 
the rotor rotates in the same direction as the stator magnetic field because 
this reduces the relative speed of the stator magnetic field with respect to 
the rotor. It is apparent that the speed n of rotation of the rotor of the in
duction motor is always below the speed of rotation of the stator magnetic
field Tisyn

71 T l g y n . (6.3)
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Indeed, if hypothetically mechanical speed n of the rotor of the induction 
motor reaches the speed nsyjl of the stator magnetic field, then this mag
netic field is static (motionless) with respect to the rotor and, consequently, 
no currents are induced in the rotor winding and no torque is created. Thus, 
this hypothetical situation is not possible. However, as will be discussed in 
the last section of this chapter, the mechanical speed of the rotor is actually 
very close to the speed of the stator magnetic field nayn defined by formula 
(6.1). Consequently,

120/ (6.4)

The last formula clearly suggests that the mechanical speed of the induction 
motor can be controlled by controlling the frequency of stator ac currents. 
The latter is the foundation for the frequency control of speed of induction 
motors that can be achieved by using ac-to-ac power electronic converters. 
These converters are discussed in the last part of this book. The integra
tion of these power converters with induction machines results in so-called 
“power semiconductor drives” which have wide-ranging applications in in
dustry.

It is clear from the presented discussion that the principle of operation 
of induction motors is based on the induction of currents in rotor windings 
o f these motors by stator rotating magnetic fields. This explains why the 
word “induction” is used in the name of these motors. It is also clear that 
the rotor of induction motors and the stator magnetic field do not rotate 
in synchronism (see formula (6.3)). For this reason, induction motors are 
often called “asynchronous” motors. There is always some finite “slip” 
between the rotating rotor and the rotating stator magnetic field. This slip 
is denoted s and mathematically defined by the formula

s =
t syn

(6-5)

The last formula can also be written in terms of angular speeds of the 
rotor (fJ) and stator magnetic field (fiS!/n) measured in terms of radians 
per second instead of rpm. Namely,

(6.6 )$ - Г2»
Since the rotor moves in the same direction as the stator magnetic field 
(n > 0) and since inequality (6.3) is valid, we conclude that for induction 
motors

0 <  5 < 1.1 (6-7)
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Now, we shall discuss the important relation between the frequency f r o f 
currents induced in the rotor windings and the frequency /  of the stator 
currents. To this end, we shall recall that the vector magnetic potential of 
the rotating stator magnetic field is given by the formula (see (4.69))

where в is a polar angle measured in the stator reference frame (see Figure 
6.4), v is (as before) the number of pole pairs (v =  p /2) of the stator 
winding, while Fm can be construed as the fundamental spatial harmonic 
of mmf created by the entire three-phase stator winding. It is clear from 
Figure 6.4 that the angle в is related to the polar angle 6r measured in the 
rotor reference frame by the formula

By substituting the last relation into equation (6.8), we find the following 
expression for the vector magnetic potential in the rotor reference frame:

A{r, в, t) =  sin(uii -  i/0) (6.8)

(6.9)

A (r,6T,t) =  ^ ~ F msin[(ai -  vQ)t -  vBr]. (6.10)

Next, we shall derive the following formula:

(л) =  lsQ >syn-

Indeed, from equation (6.1) we have

(6 .11)

(6 .12)

(6.13)
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From the last two formulas, we easily obtain relation (6.11). By using this 
relation, we derive

и -  иП =  v(Q3yn -  П) =  (6.14)
” syn

Now, by recalling formulas (6.6) and (6.11), we conclude that

u> — i/Q, =  scj. (6.15)

By using the last equation in formula (6.10), we find

A(r.6T,t) — ^^-Fmsinfswi — v6r], (6.16)
2 ud

which means that in the rotor reference frame the vector magnetic potential 
of the stator magnetic field and, consequently, the magnetic field itself, vary 
with the angular frequency

u>r =  sui. (6-17)

This implies that the rotating stator magnetic field will induce electric 
currents in the rotor winding whose frequency f T is given by the formula

fr =  sf. (6.18)

It is apparent from the last equation that the rotor frequency is the largest 
(Л =  / )  when the rotor is at standstill and that f T ~  0 during the normal 
operation when n w nsyn. This fact has already been used in our discussion 
of operation of induction motors with double-cage and deep-bar rotors.

It is mentioned in the beginning of this section that the air gap lengths 
& in induction motors are quite small. One of the important reasons is 
that the smaller the air gap length, the less reactive power needed for the 
performance of an induction motor and the larger its power factor. To 
illustrate this, the following expression for the power factor can be invoked:

cosy? =  т~г =  — .. /*  уд .. (6.19)
5  V P 2  +  Q 2

As was demonstrated in Chapter 3 of Part I, in magnetic systems with air 
gaps most of the magnetic field energy is localized in the air gaps. This 
means that when the same peak value of magnetic flux density is maintained 
in the air gaps, the smaller the air gap, the smaller the reactive power that 
is needed to be supplied and, according to formula (6.19), the larger the 
power factor. This explains why the air gap length in the induction motor 
is very small and it is usually between 0.5 and 3 millimeters. One may 
even say that “an air gap in an induction motor is so small that snakes can
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hardly crawl through it.” This is clearly in contrast with the large ail gaPs 
in synchronous generators, which for two-pole machines may approach 15 
cm. Large air gaps in synchronous generators result in reduction o f their 
synchronous impedances, which is beneficial (among other things) for static 
and transient stability of these generators.

It is clear from the presented discussion of the design and principle 
of operation of induction motors that in these motors there exists a very 
strong electromagnetic coupling between stator and rotor windings. In this 
sense, induction motors are quite similar to transformers. This very strong 
electromagnetic coupling makes many elements of the theory of induction 
motors (in particular, the structure and the derivation of their equivalent 
circuits) resemble those of transformers.

Up to this point, the operation of induction machines as motors has been 
discussed. However, induction machines can be operated as generators as 
well. This can be achieved by connecting a rotor of an induction machine 
to a prime mover (turbine, for instance) and by driving the rotor above the 
synchronous speed:

(6.20)n >  ns

This, according to formula (6.5), results in negative slip:

6 < 0. (6 .21 )

It can be shown (see the last section of this chapter) that the change in 
the sign of slip results in the change in the sign of active electric power 
at the induction machine terminals. This change in sign implies that the 
induction machine instead of being operated as a motor for s >  0 is op 
erated as a generator for s < 0. It is remarkable that it generates active 
power of the frequency of the power network to which it is connected de
spite the non-synchronous (and possibly variable) speed of its rotor. This 
makes this regime of induction generator attractive for utilization in wind 
energy systems. Indeed, the speed of wind turbines is not constant in time. 
However, by connecting wind turbines to rotor shafts of induction machines 
through proper gearboxes, it is possible to maintain the rotor speed above 
synchronous and to operate induction machines as wind turbine-driven gen
erators.

There exists another way to operate wound rotor induction machines as 
variable-speed generators of ac electric power of constant frequency. In this 
case, the induction machines are operated as doubly-fed. machines. The 
latter implies that both stator and rotor windings of such machines are
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connected to power networks. For stator windings, these are direct con
nections, while rotor windings are connected to the same power networks 
through slip rings, brushes and ac-to-ac power electronic converters. These 
converters supply ac currents to the distributed three-phase rotor windings 
of such controllable frequency that these excited rotor windings create ro
tor magnetic field rotating with respect to the rotor at the speed n! equal 
to n3yn — n. This implies that these rotor magnetic fields rotate with re
spect to stators with synchronous speed nsyn. In this sense, the rotors 
of such doubly-fed induction machines create the same magnetic fields as 
rotors of synchronous generators excited by dc currents and driven with 
constant-in-time synchronous speed. Such doubly-fed induction generators 
are now extensively used in wind power generation. It is worthwhile to 
note that induction generators, in contrast with synchronous generators, 
are not stand-alone generators; they require the energized power network 
for their operation. This may eventually limit the penetration of induction 
machine-based wind power generation in existing utility power systems.

6.2 Coupled Circuit Equations and Equivalent Circuits for 
Induction Machines

In induction machines, there are stator and rotor windings which are 
strongly electromagnetically coupled. For instance, in the case of wound 
rotor machines, there are three-phase windings on the stator and three- 
phase windings on the rotor which are all coupled to one another. This, 
in general, results in six coupled circuit equations. However, these cou
pled equations can be appreciably simplified and reduced to two coupled 
equations by taking into account that the electromagnetic coupling is mostly 
actualized through rotating magnetic fields. Indeed, the stator currents have 
the same peak values, the same frequency and they are phase-shifted in time 
by 120°. These currents create the rotating magnetic field of the stator, 
which induces three voltages in the three-phase distributed windings of the 
rotor which are of the same magnitude and phase-shifted in time by 120°. 
These voltages result in three-phase rotor currents of the same magnitude 
and phase-shifted in time by 120°. These currents in the rotor windings 
also create rotating magnetic fields in the air gaps of induction machines, 
and the coupling between various windings is realized through these rotating 
magnetic fields of the stator and rotor. Magnetic fields created by stator 
windings rotate with speed nsyrl given by formula (6.1). Similarly, magnetic
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fields created by the rotor windings rotate with respect to the rotor with 
speed n'syn given by the formula, 120/r ia 00  ̂

nsyn =  (6-22)

By taking into account that rotor frequency f r is related to stator frequency 
/  by expression (6.18), from the last equation we find

120-fn syn = -------- S =  snsyn, (6.23)
p

which, according to the definition of slip s (see (6-5)), means that

™syn ~ ftsyn ~  Tl, (6-24)
where as before n is the rotational speed of the rotor. Prom the last equation 
immediately follows that the magnetic fields created by the rotor windings 
rotate with respect to the stator with speed nsyn. In other words, magnetic 
fields of the stator and rotor windings rotate in synchronism.

In section 4.3, we derived the following expression for the reactance of 
the stator winding (see formula (4.109)):

X (,n; _  l W /jV , ^ .  (6.25)

where all notations have the same meaning as before, and subscript “ 1” 
indicates that the quantities are related to the stator windings, which are 
regarded as the primary windings. It is discussed in section 4.3 that the 
reactance Л"^ '1 accounts for voltage induced in one phase of the stator 
winding by the rotating magnetic field created by three-phase currents in 
the stator winding. In this sense, this reactance accounts for self and mu
tual inductances of all three stator phase windings. It is also discussed 
in section 4.3 that this is the main reactance (as indicated by superscript 
“(m)” ) because it is derived for the ideal machine where end parts, slots and 
higher-order spatial harmonics of stator magnetic field are neglected. These 
neglected (small) contributions to the overall reactance are accounted for 
by the leakage reactance Xf, which is added to the main reactance Xj™ 
to get the total reactance of the stator (primary) winding:

X u  =  X ™  + X {. (6.26)

By using the same line of reasoning that has been used for the derivation 
of “rotating field” reactance the following formula can be derived for
the main reactance of the rotor (secondary) winding:

X & } =  l2^ bef N ] k l2, (6.27)
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where it is tacitly assumed that the rotor is at standstill and f T =  f. For 
the rotating rotor, /  should be replaced by f T =  sf.

As before, formula (6.27) is valid for the ideal machine. The total re
actance of the rotor winding which accounts for contributions coming from 
end parts, slots and higher-order spatial harmonics of rotor magnetic field 
can be written as

X 22 =  X & ] +  X £  (6.28)
where X* is the secondary leakage reactance.

Next, we shall discuss the coupling reactance between the stator and 
rotor windings. In doing so, we neglect coupling due to leakage magnetic 
fields as a small effect and consider only the coupling due to rotating mag
netic fields created by the stator and rotor windings. By almost literally 
repeating the line of reasoning used in section 4.3 for the derivation of for
mula (6.25) for reactance the following formula can be obtained for 
the “rotating magnetic field” coupling reactance:

X a  =  — / * ,  N2kw\kw2. (6.29)
о

This reactance accounts for coupling between one phase of the stator wind
ing and three phases of the rotor winding. And the other way around, 
reactance X i2 given by formula (6.29) accounts for coupling of one phase 
of the rotor winding with three phases of the stator winding. This aggre
gate nature of coupling represented by reactance X l2  is the consequence of 
it being computed by using rotating magnetic fields, i.e., fields created by 
all three-phase stator (or rotor) currents. It is clear as before that, in the 
case of the rotating rotor, frequency f  in formula (6.29) should be replaced 
by f r — $f. Finally, it must be remarked that formulas (6.25), (6.27) and
(6.29) are valid for two-pole machines. In the case when v = % > 1 , 5 must 
be replaced by i/S in the mentioned formulas.

From formulas (6.25), (6.27) and (6.29), we find
v (m)
Л11 =  a2, (6.30)Y(m)
л 22
v (m)
Л 11 =  a, (6.31)
X 12
,,(m) 122 (6.32)
X i2 a ’

where
Wife (6.33) 
N2kw2'
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Now, we shall use per-phase analysis and write the coupled circuit equations 
for stator and rotor windings in the form

In the written equation (6.34), the term R\Ii accounts for voltage drop 
across the resistance R\ of one phase (phase a, for instance) of the stator 
winding; the term j X n Ii accounts for the voltage induced in the same

counts for the voltage induced in the same phase by the rotating magnetic 
field of the rotor; finally, V  is the phasor of the applied terminal voltage 
for the same phase. The three terms in equation (6.35), written for one 
phase (phase a, for instance) of the rotor windings have similar meaning. 
Factor s in the last two terms of equation (6.35) indicates that this equa
tion is written for the rotating rotor when the rotor currents have frequency 
fr — s f , while reactances X 22 and X 12 are given by formulas (6.27) and
(6.29) for frequency / .  Thus, by using the fact that the coupling between 
six stator and rotor phase windings is caused by rotating magnetic fields of 
the rotor and stator, this coupling can be fully described by two coupled 
circuit equations (6.34) and (6.35). All subsequent discussion deals with 
mathematical transformations of these equations. The first step in this di
rection is to divide the equation (6.35) by s and to rewrite these equations 
as follows:

The last two equations can be physically interpreted as coupled circuit equa
tions for a standstill induction machine whose secondary (rotor) resistance 
is equal to R2Is. Thus, any rotating induction machine can be reduced to 
an equivalent standstill induction machine by the proper adjustment of its 
secondary resistance.

The next step in the mathematical transformations of the coupled circuit 
equations is to introduce the scaled rotor (secondary) current

By replacing Д by i'2 in equations (6.36) and (6.37) and by multiplying the

(6.34)

(6.35)

phase by the rotating magnetic field of the stator; the term —jX i 2 h  ac-

Vi — R\I\ +  j X u Ii — j X  12/21

0 =  — /2 + j X  22/2 — jX  12/ 1- s

(6.36)

(6.37)

(6.38)
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f V 1 =  +  jX n h  — j  o.X 12^  (6.39)

 ̂ 0 — — "*■ 3° 2X22I2 ~ jaXizU ■ (6.40)

The next step of the transformations is to subtract and add the term 
ja X  12/1 in equation (6.39) as well as to subtract and add the term jaXtfl^  
in equation (6.40). This leads to

[%  =  R j i  + j ( X и -  aX12)h  + ja X 12 ( / ,  -  / ' )  , (6.41)

j  0 = ^ / ' +  ja 2 (X 22 -  j  ft, +  jaX i2 ( f i  -  Д ) . (6 42)

From formulas (6.26) and (6 31) we obtain

*11 -  a * i2 =  * n  -  X [ f  =  X l  (6-43)
Furthermore, from equation (6.31) follows

a* 12 =  (6.44)

From relations (6.28) and (6.32) we derive

X 22 ~ - X l2 =  X 22 -  x j f  = X l  (6.45)a
Now, we introduce the scaled secondary resistance and scaled secondary 
leakage reactance by using the following formulas, respectively:

=  a2R2, (6.46)

o2 ^ 2 2  — ~ X i2^ =  a2X 2 =  (X i) ■ (6-47)

By substituting formulas (6.43) and (6.44) into equation (6.41) and at the 
same time substituting formulas (6.44), (6.46) and (6.47) into equation 
(6.42), we arrive at the following form of the coupled circuit equations:

j  Vi =  R ih  +  jX ( i 1 +  jX f t 0 (Л -  4 )  - (6-48)

j 0 = ^ f ' + j  ( x t f f t + j x ™  (i '2 -  h) . (6.49)

Thus, by using equivalent mathematical transformations, we have reduced 
the original coupled circuit equations (6.34)-(6.35) to the coupled equations 
(6.48)-(6.49). The important outcome of these transformations is the fact 
that equations (6.48)-(6.49) coincide with KVL equations for the electric

equation (6.37) by a, we find
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Fig. 6.5

circuit shown in Figure 6.5. This circuit can be considered as an equiva
lent circuit for an induction machine. This is so because this circuit and 
the induction machine are described by mathematically equivalent sets of 
equations. For this reason, the induction machine and the electric circuit 
shown in Figure 6.5 are indistinguishable as far as the relations between 
terminal voltages and terminal currents are concerned. In other words, 
we can replace in a power network an induction machine by its equivalent 
circuit without affecting currents and voltages in the network because in 
both cases the network is described by mathematically equivalent sets of 
equations.

It is interesting to point out that the equivalent circuit for an induction 
machine is not unique. Indeed, coupled equations (6.41) and (6.42) have 
been derived from the original coupled circuit equations (6.34) and (6.35) 
by using equivalent mathematical transformations and the scaling (6.38). 
Furthermore, by using formula (6.46) and notation

X 22 =  a2X 22, (6.50)

equations (6.41) and (6.42) can be rewritten as follows:

Vj =  Л1/1 +  ^ (Хп — aXi2 )Ii + jaX  12 (h  — , (6 51) 

0 =  Q f '  +  j  (X '22 -  aX a) +  ja X 12 (P2 -  h )  . (6.52)

The last two equations are valid for any value of scaling factor a, not only 
when a is given by formula (6.33). The coupled equations (6.51) and (6.52) 
coincide with the KVL equations for the electric circuit shown in Figure 
6.6. Consequently, this electric circuit can be considered as an equivalent 
circuit for the induction machine as well, and this is true for any choice 
of scaling parameter a. The choice of a defined by formula (6.33) leads
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Fig. 6.6

to the exposure of the leakage reactances and this facilitates the further 
development of the equivalent circuit as discussed below.

Now, we shall return to the discussion of the equivalent circuit shown 
in Figure 6.5. In deriving this equivalent circuit, eddy current losses in 
the stator and rotor cores were neglected. Usually, eddy current losses in 
the rotor are quite small in comparison with eddy current losses in the 
stator. This is so because classical eddy current losses are proportional 
to the square of the frequency of the time-varying magnetic field. This 
frequency in the rotor reference frame is f T =  s/ ,  and it is quite small 
compared to the stator frequency /  for normal operation of the induction 
machine when slip s is quite small. Thus, we shall discuss only how eddy 
current losses in the stator core can be accounted for in the structure of the 
equivalent circuit shown in Figure 6.5. It has been shown in section 3.5 of 
Part I that the eddy current losses are proportional to the square of peak 
value of magnetic flux density B'fn in the ferromagnetic core:

On the other hand, В^ is proportional to the square of magnetic flux peak 
value which, in turn, is proportional to the square of peak value of the 
voltage induced by this flux. In the equivalent circuit shown in Figure 6.5, 
this voltage can be identified with the voltage Kmi2 across terminals 1 and 
2. Thus, it can be concluded that

The last formula suggests the idea of modeling eddy current losses in the 
stator core of the induction machine as ohmic losses Prc in some equivalent 
resistor Re connected across the terminals 1 and 2, that is, in parallel with 
X j™' (see Figure 6.7). The rationale behind this idea is the fact that the

P  ~  B2a m (6.53)

(6.54)
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(*s# i'
R ’2 / s

ohmic losses in Re are also proportional to V^12:

V 2P _  Л 11 , (6.55)
2 Re K '

The resistor Re can be chosen from the condition

Pc =  PR', (6-56)

which leads to

Re =  (6-57)

The electric circuit shown in Figure 6.7 is the complete equivalent circuit 
for an induction machine.

It is often convenient to deal with the approximate equivalent circuit ob
tained from the circuit shown in Figure 6.7 by moving the parallel-connected 
Re and X ^  directly across the primary terminals. Such an equivalent cir
cuit is shown in Figure 6.8. Such a transformation of the equivalent circuit 
is usually justified on the grounds that Re and &r<3 quite large. Con
sequently, current /] — (see Figure 6.7) is small in magnitude. For this
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reason, current I\ through R\ and X f is almost equal to current 12 More
over, since Ri and X* are small, the voltage across terminals 1 and 2 is 
almost equal to V\. The mentioned facts are consistent with the structure 
of the equivalent electric circuit shown in Figure 6.8. The parameters of 
the approximate equivalent circuit can be experimentally determined by 
using the no-load test (s w 0) and locked-rotor test (s =  1). These tests are 
similar to the open- and short-circuit tests for the transformer, respectively, 
and the details are left as a useful problem for the reader.

In our discussion, we dealt with an induction machine with a wound ro
tor. The case of a squirrel cage rotor is theoretically more complicated. The 
reason is that the squirrel cage cannot be treated as a three-phase winding 
but rather must be treated as a polyphase winding. The latter treatment 
is based on the fact that the stator rotating magnetic field induces the cur
rents in slot bars of the squirrel cage which all have the same magnitude 
but are incrementally shifted in time with respect to one another by the 
same angle dependent on the number of rotor slots. It can be shown that 
these induced bar currents create uniformly rotating magnetic fields (as far 
as their fundamental spatial harmonic is concerned), and the speed of this 
field is given by the formula (6.22). This eventually leads to coupled circuit 
equations similar to equations (6.34)-(6.35) and to an equivalent electric 
circuit of the type shown in Figure 6.7. The detailed discussion of all these 
issues is beyond the scope of this text.

6.3 Torque-Speed Characteristics of the Induction Motor

An induction motor is an electromechanical device which is used to convert 
electrical energy supplied by a power network into mechanical energy of the 
rotating rotor. In this section, we shall discuss mechanical characteristics 
of the induction motor such as the mechanical torque on its rotor shaft 
and the dependence of this torque on the rotational speed of the rotor. 
The derivation of the mathematical expression for the mechanical torque 
will be based on the equivalent circuit for the induction machine shown in 
Figure 6.8. This equivalent circuit suggests that the total active power P2 
transferred across the air gap to the rotor can be written as

P2 =  3 (^ ) 2 ^ ,  (6-58)

where the factor 3 is used to account for the three phases of the stator 
winding and /3 is the rms value of Г2■
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By using formulas (6.38) and (6.46) in the last equation, we obtain

P2 =  3/| — . (6.59)
s

The active power transferred to the rotor has two distinct components: 
1) an active power P£ieal which covers ohmic losses (heat dissipation) in 
the rotor winding and 2) an active power P2 which is converted into the 
mechanical power of the rotating rotor. Thus,

P2 =  +  P2. (6.60)

It is apparent that

p£eat =  3 J2P 2, (6.61)

and, consequently,

P2 =  P2 - P £ eal =  31%—  - 3 / f P 2, (6-62)
s

which leads to

Р2 =  3 /22Д2 — (6-63) 
s

It is clear from the last formula that Pj > 0 in the motor regime when 
0 < s < 1. It is also clear from the last formula that P2 <  0 if $ < 0, 
that is, when the rotor of the induction machine is driven by a prime mover 
above synchronous speed nsyn. This change in the sign of P2 suggests that 
the power is transferred from the rotor to the stator and that the induction 
machine operates as a generator.

By using again formulas (6.38) and (6.46), equation (6.63) can be writ
ten as

P2 =  Z(I'2f  R ! ^ ^ .  (6-64)

Next, by using the equivalent electric circuit shown in Figure 6.8, we find

(&) 2 - ____  V? _____________ (6.65)

Д1 +  —s + [ x f  +  ( * ! ) '

where V\ stands for the rms value of the stator voltage.
By substituting the last formula into equation (6.64), we obtain
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It is known from classical mechanics that the mechanical power P2 of the 
rotating rotor is related to the torque T  applied to the rotor by the formula

Pi =  TCI,

where, as before, f2 stands for the angular speed of the rotor. 
Invoking formula (6.6), we find

П =  (1 -  s)Qayn.

Furthermore, from formulas (6.1) and (6.13) follows that

4tv f

which leads to

fi =  (1 — s)
4тг/

By substituting the last formula into equation (6.67), we obtain

4тг f
P2 =  T(

P

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)

By using relation (6.66) in the last equation and solving for T, we derive

(6.72)rnr _\ 3p T,2 R%/s
Аж f  1 2
47r/ [Дх +  R^/s}2 +

+* 2 '

This is the sought expression for the mechanical torque on the rotor shaft 
of the induction machine. What follows next is the analytical study of this 
expression and its physical interpretation.

It is apparent from the last formula that for very small s we have

r r ( c l  ~  З р  Т Г 2  3

О  ~  4тг/ 1 Rh '
(6.73)

and in the limit of s —> 0 we find

T( 0) =  0. (6.74)

The last equality is transparent from the physical point of view and mathe
matically confirms that there is no rotor torque at synchronous speed nsyn. 

From formula (6.72) we also find

T s t a r t  =  T {1) (6.75)



328 Fundamentals of Electric Power Engineering

and
3nт  —Stnrt. -- « ► 1

л ;

4 ? r /  1 [ л 1 +  д у 2  +  [ * f  +  ( X j ) ' ]  ’

(6.76)

where Tslart stands for the starting torque when n =  0 and, consequently, 
s — 1.

Usually, resistances of the rotor and stator windings are quite small. 
For this reason,

Д ! +  Я ' « Х  f + ( * ! ) ' ,  (6.77)

and formula (6.76) can be simplified as follows:

rr T/2 ^2J start ~  л г 14тг/ x ‘ +  {xi)\
2 ■ (6.78)

We shall next examine the torque T(s) as a function of s. To this end, we 
introduce a new variable

1
V =~s

and represent the equation (6.72) in the form

Ay
n v )  = By2 +  Cy +  D' 

where the following notations are introduced:

A — ^  V 2 R1 
i n f '

s  =  ( ^ ) 2 ,
С =  2Д1Я'2,

and

D = [ x c1 + {xi)‘} + R j .

From formula (6-80) we find

dT(y) _  A{By2 +  Cy + D) — Ay(2By +  C) 
dy "" [By2 + C y  +  D ) 2

which is reduced to
dT{y) A(D -  By2) 

dy {By2 + C y  + D ) 2 ’

(6.79)

(6.80)

(6.81)

(6.82)
(6.83)

(6.84)

(6.85)

(6 .86 )
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To find the extremum values of the torque, we consider the equation

=  0. (6.87)
ay

It is apparent from formula (6.86) that the last equality is satisfied for such 
values of ym that

D - B y 2m =  0. (6.88)

This leads to

i/m =  ±  \j^j- (6.89)

Taking into account formula (6.79), we conclude that the torque T(s) 
achieves its extrema at the following values of s:

*m =  ± y j -  (6 90)

By recalling formulas (6.82) and (6.84), we find

= ±  ■--------- = Д  (6-91)

y Ri +  [ * f  +  ]

By taking into account the inequality (6.77), from the last formula we 
conclude

(6.92)

It can be easily seen from formula (6.72) that the torque T(s) assumes its 
maximum value at s =  sm and its minimum value at s =  — sm. Indeed, 
T(s) > 0 for s > 0 and T(0) =  T{oo) =  0. Since T(s) assumes only one 
extremum value for s > 0, this extremum is the maximum of T(s). Since 
T(s) < 0 for s < 0, similar reasoning leads to the conclusion that T(s) 
assumes its minimum value at s =  — sm. By using the last formula in equa
tion (6.72) and by taking into account that R\ is quite small in comparison 
with the leakage reactances, we easily derive the following expression for 
the maximum Tm of T :

(6.93)
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After the presented discussion, it is easy to plot the torque T(s) as a func
tion of s. This plot is presented in a qualitative way in Figure 6.9. In 
reality, |sm| is quite small because is much smaller than X [ +  {X2) . 
As is clear from this plot and formula (6.72), T(s)  changes its sign with 
the change in sign of s. This is consistent with the fact that for s <  0, 
an induction machine operates as a generator and the torque T changes its 
nature from being a driving torque in the motor regime (s >  0) to being 
an impeding torque in the generator regime (s < 0).

It is customary to plot the torque Г  as a function of rotor speed n. To 
do this, we shall use the relation

n =  ( l - s ) n s|,n (6.94)

which follows from formula (6.5). By using this relation and Figure 6.9, 
we can easily replot T  as a function of n for the motor regime as shown in 
Figure 6.10. In this figure, nm is the rotor speed at which the torque T[n) 
achieves its maximum value. According to (6.94),

nm =  (1 — ISmD^syn- (6.95)

Since, as discussed before, |sm| is quite small, we find that

nm nsyn. (6.96)

Now, suppose that the starting torque Tsiarl of the induction motor is larger 
than the load torque Tj00(j: T3lari > Tioad. Then, the induction motor will
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stable

'I'load
Tstart
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■> n0
T lr n  T i 71 'T ls y n

Fig. 6.10

get started and its speed will be increased until the equality between the 
motor torque and the load torque is achieved at some speed n. It is clear 
from Figure 6.10 that

induction motor. By varying / ,  we shall vary nsyn and, consequently, 
according to formula (6.98) we shall vary n.

Next, we shall point out that the operation point, where the equality 
between T(n) and Т)оа(* is achieved, is stable. Indeed, suppose that as a 
result of some temporary disturbance the speed of the induction motor is 
reduced to nl. Then, since the motor torque T(n') is larger than the load 
torque, the rotor will be accelerated until speed n is achieved where the 
motor torque and the load torque are the same. Similarly, suppose that as 
a result of some temporary perturbations the speed of the induction motor 
is increased to n". Then, since the motor torque T(n") is smaller than 
the load torque, the rotor will be slowed down and the speed n is achieved 
where the motor torque and load torque are the same. It is clear that 
this reasoning is valid for any operational speed between nm and nsyn and, 
consequently, the part of the mechanical characteristics T(n) between nm

Tlm  71 71 з у п (6.97)

and this implies according to (6.96) that

120/ (6.98)

The last formula is the foundation of frequency control of speed of the
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and nsyn is stable. By using similar reasoning, it can be shown that the 
part of the mechanical characteristics T(n) between n =  0 and n — nm is 
unstable.

Up to this point, we have discussed the operation of the induction mo
tor when the starting torque is above the load torque. In the case when 
Tstari < Tioad, the induction motor cannot start. To remedy this situation, 
the secondary resistance R? (and consequently, R^) is increased. For wound 
rotor machines, this is done by using external resistance which can be con
nected to the rotor winding through brushes afld slip rings. It is clear from 
formula (6.78) that Tstart is increased with the increase in R2- It is also clear 
from formula (6.93) that the maximum torque Tm does not change with the 
increase of R'2, however the speed nm at which this maximum is achieved is 
reduced as is evident from formulas (6.92) and (6.95). This is illustrated by 
Figure 6.11 where the mechanical characteristics T(n) are plotted for dif
ferent values of the secondary resistance R'2- It is clear from this figure that 
for sufficiently large R '7 (curve 1) starting torque can be achieved which is 
larger than the load torque. As a result, the induction motor can be started 
and achieve the speed щ . As the external resistance (and, consequently, 
R^) is reduced, the torque-speed characteristics are changed (see curves 2 
and 3), and the induction motor speed will be increased to and, finally, 
to П3, For squirrel cage rotor machines with double-cage or deep-bar de
signs the same result is achieved due to the manifestation of the skin effect 
(as discussed in the first section of this chapter). Indeed, for such machines, 
the mechanical characteristics of torque versus speed deviate from what is
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shown in Figure 6.10 where the case of constant secondary resistance 
is illustrated. The above deviations are usually pronounced at low rotor 
speeds when the skin effect in rotor conductors is strongly manifested and 
results in the increase of the starting torque. For sufficiently high rotor 
speeds, the skin effect is not exhibited and the mechanical characteristics 
practically coincide with the curve in Figure 6.10.

In conclusion, the main features of the torque of induction machines can 
be summarized as follows:

■ All torques of induction machines are determined by leakage re
actances. Thus, as in the case of transformers, leakage reactances 
determine the quality of induction machines.

■ All torques are proportional to the square of rms (or peak) value 
of the primary voltage.

• The larger R'2, the larger the starting torque.
• The maximum torque does not depend on R2-
• The operational speed of induction motors is very close to the syn

chronous speed and this fact can be utilized for frequency control 
of speed.

• The operational point always belongs to the stable part of 
the torque-speed characteristics located between the synchronous 
speed nsyTL and the speed nm at which the maximum torque is 
achieved.





Problems

(1) What are the three main components of conventional utility power 
systems?

(2) What are the main types of power plants and what are the energy 
conversion processes performed at these power plants?

(3) Explain why high voltages are used for power transmission.
(4) Explain what the essence of utility industry deregulation is.
(5) Give a brief description of the structure of three-phase circuits and 

define phase and line voltages. Explain what a neutral wire is useful 
for.

