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Abstract—In this article, the concept of a Langenhop type constraint on the controls of players is
introduced. The relationship between geometric, Langenhop and integral constraints is investigated.
For these three classes, the attainability domains of the players are found by admissible controls. The
parallel pursuit strategy (II-strategy) is constructed for differential game of pursuit with Langenhop
type constraints and the sufficient solvability conditions of the problem are obtained. To solve the
evasion problem, the lower bounds of the convergence, depending on the given parameters, is found.
This work develops the works of Isaacs, Petrosjan, Pshenichnyi, Azamov and other researchers,
including the authors.
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1. INTRODUCTION

Differential games was initiated by Isaacs [1]. Fundamental results in this field were obtained by
Pontryagin [2], Krasovskii [3], Bercovitz [4], Elliot and Kalton [5], Fleming [6], Friedman [7], Hajek [8],
Ho, Bryson and Baron [9], Subbotin [10], Petrosjan [11], Pshenichnyi[12] and others.

Finding the initial positions, from which the pursuit can be ended in a finite time, is one of the
interesting problems in the theory of differential games. To study the pursuit problems devoted many
research in the world. First of all, noteworthy are the studies [2, 3, 10, 12], whose methods and results
are generalized and developed in [13—15] and etc.

The construction of optimal strategies of players and finding the value of the game are important
problems of differential games. In works [16—20] were studied differential games of optimal approach of
many pursuers and one evader.

Problems, involving linear differential games with integral constraints, were studied by many authors
(see [21—27]) and their works served as a basis for studying pursuit-evasion problems in linear
differential games with integral constraints. In the works [28—30], sufficient conditions for the solvability
of linear pursuit problems with integral constraints on the control of the players were obtained, when
there is delay to information.

From the standpoint of the application, of a substantial interest is the study of differential games, in
which constraints of different types are imposed on the players’ controls. Differential games with different
types constraints studied in [31—41]. But, it should be noted that the differential games with different
types of constraints have generally been studied relatively little.
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In the theory of differential games, control functions are mainly subjected to geometric, integral or
mixed constraints. However, different types of constraints on controls are also arisen in solving some
applied problems in ecology, engineering sciences and etc. [42, 43]. The book[1] of Isaacs contains many
specific game problems that were discussed in details and proposed for further study. One of them is Life-
line problem, which rather was comprehensively studied by Petrosyan in[11] by the aid of approximating
measurable controls with most efficient piecewise constant controls that presents the strategy of parallel
approach. Later this strategy was called II-strategy. The strategies proposed in[11, 12, 31] for a simple
motion pursuit game with geometric constraints became the starting point for the development of the
pursuit methods in games with multiple pursuers (see [13—15, 26, 27, 32]).

In the work [44], the pursuit-evasion differential games with the Gronwall type constraints (see
also [45, 46]) on controls are studied and the concept Gr-constraint on the controls of the players,
which in a certain sense generalizes a geometric constraints, is introduced. In [44] a II-strategy for the
Gronwall type constraints is constructed and proved that it is an optimal strategy of pursuer. The present
work is also devoted to simple motion pursuit-evasion problems. We propose Langenhop [46, 47] type
constraints on controls of the players for differential games of pursuit-evasion and construct II-strategy
of pursuer. The new sufficient solvability conditions are obtained for problems of the pursuit-evasion.

2. STATEMENT OF PROBLEMS

Suppose that in R™ a controlled object P called the Pursuer, chases another object E called the
Evader. Denote by x the position of the Pursuer and denote by y the position of the Evader in R™. In the
present work, we consider the pursuit-evasion problems, when the objects move in accordance with the
equations

t=u, z(0)=x, (1)

y. =v, y(O) = Yo, (2)

where z,y,u,v € R", n > 1; xg and yo are initial positions of the objects. It is assumed that xg # yo;
u and v are the velocity vectors, which serve as parameters of the equations. Here u and v must be a
measurable functions u(+) : [0, +00) — R™ and v(-) : [0, +00) — R™, respectively.

