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1. INTRODUCTION

During the last few decades ultrametric analysis has grown from a relatively small and remote area
maintained by few enthusiastic pioneers to widely recognized and mature discipline. Consequently,
various models in physics described in language of p-adic analysis (see [2, 36, 37]),and numerous
applications of such an analysis to mathematical physics have been studied in[3, 7, 8, 12, 13, 35]. These
investigations proposed to study new probability models (namely p-adic measure theory in [15, 20]),
the theories of p-adic and non-Archimedian stochastic processes have been developed. By means of p-
adic stochastic process we have constructed wide classes of process using finite dimensional probability
distributions [4, 9, 10, 15, 27]. In [4-6], [16, 42] and [21-34] it has been developed p-adic statistical
mechanics within the scheme of theory of p-adic probability and p-adic stochastic processes. Namely,
authors have studied p-adic Ising and Potts models on Cayley trees. Note that there are also several
p-adic models of complex hierarchic system [14].

In the mentioned investigations, mostly, translation-invariant p-adic Gibbs measures have been
described and studied. It is interesting to know how large is the class of p-adic Gibbs measures for
the given model. In [25-28] the existence of periodic p-adic Gibbs measures for the p-adic Potts model
on the Cayley tree has been carried our by means of chaotic behavior of the function associated with
renormalization group (see (3.3)). We point out that such kind of measures (non trivial ones) may not
exist in general. Namely, in [32] it was shown that there is no periodic p-adic Gibbs measures except
for translation-invariant ones for the Potts model. In [22, 23, 31] studied p-adic quasi Gibbs measures,
which contain p-adic Gibbs measure as a particular case. Moreover, it has been described translation-
invariant p-adic quasi Gibbs measures for the p-adic Potts model on a Cayley tree. This allows us to
establish the existence of a phase transition. It is known from [6] that any periodic p-adic Gibbs measure
is either translation-invariant or Go-periodic. These investigations lead us to the explicit construction of
periodic p-adic Gibbs measures which is highly non trivial task. Therefore, one of the main aims of this
paper is to construct and investigate Ga-periodic p-adic quasi Gibbs measures for p-adic g-state Potts
model of the Cayley tree of order two. In the case ¢ = 3, we prove the occurrence of a phase transition
and construct ART quasi Gibbs measures for p-adic Potts model of the Cayley tree of order & > 3.
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2. PRELIMINARIES

2.1. p-Adic numbers and p-adic measure.

Let Q be a field of rational numbers. For a fixed prime number p, every rational number = # 0 can
be represented in the form x = p" " where, r,n € Z, m is a positive integer, and n and m are relatively
prime with p. The p-adic norm of z is given by

p "z #0,
|$|p prd .
0, =0.

This norm is non-Archimedean, i.e. it satisfies the strong triangle inequality:

|IE + y|p S maX{‘m|p7 ‘y|p}7 Vaz,y € Q

From this property immediately get the following facts:

)il |z, # [ylp, then |z £ y[, = max{|z|p, [y|p};

2) it x|, = [ylp, then |z — y[, < [a]p.

The completion of Q with respect to the p-adic norm defines the p-adic field Q,,. Any p-adic number x #
0 can be uniquely represented in the canonical form & = p¥®) (zg 4 21p + z2p® + ...), where ~(z) € 7Z
and the integers ; satisfy: z9 > 0, 0 < 2; < p— 1. In this case |z|, = p~7®). We recall that an integer

a € 7 is called quadratic residue modulo p if the congruent equation 22 = a(mod p) has a solution
x €.

Lemma2.1. [35] The equationz? = a, 0 # a = p’Y(“)(ao +aip+asp?+...), 0<a; <p—1,a9>0
has a solution in x € Q, iff hold true the Jollowing:

i) v(a)is even;

ii) 2% = ap(modp) is solvable for p # 2; the equality a; = as = 0 hold if p = 2.

In [29] authors have introduced new symbols “O” and “0” which allowed to simplify certain

calculations. Roughly speaking, these symbols replace the notation = (mod p*) without noticing about
power of k. Let us recall them. A given p-adic number x by O[z] we mean a p-adic number with the norm
p 7@ e |z|, = |O(x)]p. By o[z], we mean a p-adic number with a norm strictly less than p=7(*) i.e.
lo(x)], < |z|,. Forinstance, if z = 1 — p + p?, we can write O[1] =z, 0o[1] =2 — 1 oro[p] = x — 1 + p.
Therefore, the symbols O[] and o[-] make our work easier when we need to calculate the p-adic norm of
p-adic numbers. It is easy to see that y = O[] if and only if z = O[y].

We can see below some basic properties of O[] and o[-], which will be used later on.

Lemma2.2. [29] Let x,y € Q. Then the [ollowing statements hold:
1°. O[z]|Oly] = O[xy];
2°. 20[y] = Olylx = Olay];
3°. Olz]oly] = o[zy];
4°. o[zx]oly] = olxyl;
5°. zoly] = oly]z = olzy];
6. o =0 2] ify #0;
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o ofz] _ x| ;

Fora € Qp, and r > 0 we denote
B(a,r) ={x€Qp: |z —al, <r},

and the set of all p-adic integers Z, := B(0,p). The set Z; = Z,\pZ, is called a set of p-adic units.
p-adic logarithm is defined by the series

o0

logy(x) =1log, (14 (z —1)) =Y _(-1)

n=1

n+1 (x - 1)n
n!