(6) (a) Suppose that the lines and neutral of a three-phase circuit 
are not marked but accessible for measurements. Explain how by 
knowing the value of line voltage and by using only two voltmeter 
measurements the neutral can be identified, (b) Consider the split- 
phase method currently often used in the US for final distribution 
of ac power to residential loads. In this method, the primary wind
ing of a load single-phase transformer is fed by an ac voltage from 
the utility distribution system. The transformer’s secondary wind
ing is tapped in the center, which makes available a center-tap 
connection in addition to the two terminals of the secondary wind
ing. Typically, the voltage measured between either of the two 
secondary terminals to the center tap is about 120 V rms and in 
such case the voltage between the two secondary terminals is 240 V 
rms. In the case when the three wires are not marked, explain how 
the center-tap wire can be identified by using two voltage mea
surements. What is the phase shift between the voltages measured 
between each secondary winding terminal and the center tap?

(7) Describe the essence of per-pliase analysis of three-phase circuits 
with balanced loads.
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Fig. P.l

(8) Describe how the delta connection of three-phase voltages can be 
equivalently transformed into star connection of three-phase volt
ages.

(9) Perform the analysis (i.e., find all branch currents) of a three-phase 
circuit with delta connections of sources and loads (see Figure P .l).

(10) Draw the plots of p(t) (see formula (1-64)) for two cases: 1) when 
the power factor (cosip) is adjusted to one and 2) when the power 
factor is not adjusted to one. By using these two plots explain the 
difference in energy consumption for the above two cases.

(11) Draw the phasor diagrams for the electric circuit in Figure 1.13b 
in the cases when the power factor is adjusted and not adjusted to 
one.

(12) By using the phasor diagram from the previous example, derive 
formula (1.83) for the capacitance that results in adjustment of 
power factor to one.

(13) Explain two beneficial effects of leading power factor (tp < 0).
(14) Prove that the sum of two wattmeter measurements (see Figure 

P.2) gives the total active power supplied to the load.
(15) What are the most typical power line faults and why is their anal

ysis important?
(16) Describe the algorithm of using the Thevenin theorem for fault 

analysis.
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(17) By using the Thevenin theorem, analyze the SLG fault in a three- 
phase circuit (see Figure 2.4) when the node O' is grounded and the 
grounding impedance is neglected (assumed to be equal to zero).

(18) Solve problem 17 when the grounding impedance Z'n of node O' is 
not equal to zero. (Hint: use delta-to-star transformation on the 
second step.)

(19) By using the Thevenin theorem, carry out the analysis of LL fault 
(see Figure 2.7a) when nodes O' and О are grounded through 
impedances Z'n and Zn. (Hint: use delta-to-star transformation 
on the second step.)

(20) By using the Thevenin theorem, carry out the analysis of DLG 
fault (see Figure 2.10a) by using the steps described in the text.

(21) Summarize concisely the definition of symmetrical components and 
their mathematical relations with the three-phase quantities they 
represent.

(22) Prove formula (2.83).
(23) Prove formula (2.86).
(24) Draw sequence networks for two distinct cases, when the center O' 

of star connection of three-phase voltage sources is grounded, and 
when it is not grounded.

(25) State the general algorithm of using sequence networks in fault 
analysis.

(26) By using the sequence networks, carry out the analysis of SLG fault 
in the case when node O' is grounded through zero impedance.

(27) By using the sequence networks, carry out the analysis of DLG fault 
(see Figure 2.24) in the case when node O' is grounded through zero 
impedance.

(28) Complete the analysis of LL fault (see Figure 2.26) described in 
the text.
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(29) Describe the basic design and the principle of operation of single
phase transformers. Explain for what transformers are used.

(30) Define an ideal transformer and describe its terminal relations and 
equivalent circuit.

(31) Consider an ac transmission line with a characteristic impedance 
Zq of 100 Cl to which you want to connect a resistive load with 
R =  25 fi. How could you use a transformer to maximize the 
power transfer to the load?

(32) Explain what leakage inductances are and why they are important 
as far as the operation of transformers is concerned.

(33) Summarize the main steps used in the mathematical transforma
tion of the coupled circuit equations in order to arrive at the equiv
alent circuit of the transformer.

(34) Draw the equivalent circuit of the nonideal transformer and de
scribe the meaning of each parameter in the equivalent circuit.

(35) Is the equivalent circuit unique?
(36) Draw the simplified equivalent circuit of the transformer that is 

used in the power system analysis.
(37) Describe the open- and short-circuit tests used for the identifica

tion of parameters of the (approximate) equivalent circuit of the 
transformer.

(38) Suppose the open- and short-circuit tests were performed for a 
transformer with a rated rms voltage of 120 V and rated rms cur
rent of 10 A and the following values were obtained, respectively: 
Poc =  10 W, h  =  1 A, V2 =  240 V; Psc =  60 W, Vi =  7 V. Find the 
approximate equivalent circuit model parameters. Explain if the 
assumptions made in obtaining the approximate equivalent circuit 
model are reflected in the values you obtain.

(39) Suppose you have characterized the approximate equivalent circuit 
corresponding to an actual transformer. What power losses are 
described by this circuit and how are they modeled? How would 
you compute these losses using the circuit model if the transformer 
drives some arbitrary load within its rating?

(40) How could you compute a transformer’s efficiency (the ratio of 
secondary to primary power) for a given load from the knowledge 
of the transformer’s equivalent circuit and the losses it models?

(41) Describe various designs (i.e., various core configurations and var
ious connectivities of primary and secondary windings) of three- 
phase transformers.
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(42) Derive the expressions for the ratio of primary and secondary line 
voltage phasors for each of the following three-phase transformer 
connectivities: a) star-star, b) star-delta, c) delta-star and d) delta- 
delta.

(43) Which of the connectivities in problem 42 gives the highest sec
ondary line voltage for a given primary tine voltage and turns ratio? 
Explain.

(44) Describe the design and principle of operation of synchronous 
(cylindrical rotor and salient pole) generators.

(45) What is synchronism? Define and explain the significance of syn
chronous speed for the performance of synchronous generators. 
Why is a synchronous generator a (P, K)-source?

(46) Explain how the rotating magnetic field can be created by the 
stationary three-phase stator winding.

(47) Demonstrate that negative-sequence three-phase stator currents 
create mmf and magnetic fields rotating with speed nsyn in the 
direction opposite to the rotor rotation.

(48) By using the language of symmetrical components, explain what 
happens to synchronous generators in the case of unbalanced loads. 
Why are such loads undesirable?

(49) Explain how in the case of unbalanced loads the negative effect of 
the zero sequence of stator currents can be eliminated.

(50) Describe the main principles of stator winding design. Explain how 
it is achieved that the stator winding serves as a filter of higher- 
order spatial and temporal (time) harmonics.

(51) Construct an occupation diagram for a two-layer full-pitch stator 
winding with 18 slots on the stator.

(52) How is the occupation diagram in the previous example modified 
in the case of fractional-pitch winding?

(53) Explain what the (main) synchronous reactance of the stator wind
ing is and how it is related to self and mutual reactances of the 
phase windings. How does this reactance depend on the air gap 
length?

(54) Describe and explain the open- and short-circuit tests for experi
mental identification of synchronous reactance.

(55) Describe the essence of the two-reactance theory for salient pole 
machines.

(56) What is the load angle? Explain its significance.
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(57) What is the limit of static stability of a synchronous generator? 
Explain why the air-gap length of synchronous generators is usually 
large.

(58) Consider a cylindrical rotor synchronous generator connected to 
the three-phase power grid, which maintains the constant terminal 
voltage (infinite bus). Describe what happens to the magnitude 
of the internal voltage (emf) as the rotor dc winding current is 
increased from a small value up to some maximum allowed value.

(59) For the situation described in problem 58, describe what happens 
to the stator current and the power factor as the rotor dc winding 
current is changed and the generated active power is maintained 
constant. Draw and explain the corresponding phasor diagrams.

(GO) Define generator buses and load buses and state the essence of 
power flow analysis.

(61) State two equivalent forms of the final power flow equations. Ex
plain the cause of nonlinearity of these equations. Explain if all of 
these equations are coupled or not.

(62) State the algorithm of Newton-Raphson iterations for the solution 
of general nonlinear equations. What is the main mathematical 
idea of these iterations? Is the convergence of these iterations local 
or global? What is the rate of convergence?

(63) Construct a graphical example (different than in the text) when 
Newton-Raphson iterations do not converge.

(64) Describe the Newton-Raphson iterations in the case of power flow 
equations.

(65) Describe the central idea and main formulas of the continuation 
technique.

(66) Describe the continuation technique for power flow equations when 
the parameter is introduced in active and reactive powers of load 
buses to solve the problems for various load configurations.

(67) State and explain the “swing” equation for rotor dynamics of a 
synchronous generator.

(68) Explain how the “swing” equation can be written in the Hamilto
nian form and how this form can be used for the construction of 
the phase portrait.

(69) Explain what the “saddle” point and the separatrix of rotor dy
namics are and what their significance is.

(70) State the algebraic criterion of stability of rotor dynamics in terms 
of the values of the Hamiltonian at initial conditions and at the 
saddle point.
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(71) Demonstrate the equivalence of the algebraic stability criterion of 
problem 70 and the classical “equal area” stability condition.

(72) What is the physical effect of eddy currents induced in generator 
solid rotors on the stability of rotor dynamics? How can these 
currents be accounted for and what is their effect on time variations 
of the Hamiltonian?

(73) Describe the basic design and principle of operation of induction 
machines as motors and generators.

(74) What is “slip” and what is the relation between the frequencies of 
rotor and stator currents? Give the range of slip variations in the 
motor and generator regimes.

(75) Explain why the air gap length in induction machines is usually 
very small.

(76) Explain how a doubly-fed induction machine can be operated as a 
generator. In what type of power plants are induction generators 
utilized?

(77) Explain how the electromagnetic coupling between stator and rotor 
windings realized through rotating magnetic fields leads to the sim
plification of the coupled circuit equations. Explain the physical 
meaning of the reactances in the coupled circuit equations.

(78) Describe the main steps of mathematical transformation of the cou
pled circuit equations that are used in the derivation of the equiv
alent circuit for the induction machine. Is the equivalent circuit 
unique?

(79) Describe how the no-load test and locked-rotor test can be used 
for the identification of parameters of the approximate equivalent 
circuit.

(80) Give the formula and draw the graph for the torque-speed charac
teristics of induction machines for unlimited variation of speed in 
both directions. What parts of these characteristics are stable and 
unstable?

(81) Explain what the relation between the mechanical speed of the 
induction motor and the speed of the rotating magnetic field of the 
stator winding is. What does this relationship imply for the control 
of induction motor speed?

(82) What is the starting torque and how can it be controlled for wound 
rotor induction motors?

(83) Explain what physical phenomenon is utilized for the increase in 
the starting torque in the case of the squirrel cage rotor induction
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motor. Explain what kinds of designs of squirrel cage rotors are 
used for starting torque increase.

(84) Suppose you are told that a particular induction machine has a 
speed of 1100 RPM at its rated load torque. Assuming the line 
frequency is 60 Hz, how many poles does this machine have?

(85) Suppose you have a three-phase induction machine at rest (n =  0) 
with rated line-to-line voltage of 208 V and you have connected a 
variable magnitude three-phase ac supply to its stator terminals. 
As you steadily increase the stator voltage from 0 V, you notice 
that the rotor starts to spin when you reach about 50 V. Why 
might this occur? What does the stator voltage magnitude control 
in the induction machine?

(86) Suppose that two distributed stator windings are angularly shifted 
with respect to one another along the stator circumference by 90° 
and driven by ac currents of the same peak value and frequency but 
shifted in time by 90°. Show that this two-phase winding produces 
a uniformly rotating magnetic field.

(87) A single-phase winding when driven by ac current produces a puls
ing magnetic field. Prove that this pulsing magnetic field can be 
equivalently described as the superposition of two uniformly ro
tating magnetic fields with the same speed but opposite rotation 
directions. What is the speed of rotation of these fields?

(88) Induction motors can also be constructed to be driven by single
phase ac power and these machines are called single-phase induc
tion motors. Using the fact described in the previous problem, 
graphically derive a generic plot of the single-phase induction motor 
torque-speed characteristics from those of the three-phase induc
tion machine. How do the single-phase induction motor mechanical 
characteristics compare with the three-phase induction motor char
acteristics as far as the starting torque is concerned?

(89) One common design of a single-phase induction machine incorpo
rates another (auxiliary) stator winding which is electrically ex
cited in parallel with the main single-phase winding. This auxiliary 
winding is designed in such a way as to give the single-phase induc
tion machine a nonzero starting torque. Describe the geometrical 
and electrical characteristics of the auxiliary starting winding nec
essary for the single-phase induction machine to start itself when 
the main and auxiliary windings are excited in parallel by a single
phase ac voltage source. Explain the usefulness of constructing the 
auxiliary winding with a series capacitor.
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Power Semiconductor Devices

Chapter 1

1.1 Introduction; Basic Facts Related to Semiconductor 
Physics

This part of the book is concerned with power electronics. Power electronics 
can be defined as the area of electrical engineering which deals with the 
design of electric circuits that use semiconductor devices as switches to 
convert electric power from one (available) form into another (desired) form. 
Such circuits are called power converters. It is clear that these converters 
are switching-mode devices. In this sense, power electronics is similar to 
digital electronics where semiconductor devices are also used as switches but 
for different purposes such as storage, processing and transmission of digital 
information. Furthermore, another important difference is that in power 
electronics semiconductor devices are used as switches with high current 
and high voltage-handling capabilities. Switching of semiconductor devices 
in power converters inevitably results in ripples in voltages and currents, 
and these ripples are suppressed by using energy storage elements such as 
inductors and capacitors. It turns out that there exists a trade-off between 
the switching speed of semiconductor devices and the size of energy storage 
elements. Namely, the faster the switching of semiconductor devices, the 
smaller the energy storage elements needed for suppression of ripples. This, 
in turn, results in more compact, lighter and cheaper power electronics 
converters. Thus, the progress in semiconductor device technology leading 
to faster semiconductor switches of high currents and high voltages is very 
beneficial to the progress in power electronics.

It is well known that ac and dc are the two most prevalent forms of 
electric power. For this reason,the following four types of power converters 
are often encountered in power electronics applications:
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• ac-to-dc converters (called rectifiers),
• d o to a c  converters (called inverters),
• dc-to-dc converters (called choppers),
• ac-to-ac converters.

In this book we shall study these converters and we will be mostly concerned 
with their steady-state performance, that is, the performance for which the 
power converters were designed. Due to the switching-mode nature of power 
converters, the analysis of their steady-state performance is reduced to the 
analysis of steady states in electric circuits driven (excited) by periodic 
non-sinusoidal voltage sources. The methods of analysis of such electric 
circuits are discussed in detail in Chapter 2 of Part I of this book, and 
these methods will be extensively used in our forthcoming study of power 
converters. In this study, we shall also use some facts from magnetics that 
are presented in Chapter 3 of Part I as well as some background material 
related to three-phase circuits and transformers discussed in Part II.

Power electronics is an enabling technology which has already found nu
merous applications in very diverse areas of engineering. Just to name but a 
few, power electronics is indispensable in integrating such renewable energy 
sources as wind and solar into existing power systems; it plays the central 
role in the construction of HVDC (high voltage dc) transmission lines; it 
is at the very foundation of the development of semiconductor drives; it is 
the critical technology in the design of new and efficient hybrid and electric 
cars; it enables the development of uninterruptible power supplies (UPS) 
to provide backup electric power to various loads in the case of emergency; 
power electronics converters can be found in many consumer devices such 
as televisions, personal computers, battery chargers, etc.

As mentioned above, the use of semiconductor devices as switches is at 
the very foundation of power electronics. For this reason, this chapter is 
concerned with the discussion of the designs and principles of operation of 
basic semiconductor devices and their utilization as switches. To proceed 
with this discussion, we shall first review in this section the basic facts 
related to semiconductor physics.

We shall begin with the discussion of intrinsic (pure) semiconductors. 
They are made up of a huge number of atoms which consist of heavy positive 
nuclei surrounded by light negative electrons. These nuclei form a rigid 
periodic lattice which is essentially “frozen” at very low temperatures. As 
temperature is raised, the atoms exhibit thermal vibrations about their 
equilibrium (mean) positions. АЦ electrons can be subdivided into two
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distinct groups. There are electrons which are tightly bound to nuclei 
and can be naturally regarded as part of the lattice. They are referred 
to as “core” electrons. There are, however, electrons that are spread out 
over the entire semiconductor. They are referred to as “valence” or mobile 
electrons. The transport of these mobile electrons results in electric current 
conduction.

According to quantum mechanics, the energy spectrum of valence elec
trons in perfectly periodic (frozen) crystals can be described in terms of 
so-called Bloch states, and this spectrum exhibits band structure. This 
means that not all energy values (levels) are permissible and those which 
are permissible are grouped into bands. In each band there are very many 
permissible energy levels (states) which are separated from one another by 
very small energy increments, while the bands may be separated by appre
ciable energy gaps. As far as the transport of electrons in semiconductors 
is concerned, two bands of high energy are most important. They axe the 
valence band (VB) all of whose energy levels are occupied by electrons at 
zero temperature, and the next in increasing energy and completely empty 
of electrons is the conduction band (CB). These two bands are separated 
by energy gap sg. This is schematically represented by Figure 1.1.

For silicon (Si), which is still the main material for semiconductor de
vices,

Eg =  1.1 eV. (1.1)

For applications in power electronics, wide bandgap semiconductors are 
very attractive and promising. Examples of wide bandgap semiconductors
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include silicon carbide (SiC) with

Eg =  3.2 eV (1 .2 )

and gallium nitride (GaN) with

€g =  3.4 eV. (1.3)

Such high energy gaps lead to appreciably higher breakdown electric fields, 
which is beneficial for the operation of semiconductor devices at high volt
ages. Furthermore, large energy bandgaps also result in much higher oper
ating temperatures and higher radiation hardness. The former is important 
for the operation of semiconductor devices at high currents and voltages.

When the temperature of semiconductors is gradually increased above 
zero, then some electrons in the valence band may acquire sufficient energy 
from the thermally vibrating lattice to make transitions across the energy 
gap into the conduction band. As a result, some “vacancies” are formed in 
the valence band. These vacancies are usually referred to as holes. Such 
electron-hole pair production in a pure semiconductor is called intrinsic 
electron-hole pair generation and is schematically shown in Figure 1.1. It 
is apparent that the simultaneous production of electrons and holes results 
in equal density of electrons and holes,

where n stands for electron density, p stands for hole density, while f*j is 
called intrinsic density (concentration). This density depends on tempera
ture and for Si at room temperature

It must be remarked that the electric current conduction in semiconduc
tors is due to the transport of conduction band and valence band electrons. 
However, the transport properties of conduction band electrons are quite 
different from transport properties of valence band electrons. To distin
guish between these two transports, the notion of an imaginary and posi
tively charged particle, a hole, is introduced in semiconductor physics, and 
the actual transport of valence band electrons is described (is modeled) as 
transport of holes.

In the design of semiconductor devices, extrinsic semiconductors are 
used. These semiconductors are doped. The latter means that specific 
impurities are intentionally introduced in semiconductors by means of ion 
implantation (or other fabrication techniques). Introduced impurities re
sult in localized energy levels within the energy gap. Usually, “shallow”

n  =  p  =  Tli, (1.4)

tii =  1.45 ■ 1010 cm 3 (1.5)
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impurities are used for doping which result in energy levels close to the 
boundaries of the energy bandgap. When the impurity energy levels are 
close to the lower edge of the conduction band (see Figure 1.2), they are 
called “donor” levels and at very low temperatures these energy levels are 
completely occupied by electrons. Impurities whose implantation results in 
such energy levels are called donors, and for Si such impurities are phos
phorus (P ) and arsenic (As). As temperature is slightly increased, electrons 
occupying donor energy levels acquire enough energy from thermal lattice 
vibrations to make transitions to the conduction band. This results in 
the appearance of mobile conduction band electrons and positively charged 
(ionized) immobile impurities. On the other hand, when impurity energy 
levels are close to the upper edge of the valence band (see again Figure 
1.2), they are called acceptor levels and at very low temperatures these 
energy levels are not occupied by electrons. Impurities whose implantation 
results in such energy levels are called acceptors, and for Si such impurities 
are boron (B) and aluminum (Al). As temperature is slightly increased, 
electrons from the valence band acquire enough energy from thermal lat
tice vibrations to make transitions to acceptor energy levels. This results 
in appearance of mobile holes in the valence band and negatively charged 
(ionized) immobile impurities. It is clear from the presented discussion that 
doping and thermal ionization of impurities may result in production of a 
specific type of carriers in chosen regions. Indeed, if some regions of semi
conductors are doped by donor impurities, then in these regions as a result 
of thermal ionization we have inequality

n > p, ( 1-6)
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and such regions are called n-type (or n+-type if n p). On the other 
hand, if some regions of semiconductors are doped by acceptors, then in 
these regions

p > n (1-7)

and such regions are called p-type (or p+-type if p »  n).
It can be shown that, regardless of the nature of doping, at equilibrium

np =  nf. (1-8)

It is clear from the previous discussion that in doped semiconductors there 
are two distinct mechanisms of mobile carrier (electron or hole) production: 
an intrinsic mechanism associated with transitions of electrons across the 
entire energy bandgap and resulting in simultaneous and equal production 
of electrons and holes; and an extrinsic mechanism associated with ther
mal ionization of shallow impurities resulting in production of electrons or 
holes. The interplay of these two mechanisms is illustrated by a plot of 
electron density versus temperature for n-type Si shown in Figure 1.3. A 
similar plot сал be drawn for hole density in the case of p-type Si. It is 
apparent from this plot that there are three distinct regions: the ioniza
tion region (0 К < T  <  100 K) with rapid growth of electron density in 
the conduction band due to thermal ionization of donor impurities, the ex
trinsic region (100 К < T  <  500 K) with more or less constant electron 
density and the intrinsic region (T  > 500 K) with rapid growth in electron
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density due to the intensified intrinsic process for sufficiently large temper
atures. The extrinsic region where electron density is practically constant 
and does not depend on temperature is usually a desired region for oper
ation of semiconductor devices. It is apparent on physical grounds that 
this region will be extended to appreciably higher temperatures for wide 
bandgap semiconductors, which is one of their attractive features.

It is clear from the presented discussion that in semiconductors there 
are two types of mobile carriers and two types of immobile ionized im
purities. Consequently, we can talk about volume charge density p inside 
semiconductors,

p =  q (p -n  +  N ), (1.9)

where q is the absolute value of electron charge, while

N  =  N n -  Np, (1.10)

with N n being the density of ionized donors and Np being the density of 
ionized acceptors. By neglecting magnetic field effects associated with the 
transport of mobile carriers, we shall characterize the effect of charges only 
by electric field E. This field can be represented as the gradient of scalar 
potential tp,

E = -V tp ,  (1-11)

and this leads in the usual way to the Poisson equation

V V  =  - f ,  (1.12)

or, taking into account formula (1.9),

V V =  j ( n - p - N ) ,  (1.13)

where e  =  11.7e0 for Si.
It must be noted that electron (n) and hole (p) densities in the Poisson 

equation (1.13) are not known beforehand and these densities are dependent 
on transport of mobile carriers in semiconductor devices. As far as this 
transport is concerned, electron and hole currents in semiconductors are 
due to two distinct physical mechanisms: drift and diffusion. Accordingly, 
the electron and hole current densities can be written as follows:

=  +  (1-14)

JP =  3 ir i f t + 3 f f , (1-15)

where the meanings o f subscripts and superscripts are self-explanatory.
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The drift mechanism of current conduction in semiconductors is quite 
similar to the mechanism of current conduction in conductors. Namely, an 
existing electric field accelerates holes and electrons along the field direc
tion and opposite to it, respectively. This accelerated motion is impeded 
by scattering from random lattice vibrations and impurities. The average 
effect of this scattering results in electrons and holes attaining some av
erage velocity proportional to the local electric field E. This leads to the 
following expressions for drift currents:

where цп and fj.p are mobilities of electrons and holes, respectively. The 
positive sign in equation (1.16) can be explained as follows. Since electrons 
are negatively charged, they move in the direction opposite to electric field 
E. However, the motion of negative charges in the direction opposite to E 
is equivalent to positive electric current in the direction of E,

The diffusion mechanism of current conduction is of stochastic origin 
and it is caused by the random nature of scattering. Macroscopically, it 
manifests itself in the motion of carriers from high density regions to low 
density regions. This mechanism can be illustrated as follows. Consider 
two adjacent regions R\ and R2 of semiconductor (see Figure 1.4) with 
different hole densities pi and P2, assuming for certainty that pi > P2- 
Consider also that there exists electric field E parallel to the interface S 
between R\ and R 2 that causes drift transport of holes parallel to S. Then, 
due to the random component of hole motion in the direction perpendicular 
to E, some holes from region R[ cross S into region R 2 and some holes from 
T?2 cross S into R\. However, since p\ > p ,̂ a larger number of holes (on

K rifl =  № »n E, 

Jprl/‘ =  №PPE,

(1.16)

(1.17)
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average) cross S from Ri to R 2 than the other way around. This results in 
a net influx of holes into R 2 and produces the component of hole current 
through S in the direction from high hole density region to low hole density 
region. This is the diffusion current, and it is clear that it is controlled by 
the gradient in hole density. Mathematically, it is expressed as

J * '  =  ~qDpVp, (1.18)

where D p is the hole diffusion coefficient (diffusivity), while the minus sign 
indicates that the hole diffusion current is directed opposite to the gradient 
direction, that is, from high density to low density regions.

Similarly, electron diffusion current density can be written as

3 * l = q D nVn,  (1.19)

where D n is the electron diffusion coefficient and positive sign indicates that 
the electron diffusion current is in the direction of the gradient because neg
atively charged electrons diffuse in the opposite direction to Vn. Diffusion 
currents play a crucial role in the performance of many semiconductor de
vices. These currents are engineered by doping differently adjacent parts 
of semiconductor devices.

Now, by combining formulas (1.14)-(1.19), we arrive at the following 
expressions for total electron and hole current densities:

J « =  qnnnE + q D nVn, (120)

Jp =  qHppE ~ qDpVp. (1-21)

It turns out that there is the following remarkable relation between mobil
ities and diffusivities called the Einstein relation:

Dn -  Dv -  кв— , (1.22)
y-n q

where кв =  1.38 10“ 23 joule/K is the Boltzmann constant and, as before, 
q =  1.6 ■ 10-19 coulomb is the absolute value of electron charge.

The quantity

VT =  —  (1-23)
q

has the dimension of voltage, and it is called thermal voltage. At room 
temperatures,

VT =  0.026 V. (1—4)

Thermal voltage plays an important role in the theory of semiconductor 
devices.
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The Einstein relation can be derived as follows. Consider equilibrium 
conditions in semiconductors when net electron and hole current densities 
are equal to zero:

On the other hand, the Boltzmann distribution is valid for p at equilibrium 
conditions:

By using the same line of reasoning, the Einstein relation can be established 
for electrons. Finally, it is worthwhile to note that the Einstein relations 
are often called in literature fluctuation-dissipation relations. The reason is 
that these relations establish connection between fluctuations in the motion 
of mobile carriers described by diffusivity (D ) and dissipation described by 
mobility (/1).

Other important physical phenomena which occur in semiconductors are 
generation and recombination of mobile carriers, i.e., electrons and holes. 
There are several mechanisms of recombination and generation. Below, we 

briefly consider only two of them: indirect or Shockley-Read-Hall (SRH) 
recombination-generation and Auger (or three-particle) recombination-gen- 
eration.

SRH recombination-generation is dominant for indirect bandgap semi
conductors such as Si and SiC. The term “indirect bandgap” means that

(1.25)

(1.26)

From equations (1.11), (1.21) and (1.26) we derive

AippVv? 4- D pVp =  0, (1.27)

which leads to

(1.28)

or

(1.29)

By integrating the last equation, we find

p =  Се~т%*. (1.30)

p = C e ~ &  — 

The last two equations will be identical if

D v _  квТ

(1.31)

(1.32)
Ар ч
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the electron energy e(k) as a function of its momentum (crystal momentum, 
to be precise) к achieves its minimum for the conduction band (CB) and 
its maximum for the valence band (VB) for different values of k. This is 
illustrated by Figure 1.5. The latter means that the most probable direct 
transitions (i.e., transitions with small changes in energy) from the states 
near the lower energy edge of the conduction band to the states near the 
upper energy edge of the valence band are prohibited because they cannot 
be realized with the conservation of momentum k. For this reason, the 
most probable transitions between the valence and conduction bands in in
direct semiconductors occur through localized energy states (energy levels) 
created in the middle of the bandgap by implantation of so-called “deep” 
impurities (gold, for instance). The physical mechanism of such transitions 
is illustrated by Figure 1.6. During the recombination process, an electron
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is captured by an empty trap and almost simultaneously a hole is captured 
by an electron from a filled trap. The inverse process, generation, consists 
of almost simultaneous transitions of an electron from the valence band to 
an empty trap and an electron from an occupied trap to the conduction 
band. The following formula can be derived for the rate R t'SRH^(n,p) of 
this recombination-generation process:

RiSRH){np) = np -  n‘
ip(n +  n i) +  tn(p +  p i ) '

(1.33)

where tp and tn are hole and electron lifetimes, while nj and pi are some 
constants.

Now, we consider Auger recombination-generation, which is quite active 
for high doping levels. The physical mechanism of Auger recombination- 
generation is illustrated by Figures 1.7a and 1.7b. It is clear from these fig
ures that three particles participate in each elementary process. In the case 
of generation, an electron from the valence band absorbs energy emitted 
by an energetic electron (or hole) and makes a transition to the conduction 
band. This generation process can also be viewed as an impact ionization 
process where energetic mobile carriers cause generation of electron-hole
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pairs. In the case of recombination, an electron in the conduction band 
makes a transition to the valence band and the released energy is trans
ferred to an electron (in n-type material) or to a hole (in p-type material). 
The following formula can be derived for the rate RiAu\n,p) of the Auger 
recombination-generation process:

where an and ap are Auger constants.
The transport of electrons and holes in semiconductors is governed by 

the following continuity equations which express the balance of electrons 
and holes:

These equations state that in any infinitesimally small volume the time 
variation of mobile carrier density is due to local inflow (or outflow) of 
carriers due to their drift and diffusion currents as well as due to local 
recombination-generation of carriers.

These current continuity equations together with the Poisson equation 
(1-13) and formulas (1.20) and (1.21) for electron and hole currents con
stitute three coupled partial differential equations for n, p and ip. These 
coupled equations are the essence of the drift-diffusion model for electron 
and hole transport in semiconductors. This drift-diffusion model is widely 
used for analytical and numerical analysis of semiconductor devices. For 
very small (nanoscale) devices this drift-diffusion model is replaced by more 
accurate and relevant models such as semiclassical transport or quantum 
transport models. Discussion of these models is beyond the scope of this 
text.

In summary, there are two types of mobile carriers in semiconductors, 
electrons and holes, whose transport occurs within conduction and valence 
bands, respectively. There are two distinct mechanisms of current conduc
tion, drift and diffusion. There are phenomena of recombination-generation 
caused by transition of mobile carriers across energy bandgaps or some parts 
of them. The transport of carriers is described by coupled continuity and 
Poisson equations which constitute the drift-diffusion model.

R [Au){n,p) =  (np -  n2t)[ocnn +  app), (1.34)

(1.35)

=  — div Jp -  R{n,p). 
at q

(1.36)
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1.2 P -N  Junctions and Diodes

In this section, we shall discuss p-n junctions and their use as diodes. These 
junctions are ubiquitous in semiconductor electronics because most semi
conductor devices utilize at least one junction between n-type and p-type 
materials. For this reason, one may say that p-n junctions are among the 
main building blocks of semiconductor devices. These p-n junctions are 
fundamental in carrying out such functions as rectification, switching, am
plification, etc.

A simple p-n junction can be viewed as a piece of semiconductor with 
two adjacent p-type and n-type regions (see Figure 1.8). It will be assumed 
in our discussion that these p-type and n-type regions are uniformly doped 
(abrupt junction). Namely, the densities of ionized impurities can be plot
ted as shown in Figure 1.9. Since these two differently doped regions are 
adjacent to one another, electrons tend to diffuse from the n-type region to 
the p-type region, while holes tend to diffuse from the p-type region into 
the n-type region resulting in nonzero diffusion currents. Immediately the 
question can be asked how equilibrium conditions (i.e., when electron and 
hole current densities are equal to zero) can be realized in such junctions. 
It is clear that such equilibrium conditions can be achieved only if these dif
fusion currents are counterbalanced by drift currents. These drift currents 
can be created when the depletion region is formed. The latter means that 
a narrow region around the interface between n-type and p-type materials 
is depleted of mobile carriers. As a result, the positive and negative charges 
of ionized impurities are exposed and these charges create nonzero electric



Power Semiconductor Devices 350

field E that drives electrons and holes in directions opposite to the direc
tions of their diffusion. Indeed, as seen from Figure 1.8, holes are driven 
by electric field E back to the p-type region, while electrons are driven by 
the same field back to the n-type region.

It is important to stress that the physical mechanism of depletion region 
formation is diffusion of mobile carriers. Indeed, holes and electrons will 
continue to diffuse into n-type and p-type regions, respectively, and recom
bine there until sufficiently strong electric field E is established as a result 
of mobile carrier depletion and this field counteracts the above diffusion.