There is number of works, where simple motion differential games with integral constraints on
controls of the form

¢ 1/p
lu()llp = [/ \u(t)\pdt] <o 0>0, p=1, (3)
0

were studied.

Problems with integral constraints (3) are more complicated, than problems with geometrical
constraints (see [21—-27]). But, both types of constraints are important in practice: the former type
expresses the constrained nature of the dynamical possibilities of the object (for example, a constraint
on the thrust), constraints of the latter type express the finite nature of resources (for example, fuel).

In the present paper, we propose new classes of controls for pursuer and evader. Introduce classes
admissible controls for pursuer:

Py ) Langenhop constraint (briefly, La-constraint)
t

lu(t)|? < p? — 2k / lu(s)|*ds, foralmostevery 0<t <, (4)
0

and in the sequel, we denote such class by U, where

t
t = sup {t cp?— 2k/|u(s)|2ds > 0};
0
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Py) Geometric constraint (briefly, G-constraint) of the form
lu(t)| < pe ¥ foralmost every ¢ >0 (5)

and we denote this class by Ug;
P3) Integral constraint (briefly, I-constraint) in the form

t
2
2 Py -2kt
/\u(s)\ ds < 2k<1 e ), t>0 (6)
0

and we denote such class of admissible controls by Uy, where in (4)—(6) p and & are positive numbers.

Above, for the pursuer we introduced the three classes of admissible controls. Similarly, to (4)—(6)
for evader we introduce the following classes of admissible controls:

FE4) Langenhop constraint (briefly, La-constraint)
t
lu(t)]? < 0% — 2k / |v(s)|?ds, Tor almost every 0 < t < £, (7)
0

and in the sequel, we denote the class of all admissible controls of the form (7) by V74, where
¢
t =sup {t co? — Qk/ lv(s)|2ds > 0};
0

E5) Geometric constraint (briefly, G-constraint)
lu(t)| < ge™*  foralmost every ¢ >0 (8)

and we denote by Vi the class of admissible controls satisfying G-constraint (8);
FE3) Integral constraint (briefly, 7-constraint)

t
2

/|v(s)|2ds < ;_k(l - e_2kt), t>0 (9)

0

and we denote by V7 the class of admissible controls satislying I-constraint (9), where in (7)—(9) o and
k are positive numbers, too.

[i U (correspondingly, V') is one of the introduced classes Ug, Ur, UL, (correspondingly, Vg, V7, Vi),
then the pairs (zo,u () € U) and (yo,v(-) € V) generate the following trajectories

of the pursuer and evader, respectively. The goal of the pursuer P is capture, i.e. achievement of
the equality z(t) = y(t) (Pursuit problem) and the evader E strives to avoid an encounter (Evasion
problem), i.e., to achieve the inequality z(¢) # y(t) for all ¢ > 0, and in the opposite case, to postpone
the instant of encounter as long as possible. This is a preliminary formulation of the Pursuit-Evasion
problems under consideration.

This paper is devoted to solve the following problems:

1. Pursuit problem in the game (1)—(2) with the Langenhop constraints (4) and (7) (briefly, La-Game
of Pursuit).

2. Evasion problem in the game (1)—(2) with the Langenhop constraints (4) and (7) (briefly, La-
Game of Evasion ).

For solution La-Game of Pursuit assume that at each current time ¢, the pursuer is allowed to know
the initial states xg, yo, the constants p, o, k, the current time ¢, and the value of evader’s control v().
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Definition 1. We say that a function u(t,v) : Ry x Sy — S, is the strategy of pursuer, if u
is Lebesgue measurable on t for each fixed v, Borel measurable on v for each fixed t, where
So ={w € R™: |w| < a}i.e. the ball of the radius «in R™.

