
p-Adic (1, 2)-rational dynamical systems with two fixed... 5

Uzbek Mathematical Journal
2021, Volume 65, Issue 2, pp.5–14
DOI: 10.29229/uzmj.2021-2-1

p-Adic (1, 2)-rational dynamical systems with two fixed
points on Cp

Aliev E.T., Sattarov I.A.

Abstract. In this work, the general view of the two fixed point (1, 2)-rational
function given on the field Cp is simplified using a topological conjugation. Then, the
discrete-time dynamical systems of the functions in this view were studied, and all
invariant spheres, Siegel discs and Attractors were found.

Keywords: p-Adic numbers, (n,m)-rational function, topological conjugate,
discrete-time dynamical system, fixed point, invariant set, Siegel disc.

MSC (2010): 46S10, 12J12, 11S99, 30D05, 54H20.

1 Introduction
It is well known that the completion of the field Q of rational numbers with respect

to the p-adic norm defines a field of p-adic numbers, which is denoted by Qp (see [8]).
The algebraic closure Qacp of Qp is an infinite extension, this follows from the fact
that there exist irreducible polynomials of any degree over Qp. Unfortunately, Qacp
is not complete with the metric induced by the extended p-adic absolute value. We
complete Qacp and obtain a new field Cp which is algebraically closed. We call Cp the
field of complex p-adic numbers.

We study discrete-time dynamical systems generated by a rational function
given on the field of p-adic numbers. For basic definitions and motivations of such
investigations see [1]-[19] and references therein.

A function is called a (n,m)-rational function if and only if it can be written
in the form f(x) = Pn(x)

Qm(x)
, where Pn(x) and Qm(x) are polynomial functions with

degree n and m respectively, Qm(x) is non zero polynomial.
In [6] the trajectories of (2, 1)-rational p-adic dynamical system with the form

f(x) = ax2

bx+1
in a complex p-adic field Cp are studied.

In [1] the (2, 1)-rational dynamical systems on the field of p-adic complex numbers
Cp are studied. In this study, the cases in which a function has a unique fixed point,
two fixed points, and no fixed point have been studied in detail separately.

In [19] it is considered (2, 1)-rational dynamical systems with unique fixed point on
Qp. It is founded all invariant spheres, and investigated ergodicity of such dynamical
system on invariant sphere.

In this paper we consider a (1, 2)-rational function with two distinct fixed points
on the field Cp.
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2 (1, 2)-rational function with two distinct fixed
points

In this paper we consider the dynamical system associated with the (1, 2)-rational
function f : Cp → Cp defined by

f(x) =
ax+ b

x2 + cx+ d
, a 6= 0, a, b, c, d ∈ Cp. (2.1)

where x 6= x̂1,2 =
−c±
√
c2−4d

2
.

We study p-adic dynamical systems generated by the rational function (2.1).
The equation f(x) = x for fixed points of function (2.1) is equivalent to the

equation

x3 + cx2 + (d− a)x− b = 0. (2.2)

Since Cp is algebraic closed the equation (2.2) may have three solutions with one
of the following relations:

(i). One solution having multiplicity three;
(ii). Two solutions, one of which has multiplicity two;
(iii). Three distinct solutions.
In this paper we assume that equation (2.2) has two distinct solutions x1 and

x2, such that x2 has multiplicity two. Then we have x3 + cx2 + (d − a)x − b =
(x− x1)(x− x2)2 and 

x1 + 2x2 = −c,

x2
2 + 2x1x2 = d− a,

x1x
2
2 = b,

(2.3)

Let homeomorphism h : Cp → Cp is defined by h(t) = t + x2. Note that, the
function f is topologically conjugate to function h−1 ◦ f ◦ h. We have

(h−1 ◦ f ◦ h)(t) =
−x2t

2 +Bt

t2 +Dt+B
, (2.4)

where B = x2
2 + cx2 + d and D = 2x2 + c.