Outside the depletion region, there are two charge neutral regions (see 
Figure 1.8) where

p =  — n +  N ) =  0. (1-37)

Thus, the plot of volume charge density can be drawn as shown in Fig
ure 1.10. This plot corresponds to the depletion approximation when it is
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assumed that the region < x < xn is completely depleted of mobile 
carriers. Next, we shall plot the graphs for electric field E  and electric 
potential tp. In doing so, we shall use the relations

dE =  P 
dx s '

E = - ^ .
dx

(1.38)

(1.39)

From formula (1.38) and the plot shown in Figure 1.10 follows that E  is 
piecewise linear in the depletion region and it is equal to zero outside this 
region (see Figure 1.11). From formula (1.39) and the plot shown in the 
last figure follows that electric potential tp is piecewise quadratic within 
the depletion region, equal to zero for x <  —xp and assumes constant 
value Vin for x >  xn (see Figure 1.12). Thus, it can be concluded that 
a specific potential difference V*n, called built-in potential, appears across 
the depletion region. This potential is central to the performance of p-n 
junctions. For this reason, we shall next derive the expression for Vin.
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By using the last relation in formula (1.49), we find that

P{xn) = N n
(1.51)

By substituting formulas (1-47) and (1-51) into equation (1.46), we derive 

the following important expression:

Vin =  VT In
N nN p

(1.52)

The starting point in our derivation of formula (1.52) was the first equation 

in (1.40). It can be shown that the same formula (1.52) can be obtained 

by using the second equation in (1.40) as the starting point of derivation. 
Typically, the range of built-in potential variations is

0.5 V  <  Vin <  0.85 V . (1.53)

For instance, if

N n =  N p =  1016 cm "3, (1.54)

then

Vin =  0.699 V . (1.55)

Such a relatively small ra*;ge of variation of Vin is due to the smallness of 
Vt  (see formula (1.24)) and the presence of “In” in equation (1.52)

It is also quite interesting to find the expression for the overall width W  
of the depletion region as well as for its one-sided width xn (or xp). Tins 

can be done by using the following reasoning. By using formula (1.38) in 

the depletion region, we find

dE{x )  _  qNp 

dx e
dE{x )  _  qNn 

dx e
Furthermore, at the boundary of the depletion region, we have

E ( - x p) =  E ( x  n) =  0. (1.58)

From the last three formulas, we obtain

maxE(x )  — E(0 )  = - ^ - ^ - x n = -^ -? -Xp .  (1.59)
x  £  £

The last equation yields the following relation between one-sided widths of 
the depletion region:

N nxn =  N pxp. (1.60)

for — xp <  x <  0, (1.56)

for 0 <  x <  xn. (i-57)
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Vin =  ip(xn) -  tp {-xp) =■ -  f  E(x)dx. (1.61)
J —Xp

It is clear that the absolute value of the integral in the lasl formula is equal 
to the shaded area in Figure 1.11. Consequently,

1

On the other hand, we have

/ Xn
E (x )dx  =  f E (t))W ,

J - x p 2

where

W  =  xn +  xp.

Now by combining formulas (1.59), (1.61) and (1.62), we derive

y. _  Wy i n  — 0 YY *
2e

Next by solving equations (1 .(JO) and (1.63) we find the following expression 
for xn:

(1.62)

(1.63)

(1.64)

N„
Xn — -W.

n N n +  N p

By substituting the last formula into equation (1.64), we obtain

-
qNnNp

W
2 e (N n +  Np) '

which leads to

W  =
2 £(Nn +  Nv)

Vir

(1.65)

(1.66)

(1.67)
qNnNp

Finally, by using formula (1.52) for Vin in the last equation, we arrive at

w  =
'2£VT (N n +  N p) N nN p

12

qNnN p Щ
( 1.68)

The last formula gives the expression for the depletion width in terms of 
doping densities. It is apparent that the h-gher the doping densities, the 
narrower the depletion width. Indeed, in the particular case when N p =  
N n — N , from the last formula we find

W  =  2
2 eVT , N  

hi —
qN  t i ,

and it is clear that W  — > 0 as N  —t oo.

(1 69)
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From the equations (i.65) and ( 1.68), we derive the following expression 
for one-sided width of the depletion region in terms of doping densities:

Г 2 eVt N v n m
12

*n —
[< # n {N n +  N p) "  n j \

(1.70)

It is clear from the last formula that for very large JVn we have the asymp
totic relation

<lniv” )s П „ I

which suggests that the substantial one-sided narrowing of the depletion 
region occurs with increase in N n.

Overall narrowing of the depletion region may present some problems 
related to avalanche breakdown of p-n junctions as discussed later in this 
section. On the other hand, the one-sided narrowing of the depletion re
gion is practically utilized in many semiconductor devices for constructing 
ohmic contacts. Indeed, typically oiimic contacts are metal-semiconauctor 
contacts with heavily doped semiconductors in the contact regions. This 
makes depletion widths very narrow to allow carriers to tunnel through.

The built-in potential can be viewed as a potential (or energy) barrier 
which prevents mobile carrier transport through the depletion region at 
equilibrium. This property of the built-in potential is the key to under
standing ohe rectifying functions of the p-n junction. When an external 
voltage is applied to the p-n junction, then depending on its polarity this 
voltage may decrease or increase the potential (energy) barrier already ex
isting due to the built-in potential. H the applied voltage causes a decrease 
in the potential barrier, this will result in current conduction. It is said 
in this case that the p-n junction is forward biased and the polarity of the 
applied voltage is treated as positive. If, on the other hand, the applied 
voltage causes an increase in the potential barrier, this will further impede 
the current conduction. It is said in this case that the p-n junction is reverse 
biased and the polarity of the applied voltage is treated as negative.

The dependence of the p-n junction current on polarity and magnitude 
of applied voltage is given by the following equation derived by W. Shockley:

I =  I s ( e ^  -  l )  , (1.72)

where I s is the so-called saturation current. By recalling the definition of 
thermal voltage Vp (see formula (1.23)), the last equation can be written
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as follows:

I  =  I s -  l )  . (1.73)

A  typical plot of this equation is shown in Figure 1.13. It is apparent from 
this figure that the current is very rapidly and exponentially increased for 
positive (forward) bias of the junction. This rapid increase in junction cur
rent for small forward bias voltages is due to the smallness of V t , which is 
equal to about 0.026 V at room temperatures (see (1.24)). For negative bias 
voltages, the jimction current rapidly reaches the value —I a. The question 
can be immediately asked why there exists nonzero current for negative 
voltages when the junction is reverse biased, and what the physical origin 
of this current is. The answer is that the saturation current I s is due to 
electron-hole pair (EHP) generation within the depletion region. Indeed, 
such generation (however small) always exists (due, for instance, to an in
trinsic process). Electrons and holes generated in the depletion region are 
swept by an electric field in this region in opposite directions (i.e., toward 
n-type and p-type regions, respectively). This results in negative current 
I s. At equilibrium (zero bias voltage) this current I s is fully compensated 
by the positive diffusion current which is due to a small number of high 
energy electrons and holes that are able to surmount the energy barrier 
created by the built-in potential. As negative bias is increased, this re
sults in an increase in the energy barrier and in an appreciable decrease in 
the number of high energy mobile carriers able to surmount this increased 
energy barrier. Consequently, the positive diffusion current due to high 
energy carriers is practically reduced to zero and the negative current I 3 

due to EHP generation is exposed, as can be seen from Figure 1.13.
Mobile carriers have exponential (or close to exponential) distribution in 

energy. When the forward (positive) bias voltage is applied to the junction,



366 Fundamentals o f Electric Power Engineering

I

short
'"circun

open
circuit

\
0

Fig. 1.14

D
— DH—

Fig. 1.15

the potential (energy) barrier is decrtosed This results in exponential 
increase in the number of mobile carriers able to surmount the reduced 
energy barrier, and this leads to the exponential growth injunction diffusion 
current as consistent with formulas (1.72) and (1.73).

The I -V  curve presented in Figure 1 13 suggests that the resistance of 
the p-n junction for positive bias voltages is very smaU, while for negat- e 
bias voltages this resistance is very large. Using this fact, the actual I -V  
curves can be idealized and represented by the plot shown in Figure 1.14.

It is apparent from the previous discussion and Figure 1.14 that a p-n 
junction can be used as a diode, i.e., a circuit element that can be switched 
from open-circuit state to short-circuit state and vice versa by the change 
in polarity of applied voltage. The circuit notation for the diode element is 
presented in Figure 1.15.

Power diodes used in power electronics are required to sustain large neg
ative (reverse bias) voltages. Such voltages may result in large electric fields 
across depletion regions and may cause the breakdown of p-n junctions at 
some voltages Vbr. One of the physical mechanisms of such breakdown is 
impact ionization when EHPs generated in depletion regions are apprecia
bly accelerated by stro.ig depletion region electric fields due to large reverse
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biases. These high energy mobile carriers cause new generation of EHPs 
through the Auger generation process. These newly generated EHPs are 
also accelerated by the electric field and also generate new EHPs through 
the Auger process. This cascading generation leads to an avalanche of EHPs 
and large breakdown current.

To increase the breakdown voltage in power diodes, special designs of 
such diodes are used. In these designs, a lightly doped (almost intrinsic in 
p-i-n  diodes) semiconductor region is placed between heavily doped p+-type 
and n+-type regions used for ohmic contacts. An example of such design 
is shown in Figure 1.16. It must be stressed that the presence of lightly 
doped and sufficiently thick n~ layer is a typical structural feature of power 
diodes. To demonstrate how lightly doped n~ regions lead to the increase 
in breakdown voltage, we shall start with the formula similar to (1.61):

H r =  4 > (X n )  -  < P ( - X p )  =  -  Г  E { -X ) d X ' (L74)
J - x p

where xn and — xp are the boundary coordinates of the depletion region 
when the reverse bias voltage is equal to V£r* In the case of depletion 
approximation, E (x ) is a piecewise linear function (see Figure 1.11). Con
sequently,

-  Г  E (x )dx  =  l- E brW, (1-75)
J - x p

where Еъг is the breakdown value of electric field whose magnitude is equal 
to E (0), while W  =  x n +  xp. From the last two formulas, we derive

V l  =  \ e I W \  (1.76)

- - J -

drift
region

~ ‘ T
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By using the same line of reasoning which led to the derivation of formula 
(1.66). it can be shown that

Vbr = ___q ~.n- Np___W 2 (1 77)
or 2 e (N n +  N p) ' ( j

By dividing formula (1.76) by formula (1.77), we find

e (N n 4- N p) 2 .
H r -  2qNn NP Eb"- (1?8)

Since

N p »  N n, (1 79)

from equation (1.78) we finally obtain

v— m :- <180>
The last formula clearly reveals that for the same breakdown electric field 
Ebr the breakdown voltage can be appreciably increased by reducing density 
N n. The latter justifies using lightly doped n~ regions in power diodes.

In the conclusion of this section, it is worthwhile to mention that p-n 
junctions are used in solar cells for conversion of solar energy into elect nc 
energy. The principle of operation of these cells is based on optical gener
ation of EHPs in the depletion region of the p-n junction. This generation 
occurs because in the depletion region exposed to optical radiation valence 
electrons ms.y absorb optical energy from incident light sufficient for their 
transition to the conduction band. These optically generated electrons and 
holes are then swept by the electric field in the depletion region in opposite 
directions resulting in junction electric current. This conversion of energy 
of optical radiation into the energy of electric currents in junctions is the 
physical foundation of solar cell operation.

1.3 B J T  and Th yris tor

In this section, we shall first dieeuss the basic design and the principle 
of operation of the bipolar junction transistor (BJT) as well as how tills 
transistor can be utilized as a switch. Then, we shall consider the basic 
structure of the thyristor, which is often called a semiconductor-controlled  

rectifier (SCR), and discuss its principle of operation by using a two-BJT 
model of the thyristor.
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The BJT is a three-terminal device and its three contacts are connected 
to three differently doped regions which are called emitter, base and collec
tor. Schematics of the BJT are shown in Figure 1.17a for a p+np transistor, 
while its circuit symbol is presented in Figure 1.17b. The BJT can also be 
designed as a n^pn transistor as shown in Figure 1.18a, and its circuit 
symbol is depicted in Figure 1.18b. Below, we shall discuss only the p+np 
transistor; the treatment of the n+pn device is very similar and will be left 
as an exercise.

There are two very important features of BJT design. First, the emitter 
is heavily doped, which implies that

p+ » n .  (1.81)

Second, the base region of the BJT is very narrow. The latter statement is 
usually characterized by the inequality

WB < L p >  ( L82)

where W& stands for the width of the base, while L p is the diffusion length 
of holes in the n-type region, i.e., the average distance through which the 
holes can diffuse without recombination.
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The above two features define the quality of the BJT.
Next, we shall discuss the operation of the BJT as a current-controlled 

device. In doing so, we shall emphasize only the main features of this 
operation without covering the complete theory of this device.

A BJT has two junctions, the emitter junction between the emitter 
and the base regions, and the collector junction between the base and the 
collector regions. At equilibrium, that is, when the current through the 
base terminal is zero, there are two depletion regions corresponding to the 
emitter and collector junctions. The electric fields in these depletion regions 
are shown in Figure 1.17a, and these electric fields prevent the transport of 
mobile carriers through the emitter and collector junctions. Hence, there is 
no net current flow from emitter to collector. Also, at equilibrium the part 
of the base between these two depletion regions is charge neutral.

Now, consider what happens when a small electron current I в through 
the base is introduced. This current results in the small excess of negatively 
charged electrons in the previously charge neutral region of the base. The 
electric field of this small net negative charge in the base is directed opposite 
to the electric field in the depletion region of the emitter junction. This
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leads to the small reduction in the electric field in the emitter junction, 
which is equivalent to small forward bias of this junction. Since the current 
through a p-n junction is exponentially dependent on bias voltages (see 
equation (1.73)), this small forward bias results in a large current through 
the emitter junction called the emitter current. Since the emitter is heavily 
doped (see inequality (1.81)), the emitter current consists predominantly 
of holes injected into the base. These holes diffuse through the base with 
very little recombination because the base is narrow (see formula (1.82)). 
When the injected holes reach as a result of diffusion the depletion region of 
the collector junction, they are swept by the electric field in this depletion 
region into the collector region, resulting in large collector current I c ■ Thus, 
a small base current results in large collector current. The latter can be 
mathematically written as

I c  =  P Ib , (1-83)

where (3 is the amplification factor (or current gain). For properly designed 
BJTs, /3 is quite large and typically

/?> 100. (1.84)

It is clear from (1.83) that the collector current is mostly controlled by 
the base current and does not depend much on the voltage Vec across 
the transistor, i.e., the voltage between the emitter and collector terminals. 
This is reflected in the family of curves Ic (V e c )  shown in Figure 1.19 for 
different values of the base current Is ,  namely /в, <  1 в 2 <  <  I вл■ 
Now, we shall discuss how the BJT can be used as a current-controlled 
switch. This is done by using the common emitter configuration where
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(a)

( b )

the emitter terminal is common to the circuit controlling the base current 
and to an external circuit for which the BJT serves as a switch. This 
configuration is shown in Figure 1.20a. By assuming that the switching of 
the BJT occurs sufficiently fast, the external circuit can be represented by 
the Thevenin-equivalent resistance R c  and voltage source Vc (see Figure 
1.20b). Indeed, during the fast switching, the voltages across capacitors
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and currents through inductors in the external circuit do not change much. 
This means that, during the switching, capacitances and inductances can 
be replaced by voltage and current sources, respectively. For this reason, 
the external circuit can be treated as a resistive circuit with sources and 
can be replaced by its Thevenin equivalent.

By using KVL for the loop consisting of the BJT, R q and voltage source 
Vc, we find

Vec +  Ic Rc  =  VCi (1.85)

or

Ve c  =  Vc - I c R c - (1-86)

It is apparent that the voltage Vec  is a function of Ic  (see the curves in 
Figure 1.19). Consequently, the last equation can be written as follows:

Ve c (Ic ) =  Vc -  I c R c .  (1-87)

This nonlinear equation can be solved graphically by plotting the nonlin
ear function VEc ( I c ) and the straight line representing the right-hand side 
of the last formula, which is usually called a “load line.” This is done in 
Figure 1.21, where Vc and Vc/Rc are the intercepts of the load line with 
the -axis and the Jc~axis, respectively. It is apparent that the solution 
of equation (1-87) corresponds to the intersection point of the above two 
graphs, because for the value of I  с  corresponding to this intersection point 
the equality of both sides of equation (1.87) is achieved. This graphical 
representation of the operational condition of the BJT is very useful for 
the description of BJT performance as a switch. Indeed, consider a set of
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curves representing V e c ( Ic )  for different values of the base current I B and 
the load line representing the external circuit during the switching process 
(see Figure 1.22). The switching of the BJT by means of the appropriate 
increase in the base current can be explained as follows. For zero base 
current, there is practically no current through the transistor and the oper
ating point of the BJT is marked as point “0” on Figure 1.22. As the base 
current Ib  is increased, the operating points will be, in succession, points 
«1 » **2,” “3” and “4” on the same figure, and they represent intersection 
points between the load line and the set of V e c U c )  curves corresponding 
to monotonically increased values of Ig . Thus, for zero (or negative) value 
of /в, there is very small (or no) current through the BJT for large values 
of Vjsc- This clearly corresponds to the high resistive (so-called “off” ) state 
of the transistor. On the other hand, for sufficiently large base current Ib 4 

(at operating point “4” ), there exists sufficiently large current through the 
BJT for negligibly small value of Vec- This clearly corresponds to the low 
resistive (or so-called “on” ) state of the transistor. By neglecting small 
currents in the “off” states and small voltages in “on” states, the BJT can 
be viewed as ал ideal current-controlled switch characterized by the plot 
shown in Figure 1.23. It is clear from the presented discussion that the 
BJT has high-quality “on” and “o ff’ states. The latter means that in these 
states electric power losses are very small because voltages are very small 
in the “on” state and currents are very small in the “o ff’ state. That is 
not true for the intermediate states that the BJT goes through during the 
switching process. In these intermediate states, V gcM  and are aP"
preciable and the total energy loss during the switching is given by the
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formula
[Та w

£,w =  / VEc ( t ) I c (t)dt, (1.88)
Jo

where t sw  is the switching time. It is clear from the last formula that the 
switching losses can be made small if the switching is very fast. Unfortu
nately, the BJT is intrinsically a relatively slow switching device. This is 
because the “tuin-on” and “turn-off’ switching of the BJT is controlled 
by how fast charges in the base region (so-called stored charges) can be 
injected or removed. Charge removing may be especially slow because it 
is naturally accomplished through the recombination process. To expedite 
the charge removal at turn-oJ, the base current is reversed, i.e., it is driven 
in the direction opposite to that during the turn-on process.

Power BJTs usually have vertical four-layer structures with a collector 
li ghtly doped (di ift) region to increase breakdown voltages. Vertical struc
tures are also desirable because they lead to large cross-sectional areas for 
transistor currents. This is beneficial for reduction of on-state resistance 
and on-state power dissipation.

Now, we shall proceed to the discussion of the thyristor (SCR). This is 
a three-termina1 device and its terminals are marked as anode (A ), cathode 
(K ) and gate (G). The circuit symbol of this aevice is presented in Figure 
1.24. The switching of this device is controlled by the polarity of voltage 
VAK applied between the anode and cathode as well as by a short current 
pulse through the gate. This device is designed to achieve the switching 
performance which is (in an idealized manner) illustrated by Figure 1.25. 
This switching performance can be described n words as follows. When a 
negative voltage is applied between the anode and cathode (Vak <  0), no 
(appreciable^) current conduction is possible; the SCR is in the “o ff1 state. 
When the polarity of the applied voltage is reversed (Va k  > 0% the SCP
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still remains in the “off” state as long as no current I c  is pulsed through 
the gate terminal. A t the timing of proper choice, a short pulse of current 
I g  turns the SCR into the “on” state, and the device remains in this self- 
sustaining state with low on-state voltage and high on-state current after 
the end of the gate current pulse. To turn off the SCR, the polarity of the 
voltage V a k  must be reversed.

The described switching performance can be achieved by using the de
sign shown in Figure 1.26. It is clear from this figure that the structure 
of the thyristor consists of four semiconductor regions doped in alternating
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Fig. 1.27

manner. One of these regions is lightly doped (n~ region) and serves as 
the drift region that supports (without breakdown) high voltages when the 
device is in the nonconducting (blocking) state. It is clear that the device 
has three junctions J\, J2  and J3 marked in Figure 1.26. It is also clear 
that the device design is such as if it contains two BJTs: a p+n~p BJT 
and a n+pn~ BJT. It can be easily observed that the collector (p region) 
of the p+n~p BJT serves as the base for the n+pa~ BJT; and the other 
way around, the collector (n~~ region) of the n+pn BJT serves as the base 
of the p+n~p BJT. This leads to the two-transistor model of the thyristor 
shown in Figure 1.27, which can be used to explain the operation of the 
thyristor.

First, assume that the polarity of the applied voltage Va k  is such that 
junctions Ji and J3 are reverse biased. This polarity is defined as negative 
{Va k  <  0). It is clear that there is no current- through the thyristor at 
these biasing conditions. This is the reverse blocking mode (state).

Next assume that the polarity of Vak *s reversed (Vak >  0). Under this 
biasing condition, junctions Ji and J3 Eire forward biased, while junction 
J2 is reverse biased. Again, there is no current through the device; this is 
the forward blocking mode (state).

Now, assume that as the device is in the forward blocking mode a short 
pulse of current I c  is sent, through the gate terminal. This pulse triggers 
the n+pn~ BJT and sets into motion electrons from the n+ region through 
the p region into the n~ region. This flow of electrons into the n~ region 
triggers the p+n~p BJT, which results in the motion of holes from the p+ 
region through the n~ region into the p region. This keeps the n+pn~ BJT 
triggered even if the gate current is completely diminished. This mutual
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triggering mechanism maintains the “on” (current conducting) state of the 
thyristor that can only be switched off by changing the polarity of the 
applied voltage Va k -

1.4 MOSFET, Power MOSFET, IG C T

In this section, we shall discuss MOSFET-type devices whose principle 
of operation is based on electric field-induced inversion phenomena rather 
than on proper biasing of junctions. These devices offer some clear advan
tages over BJT devices. Indeed, bipolar transistors are operated as current- 
controlled switches. As a result, appreciable base currents are required to 
maintain them in on-slates, and even larger reverse currents are needed 
to speed up their turn-off. This makes the base drive circuits quite com
plicated and expensive. Furthermore, BJT switches are intrinsically slow, 
which results in large switching losses. In contrast, MOSFET devices are 
operated as voltage-controlled switches and no delays occur due to storage 
or recombination of mobile carriers during the turn-off process. As a result, 
the switching speed of MOSI ET devices is orders of magnitude faster than 
for bipolar transistors. This fast switching of MOSFET devices may lead 
to lower overall (total) losses in comparison with bipolar transistors despite 
the fact that on-state losses for MOSFET devices are larger. The fast in
trinsic switching of MOSFETs is also beneficial for ripple suppression that 
can be accomplished by using smaller energy storage elements { inductors 
and capacitors).

W e shall start with the discussion of the design and the principle o f oper
ation of the lateral MOSFET, which is the workhorse of digital electronics. 
A  schematic depiction of the structure of this MOSFET is shown in Figure 
1.28a. Tnere are many circuit symbols for MOSFETs which are currently 
in use and which reflect different specific features of their designs and/or 
operation. In this text, we shall use the circuit symbol shown in F'gure 
1.28b. The term “MOSFET” is an abbreviation that reflects the mam fea
tures of the design and the principle of operation of such transistors. The 
first three letters “MOS” stand for the metal-oxide-semiconductor structure 
which is evident from Figure 1.28a. The last three letters “FE T” stand for 
“field-effect transistor,” which captures the main feature of ihe principle of 
operation of the MOSFET. In tne MOSFET shown in Figure 1.28a there 
are four terminals: gate (G ), source (5 ), drain (D ) and substrate (Sub), 
and usually the “S” and “Sub” terminals are connected together. When a
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positive voltage Vq is applied to the gate terminal, it creates a vertical elec
tric field E directed down from the gate terminal. This electric field forces 
holes in the p-doped silicon substrate to move in the direction of the field 
and away from the silicon dioxide (S1O2) and silicon interface. This results 
in a thin layer under the dioxide interface depleted of holes. When the gate 
voltage Vg and electric field E are further increased, electrons moving in 
the direction opposite to E are brought close to the dioxide interface. As 
a result, the thin layer under the dioxide interface is changed from p-type 
to n-type. This process is called inversion, and it leads to the formation 
of an n-channel that connects the two n+ regions of the source and drain 
contacts (see Figure 1.28a). Now, if a small voltage V^s between the drain 
(£>) and source (S ) is applied, it results in current Jo from drain to source. 
This current is linearly increased with small increases in Vos because the 
n-channel serves as a resistor (see Figure 1.29a). As Vps and I d are fur
ther increased, this results in appreciable gradual increase in potential along 
the dioxide interface in the direction from source to drain contacts. This 
gradual increase in potential results in gradual decrease in vertical electric 
field E  which, in turn, leads to gradual n-channel narrowing as one moves 
from source to drain. This narrowing causes an increase in the n-channel 
resistance and manifests itself in gradual decrease in the local slope of the 
curve I d (Vd s ) (see Figure 1.29a). As voltage VDS is further increased, the 
point is reached when the thickness of the n-channel near the drain contact 
is reduced to zero (see dashed line in Figure 1.28a). In other words, the
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(b)

7i-channel is pinched-off. This pinch-off phenomenon results in saturation 
of current I d . The latter means that as Vos  is further increased beyond 
its pinch-off value practically no significant increase in I d  is observed (see 
Figure 1.29a). It is clear that the shape of the curve I d ( V d s )  depends on 
the value of voltage Vc- Indeed, the larger Vg, the larger is the vertical 
electric field emanating from the gate and the larger is the thickness of the 
inversion layer (i.e., n-channel). The latter results in smaller resistance of 
this гг-channel and the larger current I d  for the same value of Vos- This 
also results in the increase of pinch-off value of V os• A set of I d  versus
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Vps curves for different values of Vq is presented in Figure 1.29b. It can be 
shown theoretically that in the saturation si ate the drain current Ip  has a 
“square-law” dependence on the gate voltage Vq . This is indicated by the 
dashed line in Figure 1.29b.

Next, we shall discuss how a MOSFET device can be utilized as a 
voltage-controlled switch. This is done by connecting source and drain ter
minals to an external circuit as shown in Figure 1.30a. Since the switching 
of the MOSFET is q ite fast, capacitances and mductauces can be replaced 
during the switching by voltage and current sources, respectively. This 
means that the external circuit can be represented with respect to source 
and drain terminals by the Thevenin-equivaleut resistance R d and voltage 
source VD (see Figure 1.30b). By using KVL for the loop consisting of the 
MOSFET Rp  and voltage source Vp, we find

Vp s ( I d ) +  I d R d — Vd , (1.89)

or

Vd s ( I d ) =  Vd - I d R d . (1.90)

The last nonlinear equation can be solved graphically by using the conccpt 
of the “load line” (see the previous section). This graphical solution is 
illustrated in Figure 1 31, which also clarifies the operation of the MOS
FET as a switch. Indeed, for zero (or slightly negative) voltage V'c, there 
is pracoically no current through the MOSFET. This operating point is 
marked as point l,0” on Figure 1.31, and it corresponds to the “ofT state of 
the transistor. As the gate voltage Vc is monotonically increased, achiev
ing successively the values Vc,, Vc2, Vg3 and Vc4, the operating points 
achieved consecutively are the points “1,” “2,” “3” and “4b (see again Fig
ure 1.31). Thus, for sufficiently large gate voltage V'c4, the correspond;ng 
operating point is point “4” where there exists a large current through the 
MOSFET for a relatively small voltage wos- This operating po nt can be 
treated as the “on” state of the transistor. It is clear from the above figure 
that in the on-state of the MOSFET tnere are non-negligible losses. This 
is the main shortcoming of using the MOSFET as a switch.

Now, we proceed to the discussion of the power MOSFET. As with 
most power semiconductor devices, the structure of this device is vertical. 
A  schematic depiction of this structure is presented in Figure 1 32. Bj 
using a vertical structure and lightly doped (d lft) n-  region, it is pospible 
for power MOSFETs to sustain high blocking voltages and high currents. 
The principle of operation of the power MOSFET is «ssentially the same as
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Fig. 1.30

the principle of operation of the lateral MOSFET. Namely, when a positive 
gate voltage is applied, an n-channel is formed in the p regions through the 
inversion process. This n-channel connects the n+ regions of the source 
contacts with the n~ region. As the voltage between the drain and source 
is applied, the electron flow from source to drain is established resulting 
in drain current I d - The curves I d  versus Vos basically the same as
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those shown in Figure 1.29b for the lateral MOSFET. Power MOSFETs 
are fabricated by using a vertical double diffusion process to create n+ and 
p regions. For this reason, these power MOSFETs are sometimes called 
VDMOSFETs or DMOSFETs. Power MOSFETs are fabricated as multi
cell devices and Figure 1.32 represents the schematics of one cell. A  large 
number of such cells are closely packed in a single silicon chip and all 
these cells are connected in parallel. The number of parallel-connected 
cells varies (depending on the geometric dimensions of the chip) from several
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thousand to more than twenty thousand. As a result of parallel connectivity 
of the cells, the overall on-state resistance (i.e., resistance between drain 
and source terminals in the conducting state) is substantially reduced in 
comparison with the on-state resistance of an individual cell.

It turns out that the structure of the power MOSFET can be modified 
to create another power semiconductor device called the IG BT or COM- 
FET. The first abbreviation stands for “insulated-gate bipolar transistor,” 
while the second abbreviation stands for “conductivity modulated field- 
effect transistor.” A  schematic depiction of one cell of the IG BT is shown 
in Figure 1.33. In actual IGBT devices a very large number of such cells 
are connected in parallel.

It is evident from this figure that the main structural difference between 
the power MOSFET and IGBT is the replacement of the n + region of 
the power MOSFET by a p+ region in the IGBT. This replacement has 
important consequences. Indeed, on two sides of each cell of the IG BT two 
p+n~p  bipolar transistors are formed as a result of the above replacement. 
When a positive voltage is applied to the gate resulting in the formation 
of two n channels in the p regions, the flow of electrons will be caused by 
the application of drain-to-source voltage. This electron current entering 
the n " region (which is the base region for the bipolar transistors on the 
sides) will trigger these bipolar transistors, resulting in the side flow of 
holes from drain to source. Thus, the current in the IG BT has two distinct 
components, the electron current due to the MOSFET action and the hole
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current due to the BJT action:

-flGBT =  /mosfet +  /bjt (1-91)
This leads to the increase in J.GBT current for the same value of Vos in 
comparison with the power MOSFET, where only the electron component 
of the drain current is present. This increase in the drain current results in 
the reduction of on-statc resistance and on-state losses.

It must be remarked that the introduction of the p+ region in the IGBT 
creates a four-layer vertical structure p+n~pn+ similar to the one used in 
the design of thyristors (see the previous section). This may lead to parasitic 
thyristor action in the IGBT which is usually called thyristor latch-up. This 
parasitic thyristor action may compromise the gate control over the drain 
current. Special teenniques have been developed to achieve non-latch-up 
operation of the IGBT. The discussion of these techniques is outside the 
scope of this text.

1-5 Snubbers and Resonant Switches

It has been repeatedly emphasized in our discussion that in powei electron
ics semiconductor devices are used as switches and that it is desirable to 
use fast switching devices in order to reduce ripples in power converters as 
well as their overall size weight and cost Fast switchings may result in fast 
time variations of voltages (i.e., large ^ )  and currents (i.e., large ^ ) ,  which 
is a cause of electromagnetic interference (EMI). The fast switchings may 
also result in large voltages across semiconductor devices during turn-off 
transients and large currents through devices during turn-on transients. To 
ameliorate these adverse effects of f?st switchings, special snubber circuits 
are used in combination with semiconductor devices. These snubber cir
cuits axe not fundamental to the understanding of the principle of operation 
and the main properties of power converters. For this reason, in subsequent 
chapters the snubber circuits are neglected and switches are assumed to be 
ideal.

To illustrate the central idea of snubber circuits, consider the effects 
of a parallel capacitor (Figure 1.34a) and a series inductor (Figure 1.34b) 
during turn-off and turn-on of semiconductor switches, respectively. It is 
apparent that during the turn-off of the switch in Figure 1.34a the capacitor 
tends to maintain the voltage across the switch close to zero i.e., close 
to its value immediately before switching. Similarly, it is apparent that 
during the turn-on of the switch in Figure 1.34b the inductor tends to
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maintain the current through the switch close to zero, i.e., close to its value 
immediately before switching. In this way* parallel capacitors and series 
inductors tend to reduce the rates of time variations of voltages across the 
switches and currents through the switches immediately after their turn-off 
or turn-on, respectively. However, the circuits shown in Figure 1.34 are not 
fully satisfactory. Indeed, at turn-on of the switch shown in Figure 1.34a, 
the charge accumulated in the capacitor is dissipated through the switch 
and may result in a high current overshoot and large transistor losses. 
Similarly, at turn-off of the switch shown in Figure 1.34b, high voltage 
overshoot may occur across the switch as well as large switching losses. 
To avoid these shortcomings, the above circuits are modified as shown in 
Figure 1.35 and they represent so-called “turn-on” and “turn-off’ snubber 
circuits, respectively. The operation of the circuit shown in Figure 1.35a 
can be briefly described as follows. During turn-off, the diode turns on and 
the capacitor is being gradually charged. This slows the rate of voltage 
increase across the semiconductor switch. The next time the transistor
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is turned on, the capacitor discharges through the resistor and this limits 
the discharge current through the switch. This also suggests that in the 
circuits shown in Figure 1.35 the energy losses in the resistors may result in 
reduction of energy losses in the semiconductor switches if proper selections 
of capacitors, inductors and resistors are made. This and other issues such 
as proper combining of turn-on and turn-off snubbers to form “unified” 
snubbers as well as the design of “energy recovery” snubbers are outside 
the scope of this book. The discussion of such issues can be found in more 
comprehensive books on power electronics (see, for instance, [29] and [43]).