Definition 2. We say that a strategy u = u (t,v) guarantees completion of pursuit for the time
T(u), if for any control of the evader v(-) € V we have x(t*) = y(t*) at some time t* € [0,T(u)],
where the pair of x(t) and y(t) is the solution of the initial value problem

z=u(t,v(t)), z(0)==xo,
y=v(t), y0)=yo, t=0.
For the solution of La-Game of Evasion assume that at each current time ¢, the evader is allowed to

know the initial states xg, yo, the constants p, o, k, the current time ¢, and the value of pursuer’s control
u(t — ¢), where ¢ is certain positive number (delay information).

Definition 3. Suppose

o vi(t—e,u), il t>e,

and let a function v*(t,u) : Ry x S, = S, be Lebesgue measurable ont for each fixed w and Borel
measurable on u for each fixed t. Then (10) is called a strategy of evader.

Definition 4. We say that a strategy v. = v.(t, u) guarantees evasion on [0,+0c0), if for any
control of pursuer u (-) € U the condition x (t) # y (t) holds for all t € [0,+00), where the pair of
x(t) and y(t) is the solution of the initial value problem

z=u(t), z(0)=xo,
y=ve(t, ult —¢))), y(0) =y, t=0.

3. THE CLASSES OF CONTROLS

Lemma 1. Ug C U, C Uy for almost every t > 0.
Proof. a) From (5) we have
t t

lu(t)]? < pPe M = p? — 2k/p2e_2ksd8 < p? - Qk/ lu(s)|?ds.
0 0
Hence, we obtain Ug C Up,.

b) Let w(t) = —2kf |u(s)|?ds. Then (t) = —2k|u(t)|? and w(0) = 0. From (4) we have () >
0

—2kw(t) — 2kp? for almost every 0 < t < #. Now multiplying both sides to e?** of last inequality, we
obtain d(w(t)ezkt) > —2kp?e?*tdt. Integrating both sides of this inequality, we obtain

t
w(t)e?M > p2<1 - e2kt> = —Zk/ lu(s)|*ds > p? (e_%t - 1).
0

Hence, follows that Uy, C Uy for almost every ¢ > 0.
Lemma 1 is proved. 0
Lemma 2. Vg C Vi, C V; for almost every t > 0.
The proof of the Lemma 2 is analogous to proof of the Lemma 1.

Lemma 3. /f u(-) € Ug and k > 0, then the trajectory of pursuer is x(t) € S, (xo) for all t > 0,
where S, (xo) is the ball of the radius . = p/k and centered at the point x.
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Proof. Let u(-) € Ug. Then from (1) and (5) we have
t

|z(t) — o] < /|u(s)|d8 < p/e‘ksds = p(l - e_kt)/k < p/k
0

0

forallt > 0. O
Lemma 4. Let for any p € R"™, p # xo, there hold
u* = (p = 20) | VI + (p/a)” — k] (1n)
and
t* =1/ [V + (p/a)” — k], (12)

where a = |p — xo| . Then: a) z(t*) = p; and b) u* € UL, fort € [0, t*].
Proof. a) From (1) and (11)—(12) we have z(t*) = z¢ + t*u* = p; b) from (4) and (11)—(12) follows
2
lu*|? = a? [\/k2 + (p/a)? — k} = p% — 2ka? [\/k2 + (p/a)? — k:} =p% - 2kt*|u*|2 < p? = 2kt|u* |,
i.e.u* € Up, fort €0, t*]. O
Lemma 5. /] u(-) € Uy and k > 0, then for the trajectory of the pursuer holds x (t) € S, (;)(wo)

forallt >0, where v (t) = py/ 5.
Proof. Let u (-) € Ug. Then from (1), (6) and by Cauchy—Bunyakovskii inequality we obtain

|z(t) — 0| §/|u(s)|ds <Vt /\u(s)Pds < pm< p\/%
0 0

forallt > 0. O

Corollary 1. /f u(-) € Ug (respectively, v(-) € Vg ) and k > 0, then the pursuer (evader)
contains in S, (xo) (Su(yo),v =o0/k) forallt > 0. Ifu(-) € Uy C Ur (respectively, v (-) € Vo C
V1), then the pursuer (evader) can be reach any point R".