)

which converges for x € B(1, 1) and p-adic exponential is defined by

(e e} n

x
expyla) = 3
n=0
which converges forz € B(0, 5) ifp =2and z € B(0,1) il p # 2.

Put
Ep = {ac €eQp:lz—1f < p_l/(p_l)} .
As corollary of Lemma 2.2 we have the following

Lemma 2.3. Let p be a prime. Then the set €, has the following properties:
(a) €y is a group under multiplication;

1 -9
(b) la—bl, < % == foralla,b € &,;

L p#2

L, p#2
(d) If a € &, then there is an element h € B(0,p~Y®~V) such that a = exp,(h).

1o
(¢) la+0b|, = { 2 P4 foralla,b € &y;

A more detailed description of p-adic calculus and p-adic mathematical physics can be found in
[17, 18]

Let (X, B) be a measurable space, where B is an algebra of subsets X. A function p : B — Q, is said
to be a p-adic measure if for any Ay, As, ..., A, € B such that
A;NA; =0, i# j, the following holds:

p (U Aj) = u(A4)).

j=1

A p-adic measure is called probability if u(X) = 1. One of the important condition is boundedness,
namely a p-adic measure y is called bounded if sup{|u(A)|, : A € B} < oo. For more detail information
about p-adic measures we referto[1, 11, 17].

2.2. Cayley tree.

Let Fﬁ = (V, L) be a semi-infinite Cayley tree of order & > 1 with the root 2 (whose each vertex has
exactly k + 1 edges, except for the root 2°, which has k edges). Here V is the set of vertices and L is
the set of edges. The vertices x and y are called nearest neighbors and they are denoted by I = (z,y)
if there exists an edge connecting them. A collection of the pairs (z,x1),..., (z4_1,y) is called a path
from the point x to the point y. The distance d(z,y) on the Cayley tree, is the length (number of edges)
of the shortest path from z to y.
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Let us set

W,={zeV:dzai")=n}, V,= U W,

m=0
L,={(z,y) e L: z,y € V,,}.

We recall a coordinate structure in I"_‘;: every vertex x (except for z%) of I"_‘; has coordinates
(i1,...,in), here i, € {1,...,k}, 1 <m <n and for the vertex z° we put (0). Namely, the symbol
(0) constitutes level 0, and the sites (i1, ...,4,) form level n (i.e. d(°, z) = n) of the lattice. Let us
define on Fﬁ binary operation o : Fi X Fﬁ — Fi as follows: for any two elements « = (i1, ...,14,) and
Yy = (jlv s 7]m) put

roy= (7’1777’?1) o (j17’” 7]m) = (7;17"' 7in7j17-'-7jm) (21)
and
zoa’ =alox = (i1,...,in) 0 (0) = (i1, .., in). (2.2)
By means of the defined operation Fﬁ becomes a noncommutative semigroup with a unit. Let us denote
this group (G¥, o). Using this semigroup structure one defines translations 7, : G¥ — G*, g € G} by

T4(x) = gouw.
[tis clear that 7o) = id.
Let G € G* be a sub-semigroup of G¥ and h : G¥ — Y be a Y -valued function defined on G*. We

say that h is G- periodic it h(1y(z)) = h(x) forallg € G and x € G*. Any G*-periodic function is called
translation invariant.

Now for each m > 2 we put
Gm = {z € G* : d(z,2°) = 0(modm)}. (2.3)

One can check that G,, is a sub-semigroup of G*.
2.3. p-Adic quasi Gibbs measure for the Potts model.

Let Qp be the field of p-adic numbers and ® = {1,2,...,¢} be a finite set. A configuration o on
V is defined as x € V +— o(x) € ®; in a similar fashion one defines a configuration o,, and o™ on V,
and W, respectively. The set of all configurations on V' (resp. V,, , W,,) coincides with Q = &V (resp.
Qu, = ®Y, Qu., = ®W). Using this, for given configurations Qy;, = Oy, x Qyy, . Using this, for given
configurations o € Qy;,, | and w € Qyy,, we define their concatenations by
O'n—l(x)a if € Vyoa,
n—1V = .
(-1 Vw)(@) {w(aj), if x e Wy
[tis clearthat o Vw € Qy, .
We consider p-adic Potts model on a Cayley tree, where the spin takes ® := {1,2, ..., ¢}.
The (formal) Hamiltonian of p-adic Potts model is
H(U) =/ Z 50’(1‘)0’(3/) (24)

<z,y>€l

where J € B(0,p~'/®=1) is a coupling constant, (x, y) stands for nearest neighbor vertices and d; is
the Kronecker’s symbol, i.e.
0, if i # j,
i j = { i

1, if i =j.
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Assume that b : V\{z(®} — Qp is a mapping, i.e by = (h1,4, b2z, ..., hga), Where by, € Qp (i € @)

and z € V\{z(©}. Given n € N, we consider a p-adic probability measure ,uglng on Qy; defined by