A  very viable and promising alternative to snubber circuits has been 
developed and it is based on the concept of a resonant switch. Two tech
niques of resonant switching have been advanced. The first one is the zero- 
current-switching (ZCS) technique that can be accomplished by using, for 
instance, the resonant switches shown in Figure 1.36. The other one is the 
zero-voltage-switching (ZVS) technique that can be accomplished by using, 
for instance, the resonant switches shown in Figure 1.37. It is clear from 
the above figures that in resonant switches semiconductor devices are used
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in combination with L C  resonant circuits (L C  tanks). These L C  circuits 
are needed to shape the current or voltage waveforms of semiconductor 
switches. Namely, the addition of these resonance circuits results in wave
forms with zero crossings of transistor currents or transistor voltages. These 
zero crossings are used for on-to-off (or off-to-on) switch transitions. We 
shall briefly illustrate this by considering the operation of the ZCS resonant 
switch shown in Figure 1.36a. This operation can be roughly described as 
follows. Since the switch is connected in series with an inductor, during the 
turning-on of this switch its current remains close to zero. As soon as the 
switch is turned on the parallel resonant L C  circuit is formed. This usu- 
allv results in the switch current waveform with zero crossing. This current 
ze ro cros >ing is used for turning the switch off. It is clear from the above 
description that the switch turns on and off at close to zero current. This 
substantially reduces the switching losses in comparison with conventional 
transistor switching discussed in the previous sections of this chapter. Such 
switching with almost zero switch current (or almost zero switch voltage) 
is called soft switching, while the previously discussed non-resonant switch
ing of transistors (accompanied by appreciable power losses) is called hard 
switching. It ip also clear from the schematic description of the operation of 
resonant switching that the realization of this switching requires the proper 
control of transistors to guarantee that their switching is accomplished at 
zero current (or voltage) crossings. This has important implications con
cerning the principle of operation and the structure of power converters. 
For instance, in the case of using resonant switches in dc-to-dc converters 
(see the last chapter of the book), the duty factor can no longer serve as 
the primary control parameter to regulate the converter output dc voltage. 
In resonant (or quasi-resonant) dc-to-dc converters, the output dc voltage 
is often controlled by the switching frequency (or by the ratio of switching 
and resonance frequencies) rather than by the duty factor. High frequency 
resonance switching and resonant converters are currently a very active area 
of research in power electronics, and the detailed discussion of the many 
issues related to these converters is beyond the scope of this book. This 
discussion can be found in [30].
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Chapter 2

2.1 Single-Phase Rectifiers with RL  Loads

In this chapter, we shall discuss rectifiers, which are ac-to-dc converters. 
The latter means that the nput of these converters is an ac voltage, while 
the output is a dc voltage. These converters use diodes and thyristors 
Г( r rectification. We shall first consider diode rectifiers and then conclude 
the chapter with the detailed discussion of controlled rectifiers, which are 
t.iyristo’ (SCR)-based rectifiers.

We start wii h the discussion of the single-phase full-wave diode bridge 
rectifier shown in Figure 2.1a. Another (equivalent) drawing of this rectifier 
circuit is shown in Figure 2.1b. Both of these equivalent drawings will be 
used in our subsequent discussions in this chapter. In the figure, there is 
a four-shoulder bridge with diodes D i, D 2 , D 3 and D 4 , one respectively in 
each of its shoulders. Across one diagonal of the bridge, a known ac voltage 
source

vs(t ) =  Vmssinw£ (2.1)

is connected, while across the other bridge diagonal an R L  branch is con
nected. The purpose of the design of this circuit is to achieve voltage vout(t ) 
across the resistor terminals that is constant in its polerity and almost con
stant in its magnitude. Such a voltage can then be regarded as a dc voltage 
source for an external circuit connected across the resistor term.nals. It is 
shown below that the constant polarity of vout(t) is achieved due to the 
diode bridge, while an almost constant magnitude of voui (t )  is obtained by 
lining an inductor with sufficiently large inductance L.

We shall now proceed to the detailed analysis of the rectifier shown in 
Figure 2.1 ?nd present this analysis as the sequence of the following specific 
steps.

389
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Fig. 2.2

Step 1. The purpose of this step is to replace the diode bridge and the ac 
voltage source vs(t) by the equivalent voltage source veq{t). This replace
ment leads to the reduction of the electric circuits shown in Figure 2.1 to 
the equivalent electric circuit shown in Figure 2.2. It must be rem arked  

that this type of first step where given sources and semiconductor switches 
are replaced by equivalent voltage sources is generic in the analysis of all 
power electronics converters. A  step of this kind will be used time and 
again in our subsequent discussions. This step requires “proper reading”
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Fig. 2.3

o f electric circuits of power converters. This “reading” is exactly what we 
should do next.

It is clear from the comparison of the electric circuits shown in Figures 
2.1a and 2.2 that veq(t) is the equivalent voltage source if and only if at any 
time t this voltage source is equal to the voltage between nodes 2 and 4 in 
the original circuit shown in Figure 2.1a. Thus, in order to find veq(t ) we 
have to find the voltage between the nodes 2 and 4. To this end, consider 
the positive half-cycle of (see Figure 2.3a). It is apparent that during 
this half-cycle the anode of diode D\ is at the highest positive potential in 
the circuit, while the cathode of diode D$ is at the most negative potential 
in the circuit- This implies that during the positive half-cycle of vs(t) diodes 
D\ and Ds are in “on” (i.e., conducting) states. It is also clear that diodes 
D 2 and D a are in “off” states because the highest positive potential is at 
the cathode of diode D 4 and the most negative potential is at the anode 
of diode £>2- Thus, it can be concluded that during the positive half-cycle 
the voltage between nodes 2 and 4 (and, consequently, veq( t ) )  is equal to
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vs(t ) as shown in Figure 2.3b. Next, consider the negative half-cycle of 
vs(t) when node 3 is at the highest positive potential while node 1 is at the 
most negative potential By using the same line of reasoning as before, it is 
easy to conclude that during this half-cycle diodes £>2 and D 4 are in “on” 
states while diodes D\ and D3 are in “o ff’ states. This means that during 
the negative half-cycle of vs(t ) the voltage between the nodes 2 and 4 (and, 
consequently, voltage veq(t ) )  is equal to —vs(t) as illustrated in Figure 2.3b. 
Thus, the diode bridge enforces the constant polarity of voltage between 
nodes 2 and 4. It is also clear from Figure 2.3 that

vcq(t )  =  Vms|sinwt|. (2.2)

It is apparent that veq(t) is a periodic function with period

T  =  ~  =  - •  (2.3)
2 u>

This concludes the first step.

Step 2. Having found veq(t), we can proceed to the steady-state analysis of 
the equivalent circuit shown in Figure 2.2 We snail carry out this analysis 
by using the time-domain technique developed in Chapter 2 of Part I for the 
analysis of an electric circuit excited by a periodic non-sinusoidal voltage 
source. In accordance with this technique, we shall consider one period, 
namely,

0 < t < -  (2.4)
U)

of veq(t) and the steady-state response of the electric circuit in Figure 2.2 
during this time per.od. This requires finding the solution of the following 
differential equation with periodic boundary conditions:

тр +  R i{t) =  Vmssmwt, (2.5)
at

*(0) =  i ( ^ )  • (2.6)

Indeed, equation (2.5) is the K V L  equation for the circuit shown in Figure 
2.2, and the form of the right-hand side of this equation accounts for the 
fact that veq(t ) =  vs(t) in the time interval specified by formula (2.4). The 
boundary condition (2.6) is used because we are interested in the steady- 
state (i.e., periodic) solution of equation (2.5). As soon as the solution of 
the boundary value prob’em (2.5)-(2.6) is found for the time interval (2.4),
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this solution can be periodically extended for any time interval by using 
the formula

i(t ) =  »• (* +  * ! ) ,  (2-7)

where к is any integer.

Step 3. Next, we shall find the mathematical form of the general solution 
of equation (2.5). This solution has two distinct components: a particular 
solution ip(t) of the inhomogeneous equation (2.5) and a general solution 
j/i(i) of the corresponding homogeneous equation. Namely,

i ( t )  =  ip(t) + i h(t). (2.8)

We shall treat i p(t) as the ac steady state of the electric circuit shown in 
Figure 2.2 excited by the sinusoidal voltage source u5(£) rather than veg(£). 
It is clear that this ac steady state is a solution of equation (2.5). This ac 
steady state is given by the formula

ip (t) =  Im sin(£jf -  y), (2.9)

where

r _  V™  (2.10)
,/Л2 + ш Ч 2

uL
tany? =  -Д-. (2.11)

Thus,

ip(<) = (212) 

The component i\(t) of i ( t )  is a general solution of the homogeneous equa
tion

L ^ l  +  R ih{t) =  0. (2.13)
at

It is apparent that this solution is given by the formula

ih(t ) =  A e - i ‘ (2.14)

where A  is an arbitrary constant. By combining formulas (2.8), (2.12) 
and (2.14), we find that the mathematical form of the general solution of 
equation (2.5) is given by the expression

i ( t )  =  ■Vms . r  s in M  -¥> ) +  Л е~ ? ‘ . (2.15)
VR2 + u2L l
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Step 4. Now, we shall find the constant A  by using the periodic boundary 
condition (2.6). Indeed, from formula (2.15) we find

т ~ ^ Ш е + А ' <2ле)

By using the last two formulas in the boundary condition (2.6), we obtain

Vm,s m v  , 4 _  K ,,s in y  , (218)

s / I $  +  w2L 2 x/fi2+ w 2L 2
which leads to

and

Л =  7--------?-У ‘ПУ (2.20)
( l - e - S r J  V R 2 + w 2 L 2

By substituting this expression for A. into formula (2.15), we derive

j/jv K i j  . i % 2Vms sin ip —£t /о oi \
*(*? - ^ п г т — TfT sin  ̂ ~  ^  +  7---------- -e ■ (2-21^VTP+^L2 ( l - e -5 r j  \/Л2+ ^ ^

Finally, since

voat{t) =  R i{t), ( 2-22)

we conclude that

^OUt(0 -
Vm,R

V i?2 +  й Р В
sin(wt — iffy +

2VmsRsmip - f it  e “ .

(2.23)

The last formula together with equation (2.11) for ip gives the explicit an
alytical expression for the output voltage of the power converter shown in 
Figure 2.1.

Step 5. Next, we shall demonstrate that for sufficiently large L, that is, 
when

w L  »  R, (2.24)
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the voltage voul(t ) has almost constant value and we shall find this value. 
From the last inequality we have

у/R 2 +  l j 2 L 2 ks ujL (2 25)

and
D

: 0. (2.26)
V R 2 + to 2 L 2

This means that the first term m the right-hand side of formula (2.23) is 
quite small and can be neglected. We turn now to the analysis of the second 
term ot the right-hand side of the same formula. It is clear from inequality
(2.24) and formula (2.11) that

u>L
tan <p =  —  3> 1. (2-27)

R

Ф !=з — and sin<p;wl. (2.28)

Furthermore, by retaining only the first two terms in the power series ex
pansion of the exponential, we find

This implies that

«я (  tk R\  7Г R
1 _  e “  «  1 — ( 1 ----- - ) =  — . 2.29)

V w i  j  u)L

Next, we shall evaluate in the time interval (2.4):

Нл Я ft IT R  __.
1 >  е- т ‘ > e“  «  1 ------ и  1. (2.30)

u>L
The last formula implies that

e-т 1 «  1. (2.31)

By using formulas (2.25), (2.28), (2.29) and (2.31) in equation (2.23), we 
find

v0ut{t) ~  -  Vms «  0.637V^nS.
7Г

(2.32)

The plot of vout(t) is illustrated by Figure 2.4, that is, the output voltage 
vout(t) is indeed almost constant.

Step 6. Nov/, we shall demonstrate that this (almost) constant value of 
v0ut(t) can be found directly by using the averaging technique. To this end, 
by using formula (2.22), w*1 shall rewrite the equation (2.5) as follows:

+  v0ut(t) =  Vms sin ujt. (2.33)
at
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We shall average both sides of the last equation over one period ^

r  т л + » / “ V m u m = ^  г  п п ш ь .
к Jo dt tv Jq tt J0

By using the boundary condition (2.6), we find

d i(t)

By definition,

Vout{t) — I  vout{t)dt, 
к Jo

(2.34)

(2.35)

(2.36)

where г>ои*(£) stands for the average value of 'uOut(0 - 
Finally,

I sin ujtdt =  — i  cos cot 
о ш

By combining formulas (2.34), (2.35), (2.36) and (2.37), we find

Vout(t) — Цтга- 
7Г

(2.37)

(2.38)

The following four remarks are in order. First, the derivation of formula 
(2.38) for the average value of the output voltage was done without using 
inequality (2.24). This implies that formula (2.38) is valid for any value 
of inductance. Second, the output voltage will almost coincide with its 
average value if the inductance is sufficiently large. Third, by subtracting
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formulas (2.38) and (2.23), the analytical expression for the ripple и J(t) 
in the output voltage is obtained:

of rectifier parameters. Fourth, for sufficiently laree inductance L, chat is, 
when inequality (2.24) is satisfied, the dc output voltage is given by formula

the overall resistance but will not alfect the value of the output voltage. 
Tn this sense, this dc output voltage can be treated as an ideal dc voltage 
source with respect to the external load. In fact, the external resistive 
load will reduce the overall resistance and. in this way, it will strengthen 
the inequality (2.24) and, consequently, reduce the ripple in the dc output 
voltage.

The current i ( t ) is an almost dc current and is equal to

when the inductance is sufficiently large. It is ciear that this current co
incides with the current i s(t) through the si lusoidal voltage source during 
its positive half-cycle (that is, when diodes and D 3 conduct). During 
the negative half-cycle of vs(t), that is, when diodes D i and D 4 conduct, 
these two currents have opposite directions. This implies that the current 
i s(t ) has the time variations shown in Figure 2.5. This clearly results in 
higher-order harmonics contaminating the ac network supply ng power to 
the rectifier. This type of harmonics contamination is typical for Dower 
electronics converters.

The dc voltage output of the rectifier shown in Figure 2.1 is fixed and 
not controllable This output voltage may be above or may be below the 
desired dc voltage. A certain level of adjustment of dc output voltage can 
be achieved by using a center-tapoed transformer rectifier shown in F ’gure 
2.6, where the primary voltage of the transformer is the input ac voltage 
vs(t) of the rectifier:

As in the previous analysis of the bridge rectifier, the first step in the anal
ysis of the center-tapped transformer rectifier is to replace the ac voltage

(2.39)

The last formula can be used for the evaluation of ripple for any values

(2.32) and it does not depend on the value of resistance R. This implies 
that a resistive load across the terminals of the output voltage will change

(2.40)

v\{t) =  v3 {t) =  K™ smart. (2.41)
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Fig. 2.6

source, transformer and two diodes by the equivalent voltage source Veq { t ) .  

This leads to the reduction of the circuit shown in Figure 2.6 to the equiv
alent circuit shown in Figure 2.7. The equivalent voltage source veq(t )  is 
equal at any instant of time to the actual voltage between nodes “a” and 
“b” in the actual rectifier circuit. To find this voltage between nodes “a” 
and “b ” we shall use the model of the ideal transformer (see Chapter 3 of
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> t

Fig. 2.8

Part II). According to this model, we find

M i )  =  N i 
v2 (t ) a N 2

(2.42)

By using formulas (2.41) and (2.42), we conclude that the voltage across 
the terminals of the secondary winding of the transformer is equal to

N o
v2 (t ) =  —-V ms sinujt.

1
(2.43)

This voltage is plotted in Figure 2.8a. It is clear from Figure 2.6 that during 
the positive half-cycle of v2 {t) the diode D\ is in the “on” state, while the 
diode D 2 is in the “off” state. This implies that the voltage between nodes 
“a” and “b” has positive polarity and it is equal to one half of the secondary 
voltage v2 {t). During the negative half-cycle of v2 (t), the diode D 2 is in the 
“on” state, while the diode D\ is in the “off” state. This implies that the 
voltage between nodes “a” and “b” retains the same positive polarity (i.e., 
the polarity opposite to г>г(£)) and it is equal to one half of — v2 (t). Thus,
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we can conclude that

N2
Veq(t )  =  г>об(£) ~  r ^ - K „ S| s in U)t\, 

2P(  x
(2.44)

as shown in Figure 2.8b. Having found veq(t), we can proceed to the analysis 
of the equivalent circuit shown in Eigure 2.7. It is clear that this analysis 
is mostly identical to the analysis of the electric circuit shown in Figure
2.2 where veq(t) is defined by formula (2.2). The only difference is in the 
peak value of veq[t). This means that the expression for voui(t) for the 
center-tapped transformer rectifier can be found by using formula (2.23)
and by replacing Vms in this formula by N•2 

2 N, This also means that
for sufficiently large inductance L  in the circuit shown in Figure 2.6, the 
output voltage vout(t) is practically constant and it is given by the formula

Vout{ t ) ^ - V  
7rN i mS'

(2.45)

It is apparent from the last formula that by properly choosing the ratio 
N 2 /Ni the desired level of dc output voltage vout(t )  can be achieved.

2.2 Single-Phase Rectifiers with R C  and R LC  Loads

In the previous section, we have discussed single-pnase full-wave rectifiers 
with R L  loads and have stressed that sufficiently large values of inductances 
are usually needed to effectively suppress ripples in the output voltage and 
to make this voltage practicahy constant in time. Hardware realizations of 
large inductances may lead to expensive and heavy rectifier designs. For 
this reason, it may be of interest to use capacitors for ripple suppression in 
the design of rectifiers. Such designs are discussed in this section.

We shall bepin with the discussion of full-wave diode bridge rectifiers 
with R C  loads shown in Figure 2.9. The only design difference in compari
son with rectifiers shown in Figure 2.1 is the replacement of the R L  branch 
by an R C  branch with parallel connection of the capacitor and resistor. 
Here, as before,

v3 (t )  =  VmsSinujt (2.46)

a id  the intent of this design is to achieve practically constant output voltage 
vout{t) across the terminals of the resistor. The first step in the analysis of 
this rectifier is to replace the given ac voltage source and four liodes by the 
equivalent voltage source veq(t). This is done by using the same reasoning
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Fig. 2.9

Fig. 2.10

as in the previous section and the resulting equivalent electric circuit is 
shown in Figure 2.10 with

veq(t ) =  Kn*|siniJi|. (2.47)

A t first glance it may seem from this circuit that the capacitor has no effect 
on ripple suppression because the output voltage vout(t) is equal to veq(t) 
and, consequently, the output voltage has the same ( 100%) level of ripple as 
v e q ( t ) .  However, this is not the case. The reason is that the circuit shown 
in Figure 2.10 is not valid for all times. It is only valid for time intervals 
when

i(t )  >  0. (2.48)
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Indeed, the negative cun'ent flow (i.e., the current i ( t )  flow in the direction 
opposite to the one marked on Figures 2.9 and 2.10) i$ prohibited by the 
diodes D\ and D 2 which may conduct only in the directions from nodes 1 
and 3, respectively, towards the node 2. This implies that for time intervals 
when

i(t ) =  0 (2.49)

the performance of the rectifier is described by the circuit shown in Fig
ure 2.11. Indeed, when the current i ( t )  in the circuit shown in Fig
ure 2.10 reaches zero, the current %c(t) is negative, while the current 
*я(0  =  veq(t)/R  is always positive. The negative current through the 
capacitor implies that for i ( t )  =  0 the capacitor is discharged through the 
resistor as represented by the circuit shown in Figure 2.11.

The presented discussion can be summarized as follows. The operation 
of the rectifier shown in Figure 2.9 consists of two distinct and periodically 
repeated regimes: regime 1, when the current i ( t )  is positive and the capac
itor is charged according to the circuit shown in Figure 2.10; and regime 
2, when the current i ( t )  is equal to zero and the capacitor is discharged 
through the resistor as shown in Figure 2.11. These two regimes are peri
odically repeated as graphically illustrated by Figure 2.12. In this figure, 
the first regime occurs during the time interval

to <  t <  t\ <  — (2.50)
OJ

when (see Figure 2.10)

v0ut(t) =  vc (t ) =  veq(t), (2.51)

while the second regime occurs during the tune interval

t\ <  t <  (2 =  £0 H—  (2.52)
ш

and (see Figure 2.11)

=  v c ( t ) ‘ (2.53)
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> t

Fig. 2.12

Thus, in order to find vout(t) we need to find expressions for to> and for 
v c (t )  during the time interval specified by formula (2.52). To do this, we 
shall initially consider the first regime. According to Figure 2.10, we find

It is clear that

i ( t )  =  ic (t) +  гл (£).

,d vc { t )

lR (t) —

at
v c (t )  

R  ‘

(2.54)

(2.55)

(2.56)

For the time interval defined in (2.50), we have

v c (t )  =  veq(t ) =  Vms sin ut. (2.57)

By combining formulas (2.54), (2.55), (2.56) and (2.57) we derive

i ( t )  =  wCVms cos uft +  sinui.
iX

At time t\ the current i ( t ) reaches zero,

i ( f i )  =  0.

Consequently,

which yields

tanujti =  -w CR.

(2.58)

(2.59)

(2.60) 

(2.61)
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The last equation can be solved for t\:

7Г 1  _  „
1 1 = --------arctan wGR.

w ui
(2.62)

Now, we consider the second regime. According to Figure 2.11, we find

which leads to

v c { t ) - v R{t) =  0. 

ic { t )  =

(2.63)

(2.64)

dt R C
A general solution of the last equation is given by the formula

v c {t) — ,

where the constant A  can be found from the initial condition 

v c (h ) =  V^jsinwti =  Ае~т& .

This leads to

A  =  Vm3 eT& sinwtj.

By substituting the last expression for A  into formula (2.66). we find

v c (t )  -  V m s e ^  skkwti. (2.69)

Next, we shall discuss how to find to. Since v c (t )  is periodic with period

?  =  5, we find

(2.65)

(2.66) 

(2.67) 

(2 63)

It is dear that

while

/ 7Г \
Vc ( t o )  =  V c i t i )  -  V c  (jto +  — J ■ 

v c ( t o )  =  VmssintL<t0,

vc  ( *o +  -  I =  KnSe smujti.
\  U>/

(2.70)

(2.71)

(2.72)

By substituting the last two formulas into equation (2.70), we obtain

*i -*o~ 5
Vms sinwt0 =  Vmae sinutfi.

This leads to

■n . ‘1-5 .
e7̂  smuto — smwii-

(2.73)

(2.74)
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Since t\ can be determined by using the relation (2.62), the last formula 
can be regarded as an equation for to- As soon as to and t\ are found, the 
following expression can be used for the computation of vout(t )

Vout (■t) =  <• f sinojt’ if to <  t <  U,
sin wi], i ( t i < t < t o  +  ^-

Finally, we shall demonstrate that under the condition

the output voltage vOUL is almost constant and

Vout (0

(2.75)

(2.76)

(2.77)

Indeed, since to and t\ beiung to the time interval (0. тг/ш), from inequality
(2.76) we find

er& и  1, (2.78)

е ^ й 1 .  (2.79)

This implies that equation (2.74) can be reduced to

sin wig ~  sinwfi, (2.80)

which leads to the conclusion that

wio »  я-— ut\. (2.81)

On the other hand, from inequality (2.76) follows that

arctan u)RC ~  , (2.82)

which, according to equation (2.62), yields

fi »  (2-83)
2 u)

From formulas (2.81) and (2.83) we finu

<2-84>
Thus, it follows from formulas (2.75), (2.83) and (2.84) that under the 
condition (2.76) the first regime of capac'tor charging is quite short, while 
during the second regime the capacitor discharges very slowly. This is 
illustrated by Figure 2.13, which implies that under the condition (2.76) 
the output voltage vout{t) is given by formula (2.77). A  shortcoming of the
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Fig. 2.13

rectifier shown in Figure 2.9 is that the current through the voltage 
source v3 (t )  occurs during short time intervals as illustrated by Figure 2.14. 
This clearly results in strong higher-order harmonics contamination of the 
ac network supplying power to the rectifier. Another shortcoming of this 
rectifier is that its output dc voltage is fixed and it is equal to the peak 
value of the ac voltage source, and this level of dc voltage may not be 
desired. It turns out that a desired value of dc output voltage can be 
obtained by using the center-tapped transformer rectifier shown in Figure 
2.15. By replacing the ac voltage source, transformer and two diodes by 
the equivalent voltage source veq( t )y the analysis of this rectifier is reduced 
to the analysis of the equivalent circuits for “charging” and “discharging” 
regimes shown in Figures 2.16a and 2.16b, respectively. By using the same
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Fig. 2.15

m

D 1

Vout 00

(a )

Fig. 2.16

d 2

(b)

line of reasoning as in the discussion of the rectifier presented in Figure 2.6 
(see the previous section), we conclude that

ATo
(2.85)

where N i and N 2 are the numbers of turns of the primary and secondary 
windings of the transformer, respectively- Now, it is apparent that the 
analysis of the rectifier shown in Figure 2.15 is mostly identical to the 
analysis of the bridge rectifier presented in Figure 2.9; the only difference is 
that the peak value Vma in the previous relevant formulas must be replaced 
by the value Vms. This leads to the conclusion that under the condition
(2.76) the output dc voltage of the rectifier shown in Figure 2.15 is given 
by the formula
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Fig. 2.17

Fig. 2.18

It is apparent from the last formula that the desired value of dc output 
voltage can be achieved by the proper choice of turns ratio N 2 /N 1 ,

In the conclusion of this section, we consider the bridge rectifier with 
R L C  load shown in Figure 2.17. By using the same line of reasoning as 
before, the four diodes and ac voltage source can be replaced by the equiv
alent voltage source veq(t). This leads to the equivalent circuit shown in 
Figure 2.18 with

Veq(t) =  V^sl sintJtl, (2-87)

which is graphically illustrated in Figure 2.3b. The steady-state analysis
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of this circuit is carried out in section 2.3 of Part I (see Example 2), where 
it is demonstrated that this analysis can be reduced to the solution of the 
differential equation

d2 vc (t ) L d v c (t )
L C  d t 2 + д  d~ ■ + v c {t) =  \m3 smu)t (2.88)

subject to periodic boundary conditions

t>c(0) =  vc  0 )  , (2.89)

dyc  ,~s dvc f  я \
~ d fW  =  ~ d T & '  ^

It is demonstrated in section 2.3 of Part I that the solution of boundary 
value problem (2.88), (2.89) and (2.90) is given by the following formulas:

v<>ut{t) =  v c it )  =  Ayes'-t f  Л 2е*2‘ H---- ----------------------------- sin(wi -  t p ) ,
s / {u 2L C  - 1 ) 2Я 2 +  w 2L 2

(2.91)

where

t m V = R ^ L C R ' (Z92)

2 RC / 4  R 2 C 2 L C ' 2̂'93^

S2 =  ~ 2 R C  ~ \ l4R 2 C 2 ~  L C ’ 2̂'94^

_  2RVm 3  (s2 sin V? -i- w cos <p)
1 f  S y r r \  __________________________ 1 (- .Joj

(«2 -  s i) ( l  - e - t r )  y/(u2 L C -  l ) 2 R 2 + u 2 L 2

A , * ------------ ДДИп,(ax sin y- +  и  cos tp)-------------  ^

(Si -  s2) ( l  -  e V )  \J(w2LC  -  \)2 R 2 +  w2L 2

By averaging all terms of equation (2.88) over one period j  and by usmg 
the periodic boundary conditions (2.89) and (2.90) it can be shown (in the 
same way as in the derivation of formula (2.38)) that

____ ___  2
Voutit') ~  V c (t) ™Kn5' 

7Г
(2.97)

This formula for the average value of output voltage is valid for any parame
ters R , L  and C. Subtracting this formula from equation (2.91), the explicit 
analytical expression ior the ripple in the output voltage is obtained. It can
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Fig. 2.19

be shown that this ripple will be quite small if the 
are chosen in such a way that

w2LC  »  1, 

uiRC »  1.

Indeed, under these conditions

^ u j2 LCR , (2.100)

tan</>«0 (2.101)

and

|eSlt| «  |eS2i| w 1 (2.102)

for 0 <  t <  5 ' By using formulas (2.98)-(2.102) and the same line of 
reasoning as in the derivation of relation (2.32), it can be shown that from 
equations (2.91)-(2 96) follows that

Vout (2.103)
7Г

An example of calculation of vout(t) under conditions (2.98) and (2.99) is 
shown in Figure 2.19.

It can also be remarked that, in the case of small ripple, the current 
is(t) through the voltage sourcc vs (t) is the same as shown in Figure 2.5. 
Tnis implies ;hat higher-order harmonics contamination of the ac power 
network is not as severe as in the case of the rectifier shown in Figure 2.9 
for which i s (t) is represented by Figure 2.14.

parameters R , L  and С

(2.98)

(2.99)
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2.3 T hree-P hase D iode R ectifiers

In the previous two sections, single-phase diode rectifiers have been dis
cussed. In these rectifiers, the equivalent voltage sources veq(t) which re
place diodes and single-phase ac sources have constant polarity but large 
(100%) ripple. The latter means that the range of variation of veq(t) is from 
zero to some peak value. For this reason, sufficiently large energy storage 
elements are needed to effectively suppress this ripple and to achieve more 
or less constant in time output voltage. It turns out that equivalent volt
age sources veq(t) with appreciably smaller ripples can be achieved by using 
three-phase rectifiers.

We shall start with the discussion of the three-phase rectifiers with 
three diodes shown in Figure 2.20. Such rectifiers are also called half-wave 
or three-pulse rectifiers. In this figure, va(0> v b( t )  an(i  v c ( t )  are three-phase 
star-connected voltage sources that have the same peak values Vms and the 
same frequency cj, but are phase-shifted in time with respect to one another 
by

Va(t) = Vm3cosujt, (2.104)

Vb(t) -  Vms cos ( cot -
2 n
T

(2.105)

1

Vout ( t )

Fig. 2.20
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UcW =  Kn5 C0S [ c j t -  ^  ) . (2.106)

The first step in the analysis of this rectifier is to make equivalent replace
ment of the three ac voltage sources and three diodes by one equivalent 
voltage source гц(£) and to reduce the circuit shown in Figure 2.20 to the 
equivalent circuit shown in Figure 2.21. It is clear that the circuit shown in 
Figure 2.21 is equivalent to the circuit shown in Figure 2.20 if and only if 
at any instant of time t the equivalent voltage veq(t) is equal to the actual 
voltage between nodes 1 and 2 in the original circuit shown in Figure 2.20. 
To find this actual voltage, it is necessary to figure out the time intervals 
when these three diodes are in “on” or “off’ states. To this end, the plots of 
the three-phase voltages va (t)y Vb(t) and uc(£) are presented in Figure 2.22a.
It is apparent from this figure that for the time interval — — < t < £  the 

anode of diode D\ is at the highest positive potential in the circuit. For this 
reason, the diode D\ is in the “on” state in the above time interval, while 
the diodes £>2 and D3 are in the “off5 state. Any other option results in 
contradiction. Indeed, assuming, for instance, that during the above time 
interval diode D2 is in the “on” state while diode D\ is in the “off” state 
implies that the potential of node 1 and, consequently, the potential of the 
cathode of diode Z>i, is equal to Vb{t), which is less than va (t). The latter 
means that the diode D\ must be in the “on” state, and this precludes the 
diode D2 being in the “on” state. By using the same line of reasoning, it 
can be concluded that during the time interval ^  < t < ~ the diode D2 

is in the “on” state, while the diodes D\ and D3 are in the “off” state. 
Similarly, during the time interval ^ < t <  the diode D3 is in the “on” 
state, while the diodes D\ and D2 are in the “off” state. The above discus
sion implies that the voltage between nodes 1 and 2 in the circuit shown 
in Figure 2.20 is equal sequentially to the phase voltages va(i)i vb(t) an<̂  
vc(f) for the time intervals — < t < ^  < t < ^ and J  < t <

V o u t { t )

Fig. 2.21
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Fig. 2.22

respectively. This means that the equivalent voltage source veq(t) can be 
represented by the plot shown in Figure 2.22b.