In (2.4), the case x2 6= 0 is studied in [17].
Thus in this paper we consider the case x2 = 0 in (2.4). If x2 = 0, then B = d = a

and D = c. Thus we have the following proposition

Proposition 2.1. Any (1,2)-rational function having two distinct fixed points is
topologically conjugate to one of the functions in the following forms

f(x) =
ax2 + bx

x2 + cx+ b
, ab 6= 0, a 6= c, a, b, c ∈ Cp, (2.5)
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and

f(x) =
ax

x2 + cx+ a
, a 6= 0, a, c,∈ Cp. (2.6)

where x 6= x̂1,2 =
−c±
√
c2−4a

2
.

Thus we study the dynamical system (Cp, f) with f given by (2.6).

3 Behavior of dynamical systems
Note that, function (2.6) has two fixed points x1 = −c and x2 = 0. So we have

f ′(x1) =
a− c2

a
, f ′(x2) = 1.

Thus, the point x2 is an indifferent point for (2.6).
For any x ∈ Cp, x 6= x̂1,2, by simple calculations we get

|f(x)|p = |x|p ·
|a|p

|x− x̂1|p|x− x̂2|p
. (3.1)

Denote

P = {x ∈ Cp : ∃n ∈ N ∪ {0}, fn(x) ∈ {x̂1, x̂2}}, α = |x̂1|p and β = |x̂2|p.

Since x̂1 + x̂2 = −c and x̂1x̂2 = a, we have |c|p ≤ max{α, β} and |a|p = αβ.

Remark 3.1. It is easy to see that x̂1 and x̂2 are symmetric in (3.1), i.e., if we replace
them then RHS of (3.1) does not change. Therefore we consider the dynamical system
(Cp \ P, f) for cases α = β and α < β.

By using (3.1) we define the following functions.
1. For α = β define the function ϕ : [0,+∞)→ [0,+∞) by

ϕα(r) =


r, if r < α,

α∗, if r = α,

α2

r
, if r > α,

where α∗ is a positive number with α∗ ≥ α.
2. For α < β define the function ϕα,β : [0,+∞)→ [0,+∞) by

ϕα,β(r) =



r, if r < α,

α̂, if r = α,

α, if α < r < β,

β̂, if r = β,

αβ
r
, if r > β.
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where α̂, β̂ are some positive numbers with α̂ ≥ α and β̂ ≥ α.
Using formula (3.1) we easily get the following:

Lemma 3.2. If x ∈ Sr(0), x 6= x̂1,2 then the following formula holds for function
(2.6)

|fn(x)|p =

{
ϕnα(r), if α = β

ϕnα,β(r), if α < β.

Proof. We will give the proof for the case α = β. Since |x|p = r, |a|p = αβ,
using formula (3.1) and the strong triangle inequality of the p-adic norm, we get the
following

|f(x)|p = |x|p ·
|a|p

|x− x̂1|p|x− x̂2|p
= ϕα(r) =


r, if r < α,

≥ α, if r = α,

α2

r
, if r > α.

(3.2)

Now consider the case n = 2. Since |f(x)|p = ϕα(r) (by (3.2)), we obtain

|f2(x)|p = |f(x)|p ·
|a|p

|f(x)− x̂1|p|f(x)− x̂2|p
= ϕα(ϕα(r))

=


ϕα(r), if ϕα(r) < α,

≥ α, if ϕα(r) = α,

α2

ϕα(r)
, if ϕα(r) > α.

Iterating this argument for any n ≥ 1 and any x ∈ Sr(0) \ P, we obtain the following
formula

|fn(x)|p = ϕnα(r), if α = β.

The other case can be similarly proved.
Thus the p-adic dynamical system fn(x), n ≤ 1, x ∈ Cp \ P is related to the real

dynamical systems generated by functions (2.5)-(2.6) and we have two cases.

3.1 Case: α = β.
Lemma 3.3. If α = β, then the dynamical system generated by ϕα(r) has the
following properties:

1. Fix(ϕα) = {r : 0 ≤ r < α} ∪ {α: if α∗ = α}.

2. If r > α, then ϕnα(r) = α2

r
for any n ≥ 1.