Mgln)(a) = Zl eXp{H } H ho(z ),z (25)

n CCEWTL

Here, 0 € Qy,, and ZT(Lh) is the corresponding normalizing factor

ZM = > exp{H(0)} ] hog)a (2.6)

UEQVn zeWn

We say that p-adic probability distributions (2.5) are compatible if all n > 1 and o,,_; € ®V»—1
S w01 vw) = u Y (o), (2.7)

wGQWn

Here 0,1 V wy, is the concatenation of the configurations. We note that a non-Archimedean analogue of
the Kolmogorov’s extension theorem was proved in [4]. According to this theorem there exists a unique

p-adic measure pj, on Q = ®Y foralln > 1and o € ®¥»-1 ie.

wlo € Q:aly, =0,) = ué")(an), forall o, € Qy;,, n € N.

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian (2.4) and
vector-valued function h,, z € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure
associated with function h = {h,,z € V'}. If all values of h, belong to the set €, then it is called p-
adic Gibbs measure. If there are at least two distinct p-adic quasi Gibbs measures u, v € QG(H) such
that p is bounded and v is unbounded, then we say that a a phase transition occurs. The following

statement describes conditions h, guaranteing compatibility of ,ufl”)(a).

Theorem 2.4. [22] The measure ,ué”)(a),n =1,2,... (see (2.5)) associated with q-state Potts
model (2.4) satisfy the compatibility condition (2.7) if and only if for any n € N the following
equation holds:

= [ F( (hy,0). (2.8)
yeS(x)
Here and below a vector h = (ﬁl,ﬁg, ...,ﬁq_l) € @g‘l is defined by a vector h = (hq, hy,...,hq) €
Q} as follows
h,

hi= ", i=12..,9—1 (2.9)
hy
and mapping
F: Q4 xQ, = Q¥ is defined by F(x;0) = (Fy(z;0), ..., Fy_1 (23 0)) with
q—1
@—1)x; + lej +1
L = —fa -1 _
Fi(z;0) = 1 , r={r}€Qf, i=12,..,q -1 (2.10)
Z Tj + 0
j=1

Remark 2.5. Without loss of generality, we may assume that hy = 1. Otherwise, in (2.5) we

multiply and divide the expression on the right hand side by ] hq, and after replacing h;
IEEWn
by h;/hg we get the desired equality.
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Remark 2.6. /n [23] the existence of the phase transition for the considered model was estab-
lished. In [32] it was shown that Ga-periodic solution of (2.8) belonging to &, coincides with
translation-invariant ones. Therefore, it is natural to find periodic solution of (2.8) in a general
setting, which allows to find periodic p-adic Gibbs measures.

Remark 2.7. In [26] the existence of m-periodic quasi Gibbs measures was found under certain
conditions such that p >3, k=2, ¢g=mp" and 0< |0 —1|, < p~ 2= for some m,n € N and
(m,p) = 1. However, the explicit form of that measures is not given. In present paper we find the
explicit form of 2-periodic quasi Gibbs measures. Besides, 2-periodic quasi Gibbs measures we
found are not required to satisfy the aforementioned conditions in [26]. Using the explicit form
of solutions we can construct some non-periodic quasi Gibbs measures (see section ).

Let us first observe that the set (1,...,1,h,1,....;1),(m = 1,...,q — 1) is invariant for the equation

.
~
m

(2.8). Therefore, in what follows, we restrict ourselves to one of such lines, let us say (h, 1, ..., 1).

3. NON TRANSLATION-INVARIANT TWO PERIODIC QUASI GIBBS MEASURE FOR
p-ADIC POTTS MODEL

In [34] authors studied all translation-invariant p-adic Gibbs measures for the Potts model on the
Cayley tree. Recently, in [1, 27, 28] the existence of periodic p-adic Gibbs measures for the p-adic g-
state Potts model on the Cayley tree has been carried our by means of chaotic behavior of the function
associated with renormalization group (see (3.3)). However, explicit construction of such kind of p-adic
Gibbs measures is highly a non-trivial task. Therefore, in this section, we are going to construct G-
periodic p-adic quasi Gibbs measures for the considered model.

Let G5 be a sub-semigroup of G}, (see (2.3)). Recall that h, is called Gy-periodic, if for all z € G*
and y € Gy it holds o(yz) = o(x). We denote that

ho— hl,xEGk
| ho, m € GF\Go.

From the equation (2.8) we can get the following system

{hAl = (F(h,0))*

_ . 3.1
hy = (F(h1,0))". (2:1)

L 5@

i Y y ooy 1Yy

We assume iALZ = <h > Let hgj) =1,j = 2,q — 1. Unless otherwise stated, we concen-

trate on the simplest case where k = 2.
In this case we can obtain following system of equations from (3.1)

~ 2
= (-1 )
L Y

- ) (3.2)
~(1) th ) +qg—1
Let
_( Oh+q—1 2
Rewriting (3.3) we have

(e—nw+q—n>?

foh) = <9_ h+0+q—2
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Clearly that if 6 = 1 or § = —q + 1, then fy(h) is a constant function, i.e. fy(h) is a periodic function of
any order.