It is clear that the ripple of veg(t) shown in Figure 2.22b is 50% if this 
ripple is measured as

ripple vcq[t) =  WaX VcQ[t] " " "  ^  • 100%. (2.107)
4 max veq(t)
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To conclude the analysis of the three-phase rectifier shown in Figure 
2.20, it is necessary to find the steady state in the equivalent circuit shown 
in Figure 2.21 with ve(?(0  given by the plot in Figure 2.22b. Since veq(t) is 
periodic with period , we consider only one period

7f 7Г
< t < —  (2.108)

3uj

and wi'ite KVL equation

L ^ -  + Ri(t) =  vs<I(t). (2.109)

For the period defined by formula (2.108),

Veq(t) =  va{t) -  Vms COSLJt (2.110)

and equation (2.109) can be represented in the form

+  #г(£) =  Vms CQSCJt. (2*111)
at

The steady state satisfies the periodic boundary conditions

< ( - £ ) - < ( £ ) ■  <2'ш > 
As before, a general solution of equation (2.111) has two distinct compo
nents,

i(t) =  ip(t) +  ih(t), (2.113)

where гр(£) is a particular solution of the inhomogeneous equation (2.111) 
which can be identified with the ac steady state in the circuit shown in 
Figure 2.21 excited by the voltage Vm3 coseot. This steady state is given by 
the formulas

ip{t) = T w fs m cosM  ~ v ) ' (2U4)

ljL
tan сp =  — . (2.115)

The second component ih(£) in formula (2.113) is a general solution of the 
corresponding homogeneous equation. It is easy to see that

ih{t) =  A e ~ i \  (2.116)

where A  is some constant.
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By substituting formulas (2.114) and (2.116) into equation (2.113), we 
find

«(*) =  - 7 = = f  cos(wt -  y) +  X e- (2.117)

The constant A can be fcund from the periodic boundary condition (2.112), 
which leads to the following equation for A:

, Де- f S :  (2 Ш )
+ w2L 2 \/R2 + w 2 L2

By taking into account that

cos -  с/з) — cos +  V ) =  \/3sinv>, (2.119)

from equation (2.118) we derive

A = ------- (2 120)
2 sinh v/Я 2 + w2L 2

By substituting the last relation into formula (2.117), we find

j ( t ) =  Ы ------rrefr.rf -  y,) +  ------- (2.121)
JW+ZFU 2s\nh^r'jR2 +w2L2Jutu

It is clear that

vout(t) =  i(t)R, (2.122)

which leads to

.. ,.ч Vm3R  , , 4 . >/5Кт ,ДЙЬчр , - # t
U o u t f f )  =  —P = =  = =  : COSlwi -  ifi)  H---------- — —5 — -------»— L ■

\/Л2 +  w2L2 2 smh y/R^+uJ^L2

(2.123)

Next, we shall demonstrate that under the cond ;ion

wL »  Я £ .124)

the output voltage vout(t) is practically constant and equal to

Vout(t) * Z7T
(2.125)

Indeed, from (2.124) follows that

y / R 2 +  u ?L2 s t u b ,  (2.126)
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R «  A  « 0. (2.127)
VR2 +  uj'L2 uL

This means that the first term in the right-hand side of formula (2.123) is 
negligible. Now, we shall evaluate the second term of this right-hand side. 
From formulas (2.115) and (2.124), we conclude

i f « ^ and aaj-vjssl. (2.128)

Furthermore, the inequality (2.124) implies that

<2Л29>
It is clear that

e ^ r  > e ~!z i > е~й&, (2.130)

which, according to the inequality (2.124), means that in the time interval
(2.108) we have

е " т ‘ « 1 .  (2 131)

By using formulas (2.126), (2.128), (2.129) and (2.131), it is easy to con
clude that the second term in the right-hand side of equation (2.123) is 
practically constant and equal to V.mj. Thus, formula (2 125) is estab
lished.

It is easy to demonstrate that the average value v0bl{t) is given by the 
formula

3\/3Tr
Vout(t) =  - г — Vma «  0.827V"m

Z7T
(2.132)

Indeed, by writing equation (2.111) in the form

L — +  Vout(t) =  Vms coswt, (2.133)
at

by averaging all terms of the last equation over one period and
taking into account the periodic boundary conditions (2.112), we derive

. Ям f  3w
Vout(t) =  Vma—  J  cos wtdt, (2.134)

За/

wh-reh leads to formula (2.132).
It is worthwhile to point out that formula (2.132) is valid for any values 

of parameters in the rectifier circuit in Figure 2.20. By subtracting formula 
(2132) from formula (2.123), we obtain the analytical expression for the
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Vout{t) 

Fig. 2.23

output voltage ripple, which can be used for ripple evaluation for any values 
of L  and R.

As discussed above, the ripple of veq(t) for the three-phase rectifier 
shown in Figure 2.20 is 50%. It turns out that this ripple can be sub
stantially reduced by using the three-phase bridge rectifier shown in Figure 
2.23. Such rectifiers are also called six-pulse rectifiers. As before, the first 
step in the analysis of this rectifier is to make the equivalent replacement 
of the three-phase voltage sources and six diodes by the equivalent volt
age source veq(t). This replacement leads to the equivalent electric circuit 
shown in Figure 2.24. The equivalent voltage source veq(t) must be equal 
at any instant of time t to the actual voltage between nodes 1 and 2 in 
the original circuit shown in Figure 2.23. To find this actual voltage, the 
conduction pattern of the six diodes must first be understood. By using 
the same line of reasoning as in the discussion of the three-diode rectifier 
shown in Figure 2.20, it can be shown that at any instant of time t only 
one of the three diodes D2 and D3 is in the “on” state, while the other
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V e q ( t )

-O

■0

Fig. 2.24

two diodes are in the “off’ state. The diode which is in the “on” state at 
time t  is connected to the line (i.e., voltage source) with the highest positive 
potential at time t. Similarly, at any instant of time t  only one of the three 
diodes D4) Ds and D6 is in the “on” state, while the other two diodes are in 
the “off’ state. The diode which is in the “on” state at time t is connected 
to the line (i.e., voltage source) with the most negative potential at time 
t. Thus, it is clear that the voltage between nodes 1 and 2 in the circuit 
in Figure 2.23 is always equal to one of the line voltages, namely, to the 
line voltage with largest positive value at time t. The specific line voltage 
appearing across nodes 1 and 2 at time t is determined by the conduction 
pattern of the six diodes at this instant of time t. This diode conduction 
pattern can now be discerned by using the plots of voltages va(£), v&(t) 
and vc(£) shown in Figure 2.22a. It is clear according to this figure that 
during the time interval 0 < t  < ^  diodes Da and D q are connected to the 
lines with the most positive (line a) and most negative (line c) potentials, 
respectively. For this reason, these diodes are in the “on” state and the line 
voltage vac(t) appears between nodes 1 and 2. During the time interval 
^  < t  < diodes D2 and Dq are in the “on” state and the line voltage 
Vbc(t) appears between nodes 1 and 2. The diode conduction patterns at 
other time intervals are similarly determined and they are illustrated in 
Figure 2.25 along with the plot of veq(t). By using the phasor diagram for 
phase and line voltages, it is easy to find that

(2.135)

(2.136)

(2.137)

It is clear that

(2.138)
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Fig. 2.25

which implies that

ripple veq(t) =  ' ~ 7 - — ^  • 100% ~  13.4%. 
v 3V̂ n.

(2.139)

Thus, in the case of the three-phase bridge rectifier the ripple of veq(t) is 
appreciably reduced.

Having found veq(t), we can now proceed to the analysis of the steady 
state in the electric circuit shown in Figure 2.24. We consider one period 
of veq{t),

0 (2.140)
OLd

For this time interval, the analysis of the steady state can be reduced to 
the following boundary value problem:

L  +  Ri(t) =  \/3Vms cos -  - )  ,

A general solution of equation (2.141) can be written in the form

>Avms
*(t) = VR- +ui2L 2

wL
tan vp -  -д - .

(2.141)

(2.142)

(2.143)

(2.144)
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By using the periodic boundary conditions (2.142), we end up with the 
following equation for A:

y/3Vmj cos (§  +  tp) V3Vms cos (§  -  ip) „п
-------. ----  4- A =  ------- ; ----  -f AC 3wL

s / R 2 +  uj2L 2 V R 2 +  U 2L 2

By sol' 'ing this equation for A and taking into account that
/7Г \  /7Г \

c o s ^ - - t p j  cos  ̂— + ip j =sm<p,

(2.145)

(2.146)

we find

A -
\/3Vm i sm ip

( l  -е -й Я г )  'JR 2 +  i j f r

By substituting the last formula into equation (2.143), we end up with

(2.147)

i{t) =
n/3 Vm

VR 2 +  oj2 L 2
COS

(  7Г \ VoV -i±i -e L .
-\-ш 2 Г-

(2.148)

This le<ds to the following final expression for the output voltage:

VmsR / 7Г
V o u t { t )  — 7= . = = =  COS ( U)t

VR 2 +  u 2 L 2

V3VmsRsm<p

( l - e - s f l b )  v R 2 + c j2 L 2
(2.149)

It is remarkable that the complicated circuit shown in Figure 2.23 admits 
such a simple analytical solution. By using this solution, it can be shown 
that under the condition

u L  »  R  (2.150)

the output voltage is almost constant in time and it is given by the formula

(2.151)

The derivation is performed in the same way as in the case of the rectifier 
shown in Figure 2,20 and is left as a useful exercise for the reader.

By averaging both sides of equation (2.141) over one period (0, ^ ) ,  it 
can be found that, as expected,

________ О / о
Vout{t) =  '— Vms ка 1.65Кт 5 .

7Г
(2.152)
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By subtracting formula (2.152) from formula (2.149), the analytical ex
pression for the ripple of the output voltage is found and can be used for 
evaluation of this ripple for any values of L  and R. The clear advantage of 
the three-phase rectifiers shown in Figures 2.20 and 2.23 is that they lead 
to appreciable reduction in the ripple of veq(t). A shortcoming of these 
rectifiers is that the levels of the output dc voltages are fixed and given by 
formulas (2.132) and (2.152), respectively. These levels can be adjusted by 
using three-phase transformers in the rectifier designs. It turns out that 
the use of three-phase transformers opens the opportunities for further re
duction of ripple of Veq(t). We shall present below one such rectifier design 
shown in Figure 2.26, This rectifier is also called a twelve-pulse rectifier. 
In this rectifier, there are two three-phase transformers with Y-Y and Y -Д
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connectivity of primary and secondary windings as well as two three-phase 
diode bridges connected in series. Across nodes 1 and 2 as well as nodes 3 
and 4 the line voltages from the secondary windings of the Y -Д and Y -Y  
transformers appear, respectively. By using the proper choice of i.urns ra
tios of these transformers, the desired and equal peak values Vms of their 
secondary line voltages can be achieved. However, these line voltages will 
be relatively phase-shifted in time by £ (see Chapter 3 of Part II). Thus, at 
any time instant t the voltage between nodes 1 and 4 (i.e., veq(t)) is equal 
to the sum of the line voltages of equal peak values but phase-shifted in 
time by This implies that veq(t) is periodic with period ^  and for the 
time interval

0 < i < ^  (2.153)
Ulj

the equivalent voltage veq(t) is equal to

ue4(t) =  V®} coswf +  Vn 1} cos (ujt -  0  . (2.154)

By using simple trigonometry, the last formula can be transformed as fol
lows

Veo(t) =  2V„(2) cos ^  cos (иЛ -  . (2-155)

It can be found from the last equation that

ripple veq(t) =  Veq - 1 ~*t~: ' -— ——  • ^00% =  ( l  -  cos -p-') ■ 100% < 4%.
Veq\TbL) K

(2.156)

Thus, the ripple of veq(t) is quite small. By using the same technique 
as frequently employed in this chapter, a simple analytical expression for 
vout(t) can be derived. This derivation is left as a useful exercise for the 
reader.

The rectifier presented in Figure 2.26 has two three-phase transformers. 
In practice, a single three-phase transformer with two sets of secondary 
windings connected in Y  and A can be used. These two sets of secondary 
windings are connected to two bridge rectifiers and the basic operation of 
such rectifiers is identical to the oDeration of the rectifier shown in Figure 
2.26.

2.4 P hase-C ontrolled  R ectifiers

In the previous sections of this chapter, diode rectifiers have been discussed. 
In these rectifiers, the output dc voltages are fixed and non-controllable.
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D
R  L

The controllability of output dc voltages can be achieved by replacing diodes 
by thyristors (SCRs). This results in so-called phase-controlled rectifiers, 
which are discussed in this section.

We start with the discussion of the fall-wave phase-controlled rectifier 
whose electric circuit is presented in Figure 2.27. This circuit is obtained 
from the electric circuit of the full-wave diode bridge rectifier (see Figure 
2.1b) by replacing the four diodes by thyristors (SCRs) and by introducing 
a diode across the nodes 2 and 4. This diode is called a freewheeling diode 
(FWD). This diode prevents the appearance of negative voltages across 
nodes 2 and 4 which otherwise may occur in this circuit. Indeed, this 
negative voltage would correspond to forward bias of this diode and result 
in its switching into the “on” (conduction) state with zero voltage across 
it. This freewheeling diode also provides an alternative path for the load 
current i(t) and, in this way, it is instrumental in maintaining the continuity 
in time of this current. It is furthermore clear that in the case of positive 
polarity of the voltage across nodes 2 and 4 the freewheeling diode is reverse 
biased, and it is in the “off” state. The current conduction path in this case 
goes through SCR\ and SCR$ or SCR 2 and S C R A.
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Fig. 2.28

As before, the first step in the analysis of the rectifier shown in Figure 
2.27 is to make the equivalent replacement of the ac voltage vs(£), the 
four SCRs and the freewheeling diode by the voltage source veq{t). This 
replacement results in the equivalent electric circuit shown in Figure 2.28. 
It is clear that the equivalent voltage source veq(t) must be equal at any 
instant of time t to the actual voltage between nodes 2 and 4 in the original 
circuit shown in Figure 2.27. To find this voltage, the conduction patterns 
of the SCRs and the freewheeling diode must be first determined. To this 
end, we turn to the plot of sinusoidal voltage of the source shown in 
Figure 2.29a and consider the positive half-cycle of this voltage in the time 
interval 0 < t < J .  In the case of the diode bridge rectifier (see Figure 2.1b), 
diodes Dj and Dz become immediately forward biased with the advent of 
this half-cycle and are immediately turned on. This is not the case for SCR\ 
and SCRz in the electric circuit shown in Figure 2.27. These SCRs will 
remain in the “off5 (forward-blocking) state until triggering currents are 
pulsed through their gates at some time t0 =  g . This implies that S C R 2 

and SCR* triggered during the preceding negative half-cycle of г>3(£) tend 
to remain in the “on” state with the advent of the positive half-cycle and 
this leads to the appearance of negative polarity voltage across the nodes 
2 and 4. As a result, the freewheeling diode becomes forward biased and 
starts conducting, resulting in zero voltage across nodes 2 and 4 as shown in 
Figure 2.29b. As soon as SC R i and SCRz are turned on by current pulses 
through their gates at time t0 =  ^, the voltage vs(t) of positive polarity 
appears across the nodes 2 and 4, and the freewheeling diode is turned off. 
This means that veq(t) replicates г^(£) during the time interval to < t <  5  
as shown in Figure 2.29b. With the advent of the next negative half-cycle, 
the freewheeling diode is again turned on to prevent the appearance of 
negative polarity voltage across the nodes 2 and 4 and it remains in the 
“on” state until S C R 2 and SC R 4 are triggered by current pulses through 
their gates at the time t0 +  The discussed conduction pattern of SCRs
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Fig. 2.29

and the freewheeling diode is periodically repeated resulting in veq(t) shown 
in Figure 2.29b.

Now, having determined veq(t), we shall proceed to the analysis of the 
steady state in the equivalent circuit shown in Figure 2.28. As discussed 
before in this chapter, it is sufficient to carry out this analysis for one period

0 < t < -  (2.157)bJ
and then periodically extend the found expression for voui(t) to other time 
intervals.

The KVL equation for the circuit in Figure 2.28 can be written as

+  Ri( t ) =  Veq(t ). (2.158)
at
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By using the plot of veq(t) shown in Figure 2.29b, we conclude that the last 
equation сел be written as the following two equations:

L ^ @ - + Ri(t) =  0. if 0 < < < t0, (2.159)dt

L +  Ri(t) =  V'mssinut, iiiQ < t  < —. (2.160)
at lj

The steady-state solution of the above equations must satisfy the periodic
boundary condition

m = i ( - )  (2.161)
Vw/

as well as the continuity condition

% to-) =  i(t0+). (2.162)

A general solution of equation (2.159) can be written as

i{t) =  Al e~ Jc t, ( 0 < t < f o), (2.163)

where Ai is some constant. A general solution of equation (2.160) has the 
form

i(t) =  - 7= ^  s s\n(ujt -  tp) + A2e~^-, (t0 < t < - ) ,  (2.164) 
v R  +  w2 L 2 * ш/

whore

tan ip =  ^  (2.165)

and Ao is some constant.
To find constants A\ and A2, the periodicity condition (2.161) and con

tinuity condition (2.162) can be used. This leads to the following simulta
neous equations for A\ and Ai'.

A j = A 2e - ^ + - ^  (2.166)
ч/й2 +  w2 L 2

A leГ *  =  A2e ~ ^  +  (2.167)
V R 2 +  иГ-L 2

By solving the above equations, we find

Fms [sin<p -  e ~ ^ ~ ^  sin(wt0 -  фп
M  = -------Ц--------- - v  - A  (2.168)

L - e - = f j  s/R 2 +  u)2 L 2

Утов [sin v? -  e ^ D sin(wto -  ¥>) I 
A2 =  — i ------------  — ■ - L . (2.169)

( l  — e-Sf i )  \ /R 2 +  oj2 L2
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By substituting expressions (2.168) and (2.169) into formulas (2.163) and 
(2.164), respectively, and taking into account that

Vomit) =  jRi(t), (2.170)

we derive that for 0 < t < £q ?

VmsR
•7) . (+ \ — ---------

tr R . f , v"
sin (p — e ь “L- sm(wco ~ 4>)

wout\('} — ^
[ l - e - 5 S ] | \/R2 + u 2 L2

(2.171)

while for to < t <v w1

V0ut(t) =
VmsR

sin(a;t — <p)

VmsR f s i n -  e~P sin(u^0 ~ 4>)\ R
+

( l  -  - /W T Z flJ?
(2.172)

and <p is defined by formula (2.165).
The last two formulas provide explicit analytical expressions for the 

output voltage of the phase-controlled rectifier shown in Figure 2.27. Next, 
we demonstrate that under the condition

uL  »  R, (2.173)

this output voltage is practically constant in time. The demonstration is 
in the same way as before.

From the inequality (2.173), we find

(2.174)

VR?+u>2 L 2 

it
4> and s i n ^ ^ l ,

(2.175)

(2.176)

sin(w io — y>) и  — cosojto =  — cos a , (2.177)
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for 0 <  t <
UJ (2.180)

By using the last seven formulas to simplify the expressions (2.171) and
(2.172), it can be easily demonstrated that under the condition (2.173) we 
have

v0ut(t) ~  —  ( I f  cos a ).
7Г

(2.181)

As expected, this approximate vUue of voul{t) coincides with its average 
value. Indeed, by writing equations (2.159) and (2.160) in the form

r dt(t) 0 
L —г---- h Vout{t) =  <

dt
if 0 < t < to,

smut,  if f0 <  t <  g ,
(2.182)

then by averaging all terms of the last equation over the period (0, J )  and 
taking into account the periodicity condition (2.161), we derive

------------ UJ f ш
JWCQ =  Vms— I Sin wtdt,

Jt0

which leads to

Vm
v0u t(t) = -----(1 +  cosa),

7Г

(2.i83)

(2.184)

where as before a  =  w Iq. It is clear from formulas (2.181) and (2.184) that 
by varying the timing to of triggering the SCPs the value of the output dc 
voltage can be continuously controlled.

It can also be remarked that by using formulas (2.171), (2.172) and
(2.184) the ripple level in vout(t) can be computationally evaluated for any 
values of R  and L.

It is evident from formulas (2.181) and (2.184) that voltage vout(t) de
pends on Vms. This suggests that the range of controllability of vouL can be 
properly adjusted by using a center-tapped transformer phase-controlled 
rectifier shown in Figure 2.30. It is left as an exercise for the reader to 
prove that for this rectifier

^out(f) —
N2

2 itNi V W l +  cos a) (2.185)

and

^out(^) ^  ^out(^)

under the condition (2.173).

(2.186)
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Now we shall proceed to the discussion of the “six-pulse” bridge- 
controlled rectifier shown in Figure 2.31. The circuit of this rectifier is 
obtained from the circuit of the diode bridge rectifier shown in Figure 2.23 
by replacing the six diodes by six SCRs and adding (when needed) the free
wheeling diode D. This freewheeling diode shall prevent the appearance of 
negative polarity voltage across the nodes 1 and 2. It turns out that such a 
voltage may appear only if the “firing angle” of the SCRs exceeds oth
erwise the voltage across the nodes 1 and 2 has only positive polarity. The 
first step in the analysis of this rectifier is to make the equivalent replace
ment of the three-phase voltage sources, the six SCRs and diode D by the 
voltage source veq(t). This replacement results in the equivalent electric cir
cuit shown in Figure 2.32. It is apparent that the equivalent voltage source 
^eg(f) must be equal at any instant of time t to the actual voltage between 
the nodes 1 and 2 in the original rectifier circuit shown in Figure 2.31. To 
find this voltage, the conduction pattern of the SCRs must be determined. 
To this end, we shall first recall that in the case of the three-phase diode 
bridge rectifier shown in Figure 2.23 one of the three diodes D ь D<i and 
D$ is turned on as soon as the potential of the line connected to this diode 
assumes the highest positive value. Similarly, one of the three diodes D4, 
D5 and Dg is turned on as soon as the potential of the line connected to 
this diode assumes the most negative value. This is not the case for the 
SCRs in the circuit shown in Figure 2.31. Indeed, one of the thyristors 
SCR \ , SCR2 and SCRz is turned on while being connected to the line 
with the highest potential only if a triggering current is pulsed through its 
gate. Otherwise, this thyristor will be in the forward-blocking state and the 
previously conducting thyristor of this group will remain in the “on” state.



428 Fundam entals o f  E lectric P ow er Engineering

1 for
7Г

0 <  t <
Ui (2.160)

By using the last seven formulas to simplify the expressions (2.171) and
(2.172), it can be easily demonstrated that under the condition (2.173) we 
have

Vout(t) -(1 +  cos a). (2.181)

As expected, this approximate value of vout{t) coincides with its average 
value. Indeeu, by writing equations (2.159) and (2.160) in the form

r di{t) . .
L —r— I- vout(t) — at

0,
Vms sinwt,

if 0 < t <  to, 
if <0 <  t <

(2.182)

then by averaging all terms of the last equat.on over the period (0, -J) and 
taking into account the periodicity condition (2.161), we derive

Tab'll t(t) —  Vfr
Ш f  "

> I
К Jto

sin uitdt,

which leads to

Vout{i) -  (1 +  cos a ),
7Г

(2.183)

(2.184)

where as before a  =  cuto■ It is clear from formulas (2.181) and (2.184) that 
by vrjying the timing t0 of triggering the SCRs the value of the output dc 
voltage can be continuously controlled.

It can also be remarked that by using formulas (2.171), (2.172) and
(2.184) the ripple level in vout{t) can be computationally evaluated for any 
values of R  and L

It is evident from formulas (2.181) and (2.184) that voltage vout{t) de
pends on Vms. This suggests that the range of controllability of voul can be 
properly adjusted by using a center-tapped transformer phase-controlled 
rectifier shown in Figure 2.30. It is left as an exercise for the reader to 
prove that for this rectifier

N2v°ut{t) =  — Kms( !  +  cos a) (2.185)

and

Vout{$) ^  'Voutifi)

under the condition (2.173).

(2.186)
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Now we shall proceed to the discussion of the “six-pulse” bridge- 
controlled rectifier shown in Figure 2.31. The circuit of this rectifier is 
obtained from the circuit of the diode bridge rectifier shown in Figure 2.23 
by replacing the six diodes by six SCRs and adding (when needed) the free
wheeling diode D. This freewheeling diode shall prevent the appearance of 
negative polarity voltage across the nodes 1 and 2 . It turns out that such a 
voltage may appear only if the “firing angle” of the SCRs exceeds f , oth
erwise the voltage across the nodes 1 and 2 has only positive polarity. The 
first step in the analysis of this rectifier is to make the equivalent replace
ment of the three-phase voltage sources, the six SCRs and diode D by the 
voltage source veq(t). This replacement results in the equivalent electric cir
cuit shown in Figure 2.32. It is apparent that the equivalent voltage source 
veq(t) must be equal at any instant of time t to the actual voltage between 
the nodes 1 and 2 in the original rectifier circuit shown in Figure 2.31. To 
find this voltage, the conduction pattern of the SCRs must be determined. 
To this end, we shall first recall that in the case of the three-phase diode 
bridge rectifier shown in Figure 2.23 one of the three diodes £>2 and 
Ds is turned on as soon as the potential of the line connected to this diode 
assumes the highest positive value. Similarly, one of the three diodes D4, 
D$ and Dq is turned on as soon as the potential of the line connected to 
this diode assumes the most negative value. This is not the case for the 
SCRs in the circuit shown in Figure 2.31. Indeed, one of the thyristors 
S C R iy SC R 2 and SC R 3 is turned on while being connected to the line 
with the highest potential only if a triggering current is pulsed through its 
gate. Otherwise, this thyristor will be in the forward-blocking state and the 
previously conducting thyristor of this group will remain in the “on” state.
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Fig. 2.31
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Fig. 2.32

Similarly, if one of the thyristors S C R 4, S C R s  and S C R q  is connected to 
the line with the most negative potential it will be turned on only after a 
triggering current is pulsed through its gate. Otherwise, this thyristor will 
be in the forward-blocking state and the previously conducting thyristor of 
this group will remain in the “on” state. In other words, for the rectifier
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shown in Figure 2,23, at any instant of time t only those two diodes conduct 
that connect the nodes 1 and 2 to the highest line voltage at time t. In the 
case of the rectifier shown in Figure 2.31, the highest line voltage at time 
t is applied across the nodes 1 and 2 only after the two SCRs connecting 
this voltage to the nodes 1 and 2 have been turned on by current pulses 
through their gates. Otherwise, the voltage between the nodes 1 and 2 is 
the line voltage provided by the two previously triggered SCRs. By using 
this remark, the equivalent voltage veq(t) can be determined by using the 
plots of the line voltages as shown in Figure 2.33. It is seen from this figure 
that if the “firing angle” a  =  aito is less than J  then the equivalent voltage 
v€q(t) (i.e., voltage across the nodes 1 and 2) has positive polarity at any 
time instant and the freewheeling diode is not needed. If a  >  f , then as 
is clear from Figure 2.33 the freewheeling diode D is needed to prevent the 
appearance of the negative polarity line voltage across the nodes 1 and 2.

Having determined ve?(£)> we shall now proceed to the analysis of the 
steady state in the equivalent circuit shown in Figure 2.32 for the case
0 < a  < J .  We shall carry out this analysis for one period of veq(t), 
namely, for the time interval

t o < t < t o  +  f - ,  (to =  - )  , (2.187)3w \ u)/

and then periodically extend the found expression for vout(t) to other time 
intervals.

The KVL equation for the circuit in Figure 2.32 for the above time
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interval can be written as follows:

L ^ ~ -  + Ri(t) =  v^KnsCos (u t  — (2 188)
dt V o /

The steady-state solution of the above equation must satisfy the periodic
boundary condition

i(t0) =  i ( t 0 +  . (2.189)
V oUJ /

A general solution to equation (2.188) can be written as

i(t) — ^ ^ n1= =  cos (u)t — — — ip) +  A e~ % 1 (2.190)
’ VR2 + u 2 L2 V 6 * 7  v '

where, as before,

tany>=^~^ (2.191)
R

and A is some constant. This constant is found from the boundary condition 
(2.189), which leads to

y / 3 4 n s  COS ( w t p  -  |  -  Ifi) _  v ' o V m s  COS (u itp  +  £  -  (fi)

VR2 +  w2L2 + ' e "  ^ R 2 + u 2 L 2

ЙСл «P ,
+  Ae— -L-e-^rz. (2.192)

By using the simple identity

cos (u}to +  — — fp) — cos (u/to -  7Г — <Pj  =  — sin(wfo -  <p) (2.193)
\  6 /  \  6 

and by solving equation (2.192) for A, we find

A = _____v ^ s i n H o - y ) _ eftq (21Q4)

f 1 — e зЛ  )  y/R2 +  ui2 L 2

By substituting the last formula into equation (2.190) and taking into ac
count that

voudt) =  R i(t), (2.195)

we derive

/,\ л/31^msR (  , 7Г N
w )  =  7 W t ^ 00H “ ‘ “

_  y/3VmsR sin(w t0 - у )  __ л 
(l -  e-sSt J s/R2 + u 2L2

(2.196)
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By using the same line of reasenii ig as before, it can be shown that under 
the condition

uiL »  R

the output voltage voul(t) is almost constant in time and

U\  ̂ Зл/ЗVms Vout(t) ---------------COSQ.

It can also be shown that

Vout(t) —
3 /3 1 ^

■ cos a.

(2.197)

(2.198)

(2.199)

By varying a  from 0 to the output voltage vout(t) can be continuously 
controlled within the range <  vout (0  < 3 . It is apparent from
Figure 2.33 that this controllability is achieved at the expense of increasing 
the level of ripple in the equivalent voltage source ve<](t). Consequently, 
larger values of inductance L  are needed to suppress this ripple and to 
achieve more or less constant value of output voltage vout(t).

It can be shown that by using the electric circuit shown in Figure 2.31 
without the freewheeling diode D and for “firing angles” a  > f , the nega
tive average value of voltage across the nodes 1 and 2 can be achieved, while 
the direction of current i(t) due to the presence of the SCRs 'w ill remain the 
same. This irrans that, under the mentioned conditions, the above circuit 
operates as an inverter in the sense that power flow occurs from the dc side 
to the ac side. The detailed discussion of this matter is beyond the scope 
of this text.
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C hapter 3

3.1 S ingle-P hase Bridge Inverter

In this chapter, some basic principles of dc-to-ac energy conversion are pre
sented. The power electronics circuits that accomplish this conversion are 
called inverters. The voltage-source inverters are discussed below. These 
inverters convert energy from fixed dc voltage sources into ac energy with 
voltages of desired and controllable frequencies and peak values. There are 
also current-source inverters where input dc sources maintain more or less 
constant currents. These inverters are not considered in this text. Their 
structures are somewhat similar to those of controlled bridge rectifiers stud
ied at the end of the previous chapter. It is maybe for this reason that the 
term inverter is often used in literature for voltage-source inverters.

We begin with the discussion of the single-phase bridge inverter. The 
electric circuit of such inverter is shown in Figure 3.1 This circuit contains 
a dc voltage source Vq as an input, four switches SW\, SW?, SW3 and 
SWA on the four shoulders of the bridge and an LR  branch with an output 
voltage vout(t) designated as the voltage across the terminals of the resistor 
R. The main challenge is to develop a proper strategy of switching that 
results in sinusoidal voltage vout(t) of desired frequency and peak value.

It is clear that such a switching strategy should periodically invert the 
polarity of the output voltage. This polarity inversion can be achieved 
by periodically repeating the following two steps of switching: step # 1  of 
simultaneously turning SWi and STl^ “on” and SWo and SW4 “off’ ; and 
step # 2  of simultaneously turning SWi and SW3 “off” and SIV2 and SW4 

“on.” It is apparent from Figure 3.1 that during the first step voltage Vo of 
positive polarity appears across the nodes 1 and 2, while during the second 
step voltage Vo of inverted (opposite) polarity appears across the nodes

435
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Fig. 3.1

V e q ( t ) [ &  Votx£ 0 0

Fig. 3.2

1 and 2. This implies that for the above described switching the electric 
circuit shown in Figure 3.1 can be replaced by the equivalent circuit shown 
in Figure 3.2. In this figure, the equivalent voltage source veq(t) is a periodic 
train (sequence) of rectangular voltage pulses of alternating polarity. The 
plot of ue(7(t) is shown in Figure 3.3. It is apparent that veq(t) is a function 
of half-wave symmetry,

v eq{t) = ~Veq ( t  + I ) (3.1)

This means that at steady state the current i(t) in the electric circuit shown 
in Figure 3.2 (as well as in the electric circuit shown in Figure 3.1) is a 
function of half-wave symmetry,

(3.2)

By using the latter fact, we can formulate the steady-state analysis in the 
above electric circuit as the following boundary value problem with “an-
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Fig. 3.3

tiperiodic” boundary condition:

L ^ -  + Ri(t) =  Vo, if 0 < t < j ,  (3.3)

i(°) =  - i  ( f )  • (3-4)

It is clear that the “antiperiodic” boundary condition (3.4) follows from 
formula (3.2) by setting t equal to zero. It is also clear that after solving 
the boundary value problem (3.3)-(3.4) for the time interval [0,^], the 
current i(t) can be extended to other time intervals by using the half-wave 
symmetry expressed by formula (3.2).

It is evident that a general solution to the differential equation (3.3) can 
be written in the form

i{t) =  ^  + A e~$‘ , ^0 <  t <  |  )  , (3.5)

where A is some constant that must be determined from the boundary 
condition (3.4). Indeed, this boundary condition leads to the following 
equation for A:

Y± + a  =  - ^ - a t & .  (3.6)
iL

From the last formula, we find

л (1  +  е- Я )  =  - Н £ ,  (3.7)
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which results m

A =  — 2 Vo

R  f 1 +  e )

By substituting this expression for A into formula (3.5), we obtain

1 -
1 +

T

By taking into account that

we then find

^out( )̂ — Яг(£),

'Voutify — V0 h 2 r - i l]
T

0 < i < - .
L l  + e - t r 2

(3.8)

(3.9)

(3.10)

(3.11)

Having found uoue(i) for the time interval [0, ,-], we can extend vout(t) 
to other time intervals through imposing the half-wave symmetry, i.e., by 
using the formula

( * * ! ) ■ -
Vout(t)- (3-12)

Next, we shall perform some simple analysis of formulas (3.9) and (3.11). 
From formula ^3.9) we find that

2
l  - IIT

1 +  e~ i t .

