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Annotatsiya. Ushbu magqolada obyekt boshqaruvining koordinatalari o’zaro bog’ligsiz bo’lgan
holda optimal boshgaruv nazariyasida obyektning tekislikning istalgan nugtasiga optimal o’tish masalasi
o’rganilgan. Bunda tekislik to’rtta sohaga ajratilib, har bir soha uchun boshqaruv funksiya va eng qisqa
o'tish vaqti aniglanadi. Natijalar umumlashtirilib optimal boshqaruv funksiya va o’tish vaqti topiladi.
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Annotation. In this article for position coordinates of an object control isn't related and problem
crossing to any point of plain of an object is studied in optimal controls theory. This plain is decided four
field. For any field control functon and the least moving time is defined. Results are generalized optimal
control function and moving time is found.
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coordinates, optimal control function, optimal moving time.
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Annomavus. B amou cmamove 0A4 K0opduHam noroxenus 00vekma ynpasaerue He c613aHo, U
npobrema nepecewerus ¢ At000% MouKol pasHurvl o0vexma usy4aemcs 6 meopuu ONMUMAALHOZ0
ynpasrenus. Ima pasHuHa peuaentcs LemolpoMs noAAMuU. JAs A000t GYHKUUU YNpaGAeHUS 110AeM
onpedersemcs HAUMeHblULee 6pems npoxoxdetus. B pesyrvmame o0o0uyaencs onmumarvHas PynKuyus
YNpAasAeHusl u onpeoersiencs 6pems npoxoxKJeHusl.

Katoueevie caosa: zeomempuueckue ozpanuuerus, o0vexm, mpaeKmopuu, usmeplemas

PyHKUUSL, CcKOpoCmb, KOOPOUHAMDL, ONMUMAALDHAL PYHKUUSL YNPAsAeHUs, ONMUMAALHOE 6peMsl
NpPOX0XKIeHU.

1. Introduction

This article explores the optimal control of objects and their scope. It is important to
control the transition of such objects from one state to another in the most convenient way in a
certain sense. The controlled object is given to us by the following equations
¥ =X(t), X, = X(t) and the initial conditions % (0) =X, X,(0) =Xy The field of maturation
and the optimal time spent to reach an arbitrary point in that field has been found. The problem
of optimal control is characterized by the presence of an object whose movement changes over
time. V.I.Blagodatsky described such issues in his book called Introduction to the Theory of
Optimal Conrols.

In this article, a control isn't related to position coordinates of an object and problem
crossing to any point of plain of an object is studied in optimal controls theory. This plain is
decided four field. For any field control functon and the least moving time is defined. Results
are generalized for optimal control function and the fastest moving time is found.
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2. Statement of problem

We are given moving object Ein R ? and X= (Xi, Xz) means its state in plain. Let
dynamics of the object E be described the following equations by coordinates

X =Uy,  %(0) =X,
: 1)
X, =y, %,(0) =Xy,
where X,,X,,U;,U, € R?, n>2; x(0) =X, X,(0) =X,, are object's initial positon with respect
to coordinates in t =0 and X, # X,,
U, - the motion speed vector of X, coordinate, U, - the motion speed of X, coordinate,
u(t) =(u,(t),u,(t)) control parameter of an object E is the mapping u("):[0,+ ) — R* and
it is selected as Lebesgue measurable function. The coordinates of the control function U(t)
satisfy the following constraints (G- constraints)
|u1(t)| <ae™, for almost everywhere t>0, )
|u2 (t)| < Be™, for almost all everywhere t>0, 3)
where @, 3, K are given positive numbers.
We denote a class of all measurable functions U, (t) (u,(t) satisfying (3) satisfying (2) by
U, (by U,) respectively.
Definition 1. For the pairs (Xg,U,()), U ()€U, and (X, U,()), U,() €U, the

following equalities are called trajectories of an object coordinates

% (8, () =%, + [uy(s)ds, t>0, )
0

xz(t,uz(-)):xzo+_[u2(s)ds, t>0 (5)
0

Definition 2. The following equality is called motion of the object E in plain

X(t) = (t,u, (1), u, (1)), t>0. ©6)

According to Definiton 2, for different controls U,(-) €U, and U,(-) €U, there exists
different trajectories starting from the point Xy = (X0, X50).