4. THE La-GAME OF PURSUIT
Definition 5. /f p > o, then the function

ure(t, v) = v — ALa(t, v)€, Ara(t, v) = (v, &) + \/(v, £0)? + de= 2k (13)

is called a Ty ,-strategy of pursuer in the La-Game, where § = p* — 02, & = 20/|20| and by (v, £)
denotes the inner product of vectors v and & in R™.

Note that

lure(t, v)|2 = v + e 2, ¢t >0. (14)
Definition 6. /f there exists positive root of the equation
VOp(t) + Up(t) — /Op(t) = |20 (15)

with respect to t, where ®p(t) =to?(1 — e 2k)/2k, Up(t) = (p> — 0?)(1 — e )2 /K2, then the
smallest positive root of the equation (15) we call a guaranteed pursuit time and denote it by Tr,.

We prove the following statement.

Theorem 1. If p > o and there exists the smallest positive root of the equation (15), then Ilp,
-strategy guarantees the completion of pursuit in the La-Game on the time interval [0, Trq).
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Proof. Suppose the evader chooses an arbitrary control v () € V. If the pursuer P implements the
1y, -strategy, then using equations (1)—(2) and (13), we have the following initial value problem

Z=ur.(t, v(t)) —v(t) = —Ara(t, v(t))&, 2(0) = 20,
where z = x — y. Hence, we obtain
Z(t) :ALa(tav('))z(]v (16)

where

Ara(t, v(-) —1——/)\,;&81)
|20

We will study the nature of the decay of the approach function Az,(¢, v(-)) with respect to t. The
function Azq(¢, v(-)) is continuous and decreasing with respect to ¢ > 0 and the following estimate
holds

t

Aralt 00)) < 1= o [ [0 (@ +de2 — o () ]a
0

or
t
1
Aalt, v()) < 1— —/ ds, (17)
0
0

where g(s) = e w(s) = v (s)| and f (w) = Vw2 +6 —w. We will apply Jensen’s inequality

for integrals. Since f : [0,400) — (0,7] is a convex function (f(w) > 0) and g : [0, +o00) — (0, 1] is
integrable, we obtain

¢
t J9(s)w
[o@irtwshds = [ glst | (18)
0 S g(s)
0
Using (18) for (17), we have
. t
Apa(t,v () <1-— ol ( ds) + Up(t |U(8)|d8
0
From the Cauchy—Bunyakovskii inequality
' ¢ 1/2
[1vlas < vi ( / v<s>2ds)
0 0
¢
and from the decreasing function f(¢,7) = \/r? + Up(t) — r with respect to r, where r = f lv(s)|ds, we
obtain
Apalt, v()) <1 — / [o(s)]2ds + U p(t / o(s)|2ds | - (19)
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Hence, from (9) and (19) we find that Az, (¢, v(+)) < Arq(t), where

Ara(t) 1——[¢<1>p )+ Up(t) - VOR(D)] . (20)

Consequently, from the conditions of the Theorem 1 follow that A;,(77,) = 0 and there exists time
t* such that Az, (t*, v(-)) = 0. So, by the aid of (16) we have that z(¢*) = 0 or = (¢*) = y (t*), where
t* < TLa~

Now, prove the admissibility of the realization (13) for all ¢ € [0, ¢*]. Let the evader chooses an
arbitrary control v (-) € V4. Using (7) for (14), we have

t
luga(t, v(t))2 = [u(t)|? + de 2 < o2 — 2k/ |v(s)[2ds + de 2

t

t
:p2—2k/(|v( ) + de k) ds = p? —2k/|uLasv )|?ds,
0 0
which completes the proof of the Theorem 1. O

5. THE La-GAME OF EVASION

In the present section the Evasion problem is consider as a control problem from the point of view
of the Evader. For solving this problem we assume, that at each current instant ¢ > ¢ the evader E has
information about the value of function u(t — ) € R™ chosen by pursuer P, where ¢ is certain positive
number (delay information). In such situation, the pursuer P is said to be discriminated and the game
itself is called a game with discrimination for the pursuer P.