Since
Я Тe гь <  i.

we conclude from equation (3.13) that

i(0) < 0.

According to formula (3.4), the last inequality implies that

S ( ? )  =  —*(0) >  0.
\ -  /

From the last two inequalities and formula (3.10) follows that
/ r p  \

Vout (0 )
t I \

< 0, while Vout ( ) =  -fout(0) >  0. 
\ * /

(3.13)

(3.14) 

(3.1-5)

(3.16)

(3.17)
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Fig. 3.4

By taking into account inequalities (3.15), (3.16) and (3.17) and using for
mulas (3.9) and (3.11), the plots of i(t) and tw (£ )  can be constructed. 
These plots are shown in Figures 3.4a and 3.4b, respectively. It is apparent 
from Figure 3.4a that the current i(t) changes its sign and, consequently, 
its direction of flow within each half-cycle. This fact has important impli
cations concerning the design of the switches SW\y SW2 , SW$ and .W j  
shown in Figure 3.1. Indeed, single transistors are unidirectional (unilat
eral) switches. For instance, a B JT  conducts an electric current from emit-
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Fig. 3.5

ter to collector and, similarly, a power MOSFET (or IGBT) is designed 
to conduct an electric current from drain to source. This implies that a 
single transistor being in the “on” state cannot accommodate the flow of 
electric current in two opposite directions as needed in order to realize the 
current flow depicted in Figure 3.4a. It turns out that due to the presence 
of the inductor in the circuit shown in Figure 3.1, bidirectional (bilateral) 
switches SW\, SW2 > 5W 3 and SW4 can be designed as parallel connections 
of power MOSFETs (or IGBTs) with freewheeling diodes. This is shown 
in Figure 3.5.

The operation of the electric circuit shown in this figure can be eluci
dated as follows. Immediately prior to the time instant t =  0, transistors 
T r2 and T r4 are in conducting ( “on”) states, while transistors T n  and TY3 
are in “off” states. This results in negative polarity voltage Vo across the 
nodes 1 and 2 and in the current flow in the direction opposite to the one 
shown in Figure 3.5, which is consistent with Figure 3.4a. At time t =  0, 
transistors T r2 and T r 4 are turned off, while transistors Tr\ and XV3 are 
turned on, producing inversion of the polarity of the voltage Vq across the 
nodes 1 and 2. However, transistors Tt\ and Tr$ cannot conduct the cur
rent i(t ) due to its direction at t =  0 . To maintain the continuity of the 
current through the inductor L, diodes £>1 and D3 are turned on and they 
form the closed path for freewheeling i(t). Physically, diodes £>1 and Dz are 
turned on because any (downward) disruption of continuity of i(t) through 
L  results in the induction of large voltage L ^ p -  of such polarity that will 
force these diodes into the conduction state. As soon as the current i{t) 
is reduced to zero and its direction is reversed during the half-cycle (0 , f  ],
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transistors T rL and Tr$ start to conduct this current. At time t =  
transistors Tr\ and XV3 are turned off, while transistors T r2 and Tr4 are 
turned on. However, T r2 and T r4 cannot conduct the positive current i(t) 
(with the direction shown in Figure 3.5). To maintain the continuity of 
the current through the inductor L, diodes D2 and D4 are turned on and 
form the closed path for the freewheeling current i(t) until its direction is 
reversed. The described conduction pattern is periodically repeated.

It turns out that the bidirectional switches shown in Figure 3.5 can be 
used to control the width of rectangular pulses at each half-cycle. Partic
ularly, the pattern of veq(t) shown in Figure 3.6 can be produced through 
the appropriate switching. Indeed, immediately prior to the time instant 
t =  $i, transistors Tr\ and XV3 are in “on” states, transistors Tr2 and T rA 
are in “off” states, and the current i(t) > 0, i.e., its direction coincides with 
the one shown in Figure 3.5. At time £1, transistor Тгз is turned off. Due 
to the presence of the inductor, the continuity of i(t) must be maintained. 
This is only possible if diode D2 is turned on and freewheels the current i(i) 
through the closed path formed by the LR  branch, diode D4 and transistor 
T rx. For this closed path, the voltage across the nodes 1 and 2 is equal to 
zero as shown in Figure 3.6. At time J  + to, transistor Tr\ is turned off, 
while transistors T r2 and TrA are turned on. This switching action causes 
the voltage between nodes 1 and 2 to change to —Vo as shown in Figure
3.6. Then, at time у  -Mi, when i(t) < 0 and i(t) has the direction opposite 
to the one shown in Figure 3.5, transistor Tr4 is turned off, forcing diode 
D i to turn on, forming in this way the closed path for z(i) through Di, T r2
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and the L P  branch. This results in zero volt ige across the nodes 1 anri 2 
as consistent with the plot of veq(t) in Figure 3.6. The described switching 
pattern is periodically repeated.

The steady-stpte analysis of the electric circuit shown in Figure 3 2 with 
veq(t) shown in Figure 3.6 can be carried out in a similar way as before. 
Namely, it is easy to see that electric current i(t) during the half-cycle [0. 
can be represented as follows:

where A\, Ai and Л3 are some constants. These constants are determined 
from the boundary condition (3.4) as well as from the following continuity 
conditions for electric current i(t) at f0 and t\:

Having determined Ai, A2 and A3 from conditions (3.4), (3.21) and (3.22), 
we arrive at the final expressions for i(t):

A plot of i{t) based on formulas (3.23), (3.24) and (3.25) is shown m Figure
3.7. The plot of voul(t) is a scaled (by R) version of the plot for i(t).

It is apparent from the above plot that i(t) is a half-wave symmetric 
periodic function of t with period T. This period and, consequently, the 
fundamental frequency of i(t) is controlled by the pattern of switching of 
SW\, SW2 , SW3 and SW4 that can be chosen appropriately. It is also clear 
from the above plot as well as formulas (3.23), (3.24) and (3.25) that i(t) is 
a piecewise exponential function of time t. This is true for the excitation of 
the electric circuit in Figure 3.2 by any sequence of rectangular pulses. It 
is also evident that the waveform of i(t) shown in Figure 3.7 has more re
semblance to a sinusoidal function than the waveform shown in Figure 3.4.

i{t) =  0 < t < t 0, 
т r

i(t) =  —  +  A^e T‘ i, to < t <  
R

(3.18)

(3.19)

(3.20)

(̂̂ o—) — ®(̂ o+)> 
i(Jfc_) =  i{ti+ ).

(3.21)

(3.22)

i{t) =  -

, t0 < t < t i ,  (3.24)

(3.23)

(3.25)
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Fig. 3.7

This suggests that by choosing a more elaborate sequence of rectangular 
pulses for veq(t) much better resemblance of i(t) (and vout(£)) with a sinu
soidal function can be achieved. The latter can indeed be accomplished by 
using the pulse width modulation (PWM) technique discussed in the next 
section.

3.2 P u lse  W idth  M odulation (PW M )

Pulse width modulation is used in power electronics to approximate a low 
frequency waveform by a sequence (train) of rectangular pulses whose width 
is properly modulated (by the usually low frequency waveform). A large 
number of PWM techniques have been developed over the years and dis
cussed in literature (see, for instance, [23]). A common feature of most of 
these techniques is the suppression of low-order harmonics in the Fourier 
spectra of PWM voltages. This suppression is achieved at the expense of 
some amplification of higher-order harmonics in the Fourier spectra. How
ever, these higher-order harmonics are suppressed in the output voltage 
v0ut (t) by an inductor in the LR  branches of the inverters.

Next, we shall discuss below one simple version of PWM. In this version, 
each half-cycle \ is subdivided into к equal time intervals and the centers
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U of these time into rvals are specified by the formula

(i =  0 , 1 , 2 , fc -  1). (3.26)

This pulse width modulated voltage consists of a sequence of rectangular 
pulses centered at U and whose widths are sinusoidally modulated:

A U =  ^ - s i n  wti, (3.27)

where as oefore

w =  у ’ (3 -28>

while m is called the modulation index (or depth of modulation) and usually

0 < m < 1. (3.29)

It is shown belo"' that by varying m  the peak value of the sinuso.dal output 
voltage can be controlled. An example of such pulse width modulated 
voltage is presented in Figure 3.8 for fc =  5. For PWM to be effective, fc is 
usually quite large,

fc »  1. (3.30)

Such sequences of width modulated rectangular pulses can be obtained by 
using specific switching patterns of transistors in the circuit shown in Figure 
3.5. Some details of the realization of these switching patterns are discussed 
later in this; section.

Now, we will be concerned with the study of the Fourier spectra of PWM  
voltages. It is clear from Figure 3.8 that veq(t) has two types of symmetry: 
odd symmetry and half-wave symmetry. This implies (see Chapter 2 of Pari 
I) that the Fourier series for veq(t) contains only odd sine-type harmonics. 
Namely,

oo
V e q ( t )  =  ^  V ^ n - i  Sin(2n -  l )u > t ,  (3.31)

where

Vr2n—l =  4  I veq{t)s\ n(2n-l)w tdt. (3.32)
' J  о

The immediate purpose of the subsequent discussion is the evaluation of 
the Fourier coefficients To this end and by taking into account that
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Fig. 3.8

Veq{t) is a sequence of к rectangular pulses of the same peak value Vo, the 
last formula can be written as follows:

it 1
V2„ - i  =  f  sin(2n -  1 )wtdt. (3.33)

T

According to formulas (3.27) and (3.30), the widths of pulses Д£* are quite 
small. For this reason, we shall use the following approximation:

j  sin(2n — l)tutdt «  A ti sin(2n — 1 )wt{. (3.34)

This is the only approximation that is present in our derivation. It is evident 
that this approximation is quite accurate for small n when the period Т2П- 1 
of sin(2n — 1 )wt is quite large in comparison with

T2n~i =  ^  Ati =  sinwti' (3-35) 

This approximation may not be as accurate when Т2П- 1  and Д£» are com
parable. This suggests that our derivation will lead to accurate results for 
low-order sinusoidal harmonics in the Fourier series expansion (3.31).

Returning to our derivation and by substituting formula (3.34) into 
equation (3.33), we find

V2n-1 «  Ati Sin(2n " (3-36^
1 = 0
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The last equation is further transformed by using expression (3.27) for Д£*:

k - i
2771 Vq

V2n- i  =  — :—  sin(2n — l)o;fisina;ti.
k  i-rO

By recalling the trigonometric identity

sin q sin /9 =  -  [cos(a — 0)  — cos(a: +  /3)],

the last formula can be transformed as follows:
'к- 1 fc-i

cos(27i — 2 )uti — ^  cos 2пшЬгV2n-1 =
mVо 

к J —0 i ~  0

FVom formulas (3.26) and (3.28) follows that

ufti =  ^ ( 2 i +  1) 

and, consequently, the relation (3.39) can be written as

Vo
mV0

2n—\
[■fc-i

£ cos
(n — 1)7T , .

(2i +  1) -  cos ~^-(2г +  1)

(3.37)

(3.38)

(3.39)

(3.40)

. (3.41)
Lt=0 i=0

The subsequent derivation is based on the evaluation of the following two 
sums:

5 l =  y > s ^ ^ ( 2 t  +  l), (3.42)
S o  
к- 1

717Г
S2 =  cos — (2 i +  1). (3.43)

i=0

It is apparent that the expression for S\ can be transformed as follows: 

-fc-i
1S1 — Re

Li=o

By introducing the notation

=  Re
fc-i

( n - l ) t r  ^ — V j  ( n - l ) 2 n  ;

i= 0

we find that
fc-i

i=0 £=0

fc-1

(3.44)

(3.45)

(3.46)
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The last sum is a geometric series and, consequently,
k- 1

E < ‘ =  7i=0

Now, by combining formulas (3.45), (3.46) and (3.47), we derive

1 — eJ’(n-1)2,r
Z ^ e R *
i= 0

(n—1)2* •1 ^ ej ~ r —

By using the last expression in formula (3.44), we arrive at

Si =  Re
■ ( n -  i)w 1 - e } ( n - W "  

^  . (n —l)2w
1 — *

(3.47)

(3.48)

(3.49)

To conclude the evaluation of S i, it is important to distinguish two cases.

Case a) when n — 1 is not divisible by k, that is, for any natural number r 
we have

(3.50)п - 1 ф гк.

The latter means that

q =  eP * 7= 1,

while, on the other hand,
^(n—l)2ir _  i

Thus, according to formula (3.49) we find

S i =  0.

(3.51)

(3.52)

(3.53)

Case b) deals with those “rare” instances when n -  1 is divisible by k\ this 
means that such a nature 1 number r  can be found that

(3.54)

The latier implies that

= = e?r2n =  1.q =  e (3.55)

In this case, the fraction in formula (3.49) is not defined. It turns out that 
in this case the sum Si can be evaluated different '■ Namely, from formu as
(3.55) and (3.46) we find

y V f c ^ = ‘ =  jfc. (3.56)

i= 0
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Furthermore according to (3.54), we have

=  eГ *  =  ( - l ) r .

By using the last two formulas in the expression (3.44), we obtain

Si =  { - I f k .

(3.57)

(3.58)

Thus, we have concluded the evaluation of Si- The evaluation of sum S2 
can be now carried out based on the following observation: Si can be trans
formed into S2 by replacing n — 1 by n. This implies that as far as the valve 
of S2 is concerned, there are two distinct cases.

Case a) when

and

as well as

n ф rk

$ 2  =  0,

(3.59)

(3.60)

Case b) when

and

n =  rk

S2 =  ( - 1  )rk.

(3.61)

(3.62)

It is easy to see that the condition (3.54) is equivalent to 2n — 1 =  2rk +  1. 
Consequently, we conclude that

if 2n — 1 =  2 rk  +  1, thsn Si =  (—1 )rk. (3.63)

Similarly, the condition (3.61) is equivalent to 2n — 1 =  2rk  — 1. Conse
quently,

if 2n — 1 =  2rk — 1, then 5 2 =  ( - l ) r fc. (3.64)

It is also easy to see from (3.50), (3.53), (3.59) and (3.60) that

Si =  S2 =  0, if 2n — 1 ф 2rk ±  1. (3.65)

Now, from formulas (3.41), (3.42), (3.43), (3.63), (3.64) and (3.65) we con
clude that
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mVQ
| V 2 n -

2 k -l 2k+l 4 k -1 4k+l 

Fig. 3.9

6&-1 6Л+1
->2 n - l

V2rk±i =  (± ) ( - l ) rmVo,

while

V-in-i = 0  if 2 n — 1 ф 2rk  ±  1.

(3.66)

(3.67)

In particular, for r  =  0 from (3.66) we obtain

Vi =  m V0 . (3.68)

By using the last three formulas in equation (3.31), we find

oo
veq(t) — mKosinutf 4- mVo ^  (± )  (—l ) r sin(2rA: db 1 )wt.

r= 1
(3.69)

This means that the pulse width modulated voltage veq(t) has a “sparse- 
twin” spectrum as illustrated in Figure 3.9. This spectrum is “sparse-twin” 
because “most” of the terms in the Fourier series expansion (3.31) are equal 
to zero, and those terms which are not equal to zero appear as pairs with 
equal peak values. It is worthwhile to mention again that the derivation of 
formula (3.69) has been based on approximation (3.34). For this reason, it 
is of interest to compare the “sparse-twin” spectrum shown in Figure 3.9 
with the spectrum numerically computed without using this approximation. 
For the purpose of this comparison, such numerically computed spectra are 
shown in Figures 3.10a and 3.10b for к =  10 and к =  50, respectively, where 
m  =  0.3.
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The numerically computed spectrum for к =  10 and m =  0.3 is given 
in Table 1,

Table 1
2n — 1 Vzn-l/Vo 2 n -  1 Ъ п-l/V o

1 0 .2 9 9 9 1 7 17 7.70548-10-3
3 2.49512-10-4 19 0.270925
5 4.80463 U T7 21 -0 .2 6 4 7 4 4
7 1.1941810-9 23 -1.36372 ■ lO"2
9 3.36710 10-12 25 -2.84004 ■ 10~4
11 1.67320-10—11 27 -3.75066 ■ 10"6
13 4 85871-10-8 29 -3.76500 ■ 10-®
15 3.82028T0-5 31 -6.38020 ■ IQ-8

Next, we shall use formula (3.69) in the. analysis of the electric circuit 
shown in Figure 3.2. We shall treat each term in (3.69) as an ac voltage 
source of frequency (2rk  ±  l)w with r =  0 ,1 ,..., and by using the su
perposition principle and ac steady-staie analysis, we derive the following 
expression for the current i(t):

mVо . . .
г\Ч — ■- к—t? siniwi -  <p)

VR* + u i L 2

+  mV0 V * -  -  — '= = ' _ . .-■■= sin [(2rk  ±  1 )wt +  ] > 
sjR? +  (2rk  ±  1 )2u 2 L 2

(3.70)

where

tan < p = ^ ,  (3-71)
it

tanip± =  (2rfc^ 1)—  (3.72)
It

For sufficiently large number к of pulses (see (3.30)), we have

(2 rk  ±  l)u>L >  wL for all r  > 1, (3.73)

and all terms in the sum in formula (3.70) are small and can be neglected 
This leads to

i(t) »  . m^° ==  sin(ut — tp) (3-74)
1 ' VR2 + u 2L 2
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and

V0u t ( t )

Fig. 3.11

mVcR
T W + Ш ?

sin(cjf — ip). (3.75)

Thus, PWM leads to practically sinusoidal output voltage vout{t), and its 
peak value can be controlled by varying the modulation index m.

Next, we shall briefly discuss how PWM voltages can be generated. 
Both analog and digital techniques can be used for this purpose. One 
analog technique is to generate a triangular (low-voltage) waveform t;j(£) 
with the frequency which is 2к times the inverter output frequency as well 
as to generate a low-voltage sinusoidal (modulating) function V2 (i) (see 
Figure 3.11):

V2 {t) =  VmSmujt.

(3.76)

(3.77)

These low-voltage (and low-power) waveforms can be generated by using 
operational amplifiers, for instance. The difference of these waveforms

vc{t) = v 2(t)- 'U i(t) (3.78)

can be used as a voltage controlling the switching of the transistors in 
the inverter circuit. For instance, this voltage vc{t)  can be applied as a 
gate voltage in the IGBTs which are frequently used in inverters. These



Inverters 453

transistors will be in “on” states and produce rectangular pulses with time 
durations equal to the time intervals where

vG >  0. (3.79)

According to F ’gure 3.11, these time intervals At; can be computed as

At, ж ctVm s\n wti. (3.80)

On the other hand,

(3.8 . )
Vtr

By substituting the last formula in (3.80), we find

(3-82)
Vtr

It; is apparent that the last formula coincides with formula (3.27) when the 
modulation index is defined as

Vm 

m  =  % -
(3.83)

Thus, by controlling the ratio of peak values of the sinusoidal and triangular 
waveforms, the modulation index m and, consequently, the peak value of 
the sinusoidal output voltage vout(t) (see (3.75)) can be controlled.

The presented discussion of pulse width modulc.tion is based on the 
frequency-domain technique and leads to the formulas (3.70), (3.74) and 
(3.75) which are approximate m nature The origin of the approximate 
nature of these formulas can be traced back to equation (3.34). It turns 
out that exact and explicit analytical expressions for i(t) and vout{t) can be 
derived by using the time-domain technique, and this actually can be done 
when veq(t) is anj periodic sequence (train) of rectangular voltage pulses 
with half-wave symmetry. Consider the positive half-cycle 0 < t < \ . For 
this time interval veq(t) can be represented by the formula

« e , ( i ) * f i  i f '2 i < i < f 2 j '+b (3-84)
| Vo, if t2j+l < t2j+2 i

where j  =  0 , 1 , A; and

to — 0, <2*+1 =  ~2 ' (3.85)

It is clear that the current i(t) in the electric circuit shown in Figure 3.2 is 
given by the equations

i(t) =  A2j + i e ~ t 2 j  < t <  t2j+1, (3 .86)
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»W =  ^  +  4 y + 2e - " 1, h j+ l < t  < t 2j +2 : (3-87)

where constants A23+ 1  and A23+2 must be determined from the continuity 
of electric current г(£) at times *2j and t2j+\ as well as from the “antiperi- 
odic” boundary condition (3.4). This leads, respectively, to the following 
simultaneous equations:

, , V0 A2 - A i  =  e ^ \

Vo Л«2
M  — M  = L ,

(3.88)

(3.89)

д . Vo ^
A 2j  ~  A 2 j - i  =  e  ь

, , Vq 
M j+ i — M j =  »

(3.90)

(3.91)

and

Ai +  A2k+ie 2L =  0.

By summing up all equations from (3.88) to (3.92), we find

yn ™ . m, 
A2k+1 -  M  -  - 5  L

j=i

(3.92)

(3.93)

(3.94)

By solving the two simultaneous equations (3.93) and (3.94), we derive

(3.95)

r 0 Ipe-g* _
R  l +  e- ®

ПТ

Having found Аг, all other Л-coefficients can be computed 
formula

(3.96) 

by using the

(3.97)
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Thus, by means of the last three formulas as well as equations (3.86) and 
(3.87), we can compute the current i(t) as well as the output voltage vout(t). 
It is clear that this voltage is a function of V0, R, L  and ii, t2, £2*:

Vout ( t) =  F(ti Kb —»*2A:)- (3.98)
Examples of vout(t) computed by using the presented formulas are shown 
in Figure 3.12 for к  =  10 (Figure 3.12a) and к  =  20 (Figure 3.12b).

It is interesting to point out that, in the time domain, the problem of 
pulse width modulation can be stated as the following optimization prob
lem; find times ij, £2, —1 h k  (and possibly R  and L) such that the function
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Vout(t) in (3.98) gives the best (in some sense) approximation to the desired 
function. For inverters, the desired function is naturally chosen as

Vout(t) =  Vm sin(u>t -  <p). (3.99)

In particular, the least square approximation can be chosen for the selection 
of tj. In this case, the proDlem is reduced to the minimization of the 
following integral functional:

min I \F(t,V0 R ,L - t i , t 2 , . . . , t 2k ) - V rnsm(u>t -  ip)\2 dt. (3.100)
(«1.... tjk) Jo

This problem can be handled by using existing minimization techniques. 
Further discussion of this matter is beyond the scope of this text.

3.3 T hree-P hase Inverters; A C -to-A C  C onverters and AC
M otor D rives

Three-phase inverters are widely used in ac motor drives as well as in un
interruptible ac power supplies for three-phase loads. Such inverters are 
designed to produce sinusoidal three-phase ac outnuts whose frequencies 
and voltage peak values can both be controlled. It is possible to design 
three-phase inverters as “parallel” connections of three single-phase invert
ers discussed in the previous sections. In such designs, each of these three 
inverters produces an ac output voltage of the same peak value and fre
quency, but phase-shifted in time by 120° with respect to one another. The 
latter can be achieved by using three identical reference sinusoidal volt
ages V2 {t) in pulse width modulation (see Figure 3.11) but phase-shifted 
in time by 120°. Although the described design is conceptually simple, it 
often requires tnree-phase transformers as a link between such inverters and 
three-phase loads as well as twelve switches. There exists another concep
tual design in which a three-phase bridge with six switches is used. This 
design is illustrated by Figure 3.13. In this figure, switches are assumed to 
be bilateral (bidirectional). Such switches are designed in the same way as 
discussed in the first section of this chapter, namely by using transistors 
connected in parallel with freewheeling diodes. Different patterns of peri
odical switching are possible in the circuit shown in Figure 3.13. First, we 
discuss a simple (i.e., without pulse width modulation) pattern of switch
ing that is repeated during each time period T. As before, the choice of 
T  determines the frequency of output ac three-phase voltages. In this sim
ple pattern, the six switches continuously conduct during different time
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Fig. 3.13

intervals of duration ^ and at each instant of time there are only three 
conducting switches. This switching pattern is fully specified by Table 2. 
Next, we shall find voltages at nodes a, b and с (see Figure 3.13) at each 
time interval in Table 2. It is apparent that during the time interval (0, J )  
when switches S W lt SW$ and SĤ 5 are in the “on” (conducting) state, 
phases a  and с are connected in parallel and then in series with the phase
b. This is illustrated by Figure 3.14. Since it is assumed that all three 
phases have identical inductances and resistances, it is easy to conclude 
from Figure 3.14 that

tboW-y, «*>(*) = — . ««0(0 = J  (3-101)
during the time interval (0, ^).

Next, we consider the time interval ( J 9|*) during which (according 
to Table 2) switches S W \f 51^5 and SWq are in the “on” (conducting) 
state. This implies that during the above time interval phases b and с are
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Table 2
Time Interval Conducting Switches

(0, 1) swu swz> swb
/ Т  
V 6 >?) SW u SWb} SWe
(T
\ 3 >\) SW U SW2l SWe

( ¥ .
2 T \  
3 ) sw2> sw4, sw6

/2 T  
\ 3 1

5 T\ 
6 ) sw2l sw3, sw4

(f. * ) swz, swA> sw5

a с

Fig. 3.14

connected in parallel and then in series with phase a. This is illustrated by 
Figure 3.15. Since all three phases have identical parameters, it is easy to
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a

Fig. 3.15

conclude from Figure 3.15 that

Vao{t) =  Vbo(t) = ----7T> Vco{t) =  . (3.102)
О О О

By repeating the same line of reasoning as before, it is easy to find the values 
of voltages vao { t ), Vbo{t) and vco ( t ) in all other time intervals. These values 
are given in Table 3. These values are also graphically represented in Figure 
3.16. It is evident from this figure that voltages vao ( t ), VboU) and vco(t)  
are identical but progressively shifted in time by ^ . Namely,

vb0 {t) =  va 0  ( г - f ) .  (3103)

V co (t) =  Vao ( t  -  ■ (3.10 4)

It is also apparent that at any instant of time £, we have

V a o ( t )  + V b o ( t )  + V c O ( t )  — 0- (3.105)

By using the time-domain technique and the same reasoning as in the 
derivation of formulas (3.95), (3.96) and (3.97), the explicit analytical
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exponential-type expressions for ia (t) and VAo(t) = R ia (t) can be obtained. 
A typical graph of VAo{t) computed this way is shown in Figure 3.17. It 
is clear that VBo(t) and v c o i^  can be obtained from the graph in Figure 
3.17 by shifting (translating) it in time by j  and respectively. It is 
noticeable that VAo{t) is somewhat close to a sinusoidal waveform. This 
has been achieved by using only two-level (two-step) approximations for 
positive (or negative) half-cycles of phase voltages (see Figure 3.16). The 
closeness to smusoidal waveforms can be improved by using multilevel in
verters with a larger number of switches. However, three-phase inverters 
with switching strategies based on pulse width modulation and having the 
advantage of simultaneous control of frequency and peak value of output 
voltages are preferable nowadays.

The pulse width modulation switching in three-phase inverters can be 
accomplished in many different, ways. One of these ways is very similar to 
the switching discussed in the previous section and illustrated by Figure 
3.11. It is based on comparison of the triangular waveform v\(t) with three 
reference sinusoidal waveforms v^\t), (0  and (t) which are identical 
but shifted in time with respect to cne another by j  (or 120°). Then, the 
switches SWj and SW4 in the bridge branch with node a  (see Figure 3.13) 
are controlled in the following way. If the sinusoid (t) is larger than 
the triangular waveform, then switch SW\ is closed while switch SW\ is 
open. On the other hand, if the sinusoid v^\t) is less than the triangular 
waveform, then the switch SVKi is open, while the switch SWA is closed. 
The switches SW2 and SW5, SW3 and SW& are controlled in the similar 
way by comparing the triangular waveform with the sinusoids v £  [t) and 
v- '(f). respectively. The described pattern of switching will result in the

Table 3
1 line Interval V a O it ) V b o { t ) vo0 (t)

( o j ) 3
2Vq

3
Ysx
3

( T  T \
\  6 ’ 3 /

2 V0 
3 3

_ V o
3

( f ? ) %L
3

Vi
3

2 V0 
3

( T  2T\  
\ 2 ’ '3  f 3

2 Vo 
3 3

( 2  T  5 T  \ 
V 3 > 6 /

2Vq
3

Ya.
3

Ya.
3

( M _ V a
3 3

2Vq
3
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trains of rectangular pulses for the potentials of nodes a, b and c. Prom these 
trains of rectangular pulses, the trains of rectangular pulses for line voltages 
vab(t), vca(t) and Vbc(t) can be constructed and their Fourier analysis can 
be performed in a similar way as discussed in the previous section. This 
analysis will reveal that lower-order harmonics (except the fundamental) in 
the Fourier spectra are suppressed, while the higher-order harmonics are 
suppressed by phase inductances (see Figure 3.13).

It is worthwhile to point out that the problem of pulse width modulation
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can also be treated in the time domain in a way similar to that which was 
discussed at the end of the last section. In the time domain, we deal with 
the solution of the following Kirchhoff equations (see Figure 3.13):

L dt  ̂ +  =  W voW , (3.106)

L d' f  - » . ( « -  1 )  - v0 {t), (3.107)

- « . ( < -  f ) -  vo(t), (3.108)

ia(t) + ib(t) + i c(t) =  0, (3.109)

J-) are the potentials of nodes a, b andwhere ua(i)5 va (t — j )  and va (t
c, respectively, while vo(t) is the potential of node O.

By summing up equations (3.106), (3.107) and (3.108), we find

L j t + i 6 ( t ) + +  R + ib^ +

=  v a(t) +  у а ( ^ - ^ + г а ( ( -  -  3 v o ( t ) .

mt formula (3.109) in the last equati 
/  x \  (  2 T Y

M O  +  Va | t  -  -  j +  Va ( t  -  —  |
\ » /  \ 3 / .

(3.110)

By taking into account formula (3.109) in the last equation, we obtain 
1

(3.111)

By substituting the last expression into formulas (3.106), (3.107) and
(3.108) we end up with differential equations whose right-hand sides are ex
pressed in terras of va(t) and its shifts. It is easy to see that these equations
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Fig. 3.18

exhibit (as expected) symmetry under translation by j .  More importantly, 
these equations can be analytically solved for any train of rectangular pulses 
in va (t) using the technique described at the end of the previous section 
and the solutions are exponential functions of switching times. By using 
these analytical solutions, the problem of pulse width modulation can be 
stated as the optimization problem of finding such switching times that 
will provide (in some chosen sense) the best approximation for desired ac 
three-phase voltages with respect to nodes A, В  and С  (see Figure 3.13).

At the end of this section, we shall briefly discuss ac-to-ac converters 
and their application in ac motor drives. One very widely used way to con
struct three-phase ac-to-ac converters is by cascading three-phase rectifiers 
with three-phase inverters. Such a cascading is illustrated by Figure 3.18. 
In this figure, there is an LC  link between the rectifier and inverter, and 
such cascades are often called dc link converters. In such converters usually 
three-phase diode rectifiers are used, while the controllability of peak value 
of ac output voltage (and its frequency) is achieved by using PWM invert
ers. The link capacitors are used to maintain more or less constant input 
voltages for the inverters because voltages across capacitors are continuous 
functions of time and cannot change abruptly. The link inductors are used 
to suppress higher-order (high-frequency) harmonics generated by pulse 
width modulation in the inverters and, in this way, to isolate the rectifiers 
and power systems from their detrimental effects. In some cases, the link 
inductors are not used because they increase the overall size, weight and 
cost of converters and may negatively affect the input voltages of inverters.

Ac-to-ac converters are used in ac motor drives for frequency control of 
speed of induction and synchronous motors. First, we briefly consider the 
case of induction motors. The electromagnetic torque-speed characteristics 
of such motors for some fixed frequency /  are shown in Figure 3.19 by the 
continuous bold line 1 (consult on this matter Chapter 6 of Part II). It is
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clear from this figure that the actual rotor speed n of the induction motor 
is attained when the electromagnetic torque is equal to the load torque. It 
is also clear that this speed is very close to the synchronous (i.e., stator 
magnetic field) speed n3yn which is controlled by the frequency /  of the 
stator ac voltage according to the formula

n «  nsyn =  (3.112)
V

where p  is the number of poles of the stator winding. As the frequency of 
the power supply to the stator winding of the induction motor is increased 
to some value this results in the increase of synchronous speed and in 
the modification of the torque-speed characteristics as shown in Figure 3.19 
by the dashed line 2. This, in turn, results in the increase of the mechanical 
rotor speed of the induction motor

=  (3.113)
P

The presented discussion clearly reveals the mechanisms of frequency con
trol of speed of induction motors. In the case of synchronous motors (and, 
specifically, in the case of synchronous motors with permanent magnets on 
rotors) the rotor speed coincides with the synchronous speed,

n =  n3yn =  ^ ,  (3.114)
P

which implies the exact controllability of speed of synchronous motors by 
means of proper frequency variation. This exact controllability can be of
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importance in some applications as is the case, for inbi,ance; of spindle 
motors of haid disk drives.