3. If r = α and α∗ > α, then ϕnα(r) = α2

α∗ for any n ≥ 2.

Proof.
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1. This is the result of a simple analysis of the equation ϕnα(r) = r.

2. If r > α, then ϕα(r) = α2

r
.

Consequently,

r > α, ⇒ α2

r
< α ⇒ ϕα(r) < α.

Thus ϕα(ϕα(r)) = ϕα(r), i.e., ϕα(r) is a fixed point of ϕα for any r > α.
Consequently, for each n ≥ 1 we have

ϕnα(r) =
α2

r
.

3. Part 3 easily follows from parts 1 and 2.

Now we shall apply these lemmas to study the p-adic dynamical system generated
by the function (2.6).

For α = β denote the following

α∗(x) = |f(x)|p, if x ∈ Sα(0).

Then using Lemmas 3.2 and 3.3, we obtain the following

Theorem 3.4. If α = β, then the p-adic dynamical system generated by the function
(2.6) has the following properties:

1. 1.1) SI(x2) = Uα(0).

1.2) P ⊂ Sα(0).

2. If r > α and x ∈ Sr(0), then for any n ≥ 1, fn(x) ∈ Sα2

r

(0).

3. If α∗(x) > α and x ∈ Sα(0), then for any n ≥ 2, fn(x) ∈ S α2

α∗(x)
(0).

4. If |c|p < α, then |f ′(x1)|p = 1 and

SI(x1) = SI(x2).

5. Let |c|p = α. Then x1 ∈ Sα(0) and

5.1) if |a − c2|p < α2, then x1 is an attractive fixed point for f and its basin
of attraction is

A(x1) = Uα(x1) ⊂ Sα(0).

5.2) if |a− c2|p = α2, then x1 is an indifferent fixed point for f and

SI(x1) = Uα(x1) ⊂ Sα(0).
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Proof. We will prove part 1, by using parts 2 and 3.
Parts 2 and 3 easily follow from Lemma 3.2 and part 2 of Lemma 3.3.
1. By parts 2 and 3 of the theorem we know that Sr(0) is not invariant for f if

r ≥ α. Consequently, SI(x2) ⊂ Uα(0).
By Lemma 3.2 and part 1 of Lemma 3.3 if r < α and x ∈ Sr(0) then |fn(x)|p =

ϕnα(r) = r, i.e., fn(x) ∈ Sr(0). Hence Uα(0) ⊂ SI(x2) and thus SI(x2) = Uα(0).
Since |x̂1|p = |x̂2|p = α, we have x̂i 6∈ Uα(0), i = 1, 2. From f(Uα(0)) ⊂ Uα(0) it

follows that

Uα(0) ∩ P = {x ∈ Uα(0) : ∃n ∈ N ∪ {0}, fn(x) ∈ {x̂1, x̂2}} = ∅.

By part 2 of the theorem for r > α we have f(Sr(0)) ⊂ Uα(0). Let Vα(0) be the closed
ball with the center 0 and radius α. Then

(Cp \ Vα(0)) ∩ P = ∅,

i.e., P ⊂ Sα(0).
4. Note that |c|p ≤ α. If |c|p < α, then |x1|p = |−c|p < α. So x1 ∈ Uα(0) = SI(x2)

and

|f ′(x1)|p =
|a− c2|p
|a|p

=
α2

α2
= 1.

Consequently, x1 is an indifferent fixed point for f and

SI(x1) ⊂ SI(x2). (3.3)

By simple calculation we get

|f(x)− x1|p = |x− x1|p ·
|c(x− x1) + cx1 + a|p

|(x− x1) + (x1 − x̂1)|p|(x− x1) + (x1 − x̂2)|p
. (3.4)

If x ∈ Sρ(x1) ⊂ Uα(0), for some ρ < α, then in (5.2) we have |c(x − x1) + cx1 +
a|p = α2. Moreover, |x1 − x̂1|p = |x̂2|p = α and |x1 − x̂2|p = |x̂1|p = α. Therefore,
|f(x)−x1|p = |x−x1|p, i.e. f(x) ∈ Sρ(x1) holds for every x ∈ Sρ(x1) ⊂ Uα(x1). Then
Uα(x1) = Uα(0) = SI(x2) ⊂ SI(x1) and by (3.3) we have SI(x1) = SI(x2).