In [25, 28] authors studied dynamics of the function fy(h) and found translation-invariant p-adic
quasi Gibbs measures on a Cayley tree of order two. In [30, 33] several methods from Diophantine p-
adic equations were used.

There are three fixed points of the function fy(h), i.e. hg = 1,

(0= 2g =)+ D61 g1
1= )
2 (3.4)
(0= —2g- ) -0 D61 g -
2 = .
2

Denote A(6, q) = -8+ (0 — 1)~

Ifﬁ(l) ﬁ(l) then we get translation-invariant Gibbs measures Finding G -periodic (non translation-

invariant) quasi Gibbs measures is equivalent to find h ;é h ) solutions of the system (3.2). It is
equivalent to solve the following equation

;Z?;(j)l)) = 0. (3.5)
Simplifying the last equation we obtain
Ah? + Bh+C =0, (3.6)
where
A0,q) = (0> + 0 +q—2)%,
B(0,q) = 0* +4(qg — 1)0% + (¢* + 6q — 12)6* + (10¢* — 36q + 32)6 + 2¢° — 13¢* + 264 — 17,

C(8,9) = (6% + (3¢ —5)0 + (¢ — 2)*)".
We notice that (3.6) has solutions in Q, if and only if \/D(H,q) € Q, where D(0,q) = B%(0,q) —
4A(0,q)C(8,q). For the sake of convenience we denote
D1(0,q) = 4¢°(1 — q) + (24q — 24¢°)(6 — 1) + (36 — 36q — 3¢*)(0 — 1)* — 10g(6 — 1)> — 3(0 — 1)*.
After some calculations we can rewrite D(0, ¢q) as follows
D(0,q) = (0 = 1)*(0 + ¢ — 1)*D1(6, q)-
Thus, we can conclude that \/D(8, ¢) exists in Q, if and only if \/D1 (6, q) € Q,.

Since (3.6) is a quadratic equation we can write formal solutions of (3.6) as follows

(29 — 2¢°) + (12g — 12¢%)(0 — 1) + (18 — 18¢ — ¢*)(6 — 1)*> — 4q(0 — 1)* — (§ — 1)*

haa = 2(q +3(6— 1) + (6 — 1)) +
(0 —1)(0 +q—1)y/D1(6,q)
g +3(6— 1)+ (6 — 1))
(3.7)

Now we show that for a given ¢ > 2 and for each 6 € £, one can find prime integer p such that
h3 4 € Qp.

Theorem 3.1. For every q > 2 one can find a prime p such that the periodic solutions hs 4 exist in

Qp.
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Proof. Since the existence of hg4 is equivalent to the existence of \/D1(9,q). Let us, we rewrite
D1 (6, q) as follows
Di(6,q) = 122 —288(0 — 1)+ 117(0 — 1) +30(6 — 1)® — 3(6 — 1)*
—(132 — 168(6 — 1) + 18(8 — 1) + 10(6 — 1)*)(q + 3)
(40 — 24(6 — 1) — 3(0 — 1)?)(q + 3)*> — 4(q + 3)° (3.8)
or
Di(6,q) = 482 —1728(0 — 1) + 132(6 — 1)> +80(9 — 1) — 3(6 — 1)*
—(832 — 408(0 — 1) — 12(6 — 1)> + 10(0 — 1)*)(¢q + 8)
+(100 — 24(0 — 1) = 3(8 — 1)*)(q + 8)> — 4(q + 8)>. (3.9)

In order to establish the existence \/Ds (6, ¢) we consider several cases.

Case 1. Let p be a prime divisor of ¢ + 3 such that p ¢ {2, 3}. We are going to show that /D1 (8, ) €
Qy. Since 6 € €,. By (3.8), we get

D1(6,q) = 12%(1 4 o[1)).
Using the last equality and due to Lemma 2.1 we have \/D1 (0, q) € Q,.

Case 2. Let ¢ + 3 = 223%, where a and b are some non negative integers.

First we assume that b > 2 and p = 3. Then we get ¢ + 3 = 0[3]. Due to § — 1 = 0o][1], from (3.8), we
obtain

D1(0,q) = 122(1 + o[1]).

Hence, thanks to Lemma 2.1 we have \/D1(9, q) € Qs.
Let us suppose that b = 1. Then we have g + 8 = 3 - 2% 4+ 5. One can see that ¢ + 8 has a prime divisor
p ¢ {2,3}. Then due to (3.9), in Q, we have the following representation
D1(0,q) = 48%(1 + o[1)).

Again according to Lemma 2.1 we conclude that \/D1(9, q) € Qp.

Now we assume that b = 0. Then keeping in mind ¢ > 2 one has a > 3. It is easy to see that
21 (q + 8). So, we have to consider two cases: either ¢ + 8 = 3° or ¢ + 8 has a prime divisor p > 3.

One can see that if ¢ + 8 = 3¢ holds then ¢ > 3. In this case we consider D1(0, q) in Q3. We have

1728(6 — 1) = 0[3?], 132(F — 1) = 0[3?],

80(A —1)3 =0[3%], 3(6—1)*=0[3%],

(832 — 408(6 — 1) — 12(6 — 1)2 +10(6 — 1)*)(q + 8) = 0[32),

(100 — 24(6 — 1) — 3(8 — 1)%)(q + 8) = 0[3"],

4(q +8)% = 0[3"].
Hence, for p = 3 from (3.9) we obtain Dy (6, q) = 482 + 0[9]), which yields that D1 (6, q) = 48%(1 + o[1]).
Then due to Lemma 2.1 we conclude that /D1 (8, q) € Qs.