In the case of ac motors, the electromagnetic torques are determined 
by stator magnetic fields. These fields are (roughly) proportional to the 
magnetic flux linkages of the stator windings which, in turn, are determined 
by the voyages applied to the stator windings according to the formula

It is clear frum the last formula that, m order to maintain electromagnetic 
torque more or less constant as the frequency is varied in order to control 
the motor speed, the ratio in the right-hand side of formula (3.118) must 
be maintained constant:

This is usually called the constant volts per hertz criterion.
Modern ac-to-ac (dc link) converters with pulse width modulation in 

inverters usually meet this constant volts per hertz requirement because the 
PWM techniques allow for efficient and simultaneous control of frequency 
and A>eak value of ac three-phase output voltages.

(3 115)

where z/>(f) stands for stator winding flux linkages. 
In the case when

v(t) =  Vm COSCdt,

from formula (3.115) we find

(3.116)

(3.117)

and

(3.118)

=  const. (3.119)





DC-to-DC Converters (Choppers)

C hapter 4

4.1 Buck C onverter

In this chapter, dc-to-dc converters are discussed. These converters find 
many applications in various areas of technology where several different 
levels of dc voltage are (simultaneously) required. Integrated circuits and 
electronic circuits, in general, are examples of such applications. There are 
many dilferent designs of choppers. In this chapter, we discuss only the most 
basic and simplest versions of dc-to-dc converters with direct electric as well 
as magnetic coupling connections between input and output terminals.

We start with the study of the buck (step-down) chopper whose electric 
circuit is shown in Figure 4.1. This circuit contains five basic elements: 
transistor T r, freewheeling diode D , inductor L, capacitor С  and resistor 
R. The same five elements are used in the designs of boost and buck- 
boost choppers discussed in subsequent sections. However, these elements 
are differently interconnected in those choppers, resulting in their different 
performance.

The operation of the circuit shown in f  igure 4.1 can be described as 
follows. Transistor TV is periodically turned “on” and “off.” When the 
transistor is “on.” the diode is reverse biased and “off,” and voltage Vo is 
applied across terminals a  and b. When the transistor is "off,” the free
wheeling diode is automatically turned “on” to maintain the continuity of 
the current i i ( t )  through the inductor. This implies that when the tran
sistor is “off,” zero voltage appears across terminals a  and b. Thus, the 
voltage source Vo, the transistor and the diode can be replaced by the 
equivalent voltage source veq(t) as shown in Figures 4.2a and 4.2b, where 
T  is the period of repeated switching, while D is the fraction of this period 
when the transistor is “on.” This quantity is termed the “duty factor.” It

467
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Fig . 4.1

is evident from Figure 4.2b that as a result of periodic switching the input 
dc voltage is “chopped” and transformed into a periodic sequence (tra in ) 
of identical rectangular pulses. This explains why dc-to-dc converters are 
called choppers.

It  turns out that the circuit shown in Figure 4.1 has two distinct modes 
of operation: “ continuous” mode when the current i i ( t )  is always strictly
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(a ) (b)
Fig. 4.3

positive,

* L ( t )  > 0, (4.1)

and the “ discontinuous” mode when the current г^(£) reaches zero during 
the tim e interval when the transistor is “off” and remains equal to zero 
until the transistor is turned “on” again. This zero value is maintained 
because the flow of the current i i ( t )  in the direction opposite to the one 
shown in Figure 4.1 is prohibited by the diode. Thus, the discontinuous 
mode of operation is characterized by the formula

й (* )> 0 , (4.2)

and the equality in this formula is realized during some time interval when 
the transistor is “off.”

It  turns out that the performance of the chopper is quite different for 
these two modes of operation. For this reason, these two modes are dis
cussed below separately. W e shall first start w ith the discussion of the 
continuous mode of operation and we assume that the capacitance С  is 
large enough that the ripple of the voltage across this capacitor (as well as 
across the resistor R )  is negligible. In  other words, it is assumed that

vcit) = Vc — const > 0. (4.3)

If  this is not the case, then the chopper is not properly designed because the 
output voltage Vout cannot be maintained constant. The assumption (4.3) 
is used throughout this chapter in the analysis of a ll dc-to-dc converters.

Figure 4.2b suggests that the circuit in Figure 4.2a can be transformed 
into two circuits shown in Figures 4.3a and 4.3b for the time intervals 
(0, D T 1) and (D T ,X ), respectively. F irst, consider the time interval

0 < t <  DT.  (4.4)

i
i
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B y  using K V L  for the circuit shown in Figure 4.3a, we find

L ^ - + V C = V0, (4.5)

which implies that
d ib it) Ц, -  Vc

= const. (4.6)
dt L

Sim ilarly, for the time interval

D T  < t  < T ,  (4.7)

from the circuit shown in Figure 4.3b we conclude that

L + VC = 0 (4.8)
dt

and

Since we consider the steadv-state performance of the buck chopper, the 
values of i i ( t )  at the beginning and at the end of one period must be the 
same. This implies tnat

i L ( 0 ) = i L (T ).  (4.10)

The latter is only possible if the right-hand side of formula (4 6) is positive; 
otherwise, i^ (f) would be monotonically decreasing throughout the period 
[0, T ] (see (4.9)) and the equality (4.10) is not possible. Thus, we conclude 
that

at L
The last inequality indicates that the chopper shown in Figure 4.1 is the 
step-down (buck) chopper. Next, by integrating equations (4.6) and (4.9), 
we find

гь (П  = Im in + V° Z  V c t, 0 < t < D T , (4.12)
1j

i L (t) = I maX - ^ j- ( t - D T ) ,  D T  < t  < T .  (4.13)

The plot of ib (t ) is shown in Figure 4.4. From  the last two formulas as well 
as Figure 4.4, we find

W  = Im in + —  -г V°  D T , (4.14)Lj

/кЩ = Imax ~  D)T,  (4.15)
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which is equivalent to

Vo -  Vc  
t — T — — ____—  D T1 m ax l m in  — т и  J- ,

I-max %min = ^ ( 1  - D )T .
Li

Prom the last two formulas follows that

^ ^ D T  = ^ ( 1  -  D )T , 
Li Li

which leads to

Vmt = VC = D V0.

(4.16)

(4.17)

(4.18)

(4.19)

It  is clear from the last relation that the circuit shown in Figure 4.1 is 
indeed a step-down (buck) converter and that the output voltage can be 
fu lly controlled by varying the duty factor D. The desired variations of 
the duty factor can be accomplished by using the pulse w idth modulation 
technique sim ilar to the one discussed in the previous chapter. Namely, the 
switching of the transistor can be controlled by the difference between a 
reference dc voltage V2 {t) and a triangular carrier waveform voltage v\(t) 
(see Figure 4.5). It  is clear that by changing the level of (t) the w idth 
of the rectangular pulses (and duty factor D ) can be effectively controlled. 
The input-output (transfer) relation has been derived under the assumption 
of the continuous mode of operation, that is, when the strict inequality (4.1) 
is valid. This inequality is valid if and only if

lm in  >  0 . (4.20)



472 Fundamentals of Electric P ow er Engineering

Fig. 4.5

Next, we shall discuss under what constraints on inductance L  or duty 
factor D  the last inequality is valid. To find these constraints, we shall 
carry out the analysis of electric currents in the chopper. According to 
K C L , we have

It  is apparent that

ic ( t )  — ib (t ) -  in (t).  (4.21)

M * )  = £  = (4.22)

Ш  = C ^ p - .  (4.23)

B y  substituting the last two formulas into equation (4.21), we find

(4.21)

Now, we shall integrate both sides of the last equation over one period T . 
This yields

°  Jo  =  £ iL ^ dt - ~ t T- (4'25)
I t  is easy to see that

T ^ i r d t= Vc<-T) ~ с̂ ( °) =  ° ’ (4'26)
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because at the steady state vc{t) (as all other quantities) is a periodic 
function of time with period T . Furthermore, the second integral in formula 
(4.25) is equal to the area under the plot of ii(t) for one period T. From 
this fact and Figure 4.4, we find

f ‘ J 0

Imnr ' I-max *тгп.

ОТ

rT I
iL{t)dt =  -

Jo
+  Лmax г  i тгп T,

By using formulas (4.26) and (4.28) in equation (4.25), we derive

2 DVq
“b lmin — R

On the other hand, from formulas (4.17) and (4.19) follows that 

f (1 — D)DT xr
±max 1min —  £  •'O-

By adding equations (4.29) and (4.30), we arrive at

I  max =  DVq |
( 1  (1 -D ) T \  
\R  2 L J '

Similarly, by subtracting equations (4.29) and (4.30),

lm in  — DVq |( 1  (1 -D ) T \  
{R  2 L } '

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

From the last formula we conclude that the inequality (4.20) holds and, 
consequently, the continuous mode of operation is realized if

^ ( Ц ® ! Г > 0 , (« 3 )

It is easy to see that the last inequality is fulfilled for any value of duty 
factor D if the inductance L in the circuit shown in Figure 4.1 is sufficiently 
large, namely if

L >  L —
RT (4.34)

On the other hand, if the inductance L in the converter circuit is smaller 
than jL, then the constraint can be imposed on the duty factor D  to achieve
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■>t

the inequality (4.33) and, consequently, to guarantee the continuous mode 
of operation. From inequality (4.33), we find

2 L
d > d  = 1 ~ r t -

(4.35)

Formulas (4.31) and (4.32) can be used to fully describe the currents in 
the converter circuit. Indeed, by substituting these formulas into equations 
(4.12) and (4.13), we find explicit expressions for г^{Ь) for tim e intervals 
when the transistor is “on” and “off,” respectively. The value of the current 

is given by formula (4.22). Now, by using formulas (4.12), (4.13) and 
(4.22) in equation (4.21), we end up w ith the following expressions for the 
current ic ( i )  through the capacitor:

, ( l- D )V o ,
m m  i 7 Г —* c (t) = I* R

i C (t) = /max -  ^ ( t  -  О Т ) -  ^

if 0 < t < D T,

if D T  < t < T .

The plot of ic ( t )  is presented in Figure 4.6, where
V0D (  1 -  D )T

ic (  0) = - iC {D T )  =
2 L

(4.36)

(4.37)

(4.38)

as can be found from formulas (4.31), (4.32), (4.36) and (4.37).
B y  using the last figure, the ripple Д Q  of the electric charge of capacitor 

С  can be computed as follows:

i c {D T )  T  V0 D (  1 -  D )T 2 

2 2 ~
A Q - f . i c { t ) d t  =

OJU
(4.39)
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From the last formula, the r;pple Д  Vc of the voltage across the capacitor 
С  ran be evaluated as

Ag = VbO(l - D)T» VjCjl - P j 
С  8 LC  & f2L C  '

where /  = ^ is the frequency of switching. B y  taking into account formula
(4.19), we further derive

A V C 1 -  D  
“  8P L C

(4.41)

The last formula clearly reveals that the level of ripple in Vc  and, con
sequently. in the output voltage Vout can be effectively suppressed by the 
proper choice of energy storage elements L  and С  as well as by increasing 
the switching frequency f .  It  is also evident from the last formula that 
there exists a trade-off between the switching frequency and the values of 
the energy storage elements.

Now, we proceed to the discussion of the discontinuous mode of oper
ation of the buck chopper. In  this mode of operation, the current - i{t) 
through the inductor is strictly positive only during the portion D \T  (w ith 
D i  > D )  of the switching cycle, i.e.,

i L { t )>  0, if 0 < i < D\T, (4.42)

and this current is equal to zero during the rest of the cycle, that is,

i t ( i )  = 0, \ iD xT < t < T .  (4.43)

B y  using the same reasoning as before (see the derivation of equations (4.6) 
and (4.9)), we rind

d t i ( 0 = ; if 0 < £ < D T, (4.44)
at L

if  D T  < t < D iT .  (4.45)
dt L

B y  integrating the last two equations, we obtain

i L (t) = V° ~ V c t, if .0 < t < D T, (4 16)
L

i L (t) = I-max -  ^ ( i  -  D T ),  if D T  < t < D iT .  (4.47)

B y  using the last two equations and formula (4.43), the plot of ib (t ) can be 
constructed as shown in Figure 4.7. It  is clear from the last two formulas
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as well as from the last figure that

j  - Y ^ q d t1 m ax  — J~/ -L »

Im a x  =  X ( D l  _  D ) T '

(4.48)

(4.49)

These are two equations w ith respect to three unknowns /max> У с  an<* 
D\. Thus, we need an additional equation that can be derived by using 
the power balance condition that the average per period T  input power 
Pin  supplied by the input voltage source is equal to the average output 
power P oul dissipated across the resistor R. Power P in can be computed as 
follows:

■DT ”  rDT V0 l maxD1 V  f U i
P in  =  =  I  v 0 i L ( t ) d t  =  ^  =

1 Jo  1 Jo
On the other hand,

Since

P i n  =  -P ou t)

from formulas (4.50) and (4.51) we derive

Vo IjnaxD Vg 
2 R  '

Now, we have three equations (4.48), (4.49) and (4.53) w ith respect to three 
unknowns I  max, Vfc and D\. Our immediate goal is to find the expression

(4.50)

(4.51)

(4.52)

(4.53)
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for the output voltage Vout = Vc- To this end, we substitute formula (4.48)
into the last equation to arrive at

V0 (V0 - V C )D 2T  V 2

2 L  R

This relation can be further transformed as

V3 +
d 2r t

2 L VQV c -
D 2R T  

2 L

W e next introduce the non-dimensional parameter

к =
D 2R T

AL

and w rite the quadratic equation (4.55) in the form

( I  ) ■ ♦ * ( $ ) — *

(4.54)

(4.55)

(4.56)

(4.57)

B y  solving the last equation and taking into account that ^  is positive, 
we find

= - /t+ 4 /fc2 + 2fc,
Ц)

or

(4,58)

(4.59)

It  is apparent from the last formula that the performance of the buck chop
per in the discontinuous mode of operation is quite different from its per
formance in the continuous mode. Indeed, in the discontinuous mode, the 
output voltage depends not only on D  as in the case of the continuous 
mode but on Я , L  and T  as well, as it is evident from formulas (4.56) 
and (4.59). If  the inductance L  in the converter circuit is smaller than L  
(see formula (4.34)), then depending on the value of D  the continuous or 
discontinuous modes of operation can be realized. This is illustrated by 
Figure 4.8, where line 1 corresponds to the continuous mode (see formula
(4.19)), while curve 2 computed by using equation (4.59) corresponds to 
the discontinuous mode. The value D  is defined by formula (4.35).
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4.2 B oost Converter

In this section, we shall discuss the boost (step-up) converter in which the 
controllable output dc voltage is larger than the input dc voltage. The 
electric circuit of this converter is shown in Figure 4.9. The operation 
of this circuit can be described as follows. TVansistor Tr is periodically 
turned “on” and “off.” Consider one period [0, T] of this switching. When 
the transistor is “on” during the time interval

0 < t < DT, (4.60)

the diode is reverse biased and in the “off’ state. This implies that during 
this time interval the circuit shown in Figure 4.9 is reduced to the circuit 
shown in Figure 4.10a. When the transistor is “off* during the time interval

DT < t< T ,  (4.61)

the freewheeling diode is turned “on” to maintain the continuity of the 
current 2£,(t) through the inductor. This implies that for this time interval
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Fig. 4.10

out

(b)

the circuit shown in Figure 4.9 is reduced to the one shown in Figure 4.10b. 
The boost chopper, sim ilar to the buck chopper, has two distinct modes of 
operation: continuous mode and discontinuous mode. We shall first discuss 
the continuous mode of operation when the inequality (4.1) is valid for any 
instant of time. It  w ill be assumed in our discussion that the capacitance С  
in the electric circuit shown in Figure 4.9 is large enough that the ripple of 
the voltage across the capacitor is negligible and the relation (4.3) is quite 
accurate.

B y  using K V L  for the circuit shown in Figure 4.10a, we find that

which implies that

«MO Vo ,  n 
dt L

if 0 < t < D T .

(4.62)

(4.63)

Sim ilarly, by using K V L  for the circuit shown in Figure 4.10b, we conclude 
that

L ^ l T  + Vc = Vo'
which leads to

d iL {t) V0 -  Vc if D T  < t < T.

(4.64)

(4.65)
dt L

Since we are interested in the steady-state performance of the boost chop
per, from formulas (4.63) and (4.65) we conclude that

K0 - K c < 0. (4.66)

Otherwise, would be a monotonically increasing function of time
throughout the entire period [0, T J, which is not possible at the steady state
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> t

when the equality (4.10) must be satisfied. The inequality (4.66) implies 
that

Vfc > Vb (4.67)

and the chopper shown in Figure 4.9 is the boost (step-up) converter. 
Next, by integrating equations (4.63) and (4.65), we obtain

if 0 < t < D T , (4.68)

V b -  Vn

^L,(0 — ^min  "b - j r t ,

^l(^) — Imax "Ь ( i -  D T ),  if D T  < t < T . (4.69)

The plot of i i ( t )  is shown in Figure 4.11. From  the last two formulas as 
well as Figure 4.11 we derive

т̂г.ах lmin —

Imax ~  lmin = ^ 7 ^ (1 -  D )T .

From  relations (4.70) and (4.71) follows that 

which is equivalent to

y±DT = ¥Z- Y°(i -D)T,
-Ь Ju

V0D  = (VC - V 0 ) ( 1 - D ) .

(4.70)

(4.71)

(4.72)

(4.73)

From  the last formula we find the following transfer (input-output) relation:

K,ut =  Vc  =  (4.74)1 - D
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It  is clear from the last formula that the circuit shown in Figure 4.9 is the 
boost chopper and that by controlling the duty factoi D  the output voltage 
can be effectively controlled. It  is also clear from the Is st formula that

lim  Vc  = oo. (4.75)
D -+1

The latter is c lea ily  impossible This unrealistic performance of the circuit 
shown in Figure 4.9 is due to the idealization of the inductor in this circuit 
when its resistance is entirely neglected. The detailed analysis, which ac
counts for this resistance, suggests that formula (4.74) may be valid for the 
following range of variation of the duty factor:

0 < D  < 0.8. (4.76)

The latter implies that

1 < ^  < 5. (4.77)
Vo

The liiput-output (tian sfrr) relation (4.74) has been derived under the tacit 
assumption that

I m i n  >  0 ,  ( 4 - 7 8 )

which must be satisfied for the continuous mode of operation. Next, we 
shall discuss under what constraints on inductance L  or duty factor D  the 
last inequality is valid. To do this, we shall derive the explicit expression 
for Imin- To this end, we shall invoke the principle of power balance which 
implies that the average per period T  input power P in supplied to the 
converter by the voltage source Vo is equal to the average output power 
Pout dissipated across the resistor R :

P i n  '= P o u f  {4.79)

Power P m can be computed as follows:

pm =  ^  J o V0 i L {t)dt = y J q iL ^ dt (4'8° )

The last integral is equal to the area under the plot of ib (t) f ° r one period 
T . From  this fact and Figure 4.11, we find

IT i L {t)dt = i minT  + ha** = Imax +2 Im i-T . (4 .8 i)

B y  using the last formula in equation (4.80), we obtain

„  V o ( I m a x  +  I m i n ) LA
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On the other hand, according to formula (4.74), we derive

R  (1 -  D ) 2R '
p _ c _
‘ out  — — — (4.83)

By  substituting the last two formulas into equation (4.79), we arrive at

V o {Im a x H- I rrn'n ) _

which is tantamount to

VS
(1 — D ) 2, }1  

2V0
(1 - D ) 2R '

Now, by adding equations (4.85) and (4.70), we find

+
D T

( l - D ) 2R  21

Sim ilarly, by subtracting equation (4.70) from (4.85), we obtain

Im in  — Vo
D T

(1 - D ) 2R  21

(4.84)

(4.85)

(4.86)

(4.87)

From the last formula we conclude that the inequality (4.78) holds and the 
continuous mods of operation is realized if

1 D T  „
(1 - D ) 2R 2 L  '

(4.88)

It  is easy to see that the last inequality is fulfilled for any value of duty 
factor D  if the inductance L  in the circu it shown in Figure 4.9 is sufficiently 
large, namely if

R T
L  > L  — ——  max \D( 1 — D )2\ .

2 0<D  0.8 L v '  1
(4.89)

On the other hand, if the inductance L  in the converter circu it is sm aller 
than L , then the constraint сгл be imposed on the duty factor D  to achieve 
the inequality (4.88) and, consequently, to guarantee the continuous mode 
of operation. Indeed, from inequality (4.88) we find

C ( l - D ) 2 < § . (4.CO)

To find the values of D  for which the inequality (4.90) is valid, consider the 
fu action

f ( D)  =  D ( l - D )2 (4.91)
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f(D)
27

2 L  
R T

0| 1У D "  0.8 1

Fig. 4.12

It  is clear that this function is positive for 0 < D  < 1 and that /(0 ) = 
/ (1 ) = 0. Next, it is apparent that

The latter implies that f ' { D )  = 0 for D  =  ̂ and that f {D )  achieves its 
maximum value for this value of D. This maximum value is

Now, the plot of f (D )  can be easily constructed and it is represented by the 
continuous line in Figure 4.12. B y  using this figure, it is easy to conclude 
that the inequality (4.90) is valid and, consequently, the continuous mode 
of operation of the boost chopper is realized for the values of D  that are 
w ith in the intervals

(4.92)

(4.93)

0 <£><£>',

D "  < D  < 0,8,

where D ’ and D "  are two real roots of the cubic equation

(4.94)

(4.95)

(4.96)

2 L  4
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then the continuous mode of operation is realized for any D . The last 
inequality can also be written as

L >  L — R T . 
27

(4.98)

B y  taking into account formula (4.93), it is easy to see that the inequalities 
(4.89) and (4.98) are identical.

Now, we shall proceed to the discussion of the discontinuous mode of 
operation of the boost chopper. In  this mode of operation, the current 
i i ( t )  through the inductor is strictly positive only during some portion 
D ] T  (w ith £>i > D )  of the switching cycle, that is,

i L ( t )>  0, if 0 < t < D iT ,  (4.99)

and the current i i ( t )  is equal to zero during the rest of the sw itching cycle, 
that is,

i L (t) = 0, if D \ T  < t <  T. (4.100)

This zero value of the current i i { t )  is m aintained because the flow of the 
current ic ( t )  in the direction opposite to the one shown in Fig i.re  4.9 is 
prohibited by the diode.

B y  using the same reasoning as before (see the derivation of equation
(4.63) and (4.65)-(4.66)). wc find

diL (t) = Vo > if о < i < D T ,  (4.101)
dt L  

dib it) K0 -  Vc < 0, if D T  < t <  D\T. (4.102)
dt L

B> integrating the last two equations, we derive that

i L (t) = if  0 < t < D T , (4.103)
L

Vc -  Vn
» l(0  = Imax + —  - - ( < -  D T ),  if D T  < t < D\T. (4.104)Lj

B y  using the last two equations and formula (4.100), i i ( t )  can be plotted 
as shown in Figure 4.13. It  is apparent from the last two formulas as well 
as from Figure 4.13 that

Imax = ~ D T ,  (4-105)
AJ

Imax = * 7 -V l -  D )T ■ (4106)
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->t

These are two equations w ith respect to three unknowns Imaxi Vc an<̂  ^i- 
An additional equation is needed and this equation can be derived by using 
the power balance condition

P i n  =  P o u t ,  ( 4 -1 0 7 )

where P in and P 0ut have the same meaning as before.
It  is clear that

-t r T  V .
p<~ =  j f  V^ { t ) d t  = j f  i b ( t ) d t .  (4.108)

The last integral can be evaluated by using Figure 4.13 as follows.
r D xT  
/ i L (t)dt =

Jo

im azD lT

From  the last two equations we find
VqI v w D i

P i n  —

On the other hand,

P o u t  —

2

m
R

Prom formulas (4.107), (4.110) and (4.111) we find

VoImaxD! V£
2 R '

(4.109)

(4.110)

(4.111)

(4.112)

Thus, now we have three equations (4.105), (4.106) and (4.112) for three 
unknowns I шах, Vc and £>i. Our immediate goal is to find the expression
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=  4 • 1СГ3 

=  9 • 1(T3 

=  2 • 1СГ2

Fig . 4.14

for the output voltage Vout = Vc- To this end, we shall first derive the 
form ula for D i by using equations (4.105) and (4.106). It  is clear from 
these equations that

Y±D t  =  К с ~ К° (Д  1 -  D)T. (4.113)
Lt Lt

B y  using simple algebraic transformation, we find from the last relation 
that

-  v ^ V ,D  <4Л14»
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Vq Vc D 2T  _  V&

Next, by substituting formulas (4.105) and (4.114) into equation (4 .112),
we end up with

2L (V C -  Va) R  :
w iiich leads to

,D 7R T  
2 L = {Vc  -  V0 )VC .

(4.115)

(4.116)

B j introducing the non-dimensional parameter

к —
D 2R T  

4 L  '
(4.117)

equation (4.116) can be w ritten as the following quadratic equation:
2

(4.118)

B y  solving the last equation and taking into account that тг is positive,
we find

(4.119)

It  is apparent from the last formula thp.t the performance of the boost 
chopper in the discontinuous mode of operation is quite different from its 
performance in the continuous mode. Indeec', in the continuous mode the 
output voltage depends only on the duty factor D  (see formula (4.74)), 
while in the discontinuous mode the output voltage depends on fc, which is 
a function of D , R , L  and T. If  the inductance L  in the converter circuit 
is sm aller than L  given by formula (4.98), then depending on the v?lue of 
duty factor D  the continuous or discontinuous mode of operation can be 
realized. Th is is illustrated by Figure 4.14a, in which the lines marked “ 1” 
and “3" correspond to continuous mode (see formulas (4.94) and (4.95)) 
while the line marked ‘‘2’' corresponds to the discontinuous mode. It  must 
be remarked that the curves “ 1” afld “3” are computed by using formula 
(4.74), while the curve “2” is computed by using formulas (4.117) and
(4.119). The values D ‘ and D "  are computed by solving cubic equation 
(4.96).

It  was mentioned before that the transfer relation (4.74) for continuous 
mode of operation was derived by neglecting the srm.ll resistance R l  of the 
inductor and this is the reason why formula (4.74) fails for duty factors D  
close to one. The transfer relations that account for small values of R l  are
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Fig. 4.15

(a ) (b)

Fig . 4.16

shown in Figure 4.14b for different values of ratio R l / R ■ These transfer 
relations have been computed by using the formula given in the problem 
52. This formula as well as the curves in Figure 4.14b suggest that the 
small parameter R l  may have a strong effect on the performance of the 
boost converter.

4.3 B uck-B oost C onverter

In  this section, we shall discuss the buck-boost converter whose controllable 
output dc voltage can be below or above the input dc voltage. The electric 
circuit of this converter is shown in Figure 4.15. The operation of this 
circuit can be described as follows. Transistor T r  is periodically turned 
“on” and “off.” Consider one period [0,T ] of this switching. W hen the 
transistor is “on” during the tim e interval

0 < t < D T ,  (4.120)

the diode is reverse biased and in the “off” state. Th is means that during 
this tim e interval the circu it shown in Figure 4.15 is reduced to the circu it 
shown in Figure 4.16a. On the other hand, when the transistor is “o ff5 
during the time interval

DT < t<T , (4.121)
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the freewheeling diode is turned “on” to maintain the continuity of the 
current i i { t )  through the inductor. This means that for this time interval 
the circu it shown in Figure 4 15 is reduced to the one shown in Figure 4.16b. 
The buck-boost chopper has two distinct modes of operation: continuous 
mode and discontinuous mode. W e shall first discuss the continuous mode 
when the inequality (4.1) is valid for any instant of time. It  w ill be assumed 
throughout our discussion that the capacitance С  in the electric circuit 
shown in Figure 4.15 is sufficiently large that the ripple of the voltage across 
the capacitor can be neglected and the relation (4.3) is quite accurate.

B y  using K V L  for the circuit shown in Figure 4.16a, we find that

= . (A.122)
dt

and

^  > 0, if 0 < t  < D T. (4.123)
at L

Sim ilarly, by using K V L  for the circuit shown in Figure 4.16b, we arrive at

L ^ l  + VC = 0. (4.124)
at

which leads to

^ 2  = - ^ < 0 ,  if D T  < t  < T .  (4.125)
dt L

B y  integrating equations (4.123) and (4.125) we respectively obtain

if 0 < £ < D T, (4.126)

i L ( t )  =  I m a x - ^ ( t - D T ) ,  if D T  < t  < T .  (4.127)

The last two equations lead to the plot of i i ( t )  shown in Figure 4.17. From 
the last two equations as well as Figure 4.17, we find

Imax -  Imin = ^ ° T ,  (4.128)

I max- I min = % l - D ) T .  (4.129)

—  D T =  ^ ( 1  - D )T ,  (4.130)
L  L

It is apparent from the last two formulas that
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which leads to the following transfer (input-output) relation:

Vm t =  V c =
D

1 - D Vo-

It  is clear from the last formula that

lim  Vc  = oo.
D —t l

(4.131)

(4.132)

As in the case of the boost chopper, this unrealistic performance is due to 
the idealization of the inductor in the circu it in Figure 4.15 when its finite 
resistance is completely neglected. The detailed analysis, which accounts 
for this resistance, suggests that formula (4.131) is valid for the following 
range of variation of the duty factor:

0 < D  < 0.8. (4.133)

Next, it is easy to see that F ( D )  = \s a m onotonically increasing 
function of D. Indeed,

F ' { D )  = 1
(1 -  D )'

> 0.

Furtherm ore,

This means that

F (  0) = 0 and F (0 .5 ) = 1.

(4.134)

(4.135)

F (D ) < 1, if 0 <  D < 0.5, (4.136)
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and, consequently, according to the transfer relation (4.131)

0 < V C = Vout < Vo, if 0 < D  < 0.5. (4.137)

This implies that the circuit shown in Figure 4.15 operates as a buck (step- 
down) chopper when the duty factor is varied between 0 and 0.5.

On the other hand, it is clear that

F (£ > )> 1 , if 0.5 < D  < 0.8, (4.138)

and according to formula (4.131)

V0 < V c  = Vout< 4VQ. (4.139)

Thus, the circuit shown in Figure 4.15 operates as a boost (step-up) chopper 
when the duty factor D  is varied between 0.5 and 0.8.

The transfer relation (4.131) is illustrated by Figure 4.18. This transfer 
relation has been derived under the assumption that

Imin > 0, (4.140)

which is satisfied when the continuous mode of operation is realized. Now, 
we shall discuss under what constraints on inductance L  and duty factor 
D  the last inequality is actually valid. To do this, we shall first find the 
explicit expression for /nun- To this end, we shall invoke the principle of 
power balance

Pin = Pout, (4.141)

where P in and Pout have the same meaning as before.
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It is clear that
1 rDT Vn i DT

pin = ^ J  Vo i L (t)dt = y J o ib (t)d t. (4.142)

It  is apparent from Figure 4.17 that

IDT Itnin D T.

From the last two formulas follows that
rj Im a x  4' f-min ■* rPin  = -----------vqD.

On the other hand, from the relation (4.131) we find

V3 D 2Vq
R  (1 -  D ) 2R '

B y  using the last two formulas in equation (4.141), we end up w ith

r _  „  2 D  
*m ax -  lm in  -  V°  £  _  D )2 R -

B y  adding equations (4.128) and (4.146), we obtain

I  max — V q£)
1 T

(1 -  D )2R  2 L

(4.143)

(4.144)

(4.145)

(4.146)

(4.147)

On the other hand, by subtracting equation (4.128) from (4.146), we arrive 
at

lmin — Vq D (1 - D ) 2R  2 L
(4.148)

From the last formula can be inferred that the inequality (4.140) holds and 
the continuous mode of operation is realized if

T  л -  > 0.
(1 -  D )2R  2L

(4.149)

It  is easy to see that the last inequality is valid for any value of duty factor 
D  if the inductance L  is sufficiently large, namely if

r  r  R T
~2 ~

(4.150)

If  the inductance L  in the converter circu it is smaller than L , then con
straints can be imposed on the duty factor D  to fulfill the inequality (4.149)
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and in this way to guarantee the continuous mode of operation. Indeed, 
from inequality (4.149) we find that

(4-151)

which implies that

D > D  = 1 - (4.152)

Thus, if the duty factor is chosen to satisfy the condition (4.152), then the 
continuous mode of operation is realized. Furthermore, it is clear that the 
last inequality is valid for any D  if the inductance L  satisfies the condition 
(4.150).

Now, we shall turn to the discussion of the discontinuous mode of op
eration of the buck-boost chopper. In  this mode of operation, the current 
ib (t ) through the inductor is strictly  positive only during some portion D {T  
(w ith D\ > D ) of the switching cycle,

» L ( t )> 0 ,  if 0 < £ < D\T, (4.153)

and the current i i ( t )  is equal to zero during the rest of the switching cycle,

i L (t) = 0, \i D \T  < t  < T .  (4.154)

This zero value of the current is maintained because the flow of ib {t) 
in the direction opposite to the one shown in Figure 4.15 is prohibited by 
the diode.

