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Annotatsiya. Ushbu magqolada obyekt boshqaruvining koordinatalari o’zaro bog ligsiz bo’lgan
holda optimal boshqaruv nazariyasida obyektning tekislikning istalgan nuqtasiga optimal o’tishi
masalasi 0’rganilgan. Bunda tekislik to’rtta sohaga ajratilib,har bir soha uchun boshgaruv va eng qisqa
o0’tish vaqti aniglanadi.
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THE PROBLEM OF OPTIMAL TRANSITION WHEN THE COORDINATES OF THE
OBJECT CONTROL ARE INDEPENDENT EACH OTHER
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Abstract. This article explores the problem of optimal transition of an object to any point in
the plane in the theory of optimal control, where the coordinates of the control of the object are
independent of each other. In which the plane is divided into four areas, and the control and transition
times are determined for each area.
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1. Introduction

Today the theory of optimal control is one of the most widely studied speciality.In this
theory, the study and application of problems is important for cases where control
parameters are different. [1,2,3,4] Many scholars have solved a number of promlems in this
speciality. [5,6,7] This article explores the problem of optimal transition of an object to any
point in the plane, where the coordinates of the control of the object are indepen dent of each
other. Problems related to this were studied by the L. C. Pontryagin, the E.F. Mishenko ,who
took the problem to the pursuit-evasion differential games. [2] They studied the transition of

an object to a point in the plane in square { and determined that passes at time [tlvtl + 0]

K :
by selecting the control |rz(t)| = 2t" where €@ <min {LCL}’J[ €[0,6]. 2,8] I addition, the
3

motion of an object has been studied in triangles, rectangles and cones.This article is studied
in a straight rectangle as opposite to the previous ones. In which the shortest transition time

to point P was found using the division of the plane into areas with coordinates
independent of each other.[8]

2. Statement of the problem.
Given an object E moving in space R? , let its position in plane be X = (Xl, X2) .

In this case, we express the coordinates of the equation of motion of the object in the plane as
follows

E. X1 U, X1(O):Xlo’
X

, = Uy, Xz(o) = Xy
10

(1)
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where U, is the velocity of the first coordinate, U, is the velocity of the second coordinate.
The points X,,X,,U;,U, € R>,n>2; x(0)=x,, X,(0) =X,, are the initial condition of the
object in terms of coordinates respectively at t =0, where X, # Y,. The control parameter
u=(u,(t),u,(t)) of the object Eis chosen as a measurable function with respect to { and
mapping U(-) :[0,+ ) — R?. In this control problem, the coordinates of the object control
are selected as accordingly measurable functions and they satisfy the following geometric
constraints (constraints G)

|u1(t)|Sa,inalmost all t>0, )

\uz(t)\ < f,in almost all t >0, (3)
where «, >0.
We denote by U, and U, respectively the set of measured functions U, (t) and u,(t) that

satisfy the constraints (2) and (3).
Definition 1. The function

X (8,U, () =X + [uy(s)ds, t>0, @)
0

X, (t,uz(-))=x20+ju2(s)ds, t>0 ()

0
corresponding to any (Xlo Uy ())' u,() eV,
(X0,U, (), u,() eV,
pairs are called object coordinate trajectories.
Definition 2. The motion of an object E in the plane is called the following equation

x(t) =(t,u,(t),u,(t)), t>0 (6)

According to this definition, for different u, () €U, u,(-) €U, controls, different trajectories

are generated from the initial position X, = (X;5, X50).

1.1. Problem 1. Find the area of reach of the object at each coordinate in the plane from the
given initial position X, = (X;5, Xs0) .

Lemma 1. If the velocities of an object moving by Equation (1) satisfy the geometric
constraint (2), (3) respectively, then the object lies within the following set at each time
interval t>0

R={(X1,X2):|X1—X10|Sat,|X2—X20|Sﬂt} (7)
According to Lemma 1, set (7) represents a right rectangle ABCD whose coordinates are at
points A(Xlo — &, Xy +IE)/ B(X10 + 0, Xy +E)/ C()(10 + X, Xy _ﬁ)/ D(X10 — &, Xy _B)
in the (X,,X,) plane, where &, B>0.a@=at, f=pt.
1.2. Problem 2. Find the optimal control and the shortest transition time from a given
Xy = (X9, Xy0) initial position to a point P =(p,, p,) at the plane.

11
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Let us first consider the problem for the X, =0, X,, =0 case. If we draw straight lines

B

X, = ;X1 and X, = —gxl from the origin, the plane (X, X,) is divided into the following

areas

a
11, ={(x1,x2):x2 <£x1,x2 >—£x1}
2 a

11 :{(xl,xz):x2 >£x1,x2 >—éx1}
a

7

7

11, :{(xl,xz) L X, <£xl,x2 <—£xl}
o

o

7

(94

11, :{(xl,xz):x2 >£x1,x2 <—£x1}
a .

Suppose that E is the initial position of the object at the beginning of the coordinates.
3. Themain results

Lemma 2. For an given point P z( P, pz) and object E in the plane R?, the following

is appropriate

1) If Pell (Pell,) then the object E passes through the control u1=£ﬂ&,ﬂj
P,

[u3 2(—ﬂ&,—ﬂ]) to the point P attime T, =T, = Do ,

P P
2) If Pell, (Pell, ), then the object E passes through the control U, =(0{,a&}
P,

u, =| —ar—a 22 || ¢ i i -7, =P

= : o the point P attime T, =T, =|—/,
(04

!