Definition 7. Let o > pin the La-game. Then by the Er,-strategy of the Evader we mean the
function

0, if 0<t<e,
Via(t,us(t)) = (21)
—VVu(t —e)|2 + e—2k(E=)¢, i t >,
0, ifo<t
whereus(t) = 4 1 U SUSE ) R, 0= 02 — 02, & = 20/|0].
u(t—e¢), if t>e,

Definition 8. The Er,-strategy (21) is called winning for the evader, if for every u (-) € Urq:
a) the solution z(t) to the Cauchy problem

Z2=u(t) —via(t, us(t)), 2(0) =z (22)
is nonzero for allt > 0, i.e. z(t) # 0 for all t > 0;
b) there holds v, (t, us(+)) € Vig in the time interval [0, t] for all t > 0.

Theorem 2. [ in the La-game p <o, k>0and 0 <e < 2]1%‘2, then the Er4-strategy (21) is
winning for E and the following estimate for the distance between the players holds for allt > 0:

0, if 0<t<e,
A0l {\/CDE(t—E)—i-‘l/E(t—E)—\/q)E(t_E)a i t>e, -

2
where ® (1) = tp2<1 - e—%t) /(2K), Up(t) = (02 — p?) (1 - e_kt) k2.
Proof. Suppose that the pursuer P moves under the arbitrary control u () € Ur,, and the evader E
implements the Ep,-strategy (21). [i 0 <t < ¢, then from (21) and (22) we have

2(6)] > |20 - / fus)|ds.
0
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From Lemma 5 and condition 0 < ¢ < we derive that

[ 1uts)ids <y < Pl
0
Hence, |2(¢)| > 0for0 <t < e.

Lett > €. Then from (21) and (22) we obtain
t t

12(t)] > |20 / VLa(s, us(s))ds| - / fu(s)|ds
0

£

2k|20|?
02

t

t
= |20] + / \/|u(s —&)|2 + fe2k(s—e)ds — / |u(s)|ds

€ 0
t—e t

~ ol [ |t e~ ol s~ [ fute)ias
0

Since

fort > ¢ we find

t—e t—e

|2(t)] > / [\/|u(8)|2 + fe—2ks — |u(s)|] ds = / e hs [ e2ksu(s)|2 + 60 — eks|u(s)|] ds.
0 0

By analogy of proof of the Theorem 1, using Jensen’s inequality, obtain the following inequality

t—e 2 t—e
2(t)] > ( / u(s)ds) Ut —e) - / Ju(s)|ds
0

0

Using the Cauchy—Bunyakovskii inequality

¢ ¢ 1/2
/ lu(s)|ds < V't (/u(s)2ds) ,

0 0
we obtain
FOIES (t—s)/|u(s)|2ds—|—\IJE(t—5)— (t—e)/|u(s)|2d8.
0 0

Hence, from (6) we find the estimates (23) for the distance between the players.

[t remains to show the admissibility of the implementation of the Ep,-strategy for all ¢ > ¢ (for
0 <t < € obviously). Let the purser chooses an arbitrary control u (-) € Ur,. Then from (4), (7) and
(21) we have

t—e

VEa(tue(t))]* = lu(t = e)* + (07 = pP)e K7 < p* — 2k / [us)[Pds + (0% — p?)e 2=
0
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t t
— o2 2k/(|u(s — &) 4 fe a9 ) g — o2 — Qk/ Vra(s, ue(s))2ds,
e 0

which completes the proof of the Theorem 2. 0

ACKNOWLEDGMENTS
We wish to thank A.A. Azamov and Sh.A. Alimov for discussing this paper and for providing some

useful comments.

Sk

10.
11.

12.
13.

14.
15.