Next, by using the same reasoning as before (see the derivation of equa
tions (4.123) and (4.125)), we find

= —  > 0, if 0 < t < D T , (4.155)
dt L

< 0, if D T  < t < D\T. (4.156)
dt L

B y  integrating equations (4.155) and (4.156), we obtain

u ( t )  = ^r*. if 0 < t < D T, (4.157)
Ju

iL ( t )  = I m«x - j ^ ( t - D T ) ,  if D T  < t < D\T. (4.158)

B y  using the last equations and formula (4.154), function can be
plotted as shown in Figure 4.19. It  is apparent from formulas (4.157) and
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(4.158) as well as from Figure 4.19 that

I  — —  D TJm ax — £  •Ь'-* > (4.159)

(4.160)

These are two equations w ith respect to three unknowns I max, Ус  and D\. 
Thus, an additional equation is needed, and this equation can be derived 
from the power balance condition

Pin — Pout'

It  is clear that

V  f DT 
Pin  = Y  J  ib (t)d t.

The last integral can be evaluated by using Figure 4.19 as follows:
•DTru i j/ iL( t ) d t = - ^ D T .  

Jo 2

From  the last two equations follows that

j-, Ц) Imax T)

On the other hand, we have

V c
ul “  Д "

(4.161)

(4.162)

(4.163)

(4.164)

(4.165)
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Vo V I
— —  - Я '  (4'166)

As a result, we have now three equations (4.159), (4.160) and (4.166) for 
three unknowns I  max, У с  and D  i. Our immediate goal is to find the ex
pression for the output voltage Vout =  Vc- This can be accomplished by 
substituting formula (4.159) into equation (4.166), which leads to

By using foimulas (4.164) and (4.165) in equation (4.161), we end up with

V tD 2T  _  Vg
2 L  R  '

B y  introducing, as before, the non-dimer.sional parameter

, D 2R T  
~ & L ~ '

from equation (4.167) we finally derive

Vmt = VC = V0 V 2k.

(4.167)

(4.168)

(4.169)

The last two formulas can be effectively used to predict the output voltage 
Voul in the case of the discontinuous mode of operation.

If  the inductance L  in the converter circuit is less than L  given by 
formula (4.150), then depending on the value of the duty factor D  the 
continuous or discontinuous mode of operation can be realized. This is 
illustrated by Figure 4.20 where the curve marked “ 1” corresponds to the 
continuous mode of operation, while t he curve marked “2” corresponds to 
the discontinuous mode of operation. Curves “ 1" and “2” are computed by 
using formulas (4.131) and (4.169), respectively. The value of D  is found 
bv using equation (4.152).

4.4 F ly b a c k  an d  Fo rw a rd  C o n ve rte rs

In  this section, we discuss “flyback” and “forward” dc-to-dc converters. In  
these converters, the input and output term inals are electrically isolated. 
This is achieved by using magnetic coupling between these terminals. For 
this reason, such choppers are often called indirect converters’ These types 
of converters are often used in various switching power supplies.

W e begin w ith the discussion of the flyback converter. The electric 
circu it of this converter is shown in Figure 4.21. Sim ilar to the converters 
discussed in the previous sections, the operation of the flyback converter
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Fig. 4.21

is based on periodic switching of transistor T r. Before proceeding to the 
analysis of the circuit shown in Figure 4.21 and the derivation of the transfer 
(input-output) relation, it is worthwhile to discuss two aspects im portant 
for understanding the performance of the flyback converter.

The first aspect is related to the dot convention. The essence of the dot 
convention can be stated as follows: a m onotonically increasing (in tim e) 
current entering the dotted term inal of one coil results in such induced 
voltage across the term inals of the other coil that its dotted term inal is at 
positive potential, i.e., higher potential than the undotted term inal. This 
dot convention also implies that, vice versa, a m onotonically decreasing 
(in tim e) current entering the dotted term inal of one coil results in such 
induced voltage across the term inals of the other coil that its dotted ter
m inal is at negative potential. The dot convention is introduced to avoid 
the am biguity in voltage polarities which may exist due to different coil
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Fig. 4.22

winding directions. This am biguity is usually removed by the prelim inary 
calibration of m agnetically coupled coils for the purpose of identification 
and assignment of dotted term inals. This calibration can be accomplished 
experim entally w ithout any prior knowledge of relative winding directions 
of the coils. This calibration can also be accomplished theoretically by us
ing the right-hand rule. It  is clear that the desired assignment of dotted 
term inals can always be achieved by the appropriate choice of coil winding 
directions. In  circuit analysis, it is tacitly  assumed that the proper calibra
tion has been performed and resulted in the assigned dot notations. The 
essence of the dot convention is illustrated by Figure 4.22a in the case when

> ° ’ (4Л70)
and by Figure 4.22b in the case when

di\ {t )
< 0. (4.171)

dt
The second aspect is related to the generalization of the principle of 

continuity of electric current through an inductor. This continuity is always 
valid for a single inductor and it follows from the principle of continuity of 
energy stored in the magnetic field of the inductor. In the case of a single 
inductor, this magnetic energy is given by the formula

wm(t) = (4.172)

and its continuity implies the continuity of i ( i ) .  In  the case of two coupled 
inductors, the continuity of electric current through each inductor may not 
be preserved. However, the more fundamental principle of the continuity in 
tim e of magnetic energy cannot be violated and must always be preserved. 
Otherwise, it leads to the possibility of infinite power sources, which are
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not possible and have never been observed. In  the case of two coupled 
inductors, the magnetic energy is given by the formula

«*»(*) = +  ^  + M *1(t)*2 (t). (4-173)

Now, to illustrate how the currents through individual inductors may be 
discontinuous while the continuity of magnetic energy is preserved, consider 
the following situation, which is quite relevant to the performance of the 
flyback converter. Le t us assume that the current i\ (t) through the first 
inductor is not equal to zero during some time interval (0, to)? while the 
current ia (i) through the second inductor is equal to zero during the same 
interval (see Figure 4.23). Furtherm ore, we assume that at tim e to the 
current i i ( t )  is suddenly reduced to zero (as a result of some switching, for 
instance). Then, the current i%(t) must be suddenly increased to m aintain 
the continuity of magnetic energy. Such sudden changes are illustrated in
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Figure 4.23. Indeed, according to the principle of continuity of magnetic 
energy, we have

= tym(t0+). (4.174)

B y  using formula (4.173), we find that

Wm(to-) = (4.175)

and

wm{to+) = - 2* fo 0+). (4.176)

B y  substituting the last two formulas into equation (4.174), we easily find 
that sudden changes in currents i i ( t )  and г2(() are related by the formula

^(*0+)
ii(to - )

(4.177)

Now, we are equipped to proceed to the analysis of the electric circuit of 
the flyback converter shown in Figure 4.21. As before, it w ill be assumed in 
this analysis that the capacitance С  is large enough to result in negligible 
ripples of voltage across the capacitor. In  other words, it w ill be assumed 
that

v c (t) = Vc = const > 0. (4.178)

As mentioned before, the transistor T r  is periodically turned “on” and 
“off.” Consider one period [0, T] of this switching. W hen the transistor is 
“on” during the tim e interval

according to K V L  we find

and

0 < t < D T, (4.179)

L i ^ M = V q (4. I8O)
at

M )  = * > > 0. (4.181)
dt L i

This implies that the monotonically increasing in time current i\ (t ) enters 
the dotted term inal of the first coil. According to the dot convention, this 
results in such induced voltage in the second coil that its dotted term inal 
has a positive potential while its other term inal has a negative potential.
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This means that the diode D  is reverse biased and in the “o ff’ state. Con
sequently,

l2 {t) = 0. (4.182)

Now, by integrating equation (4.181), we derive

W  = C L  + T- t, (4.183)

and

/(J) _  J Г) Т
Xm ax m in  L \ (4.184)

Next, we consider the time interval

D T  < t  < T ,  (4.185)

when the transistor T r  is turned “off.” During the turning-off process, the 
current i i ( i )  is m onotonically decreased from its value im m ediately 
before the switching to zero im m ediately after switching:

i i ( t ) = 0 .  (4.186)

According to the dot convention, this monotonic decrease in tim e of i i ( t )  
results in such induced voltage across the term inals of the second coil that 
its dotted term inal .s at negative potential, while its other term inal has 
positive potential. This means that the d.ode D  is forward biased and 
turned “on” during the switching. This diode w ill remain in the “on” state 
after switching to m aintain the continuity of magnetic energy.

According to K V L , we find

Ь 2Ш  + ус  = 0, (4.187)
at

Ш 1 Ё  -  - Y U  < Q, (4.188)
dt L  2

B y  integrating the last equation from D T  to t, we derive

m  = (4.189)

and

(4.190)

W hen the transistor T r  is turned “on” again at tim e T , this results in 
m onotonically increasing current i\ (t ) which induces the voltage across the
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term inals of the second coil of such polarity that the diode D  is reverse 
biased and turned “off.” This implies that during the second period (as 
well as during all subsequent periods) the time variations of ii(£ ) and (£} 
are periodically repeated. These time variations are illustrated by Figure 
4.24* Next, we shall relate currents Imlx and lj^Jn to I mix and I^-n, 
respectively, by using the principle of continuity of magnetic energy at time 
instants t = D T  and t — T. According to this principle, we have

u „ . (D T - ) = wm(D T +), (4.191)

L\ ( Щ *  l M X
which leads to
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From the last formula, we derive

4 2L  = (4.193)

Sim ilarly, we find

wm(T - )= w m(T+), (4.194)

which according to Figure 4.24 implies that

L2 (4 1 )2 _  in. ( 4 1 )2
2

From the last formula, we derive

r ( 2 )  _  I t  1 r ( l )

(4.195)

(4196)

B y  substituting formulas (4.193) and (4.196) into equation (4.190), we ob
tain

( 4 'L  -  i l )  = ^  a  -  £>)T. (4.197)

Now( by substituting formula (4.184) into the last equation, we end up w ith

J y - T - D T  = ^ ( 1  -  D )T , (4.198)V JU2 L>\
which can be further transformed to result in

/17 D  
V c — \ j -------- Vn •

C V b i l - D
(4.199)

W hen two coils axe wound around the same leg of a ferrom agnetic core, 
then the following formulas for inductances are valid (see Chapter 3 of P a rt
I):

N ?  N l
b i = # 4  (4 200)

'̂ me 'Vтле
Usually, coils are wound around a one-leg (toroidal) core. In  this case, the 
equivalent magnetic reluctance is given by the formula

П те = - L ,  (4.201)
/хЛ

where A  and i  are the cross-sectional area and average length of the core, 
respectively. From formulas (4.200), we find
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I

ii(i)

<z>cz>

Q - ^T r
Fig. 4.25

and the formula (4.199) can be written as

(4.203)

It  is apparent from the last formula that the dependence of the output 
voltage on the duty factor D  is the same as in the case of the buck-boost 
converter. For this reason, this converter is often called a buck-boost-derived 
converter. It  is also apparent from the last formula that by using a large 
ratio of N 2 to N\ high output voltages Vout can be achieved. The value 
of this high voltage is controlled by the switching of the transistor (i.e., 
controlling D )  on the low-voltage side of the converter.

Now, we consider the forward converter. This converter has three coils 
which are wound around the same ferromagnetic core. The electric circuit 
of this converter is shown in Figure 4.25. As before, the operation of this 
converter is based on periodic switching of the transistor T r. Consider one 
period [0, T] of this switching. W hen the transistor is “on” during the time 
interval

0 < t < D T ,  

diode Ds is reverse biased and, consequently,

*з(0  = 0.
B y  using K V L , we also find that

(4.204)

(4.205)

(4.206)

and
_  Vo > 0

dt L i
(4.207)
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This implies that the m onotonically increasing in tim e current i i ( t )  enters 
the dotted term inal of the first coil. According to the dot convention, this 
results in such induced voltage in the second coil that its dotted term inal 
has a high (positive) potential, while its other term inal has a low (negative) 
potential- This means that the diode D x is forward biased and “on,” while 
the diode £>2 is reverse biased and “off.” Now, by using K V L , we find

L ^ ! l + V c  = V2, (4.208)
at

where Vc  is the voltage across the capacitor which, as before, is assumed 
to be constant and positive (see (4.178)), while V2 is the induced voltage 
across the term inals of the second coil. To find this voltage, we rem ark that 
if the leakage flux is neglected then all turns of the first and second coils 
are linked by the same flux Ф(£). Consequently,

Vo = N :^ T '  (4209)
while

V2 = N 2 ^ f - .  (4.210)

From the last two formulas we find
N o

V2 = ~ ^ V 0. (4.211)
/V1

B y  substituting formula (4.211) into equation (4.208), we end up wixh

m i  = f ^ - Д ,  (4 212)
dt L

Now, consider the tim e interval

D T  < t < T  (4.213)

when the transistor is turned off. Th is turning-off results in a forced sudden 
monotonic decrease in tim^ of current i i ( t )  from some positive value before 
the switching to zero value after switching. According to the dot convention, 
this monotonic decrease in tim e of i i ( t )  results in such induced voltage 
across the term inals of the second coil that its dotted term inal is at negative 
potential while its other term inal has positive potential. This im plies that 
the diode D\ is reverse biased and “off,” while the diode D 2 is forward 
bused and “on.”

B y  using K V L , we find

L ^ - + V c  = 0, (4.214)
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and
di2 (t) _  Vb 

dt L (4.215)

Since we consider the steady-state (periodically repeated) performance of 
the forward converter, the last inequality implies that the right-hand side 
of equation (4.212) must be positive,

<«,{*) _  f t V o - V f e > 0. (4.216)
dt Lt

B y  integrating equations (4.216) and (4.215) we respectively find

*2(t) = I r n l  + -t, if 0 < t < D T , (4.217)

if D T  < t < T . (4.218)

A  typ ical plot of i 2 (t) is shown in Figure 4.26. From equations (4.217) and 
(4.218) we respectively derive

,<a)
m a i  m m  T

/(2) _ / ( 2> = Y C ( l - D ) T .л т а х  -*771171 \  i

It is easy to conclude from the last two formulas that

$ V o - V o Vc

(4.219)

(4.220)
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which after simple transformations leads to the following transfer (input- 
output) relation

No
Vout =  VC =  -  -DVo. (4.222)

It  is apparent from the last formula that the dependence of the output 
voltage on the duty factor D  is the same as in the case of the buck converter. 
This explains why this converter is often called a buci:-derived converter. 
It  is also apparent from the last formula that by using a large ratio  of N 2 

to N\ high output voltages Vout can be achieved. The value of high output 
voltage is controlled by the switching of the transistor T r  on the low-voltage 
side, i.e., by controlling the duty factor D.

It  turns out that there arc some constraints on the range of variation of 
D. To find these constraints, we consider the intended function of the third 
coil in the operation of the forward converter. This function is to “catch” 
and “extinguish” the magnetic flux in the ferromagnetic core during the 
time interval when the transistor TV is “off.” For this reason, this w inding is 
sometimes called the “catch winding.'1 It  would be better to call it the “ flux- 
resetting” winding. If  this magnetic flux is removed by the end of period 
[0. Г ], then at the beginning of the next period the magnetic conditions of 
the core w ill be the same as at the beginning of the previous period, i.e., 
flux resetting is achieved. Otherwise, the build-up of magnetic flux in the 
core w ill occur and the converter cannot function properly.

During the turning-off of the transistor T r, we find in accordance w ith  
the dot convention that the voltage across the term inals of the third coil 
is induced w ith such polarity that the dotted term inal is at appreciable 
negative potential. This implies that the diode D 3 is forward biased and 
the flow of the current 13(2) commences. The value of this current at the 
moment of switching is such that the continuity of magnetic energy is m ain
tained. To find the flux resetting conditions, it is convenient to w rite the 
K V L  equation for the loop formed by the input voltage source and the third  
coil in the form

= -Vo- (4.223)

The negative sign in the last equation reflects the fact that the direction of 
the current iz {t) is such that instantaneous input power is negative. This 
means that the energy stored in the magnetic field of the core during the 
tim e interval when the transistor T r  is “on” is being returned to the source 
during the tim e interval when the transistor T r  is “off.” Th is energy return



D C -to-D C  Converters 507

implies the reduction in core magnetic field and in core magnetic flux, which 
is consistent wit h the negative sign in the last equation. B y  integrating the 
last equation from D T  to t, we find

Ф  (t) = lb ( D T ) - ^ - ( t - D T ) .

Prom formula (4.209) follows thac

Ф (D T ) = Yf-DT.
N  i

B y  combining the last two formulas, we obtain

Ф . ( О - ^ Я Г - ^ - О Т ) .

The flux resetting w ill occur if

Ф(£о) = 0 for to < T.

This means according to equation (4.226) that

^ D T = ^ ( t 0 - D T ) .

Since to < T ,  from the last formula we obtain

D T  (1 -  D )T
Ж  < N 3 ’

which afier simple transformations leads to the inequality

D  <
N i

N i + N i

(4.224)

(4.225)

(4.226)

(4.227)

(4.228)

(4.229)

(4.230)

Thus, the flux resetting occurs only if the duty factor does not exceed the 
right-hand side in the last formula. In  the somewhat tynical case when 
N i = N 3 , the flux resetting condition is

D  < 0.5.1 (4.231)

This concludes the discussion of the forward converter.





P rob lem s

(1) W h at is the subject of power electronics? W hat Eire the main types 
of power converters?

(2) W h a t is the fi inction of energy storage elements in power convert
ers? Exp lain  the trade-off Detween switching speed and overall size, 
weight and cost of power converters.

(3) W h a t are the main engineering applications of power electronics?
(4) G ive a conc ise summary of the basic facts and mathematical re

lations of the drift-diffusion model for mobile carrier transport in 
semiconductors.

(5) G ive a concise summary of the basic facts related to the physics of 
p-n junctions at equilibrium.

(6) B y  using the drift-diffusion model derive the Shockley equation 
(1.72). W h at is the physical origin of reverse (negative) saturation 
current I s?

(7) W h at is a unique design feature of power diodes resulting in in
crease of their breakdown voltage?

(8) D rscribe the design and the principle of operation of the n +pn 
B J T .  Exp lain why the base in B JT  devices is narrow.

(9) Exp lain  how the B JT  can be used as a current-cont rolled switch in 
the common em itter coufiguietion. W hat are the advantages and 
disadvantages of the B JT  as a sw itch?

(10) Exp lain the design and the principle of operation of the thyristor 
(S C R ) by using the two-transistor model. Draw and explain the 
(idealized) I- V  curve for the thyristor.

(11) Describe the design and the pri nciple of operation of the M O S F E T  
and how it can be used as a voltage-controlled switch. W hat are 
the advantages and disadvanf ages of the M O S F E T  as a switch in 
comparison w ith the B J T ?
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{12) W h at are the unique design features of the power M O S F E T ?
(13) Exp lain  the design and principle of operation of the IG B T . W hat 

is the main advantage of the IG B T  in comparison w ith  the power 
M O S F E T ?

(14) Explain what snubber circuits are and give examples of such cir
cuits.

(15) Explain what resonant switches are and how they can be used 
for “soft” switching of semiconductor devices. G ive  examples of 
resonant switches used for zero-current sw itching (Z C S ) and zero- 
voltage switching (Z V S ).

(16) C arry out the analysis of the single-phase rectifier w ith  R L  load 
(see Figure 2.1a or 2.1b) by using the frequency-domain technique.

(17) Explain how the performance of the center-tapped transform er rec
tifier sho™n in Figure 2.6 is different from the performance of the 
rectifier shown in Figure 2.1a,

(18) W hat is the physical mechanism of suppressing ripple in the output 
voltage of the rectifier shown in Figure 2.9? Exp lain  the physics of 
operation of this rectifier.

(19) Carry out the analysis of the center-tapped transform er rectifier 
shown in Figure 2.15 by using the time-domain technique.

(20) Suppose you want to build a power converter to provide 10 V  dc to 
a device by using an available singlc-phase ac voltage of 120 V  rms. 
W h at turns ratio should you use in the center- tapped transform er 
rectifier shown in Figure 2.6 to achieve th is7

(21) Analyze the single-phase bridge rectifier w ith R L C  load shown in 
Figure 2.17 by using the frequency-domain technique. Exp lain  how 
the suppression of ripple is improved by the presence of two energy 
storage elements (inductor and capacitor).

(22) Suppose you have a three-phase power system from which three dc 
voltage suDplies axe being powered. One dc supply employs a three- 
phase diode bridge rectifier (Figure 2.23), another uses a three- 
phase, three-pulse diode rectifier (Figure 2.20), ana the remaining 
dc supply uses a single-phase bridge rectifier (Figure 2.1) connected 
to one of the \ hree phases. B y  using just oscilloscope mi iasm ements 
across the term inals of the R L  branches, how might it be possible 
to determine which rectification scheme is used?

(23) Analyze the three-phase rectifier shown in Figure 2.20 by using the 
frequency-domain technique.
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(24) Analyze the three-phase bridge rectifier (F  gure 2.23) by using the 
frequency-domain technique.

(25) Derive the output voltage expression for the twelve-pulse three- 
phase dioae rectifier shown in Figure 2.26 in the case when the 
ripple is small.

(26) Exp lain  the function of the freewheeling diode in the phase- 
controlled rectifier shown in Figure 2.27.

(27) Analyze the center-tapped transformer phase-controlled rectifier 
shown in Figure 2.30.

(28) C arry out the analysis of the rectifier shown in Figure 2.31 by using 
the frequency-domain technique.

(29) Suppose you have a three-phase power system from which two dc 
voltage supplies are being powered. One dc supply employs a three- 
phase diode bridge rectifier (Figure 2.23). The other dc supply uses 
a three-phase S C R  rectifier (Figure 2,31). B y  using just oscilloscope 
measurements across the term inals of the R L  branches, how might 
it be possible to determine which rectification scheme is used?

(30) Draw the circuit of the single-phase bridge inverter and explain 
how by the appropriate switching the polarity across the terminals 
of the R L  branch can be periodically inverted.

(31) Exp lain  why bidirectional (b ilateral) switches are needed for the 
operation of bridge inverters and how these switches are designed.

(32) Expla.n how the bidirectional switches shown in Figure 3.5 can 
be used to control the w idth of rectangular pulses in single-phase 
bridge inverters.

(33) W h at is pulse width modulation (P W M ) and what are the generic 
features of Fourier spectra of P W M  voltages?

(34) Describe the main steps in the derivation of formula (3.69) for the 
Fourier series expansion of P W M  voltages. W hat is the significance 
of the depth of modulation?

(35) W h at are the main functions of the inductor in the single-phase 
inverter (see Figure 3.5) w ith P W M ?

(36) How can P W M  voltages be generated? (Exp lain  how switches are 
controlled to achieve P W M  voltages.)

(37) Exp lain  how the time-domain technique can be used to analyze 
single-phase inverters w ith P W M . Derive formulas (3.95), (3.96) 
and (3.97).

(38) How can the problem of P W M  be stated as an optim ization prob
lem in the time domain?
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(39) Draw the circuit of che three-phase bridge inverter and explain the 
pattern of switching that produces the voltage waveforms shown in 
Figure 3.16.

(40) Describe a pattern of switching that results in three-phase P W M  
voltages.

(41) Exp lain  how ac-to-ac converters can be designed by cascading 
three-phase rectifiers w ith tnree phase inverters.

(42) Exp lain  how ac-to-ac converters can be used in ac motor drives for 
frequency control of speed of induction and synchronous motors.

(43) Exp lain  what the “constant volts per hertz” ciiterion  is in ac motor 
drives and why it is needed.

(44) W h at are the m ajor types of dc-to-dc converters (choppers)?
(45) W hat are two distinct regimes of chopper operation?
(46) W h at is the main assumption made in the analysis of choppers?
(47) Suppose you are considering to build a buck chopper w ith  param 

eters L  = 20 mH and i?  = 5U .0. w ith the sw itching rate of 1 kHz. 
You want to output a dc voltage that is one-fourth of the input 
dc value. In  what mode of operation w ill the chopper operate and 
what duty factor is necessary to achieve the desired output voltage?

(48) Suppose you want to build a power converter to provide 10 V  dc to 
a device by using an available single-phase ac voltage of 120 V  rms. 
You use a single-phase bridge rectifier to convert the ac voltage to 
do Design a buck chopper circu it cascaded w ith  the rectifier to 
achieve the desired dc voltage. How aoes such a device compare to 
the center-tapped transformer-based design considered in question 
20?

(49) Explain how the duty factor can be controlled in choppers.
(50) Form ula (4.19) has been derived by neglecting the resistance R l  

of the inductor. Demonstrate that in the case when this resistance 
is not neglected but R ^ T  <C L , formula (4.19) is replaced by the 
following:

V"* = VC = У ”
1 + %

(H int: use two-term Taylor expansions for exponentials.)
(51) Perform  the ripple analysis (i.e., derive the formula for A V c / V c )  

for the boost converter in the case of continuous current mode of 
operation.
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(52) Dem onstrate that in the c^se when the resistance R l  of the induc
tor is not neglected but R LT  «  L , formula (4.74) is replaced by 
the following:

V

(53) Perform  the ripple analysis (i.e., derive the formula for A V q /Vc ) 
for the buck-boost converter in the case of continuous current mode 
of operation.

(54) Dem onstrate that in the case when the resistance R l  of the induc
tor is not neglected but R i T  C l ,  formula (4.131) is replaced by 
the following:

v  - v  m - D )  
y~ , - V c - ' i ( i - D p + b '

(55) Produce the pints of Vout/^о 33 a function of D  for various small 
values of ratio R i/ R .

(56) D raw  the circuit of the flyback converter and explain its principle 
of operation.

(57) Form ula (4.199) has been derived for the flyback converter under 
the tacit assumption that l\ n > 0 (and, consequently, I ^ tn > 0). 
Derive the condition (i.e., inequalities) for L 2 (or L\) under which 
this assumption (and, consequently, formula (4.199)) is valid.

(58) Perform  the analysis of the flyback converter in the case when the 
small resistances of the two inductors are taken into account.

(59) Draw the circuit and explain the principle of operation of the for
ward converter. W hat is the purpose of the “flux resetting" winding 
w ith L 3 (see Figure 4.25)? Explain the reason for the lim itation 
on the range of duty factor values (see formula (4.231)).

(60) Compare and contrast the operation of the flyback and forward 
converters. Explain when you might want to use one converter 
instead of the other.
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ac motor drive, 463 
ac power, 148 
ac steady-state, 13 
ac-to-ac converter, 4C3 
air gaps, 73

balanced load, 144 
bandgap,347 

silicon, 347 
wide, 347 

bidirectional switch, 440 
bipolar junction transistor ( B j T),  368 

as a switch, 371 
operation as curi ent-controlled 

device, 370 
power B JT ,  375 

boost converter, 478 
continuous mode, 479 
discontinuous mode, 484 
duty factor, 481 

buck converter, 467 
continuous mode, 469 
discontinuous mode, 475 

buck-boost converter, 488 
continuous mode, 489 
discontinuous mode, 493 
duty factor, 490

capacitor, 7, 15
phasor diagram, 24 

C O M FET , 384 
complex power, 149

conduction band, 347 
constant volts per hertz criterion, 465 
continuation method, 291 
continuity of magnetic energy, 497 
core flux, 61 
core losses, 111

dc-tc-dc converters, 467 
delta connection of loads, 145 
depletion region, 358 

width, 362 
deregulation, 137 
diffusion current, 352 
diode 366

power diode, 367 
direct axis, 232
direct axis main reactance, 264 
dot convention, 206, 496 
drift current, 352 
drift-diffusion model, 357 
duty factor, 44

eddy current losses, 116 
rotational, 121 

eddy currents, 116, 144 
electric power generation, 131 
electric power grids, 137 
electric power transmission and 

distribution, 135 
electromagnetic coupling, 84, 199, 316 
elec tron-hole pair generation, 348 
energy losses, 111

519



520 Pundam entab of E lectric P ow er Engineering

equal ;irea criterion: 305 
equivalent transformation of delta 

into star, 146 
extrinsic semiconductors, 348

faults, 159
double-line-to-ground (D LG ), 169, 

192
line-to-line (LL ), 165. 195 
single-line-lo-ground (SLG ), 161, 

188
ferrite cores. 120 
ferromafnetic cores 61 
flyback converter, 495 
forward converter, 503

catch (flux-resetting) winding, 506 
Fourier series, 31, 39 
fractional-pitch winding, 248 
freewheeling diode, 423, 440, 489 
frequency control of speed, 236 
frequency of switching, 7, 8 
frequency-domain technique, 31, 40 
full-pitch winding, 246

generation and recombination of 
mobile carriers in semiconductors, 
354

Hamiltonian equations 298 
hard magnetic materials, 87 
high-frequency transformers, 200 
higher-order harmonics 

generation of, 111 
hysteresis loops, 87 
hysteresis losses, 116

ideal current source, 9 
ideal voltage source, 9 
IG B T , 384 
impedance, 16 
indirect converters, 495 
inductance, 77, 78

controlled by air gap, 82 
leakage, 79 
main, 79

induction machine, 309 
air gap, 315
coupled circuit equations, 320 321 
doubly-fed, 316 
equivalent circuit, 322 

approximate, 324 
frequency control of spee<4, 313, 331 
generator operation, 316 
mechanical characteristics, 331 
principle of operation as a motor, 

312 
rotor, 310 
rotor speec., 311 
slip, 313 
stator, 309
synchronous speed, 312, 318 
torque, 327 

inductor, 5, 14
phasor diagram, 24 

intrinsic semiconductors, 346 
inverter, 435 

sin^le-phase, 435 
three-Dhase, 456

Kirchhoff Current Law (K C L ), 9, 16 
Kirchhoff Voltage Law (KVL) ,  10, 16

laminated structure, 119 
leakage flux, 61 
leakage inductance, 82 

importance, 210, 333 
line voltages, 140

magnetic circuit theory, 61
first Kirchhoff’s Law of magnetic 

circuits, 64 
nonlinear magnetic circuits, 100 
nonlinear Ohm’s Law, 102 
Ohm’s Law of magnetic circuits, 67 
reluctance, 68 
second Kirchhoff’s Law of 

magnetic circuits, 66 
similarity between magnetic and 

electric circuits, 69 
magnetic hysteresis, 87 
magn< tomotive force (m^nf), 66



Index 521

M O SFET , 378 
as a switch, 381 
power M O SFET , 381 
principle of operation, 378 

mutual inductance, 83

neutral. 139, 142 
Newton-Raphson method, 281

ordinary differential equations with 
periodic boundary conditions, 51 

orthogonality conditions, 33

p-n junction, 358
built-in potential, 360, 364 
current, 364 
diode, 364
saturation current, 365 

Park theory, 267 
per-phase analysis, 144 
periodic non-sinusoidal sourc es, 31 
permanent magnet, 90

ideal, as a nonideal magnetomotive 
force, 94 

permanent magnet materials, 89 
permanent magnets, 87 
phase voltages, 140 
phasor diagrams, 22 

generic, 23 
phasor technique, 13 
phasors

complex frequency, 20 
power factor, 150 

adjustment, 150 
power flow analysis, 275 
power flow equations. 279 
pulse width modulation (PW M ), 443 

Fourier spectra, 444 
generation of PW M  voltages 452 
modulation index, 444 
sparse-twin spectrum, 449 
time-domain analysis, 453

quadrature axis, 232
quadrature axib main reactance, 262

reactive power, 149 
rectifier

center-tapped transformer, 397,
406

harmonics, 397, 406 
phase-controlled, 423 
single-phase full-wave diode bridge, 

389
three-phase, 411 
with R C  and R L C  loads, 400 

reference direction, 3 
reference polarity, 3 
reluctance, 68 
resistor , 4, 14

phasor diagram, 23 
resonance, 19, 149 
resonant switch, 387 
ripple, 6, 8. 43 345 

suppression, 47, 50

saturation, 101 
separatrix, 302 
sequence networks, 180, 188 

negative-sequence, 185 
positive-sequence, IM  
zero-sequence, 183 

small parameters, 13 
snubbers, 385 
soft magnetic materials, 87 
solar generation, 134 
star connection, 138 
stray losses. 200 
superposition principle, 41 
swing equation, 293 
symmetrical components, 171 

negative-sequence, 172 
positive-sequence, 171 
zero-sequence, 173 

symmetry 
even, 35 
half-wave, 36 
odd, 35
simplifications of Fourier series, 37 

synchronous condenser, 273 
synchronous generator, 229
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(P , V)-source, 235 
air gap, 232, 236
armature reaction magnetic field, 

230, 233, 236 
design of stator windings, 245 
equivalent circuit, 257 
frequency. 235
ideal cylindrical rotor machine, 236 
leakage reactance, 255 
load angle, 269
main reactance of stator phase 

winding, 254 
mmf of ideal winding, 238 
open-circuit test, 258 
phase portrait of rotor dynamics, 

301
power, 268
principle of operation, 233 
rotor, 230

cylindrical, 230 
salient pole, 231, 259 

short-circuit test, 258 
static stability, 258, 270 
stator, 229 
stator winding, 229 
transient stability, 293 
two-reactance theory, 259
V  curves, 272 
winding mmf, 247

synchronous motor, 236 
synchronous speed, 233, 235

ter.ninal relations, 3 
Thevenin theorem, 159 
three-phase circuits, 138 
three-phase power, 156 
thyristor, 375
time-domain technique, 31, 51 
transformer, 199

coupled ckrcuit equations, 206 
eddy current losses, 214 
equivalent circuit, 212 
ferrite core, 215 
ideal, 200
open-circuit test, 221 
principle of operation, 200 
short-circuit test, 222 
three-phase, 223 

transformer steel, 119 
transmission capacity, 136 
turns ratio, 202

urbalanced loads, 144 
uniformly rotating magnetic fields, 

144

valence baud, 347
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