We find the fastest moving time and optimal control transiting to any point of the plain
P=(p,, p,) that is given from initial point X, = (X;0, X50).
Firstfull, we study the case which the initial position of the object E is at the point X, =0,

p

X,o = 0. We draw straight line X, = ;xl, and X, = —gxl through the origin, (X;,X,) plain is

divided into the following fields:

11 = {(xl,xz):x2 >éx1,x > —ﬁxl},
a

(04

11, :{(xl,xz):x2 < ﬁxl,x > —éxl},
a a
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I, = {(xl,xz) 'x, < ﬁxl,x < —ﬁxl},
a

a

11, :{(xl,xz):x2 >£x1,x< —ﬁxl}.
a a

Suppose that the initial state of the object E is at the origin.
Case 1: If P=(p,, p,) €11, , then draw a straight line OP and mark the point of

intersection OP with the line X, = 8, —@ <X <& by K. In this case, the coordinate of the

point Kis (, )
From the similarity of the triangles AOMK and aOP,P we obtain the following relation:

o _p

-
A _F g =g
R R op

where IE = ,Be"‘t .

It can be seen that the inequality @; <« is valid. Consequently, we have the folowing

relations :
pfu e L a b a2 P )
P, B B P P, P P,
or
Vi ®)

where a = ae™
We choose the following vector function as the control function that the object E moves
from the origin to point P.

Ul _ O—>K _ (&ﬂekt,ﬂemj — (&ﬁ,ﬂ)ekt ©)
P, P,

Now we show that the control (9) is admissible before applying it, that is, prove that
satisfies the constraints (2) and (3).

—kt

<oe

= 2 e =l e < [

p1

‘uzl‘ < ﬁe_kt .

If the object E moves by U u', then we define the time reaching to the point P.

x(t) = Iu ds_J£ it B, ﬂjeks ds_( it B, ,Bjj'eksds =
[Qﬁéj@e”)(mm)

39



Ham/1Y unmuit axoopomnomacu - Hayunwvin eecmnuux Haml'y 2021 diun 11-con

Now we have the following result by equating the corresponding coordinates from the
last equality

_ 1
@(1_em):pl = T=—-In——r- P (10)
kp, k= B—kp,
. . . : 1 B . : :
Similarly, it is not difficult to verify that the result T, = P In -k is obtained by equating the
—Kp,

second coordinates.
Lemmal.If P € /], then the object E falls into the point P by the control

1 [P Kt
u = (—1 B, B )e . The time when the object E moves to the point P is equal to

T, == In p
k= p—kp,
Now in our problem, for the case k=0 we calculate the time when the moves to the
point P by that control U* :
1 kp, i
I|m—InL In| im(1+ Py ——2 )k _ P
>0k ﬂ - kpz =0 ﬂ o kpz IB
Case 2:If P=(p,, p,) € I1,, then draw a straight line OP and mark the point of
intersection OP with the line X, = B, —a< X, < by K. In that case, the coordinates of the
point Kis (0(,,31).
From the similarity of the triangles AOMK and aOPFP we obtain the following

relation:

where o =ae™
It can be seen that the inequality B, < f is valid , we have the following relations :

a b B L B oa B a )
PP Py P, P P, Py
or %>% (12)

where ,E = ﬂe"“

We choose the following vector function as the control function that the object E moves
from the origin to point P.

_OK = (ae"t,%aekt] [a %aj (13)
1 1
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Now we show that the control (13) is admissible before applying , that is, prove that satisfies
the constraints (2) and (3).

& o e_kt
P,

If the object E moves by U then we define the time reaching to the point P.

:TEUZ(S) j[a &aje“ ds(a —aj_[eks ds=

‘uzz‘ _ e—kt < IBe—kt

| i B
=1Ps|—1€ < |P,||—
| 2| pl | 2| p

2

oL P Py

(a &ajk(l e )=(p,.p.)

Py
Now we have the following result by equating the corresponding coordinates from the
last equality
a _ 1 a
—(l—e kTZ): p, =>T,=—In———— (14)
k kK a—kp,

1
Similarly, it is not difficult to verify that the result T, =—1In is obtained by equating the

a —kp,
second coordinates.
Lemma2.1f P € 1],, then the object E falls into the point P by the control

2 P
u (05 a FZ] . The time when the object E moves to the point P is equal to
1

1 a
T,=-Ih—%
k oa—-kp,
Now in our prolem, for the case k=0 we calculate the time when the object E moves to

the point P by that control u?