Suppose that ¢ + 8 has a prime divisor p > 3. Then for this prime number from (3.9) we immediately
get Dy1(0,q) = 48% + 0[1] in Q. The last equality together with 482 = O[1] implies that D;(0,q) =
482(1 + o[1]). Again by Lemma 2.1 we conclude that \/D1(8,q) € Q, where p > 3 is a prime divisor
of ¢ + 8.

The theorem is proved.
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4. BOUNDEDNESS OF TRANSLATION-INVARIANT AND TWO PERIODIC p-ADIC
QUASI GIBBS MEASURES AND PHASE TRANSITIONS

Lemmad4.1. [21] Let h be a solution of (2.8), and Nh be an associated p-adic quasi Gibbs measure.

Then for the corresponding partition function Z ) the following equality holds:
Z\ = Ay, 20, (4.1)

where Ay, = [] an(x), ]I Z exp{Jd; jthjy = ap(x)hiz, ap(x) € Qp i =1,2,...,q
j=

xeWn yeS(x)

Using Lemma 4.1 we get the following statements.

Lemmad4.2. Let k = 2 ]f h be a translation-invariant solution of (2.8) then for the corresponding
partition function Z ) the following equality holds:

ZW = (h+0+q—2)2"2(h+q—1) (4.2)

Proof. 1t is easy to check that h = (h, 1,....1) is a translation-invariant solution of (2.8), where h is a

fixed point of (3.3). Since 0 = exp{J}, using ( 2.6) we get Zf ) = (h+0+q—2)?(h+q—1). Then by
lemma 4.1 we obtain the following equalities:

_ (Ohiy+q—1)*  (6h+q—1)

= = =(h+0+q—2)>
an(z) hia b (h+6+q—2)7,

2+1

App=(h+0+qg—-2)

ZM = (h+0+q-2)""" 2(h+q-1),
where h = hg,h = hy,h = hy. The lemma is proved.

Lemma 4.3. Let k = 2. I ha 4 be Ga-periodic (non translation-invariant) solutions of (2.8) then

for the corresponding partition function Z,(Lh)

If nis odd, then

the following equalities hold:

h) ont2_o ontl_y
ZW = (h3+0+q—2) 5 (ha+04+q—2) s (hat+q—1); (4.3)
If n is even, then
h) on+1l_o 2n+274
ZW = (hs+0+q—2)" s (ha+0+q—2) 3 (ha+q—1). (4.4)

Proof. Let hy () 2 = {
Then,

Mg, if o(x) =1, [ hs,if x| is odd;
Lif o) #£1. " Lha if || is even.

{hg, if n isodd,;
hlw_

’ hy, ©f n iseven.

Due to (3.2), we have

( Ohy+q—1 >2
hs = ;
hy+0+q—2

( Ohs +q—1 >2
hy = .
hs3+0+q—2

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol. 13 No.4 2021
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Using (2.6) and (4.5), we get Z\") = (hg + 0 + q — 2)(hy + q — 1).

We consider following cases.
Case I. Let nis odd. By Lemma 4.1 and (4.5) we get

Oh —1)? Oh —1)?
( 1,y+q ) ( 4+q ) :(h4+9+q_2)2,

ah($) - hl,m - h3

2n+1
)

App1=(hg+0+q—2)*"  App=(ha+0+q—2)

+2 n+l_y

5 (hat+0+q—2)" 5 (hatq—1).

ZM = (hy+0+q-2)"

Case 2. Let nis even. By Lemma 4.1 and (4.5) we get
Oh1y+q—1)%  (0hs+q—1)?
e A L N e
l,x 4

k)
2n+1
’

Appg=(hg+0+q—2)2" App=(hg+0+q—2)

ont2_y

(ha+q—1)

ontl_o

ZMW = (h3+0+q¢—2) 5 (ha+0+q—2) s

The Lemma is proved.
4.1.q = 3 Case

For the convenience of studying we consider the case g = 3, i.e. spin values are 1,2,3. In this case
Di(0) = —72 — 144(6 — 1) — 99( — 1)%2 — 30(8 — 1)3 — 3(9 — 1)*. Using (3.7) we can obtain following

solutions:
B = 36— 72(0 — 1) —45(0 — 1)2 —12(60 — 1)3 — (0 — 1)4
a4 23+3(0—1) + (4 —1)2)2 6
LO=DE+ 2)\/—72 — 144(6 — 1) — 99(6 — 1)2 — 30(0 — 1)3 — 3(6 — 1)* (46)
2(3+3(0 — 1)+ (0 — 1)2)2 ‘

Lemma 4.4. Let |Pery(fo(h))| be number of 2-periodic points of fg(h). Then the following
statements are true:

1) if p=1(mod8) or p = 3(mod38), then |Pera(fo(h))| = 5;

2) ifp=2orp=5(mod8)orp=T7(mod8), then |Pery(fo(h))| = 1.