5. If |c|p = α, then |x1|p = | − c|p = α, i.e., x1 ∈ Sα(0). Moreover, if x ∈ Uα(x1),
then |x|p = |(x− x1) + x1|p = α, i.e., Uα(x1) ⊂ Sα(0).

Note that

|f ′(x1)|p =
|a− c2|p
|a|p

.

We have |a− c2|p ≤ α2 and |a|p = α2.
5.1. If |a − c2|p < α2, then |f ′(x1)|p < 1, i.e., x1 is an attractive fixed point

for f . If x ∈ Uα(x1), then in (5.2) we have |c(x − x1) + cx1 + a|p < α2. Therefore,
|f(x)− x1|p < |x− x1|p for all x ∈ Uα(x1). So

Uα(x1) ⊂ A(x1).
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If x ∈ Sα(0) \ (Uα(x1) ∪ P), then |x− x1|p = α and by (5.2) we have |f(x)− x1|p ≥
|x− x1|p, i.e., x 6∈ A(x1). Consequently,

A(x1) = Uα(x1).

5.2. If |a − c2|p = α2, then |f ′(x1)|p = 1, i.e., x1 is an indifferent fixed point for
f . If x ∈ Sρ(x1) ⊂ Uα(x1), then in (5.2) we have |c(x − x1) + cx1 + a|p = α2 and
|f(x) − x1|p = |x − x1|p. Therefore, f(x) ∈ Sρ(x1) for all x ∈ Sρ(x1). So Uα(x1) ⊂
SI(x1).

If x ∈ Sα(0) \ (Uα(x1)∪P), then |x− x1|p = α and by (5.2) we have |f(x)− x1|p
is some given number with |f(x) − x1|p > 0, i.e., the sphere Sα(x1) is not invariant
for f . Consequently,

SI(x1) = Uα(x1).

Theorem is proved.

3.2 Case: α < β.
Lemma 3.5. If α < β, then the dynamical system generated by ϕα,β(r) has the
following properties:

1. Fix(ϕα,β) = {r : 0 ≤ r < α} ∪ {α: if α̂ = α} ∪ {β: if β̂ = β}.
2. If α < r < β, then ϕα,β(r) = α.

3. If r > β, then ϕnα,β(r) = αβ
r

for any n ≥ 1.

4. Let r = α.

4.1) If α < α̂ < β, then ϕ2
α,β(α) = α.

4.2) If α̂ = β, then ϕα,β(α) = β.

4.3) If α̂ > β, then ϕnα,β(α) = αβ
α̂

for any n ≥ 2.

5. Let r = β.

5.1) If α < β̂ < β, then ϕ2
α,β(β) = α.

5.2) If β̂ > β, then ϕnα,β(β) = αβ

β̂
for any n ≥ 2.

Proof.
1. This is the result of a simple analysis of the equation ϕα,β(r) = r.
2. If there is α < r < β, then function ϕα,β will be ϕα,β(r) = α by definition.
3. If r > β, then ϕα,β(r) = αβ

r
. Consequently,

β < r ⇒ αβ

r
< α ⇒ ϕα,β(r) < α.

Thus ϕα,β(ϕα,β(r)) = ϕα,β(r), i.e., ϕα,β(r) is a fixed point of ϕα,β for any r > β.
Consequently, for each n ≥ 1 we have ϕnα,β(r) = αβ

r
.
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Parts 4 and 5 easily follow from parts 1, 2 and 3.
For α < β we denote the following

α̂(x) = |f(x)p| if x ∈ Sα(0) \ {x̂1, x̂2}; β̂(x) = |f(x)|p if x ∈ Sβ(0) \ {x̂1, x̂2}.