1
k
||m1|nL=|n|im(1+ﬂJ _h

0" a—kp, k>0 a —kp, a
Case 3:If P=(p,,—P,) € I1,, then draw a straight line OP and mark the point of
intersection OP with the X, = B, —a< X, <a byK.In that case, the coordinates of the point
K is (al,—ﬁ).
From the similarity of the traingles AOMK and AOPP we obtain the following
relation :

a=ae™, - f=—pe™
ﬁ:i :alzﬂﬂeikt
pl - pz pz
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where, — ,E = —ﬁe‘k‘
It can be seen that the inequality @; <& is valid. Consequently, we have the following

relations:
B_a_a  a p _a B 15)
il VR S P =P U
or &>& (16)
p «

where, o = ae™
We choose the following vector function as the control function that the object E moves
from the origin to point P.

uB:oT<=('O1 pe,—pe j (plﬁ ﬂ] (17)

Now we show that the control (17) is admissible before applying it, that is, we prove that
satisfies the constraints (2) and (3).

ae—kt

‘ulg‘: — ‘< |p1|

" ﬁ
— p A
L 0| %

If the object E moves by U®, then we define the reaching time to the point P

x(T,) = ju ds—](%ﬁ,—ﬂje“ ds=£%ﬂ,—ﬂﬁek5 ds =

0

[ B /J’J (1-¢")=(p,.-p,)

Now we have the following result by equating the corresponding coordinates from the

last equality
1. B

PPy w
—(l-e ™ )=p, = T,=—In——
kpz( )=», R ﬂ kp,

Similarly, it is not difficult to verify that the result T3 = E In ,B "
—Kp,

(18)

is obtained by equating the

second coordinates .
Lemma3. If P € /], then the object E falls into the point P by

-

3 P —kt
u"=0K = (p_l Bi=p je . The time when the object E moves to the point P is equal to

1. F

T,=—In——-
k= p-kp,
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Now in our prolem, for the case k=0 we calculate the time when the object E moves to

the point P by that control u®:

1
imtin—2— —in Iim£1+ ke, ]k b
0 ¢ ﬂ o kpz 0 IB - kpz ﬂ
Cased:If P=(—p,, p,) € Il,, then draw a straight line OP and mark the point of
intersection OP with the line X, =—/f, —& < X, <& by K. In this case , the coordinates of the
point is K (—a, B,) .
From the similarity of the traingles AOMK and AOPRP we obtain the following

relation :

A — = B = P2 e
pz _pl p1

where, —a =—qe™

It can be seen that the inequality [, < [ is valid. Consequently, we have the following

relations : B _ B B
- p1 pz pz pz pl pz pl
or
B P 20
a p

where, E = ,Be"“

We choose the following vector function as the control function that the object E moves
from the origin to point P.

_OK :[—aekt,%aektj ( a %aj 1)
1 1

Now we show that the control (21) is admissible before applying it, that is, prove that satisfies
the constraints (2) and (3).

K< |p2| < pe™

pz
If the object E moves by u* , then we define reaching the time to the point P.

x(T,) = _[u ds_](—a,&ajeksds=( -, &ajje“ds=

0 p1 pl
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[a&a]k(l ™) =(-p.. p)

P

Now we have the following result by equating the corresponding coordinates from the
last equality

(94

_g(l_e‘m):—pl = T4:1In (22)

k K a—kp,

1
Similarly, it is not difficult to verify that the result T, =—In is obtained by equating the

a —Kkp,
second coordinates .
P
Lemmad. If P € 1, then the object E falls into the point P by u’ Z( a, 05?2
1
1 a
The time when the object E moves to the point P is equal to T, = E In kp,
@ —Kp,

Now in our prolem, for the case K =0 we calculate the time when the objekt E moves to

the point P by that control u’.

a ) k k
limtin =Inlim 1+i _B
k—>0 o — kpl k—0 o — kpl o
Conclusion

1 S 1 o
Pell, (Pell T, =—In———>—In
If Fell ( S 3), then ) K B- kp2 K o kpl

1 a 1 p
Pell, ( Pell T,==In >—In——
if Pell, ( Pell,), then T, e k" Gk,

it P=(p,p,) {(X1 X, ) XZ_ﬂxl} or (Pu P2) {(Xl’XZ) X2_—§Xl},
thenT——InL lIn d
k  p-kp, k a-kp

3. The main result

In the plain E of a fixed object Pe RZ, P=( P, pz), the shortest time of descent to the

point is qual to :
T :lmax{ln P ‘n—2 }
K p-kp, a—kp,

Theorem1.If P € R? , then u’ Z[min{a1%ﬁ}1min{%a’ﬂ}]em
2 1

by control , VP = ( Py pz) e R?* moves to the point at the following
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T*=£nmx{m B ‘In @ }
k ﬂ_kpz Ol—kpl

If X, # 0, the following theorem holds.
Theorem 2.1f P € R?, then

uﬁzmm¢zmijﬂﬂ,mml&;£ﬂmﬂ e

’|p2_xzo| |p1—X10|

time using control, VP = ( Py pz) € R* moves to the point at the following time

« 1 S _ a

T =—max5In ;In
k ﬂ_k|p2_xzo| a—k|p1—X10|
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