Proof.
a) Let p=2. Due to 6 € & we have |(§ — 1)?|5 < 116 (see (3.4)). Hence, using strong triangle
inequality one gets
1
| =84+ (0 -1 = _.
8
This means that [D(0)|z = . Then thanks to lemma 2.1 there does not exist VA(0) in Qa. Conse-

quentlyv h’17 h’2 ¢ @2-
Now we will check the existence of solutions hg and hy in Q. In order to check it we calculate the
norm of Dy (0). Again using |# — 1| < ; we obtain the followings:
1
—99(6 — 1)%|; < ot

1
|~ 1440 = D)2 < .

1 1
| —30(0 —1)3), < o7 | =30 — 1)1y < 08
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Keeping in mind | — 72|y = 213, from the last inequalities due to strong triangle inequality one has

|D1(0)]2 = 4. Then according to Lemma 2.1 we conclude that /D;(0) ¢ Q. This means that
hs, hy ¢ Q2. Thus in this case we have shown that |Pers(fo(h))| = 1.

b) Letp > 3. Since § € €, we get |§ — 1|, < 1. Then thanks to Lemma 2.1 existence of v/A(6) in Q,

equivalence to the existence of v/—2. We notice that v/—2 € Qp if =2 is a quadratic residue by modulo
p. —2 is a quadratic residue by modulo p if and only if p = 1(mod 8) or p = 3(mod 8) (see [40]). So, we
infer that

hi,h € Q, <= p=1(mod8)orp=3(mod3s).

Now we will check the existence of solutions h3 and hy in Q,,. Due to 6 € €, we have
(24q — 24¢*)(0 — 1) + (36 — 36 — 3¢*)(0 — 1)* — 10¢(6 — 1)3 — 3(6 — 1)4], <p~L.
By Lemma 2.1, existence \/Dl(e) is equivalent to existence /—72 = 6y/—2 or existence v/—2. We

notice that v/—2 € Q, if —2 is a quadratic residue by modulo p. v/—2 exists in Q, if and only if
p = 1(mod 8) or p = 3(mod 8). So, we infer that

h3,hs € Q, <= p=1(mod8)orp=3(mod8).
In conclusion, we get
hi,ho,h3,hy € Q, <= p=1(mod8)orp= 3(mod3s). (4.7)

Thus in this case we have shown that if p = 1(mod 8) or p = 3(mod 8) then |Pers(fy(h))| =5, if
p =2, p = 5(mod8) and p = 7(mod 8), then |Pera(fg(h))| = 1.
Finally, we have finished to prove Lemma 4.4.
Remark 4.5. Note that all prime numbers are in the forms of p =2, p = 1(mod8), p =
p = 5(mod8), p="T(mod8). /f p# 1(mod8), p# 3(mod8) then p=2 or p=5(mod8) or p=
7(mod 8).

The following theorem is immediate from 4.4.

Theorem 4.6. Let g = 3. Following statements are true for p-adic Potts model on a Cayley tree of
order two

1) if p=1(mod8) or p=3(mod8), then there are three translation-invariant p-adic quasi
Gibbs measures and there are two Go-periodic, non translation-invariant p-adic quasi
Gibbs measures;

2) if p=2 or p=>5(mod8) or p=T(mod8), then there is one translation-invariant p-adic
quasi Gibbs measure.

Lemma 4.7. The norms of the solutions h;, i = 0,1, ...,4 are equal to one.
Proof. From 6 € Q, and properties of p-adic norm we can get easily the result of Lemma 4.7.

Theorem 4.8. Let g = 3. Following statements are true for p-adic Potts model on a Cayley tree of
order two

1) ifp=2o0rp=>5mod8)orp=T(mod8), then u, measure is unbounded;

2) if p=1(mod8) or p = 3(mod8),p # 3 then only pp, measure is bounded, i, fthy, [hsrfohy
measures are unbounded;

3) if p=3, then all pny, finy, fhy» fhsHn, Measures are unbounded.
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Proof. Case 1. 1f p = 2 or p = 5(mod 8) or p = 7(mod 8), then exists only pp, translation-invariant
measure. Note that |hg + 0 4+ ¢ — 2|, = [# + 2|, = 1. By Lemma 4.2 we get

exp{H,(0)} H ho(z)z| = 1.

IEWTL

lim |,u§ln)|p = lim i1
n—00 0 n—00 3(9+2)2 -2

p

Case 2. If p=1(mod8) or p=3(mod8), p# 3 then there exist up,, ¢ =0,...,5 measures. For
translation-invariant solutions we have |hg + 6 + 1|,=1. Since

(0 -1+ (6 -1y/(0 -1 ~4(a— 1)

<1,
2

|9—1|p <1, |h1,2+2|p:
then we get

|h172 + 60+ 1|p = |h1,2 +2+60-— 1|p < maa:{|h172 + 2|p, |9 — 1|p} < 1.