16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

G W N —

REFERENCES

[saacs, Differential Games (Wiley, New York, 1965).

S. Pontryagin, “Linear differential games of pursuit,” Math. USSR-Sb. 40, 285—303 (1981).

N. Krasovskii and A. I. Subbotin, Game-Theoretical Control Problems (Springer, New York, 1988).

D. Berkovitz, “Differential game of generalized pursuit and evasion,” SIAM J. Contr. 24, 361—373 (1986).
J. Elliot and N. J. Kalton, “The existence of value in differential games of pursuit and evasion,” J. Differ.
quat. 12, 504—523 (1972).

W. H. Fleming, “The convergence problem for differential games. I1,” in Advances in Game Theory, Ann.
Math. Studies 52, 19511-210 (1964).

A. Friedman, Differential Games (Wiley Interscience, New York, 1971).

O. Hajek, Pursuit Games: An Introduction to the Theory and Applications of Differential Games of
Pursuit and Evasion (Dover, New York, 2008).

Y. Ho, A. Bryson and S. Baron, “Differential games and optimal pursuit-evasion strategies,” IEEE Trans.
Autom. Control 10, 385—389 (1965).

A. 1. Subbotin and A. G. Chentsov, Optimization of Guaranteed Result in Control Problems (Nauka,
Moscow, 1981) [in Russian].

L. A. Petrosjan, Differential Games of Pursuit, Vol. 2 of Series on Optimization (World Scientific,
Singapore, 1993).

B. N. Pshenichnyi, “Simple pursuit by several objects,” Cybern. Syst. Anal. 12, 484—485 (1976).

N. L. Grigorenko, Mathematical Methods of Control for Several Dynamic Processes (Mosk. Gos. Univ.,
Moscow, 1990) [in Russian].

A. A. Chikrii, Conflict-Controlled Processes (Springer Netherlands, Switzerland, 1997).

A. 1. Blagodatskikh and N. N. Petrov, Conflict Interaction of Groups of Controlled Objects (Udmurt. Gos.
Univ., [zhevsk, 2009) [in Russian].

R. P. Ivanov and Yu. S. Ledyayev, “Optimality of pursuit time in differential game of many objects with simple
motion,” Proc. Steklov Inst. Math. 158, 87—97 (1981).

A. G. Pashkov and S. D. Terekhov, “A differential game of approach with two pursuers and one evader,”
J. Optimiz. Theory Appl. 55, 303—311 (1987).

W. Sun and P. Tsiotras, “An optimal evader strategy in a two-pursuer one-evader problem,” in Proceedings
of the 53rd IEEE Conference on Decision and Control, Los Angeles, CA, USA, 2014, pp. 4266—4271.

G. I. Ibragimov, “Optimal pursuit with countably many pursuers and one evader,” Differ. Equat. 41, 627—635
(2005).

R
L
N
L
R
E

G. . Ibragimov, “Optimal pursuit time for a differential game in the Hilbert space l2,” Sci. Asia 39(S), 25—30
(2013).
M. S. Nikol’skii, “Direct method in linear differential games with integral constraints,” Upravl. Sist. 2, 49—59
(1969).

V. N. Ushakov, “Extremal strategies in differential games with integral constraints,” J. Appl. Math. Mech.
36, 15—23(1972).

A. Ya. Azimov and F. V. Guseinov, “On some classes of differential games with integral constraints,” Izv.
Akad. Nauk SSSR, Tekh. Kibern. 3, 9—16 (1972).

N. Yu. Satimov, B. B. Rikhsiev, and A. A. Khamdamov, “On a pursuit problem for n-person linear differential
and discrete games with integral constraints,” Math. USSR-Sb. 46, 459—471 (1983).

A. A. Chikrii and A. A. Belousov, “On linear differential games with integral constraints,” Proc. Steklov Inst.
Math. Suppl. 269 (1), 69 (2010).

B. T. Samatov, “Problems of group pursuit with integral constraints on controls of the players I,” Cybern.
Syst. Anal. 49, 756—767 (2013).