Then using Lemma 3.2 and Lemma 3.5, we obtain the following

Theorem 3.6. If α < β and x ∈ Sr(0) \ P, then the p-adic dynamical system
generated by function (2.6) has the following properties:

1. SI(x2) = Uα(0).

2. If α < r < β, then f(x) ∈ Sα(0).

3. Let r > β, then for any n ≥ 1, fn(x) ∈ Sαβ
r

(0).

4. Let x ∈ Sα(0) \ P.

4.1) If α̂(x) = α, then f(x) ∈ Sα(0).

4.2) If α < α̂(x) < β, then f2(x) ∈ Sα(0).

4.3) If α̂(x) = β, then f(x) ∈ Sβ(0).

4.4) If α̂(x) > β, then for any n ≥ 2, fn(x) ∈ Sαβ
α̂

(0).

5. Let x ∈ Sβ(0) \ P.

5.1) If β̂(x) = α, then f(x) ∈ Sα(0).

5.2) If α < β̂(x) < β, then f2(x) ∈ Sα(0).

5.3) If β̂(x) = β, then f(x) ∈ Sβ(0).

5.4) If β̂(x) > β, then for any n ≥ 2, fn(x) ∈ S αβ

β̂(x)

(0).

6. 6.1) x1 ∈ Sβ(0).

6.2) The fixed point x1 is repeller and the inequality |f(x) − x1|p > |x − x1|p
holds for x ∈ Uβ(x1), x 6= x1.

Proof. Parts 1-5 of this theorem can be shown by Lemma 3.2 and Lemma 3.5.
6. In this case we note that α < β = |c|p. Then |x1|p = |−c|p = β, i.e., x1 ∈ Sβ(0),

and we have

|f ′(x2)|p =

∣∣∣∣a− c2a

∣∣∣∣
p

=
max{αβ, β2}

αβ
=
β

α
> 1.

So, x1 is a repelling fixed point for f .
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In (5.2) we have |x1 − x̂1|p = β and |x1 − x̂2|p = α. Indeed, |x1 − x̂1|p =
max{α, β} = β and |x1 − x̂2|p = |x̂1|p = α. Moreover, by formula (5.2) we have

|f(x)− x1|p =



β
α
|x− x1|p, if |x− x1|p < α

≥ β, if |x− x1|p = α

β, if α < |x− x1|p < β

β0, if |x− x1|p = β

β, if |x− x1|p > β,

where β0 > 0.
That is the inequality |f(x) − x1|p > |x − x1|p is satisfied for |x − x1|p < β, i.e.,

for x ∈ Uβ(x1), x 6= x2. Theorem is proved.

References

1. Albeverio S., Rozikov U.A. , Sattarov I.A., p-adic (2, 1)-rational dynamical
systems. Jour. Math. Anal. Appl. 398(2) (2013), 553–566.

2. Anashin V.S., Khrennikov A.Yu., Applied Algebraic Dynamics, V. 49, de
Gruyter Expositions in Mathematics. Walter de Gruyter, Berlin, New York,
2009.

3. Fan A.-H., Liao L.-M., On minimal decomposition of p-adic polynomial
dynamical systems. Adv. Math., 228 (2011), 2116–2144.

4. Fan A., Fan S., Liao L., Wang Y., On minimal decomposition of p-adic
homographic dynamical systems. Adv. Math. 257 (2014), 92–135.

5. Khrennikov A.Yu., Nilsson M., p-Adic Deterministic and Random Dynamics,
Math. Appl., Vol. 574: (Kluwer Acad. Publ., Dordreht, 2004).

6. Khamraev M., Mukhamedov F.M., On a class of rational p-adic dynamical
systems, J. Math. Anal. Appl. 315 (1) (2006), 76-89.

7. Koblitz N., p-adic numbers, p-adic analysis and zeta-function Springer, Berlin,
1977.

8. Fan S., Liao L., Rational map ax+ 1
x
on the projective line over Q2. Sci. China

Math. 61, (2018), 2221–2236.
9. Mukhamedov F., Khakimov O., Chaotic behavior of the Potts Bethe mapping.