By Lemma 4.2, we have

: (n); _
nh_{gOth b =1,

1 exp{Hn(0)} [ Po@).e

ntl_ = OQ.
(h1o+2)(hio +6+1)%" 2 i

lim (n) | _ lim
n—00 |Mh1»2 |;D n—00

For two periodic non translation-invariant solutions we have |§ — 1|, < 1,

—72(0 — 1) —45(0 — 1)2 = 12(60 — 1)> — (6 — 1)* £ (0 — 1)(0 + 2)/D1(0)

2(3+3(0 = 1) + (6—1)2)2 <1

|hga+2[p =

P
Consequently, we get |hg 4 +0 + 1|, = |hga +2+ 60 — 1|, < maz{|h3 4+ 2,0 — 1],} < 1. By Lemma
4.3 we have

m ™ =
A |y lp = oo

Case 3. 1i p = 3, then there exist pup,,, i = 0, ..., 5 measures. Note that |hg +60 + ¢ — 2|3 = |6 + 2|3 < 1.
By Lemma 4.2 we get

: M) _ 1 1 _
nh—>n;o [tihg |3 = nh—>nolo 300+ 2)2" 2 exp{Hy,(0)} g{/ ho(w),e| = 00
T n 3

We can prove that pp,, ftn,y, fihs,itn, measures are unbounded as in the case 2.

Theorem 4.9. for p-adic 3-state Potts model on a Cayley tree of order two there exist the phase
transition occurrence if and only if p # 3, p = 1(mod 8) or p = 3(mod 8).

5. p-ADIC ART QUASI GIBBS MEASURES

[t is always interesting to study non-periodic Gibbs measures. In [41] some non-periodic Gibbs
measures that are called ART measures were investigated. In [38, 39] p-adic ART generalized Gibbs
measures for the Ising model on the Cayley tree were studied. In this section we are going to study p-
adic ART quasi Gibbs measures for 3-state Potts model using by translation-invariant and Ge-periodic
solutions on the Cayley tree of order k (k > 3).

Recall that each solution of (2.8) define a p-adic quasi Gibbs measure for Potts model. One can see
that h, = 1forall x € V is a solution of (2.8) for any k& > 2. Now we construct new solutions of (2.8) for
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h? pl? 1 h? A 1 11 1
h? ) 1
h{?

Fig. 1. The function ﬁg),i = 0, 2 on the Cayley tree of order three.

In the case k = 2 and ¢ = 3 all translation-invariant solutions of (2.8) had been found in [25]. For
we set up some solutions of (2.8) using (3.4) and (4.6).

(a1). Let V* be the set of all vertices of the Cayley tree I'} . Since k > 2 one can consider V2 as a
subset of V*. Define the following function

o {h?’, if 7 V2,

k> 3.
k>3

(5.1)

xT

B —
1, ifzeVk\V?

where i = 0, 2. This function on the Cayley tree of order k = 3 is shown in Fig.1.
Now we shall check that (5.1) satisfies (2.8) on I'%..
Letz € V2 C V¥ Fori = 0,2 we have

. - (i)
nd = T[ Fa.0= T] < Ohy” +2 )
)

yeS(z yesS(x) héz) +6+1
ony) + 2 onS) + 2
- H (@) x H (i)
yes@nvz \y' F0+1/ cgainivrmpe) \y” +0+1

; 2
1 ( ony) + 2 >_< on® + 2 > @
SNV hg(f) +0+1 h(2) +60+1 i

7

10 ( ony + 2 )2_1

(i)
yes@nave) \y +0+1

Here we used

Thus ﬁg),i = 0, 2 satisfies the functional equation (2.8). We denote by Py, = 0,2 the Gibbs mea-

sures corresponding to ngf) ,1 = 0,2 and those measures we called p-adic ART quasi Gibbs measures.
(ag). Let k> 3. We shall construct new p-adic (non periodic) Gibbs measures using by hy =

1, hs, hy4. Define the following function

hY, if € V2N Go,
WY = F2hM.6), if @ eV (GM\Ga), (5.2)
1, if xeVRV2,
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1 1 % i
pY M 1 R Bl 1 11 1
F2(h{,6) F2(h{,0) 1
h?

Fig. 2. The function 7155’), 1 =0, 3,4 on the Cayley tree of order three.

where ¢ = 0, 3,4. This function on the Cayley tree of order k = 3 is shown in Fig. 2.
Now we shall check that (5.2) satisfies (2.8) on Fi.
Letz € V2N Gsy. Fori =0, 3,4, we have

h{Y = H F(hy.0)= [] F(F2 (h<1> 9)) _F? <F2 (hl(”,e)).

yeS(z yeS(z)
Let z € V2N (GM\Gy). F? (h§ >,9) = I F(hy,0) =F2(hy,0).
y€S(w)

I[f 2 € VF\V? then it is easy to see that hg) satisfies (2.8).
Let ¢ = 3, k > 3. Consequently, we have the following theorem.

Theorem 5.1. /f p = 1(mod8) or p = 3(mod8) then there exist at least four p-adic ART (non
periodic) quasi Gibbs measures for the Potts model on a Cayley tree.