B. T. Samatov, “Problems of group pursuit with integral constraints on controls of the players II,” Cybern.
Syst. Anal. 49, 907—921 (2013).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No. 12 2021



28.
29.
30.
31.
32.
33.
34.

35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.

DIFFERENTIAL GAMES WITH THE LANGENHOP 2951

M. Tukhtasinov, “e-positional strategy in the second method of differential games of pursuit,” Differ. Equat.
Dyn. Syst. 268, 169—182 (2018).

N. A. Mamadaliev, “Linear differential pursuit games with integral constraints in the presence of delay,” Math.
Notes 91, 704—713 (2012).

N. A. Mamadaliev, “The pursuit problem for linear games with integral constraints on player’s controls,”
Russ. Math. 64 (3), 9—24 (2020).

A. Azamov, “On the quality problem for simple pursuit games with constraint,” Serdica Bulg. Math. Publ.
Sofia 12 (1), 38—43 (1986).

A.A. Azamov and B. T. Samatov, “The 1I-Strategy: Analogies and applications,” in Proceedings of the 4th
International Conference on Game Theory and Management, St. Petersburg (2010), Vol. 4, pp. 33—47.
G. L. Ibragimov and A. Sh. Kuchkarov, “Fixed duration pursuit-evasion differential game with integral
constraints,” J. Phys.: Conf. Ser. 435,012017-1—12 (2013).

M. Ferrara, G. I. Ibragimov, and M. Salimi, “Pursuit-evasion game of many players with coordinate-wise
integral constraints on a convex set in the plane,” Atti Accad. Pelorit. Pericol. Cl. Sci. Fis. Mat. Nat. 95 (2),
A6 (2017).

B. T. Samatov, “The II-strategy in a differential game with linear control constraints,” J. Appl. Math. Mech.
78, 258—263 (2014).

B. T. Samatov and A. 1. Sotvoldiyev, “Intercept problem in dynamic flow field,” Uzbek. Math. J. 2, 103—112
(2019).

M. Tukhtasinov, “Linear differential pursuit game with impulse control and linear integral constraint of
controls of players,” J. Math. Sci. 245, 2311-39 (2020).

A.N. Dar’in and A. B. Kurzhanskii, “Control under indeterminacy and double constraints,” Differ. Equat. 39,
1554—1567 (2003).

D. V. Kornev and N. Yu. Lukoyanov, “On a minimax control problem for a positional functional under
geometric and integral constraints on control actions,” Proc. Steklov Inst. Math. 293, 8511-100 (2016).

B. T. Samatov, “On a pursuit-evasion problem under a linear change of the pursuer resource,” Sib. Adv.
Math. 23 (10), 294—-302 (2013).

B. T. Samatov, “The pursuit-evasion problem under integral-geometric constraints on pursuer controls,”
Autom. Remote Control 74, 1072—1081 (2013).

J.P. Aubin and A. Cellina, Differential Inclusions, Set-Valued Maps and Viability Theory, XIII (Springer,
New York, 1984).

J. S. Pang and D. E. Stewart, “Differential variational inequalities,” Math. Programm. 113 (2A), 345—424
(2008).

B. T. Samatov, G. Ibragimov, and 1. V. Hodjibayeva, “Pursuit-evasion differential games with the Gronwall
type constraints on controls,” Ural Math. J. 6 (2), 95—107 (2020).

T. H. Gronwall, “Note on the derivatives with respect to a parameter of the solutions of a system of differential
equations,” Ann. Math. Sec.d Ser. 20, 292—296 (1919).

B. G. Pachpatte, Inequalities for Differential and Integral Equations, Vol. 197 of Mathematics in
Science and Engineering (Academic, London, 1998).

C. E. Langenhop, “Bounds on the norm of a solution of a general differential equation,” Proc. AMS 11,
795—799 (1960).

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No. 12 2021




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /RUS ()
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