Discrete and Continuous Dynamical Systems - Series S, 38 (1), (2018), 231–245.
10. Mukhamedov F.M., Khakimov O.N., On periodic Gibbs measures of p-adic

Potts model on a Cayley tree. p-Adic Numbers, Ultrametric Analysis and
Applications, 8 (3) (2016), 225–235.

11. Mukhamedov F.M., Khakimov O.N., On metric properties of unconventional
limit sets of contractive non-Archimedean dynamical systems. Dyn. Syst. 31(4)
(2016), 506–524.



14 Aliev E.T., Sattarov I.A.

12. Mukhamedov F.M., Rozikov U.A., On rational p-adic dynamical systems.
Methods of Func. Anal. and Topology. 10(2) (2004), 21–31.

13. Mukhamedov F.M., Rozikov U.A., A plynomial p-adic dynamical system.
Theor. Math. Phys. 170(3) (2012), 376–383.

14. Mukhamedov F.M., Mendes J.F., On the chaotic behavior of a generalized
logistic p-adic dynamical system. J. Differential Equations, 243 (2007), 125–
145.

15. Rozikov U.A., Khakimov O.N., Description of all translation-invariant p-adic
Gibbs measures for the Potts model on a Cayley tree. Markov Process. Related
Fields, 21(1) (2015), 177–204.

16. Rozikov U.A., Sattarov I.A., p-adic dynamical systems of (2, 2)-rational
functions with unique fixed point. Chaos, Solitons and Fractals, 105 (2017),
260–270.

17. Rozikov U.A., Sattarov I.A., Dynamical systems of the p-adic (2, 2)-rational
functions with two fixed points. Results in Mathematics, 75:100 (2020), 1–37.

18. Rozikov U.A., Sattarov I.A., Yam S., p-adic dynamical systems of the function
ax

x2 + a
. p-Adic Numbers, Ultrametric Analysis and Applications, 11(1) (2019),

77–87.

19. Sattarov I.A., Ergodicity properties of p-adic (2, 1)-rational dynamical systems
with unique fixed point. Algebra, Complex Analysis, and Pluripotential
Theory. Springer Proceedings in Mathematics and Statistics. 264 (2018) 217–
226.

Sattarov I.A.,
V.I. Romanovskiy Institute of Mathematics of Uzbek Academy
of Sciences, Tashkent, Uzbekistan.
e-mail: i.sattarov@mathinst.uz

Aliev E.T.,
Namangan Institute of Engineering Technology, Namangan,
Uzbekistan.
e-mail: aliev-erkinjon@mail.ru


	Introduction
	(1,2)-rational function with two distinct fixed points
	Behavior of dynamical systems
	Case: =.
	Case: <.
	Introduction
	Uniqueness of results
	Existence of solution
	Introduction
	Results Related to the Third-Order Differential Subordination
	Introduction
	Formulation of the problem 
	Investigation of the direct problem 
	Investigation of the inverse problem. Derivation of an equivalent system of integral equations
	Introduction

	Preliminaries
	Main Results
	Investigation of the main problem
	Uniqueness of the solution
	Introduction
	Main result
	Preliminary Lemma
	Proof of the Theorem
	Introduction
	Auxiliary results
	Proofs
	Introduction
	Main results
	Proofs
	 Statement of problem  TF  (Trikomi-Frankl)
	 Uniqueness of the solution of problem TF
	Introduction
	Main result
	Uniqueness
	Existence
	Introduction
	Preliminaries
	Derivations of superalgebras N2,m, Ln,n-1, Mn,n
	Classification of solvable Leibniz superalgebras with nilradicals N2,m, Ln,n-1, Mn,n
	Introduction and preliminary notes
	Main results
	Introduction
	Preliminaries
	Growth of solution
	Introduction
	Main Part
	Conclusion
	Introduction
	A Volterra QSO on S2
	Discontinuous Volterra operator






