3) If Pell, (Pell,), then the object E passes through the control 0 =(a,p) or

Ulz(—a,—,b’) (Uzz(—a,ﬂ) or U2=(a,—,3)) to the point P at time T = % = % ,
i, = =Byl g - . _ B
where Hl_{(xpxz)- X, —axl},nz {(xl,xz).xz axl}

Proof.
1. Suppose P =( P, pz) € I1,. Let's draw an OP segment, K denote the point of intersection

of the OP segment with the AB segment. Its coordinates are K (551, Vi ),where

P, pz,&l,&,ﬁ >0, =0, T,a=a -Tl,ﬁ =L4-T,,0M = (071,0) From the similarity of
triangles AOKM and AOPP,

12
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O_M:%: ﬁ:ﬁ: alzﬂ'&
OF PR P, P, P,

where @, <a = o, <a.From which we derive the following for the above equations

£=ﬁ<ﬁ = ﬁ>£ 8
P, P B VR

If in this case the object E is moving at the velocity O?(al, f3), we choose the control
u, =(Uy,,Uy, ) in the

ulzwz(ﬂ—%,ﬂ] ©)

view, which moves the object from point O to point P.
Let (9) check that control satisfies the constraint (2)

Pl _
2 b=, Jua|=|B]=
p2 p2 pl |1| |12| | |

We now determine the time at which object E falls to point P using control (9)

_JoP| Jpi+pi  pi+pl P 1)
/3

‘OK‘ Jai + B \/pl B

|u11| =|p |pl| <

P

By

As well as according to relation (8), T, =—=>— it is appropriate. Thus the time taken for the
(04

object E to fall to point P is equal to the value of T, = %

We now show that the object E falls to point at exactly time T, using control (9).

T_(p0 )T:[ P, jpz |
ull(ﬂpzﬂ ) ﬂpﬂ F; (P, p,).

Since the areas /7, and II, are symmetrical to each other, if P € IT;, then object E falls to

the point P attime T, =T, = Do

through control Uy = {— B B —p } . This can also be

2
shown as above.

. Suppose P =(p,, p,)€l,. In this case also let us draw the OP segment, K denote the

point of intersection of the OP segment with the AB segment. Its coordinates are K (07, ﬁl) ,

where pl’pz"él’d’"é>0; ﬂl BTpa=a- Tziﬂ p-T,,0M = (O,ﬁl).From the

similarity of triangles AOKM and AOPR,
M MK_a A,
OPl PPl pl p2 p1

where Bl < B = f, < . From which we derive the following for the above equations

13
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a b B a2 B (1)
p1 pz pz pl p2
If in this case the object [E is moving at the velocity OK (e, p,), we choose the control

U, =(U,,,U,, ) in the

u, :W:Ka,a-&j (12)
P,
view, which moves the object from point O to point P.
Let (12) check that control satisfies the constraint (3)

B

(04
AN

|p2|::B
Pl | Py P,

We now determine the time at which object E falls to point P using control (12)

1 _[oPl_pi+p _ pi+p _p )
2

2_‘(Y‘_\/a2+ﬂf \/a2+pz 2 a

Pyl <

Un|=e|= e, [up,|=

5"

Py

As well asaccording to relation (11), T, = B > Po is appropriate.Thus the time taken for
(04
the object E to fall to point P is equal to the value of T, = Py .
a

We now show that the object E falls to point at exactly time T, using control (12).

U, Ty :(a’a'&j'Tz ZLO"“'%}'%:(Q’ pz)'

Py 1
Since the areas 7, and II, are symmetrical to each other, if P €I1,, then object E falls to

P

the point P attime T, =T, = through control U, = (—a,—a &J This can also be

Py

shown as above.

. Suppose that the point P lies on the line 7, in the first quarter of the coordinate plane
(X, X2 ). Where the coordinates of point K overlap with point B and K (07, ,5'), where

Py, pz,&,,g >0, a=« 'F,,é =L .T . In this case we select the control for object E as
follows

h=0K=(a,8) (14)
P, = ﬁ P: according to X; = ﬁ X. Using control (14), the transition time of object E to point
a a

P is as follows

14
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2
Jp;+(ﬂ ) o
'|71= P + P2 Py

\/a2+ﬂ \/a +,B a
||

a J—
If P, =— P, on the other hand T; =*— . From this we obtain the result

(15)

P2l _[p|
(24
point P lies on the line /7, in the third quarter of the coordinate plane (Xl, Xz) , then

0 =(~a,-f) T =\

Since the areas I7, and [T, are symmetrical to each other, if the point P lies on the line /7,

.If the

for the object E

in the second (fourth) quarter of the coordinate plane (Xl, X; ), then object E falls to the

point P attime T, = By _ 1P through control T, =(—a, B) (u —( —ﬁ)).From this
a
T=T, = T=|2|=|2
Bl la

Lemma 2 proved.
Using Lemma 1 and Lemma 2, the following theorem can be proved.

Theorem 1. The object E passes to the any point P € R?, P =( P, pz) from the origin at
[Py [P

(04

o-{rofoof nfed ol

If X, #0, the following theorem is valid.

the shortest time T = max{ } through the following control

Theorem 2. The shortest transition time of an object E to any point P € R2 P= ( P, pz)

of the plane through the control u = min{ |p1 X10| }, min{a|p2 20| ,B} is as
[P, = Xp0| [P, =X

following

T :max{|p1_xlo|’ |p2 _Xzo|}
a B
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