Lemmab.2. Let k > 3. If yi5 is p-adic ART quasi Gibbs measure constructed by rule (ay) then for

the corresponding partition function Z ) the followmg equality holds:
(h) (k—2) (k™ —k) 2(k" — i i
Zy =(0+42) k1 (h+9+1) - [(9h—|—2) +2(h+6+1)7]. (5.3)

Proof. Since § = exp{J}, using (2.6) we get th) = (0h + 2)F +2(h + 0 + 1)*. Then by lemma 4.1
we obtain the following equalities:

1 (Phiy+2) [T (6h+2)
yeS(z) ! _ yeS(a) _ (Bh+2)%(0 + 2)F2

— — 12 2k—2
his " (h+60+1)%(0+2)

ap(x) =

App = (h+ 60+ 1)%" (6 + 2)k=Dk"

(k—2) (k™ —k) 2(k™ —k

ZM = 0+2)" 0 o+ 1) 1 [0+ 2)F +2(h+ 0+ 1),
where h = hg,h = hy,h = hy. The lemma is proved.
Lemma 5.3. Let k > 3. If 5 is p-adic ART quasi Gibbs measure constructed by rule (a3) then for

the correspondmg partition function Z ) the following equality holds:
If nis odd, then

(k—2)(K" —k 2(k" 1 _2) 2(k™ —k)

20— 0 +2)" M g v 0+ 1) 2t (hyrO41) w2z, (5.4)
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If n is even, then

() (k=2) (k™ ~k) 2(k" —k?) 267 k)
ZW=0+4+2) +1  (h3+60+1) k-1 (hg+60+1) #2—1 Z7, (5.5)
where
ZM = (Ohs + 2)F + 2(hg + 0+ 1)F.
Proof. Let

hlz:

)

hs, if m isodd;
hg, if n iseven.

Due to (3.2), we have
( Ohy + 2 >2
hg = N
hy+0+1
( Ohs + 2 >2
hy = :
hs+6+1
Using (2.6) and (5.6), we get Z") = (hg + 0 + q — 2)2(hy + ¢ — 1).

Consider following cases
Case I. Let nis odd. By Lemma 4.1 and (5.6) we get the following equalities:

L1 (Ohuy+2) (Ohy + 2)2(6 + 2)F2
an(z) = ¥ . _ (0 , — (ha+0+1)2(0 +2)"2,
1,z 3

(5.6)

Apne1 = (hg + 0 + D" (0 + 2) WK Ay = (hy + 0 + 1) (0 + 2) B,

(k=2) (K"~ k) 2672 2(

h 2)(k K™ —k) (h)
ZMW = (0+2) 1 (ha+0+1) K21 (hy+0+1) k21 721,
Case 2. Let nis even. By Lemma 4.1 and (5.6) we get the following equalities:

L1 (Ohuy+2) (Ohs + 2)2(6 + 2)F2
an(a) =" = e — (ha+0+1)°(6+2)",
1,x 4

Apner = (ha+ 0+ 1) (04 2)E 2K Ay L= (hg + 0+ 1) (0 4+ 2) 2",

(k—2) (K" k) 2(k"™ —k?) 2R

ZMW = (0+2) 1 (hg+0+1) 21 (hg+0+1) oz,
Finally, the Lemma 5.3 is proved.

Remark 5.4. If k=2 in Lemma 5.2 and Lemma 5.3 then we get Lemma 4.2 and Lemma 4.3
respectively.

Theorem 5.5. Let q =3 and k > 3. Following statements are true for p-adic Potts model on a
Cayley tree of order k

1) ifp=2orp=5(mod8)orp=T(mod8), then ART quasi Gibbs measure fig;- is unbounded;
2) if p=1(mod8) or p = 3(mod38), p # 3 then only ART quasi Gibbs measure fig- is bounded;

3) if p=3, then all ART quasi Gibbs measures constructed by rules (a1) and (a2) are un-
bounded.
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Proof. Case 1. 1ip = 2 or p = 5(mod 8) or p = 7(mod 8), then exists only ART quasi Gibbs measure
pi7;-- Note that |ho +60 +q— 2|, = |0 + 2|, = 1. By Lemma 5.2 we get

. 1
Jm iy = i ar—y OO} T hotoya| =1
30+2) k1 zeWn, »

Case2.1ip = 1(mod 8) orp = 3(mod 8), p # 3 then there exist ART quasi Gibbs measures constructed
by rules (a1) and (as). Since § € &, for hg, h1, ho we have

10+2],=1,]ho+ 0+ 1], =1, ho+ 0+ 1], <1,0 < [2"], < 1.

By Lemma 5.2, we have

hm ‘ILLN‘ - 17

n—o0
lim |,url|p— lim () (7 ) L 28 o exp{H, (o)} H ho(z)z| = 00
nree "URlO42) e (b O 1) 1z vy

p

For hg, hy we have [0 + 2|, = 1, [has + 0+ 1], < 1,0 < [Z"M], = [(0hs + 2)F + 2(hs + 0 + 1)F|, <
1. By Lemma 5.3 we have

5 = o

Case 3. 1 p = 3, then there exist p~, i = 0, ..., 5 measures. Note that |ho + 6 + 1|3 = [0 + 2|3 < 1. By
Lemma 5.2 we obtain

lim |,u~ lp = lim ! exp{H,(0)} H Ro(w)u| = 0.

k(k™—1)
n—oo n—o0
(9 + 2) k—1 zeWy,

We can prove that [, Wy, measures are unbounded as in the case 2.

The theorem is proved.
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